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‘We examine superconductivity in the mesoscopically mixed antiferromagnetic (AF) and superconducting (SC)
phases of ternary iron selenides K,Fe,_,Se,. It is shown that the interlayer hopping and AF order are key factors
to determine 7. of the SC phase. In general, the hopping will produce deformed Fermi surfaces (FSs) that tend to
suppress superconductivity. However, contrary to the common expectation, we find that larger AF order actually
results in larger SC order, which explains the observed relatively high 7, in these phases. Furthermore, our
results indicate that by reducing the interlayer hopping appropriately, phase-separated K,Fe,_,Se, may exhibit
its intrinsic SC phase in the two-dimensional limit with a much higher 7, (~ 65 K) than what has been observed.
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I. INTRODUCTION

The new discovery of ternary iron-selenide superconductors
A Fe;_,Se; (A =K, Rb, Cs, and T2 opens an interesting
route to explore the origin of high-temperature superconduc-
tivity in Fe-based superconductors. These materials have T, up
to 30 K, which is relatively high in comparison to the average
T, in the family of Fe-based superconductors. However,
unlike many other Fe-based materials, in which the SC order
gets suppressed in the presence of the antiferromagnetic
(AF) order due to their strong competition, early resistivity
measurements'>* surprisingly found that AF order and SC
order coexisted while T, was still kept relatively high. Further
systematic investigations reveal that 7,.’s and the AF transition
temperatures (7y) of these materials exhibit similar trends:
Both Ty and T, are higher in the SC samples than those in
the non-SC sample. This clearly implies that the coexisted
antiferromagnetic ordering and superconductivity are not
simply competing against each other.’ In addition, it is found
that the AF phase coincides with the v/5 x +/5 Fe-vacancy
order with an extraordinarily large magnetic moment of
3.3up/Fe.% These results prompt a critical examination and
explanation on how the AF order with large moment can
coexist with the SC order while 7, remains so high.

To explore the origin of relatively high 7, in ternary iron
selenides, the nature of the phase with coexistence of SC and
AF orders is further examined. A number of experiments’~!2
show that instead of being coexistent homogeneously, the SC
and AF orders are phase separated at mesoscopic scales. In
particular, the volume fraction of the SC phase is estimated to
be less than 20% by using local probes.”!! Furthermore, it is
shown that metallic behavior is exhibited in the SC phase,’
while semiconducting behavior is found in the magnetic
phase.'” In addition, a heterostructure arrangement of SC and
AF layers stacking alternatively is observed in transmission
electron microscopy experiments,’ consistent with the picture
suggested by Charnukha et al.'” A more direct visualization is
obtained by recent scanning tunneling microscopy results,'? in
which two distinct regions along the ¢ axis are clearly identified
in the K Fe;_,Se; compound, SC KFe,Se; (122 system), and

insulating K, Fe; ¢Se, (245 system) with the V5 x /5 order.
Furthermore, it is found that pure KFe,Se, could exist in a
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metallic state without superconductivity but with weak charge
density wave.'*

On the theoretical side, much work has been devoted to
understanding the homogeneous AF and SC phases of either
the 122 or the 245 system.'>2* Little is known about the
mechanism of superconductivity in the combined system.
Recently, Jiang et al.> investigated a bilayer heterostructure
with both SC and AF phases. Based on the pair-hopping
approximation between the SC and AF layers, it is shown
that a drop of magnetic moment occurs in the AF layer when
the temperature goes below the SC transition, in agreement
with the observation of neutron scattering experiments.® Since
the effect on SC phase due to the AF order is found to be quite
substantial,'>!# it is interesting to examine what is the effect
of AF order on superconductivity, especially in the presence
of such strong AF order in the iron-vacancy-ordering phase.

In this work, we investigate superconductivity in a bilayer
system with an iron-vacancy-free layer on top of an iron-
vacancy-ordered AF layer (245). The iron-vacancy-free layer
is nominally taken to be the 122 system with fitted band struc-
tures. The electronic structures are examined under different
strengths of interlayer hopping, interlayer spin coupling, and
AF order. It is shown that both the interlayer hopping and
interlayer spin coupling generally suppress superconductivity.
In particular, the interlayer hopping would result in deformed
Fermi surface structures that tend to frustrate the coupling
of SC orders on Fermi surfaces. However, unexpectedly
we find that for fixed hopping amplitude, larger AF orders
actually resultin larger SC orders, which explains the observed
relatively high 7, and trends of 7, versus the AF transition
temperature Ty (Ref. 5) in these phases. Our results imply
that in the two-dimensional (2D) limit, the pure SC phase in
phase-separated ternary iron selenides may have a much higher
T,, being around 65 K.

II. THEORETICAL MODEL

We start by modeling the phase-separated region of
K,Fe,_,Se, as a bilayer junction,” shown in Fig. 1. Here
the top layer is nominally taken as the SC 122 phase and the
bottom layer is the AF 245 phase. The system is governed by
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FIG. 1. Coupled 122-245 bilayer junction. The top lattice is the
SC 122 layer and the bottom one is the AF 245 layer. The dotted
lines enclose the unit cell in each layer, and its basis contains five Fe
atoms, denoted by A, B, C, D, and E. The E sites in the 245 layer are
vacancy positions, denoted by empty circles.

the Hamiltonian
H = Hyp+ Hys + H, + H. (1)

Here H,», and H»4s are the individual Hamiltonians for the 122
and 245 layers, H| is the Hamiltonian for interlayer hopping,
and HY is the Hamiltonian for the interlayer spin coupling. To
include multiorbital effect, we shall focus on the most relevant
orbitals by considering two orbitals only, d+z and dyz, with X
or y being along the nearest neighbor Fe-Fe direction. In the
following, c; (d;) denotes the electron annihilation operator
for the 122 (245) layer with T =1 and 2 representing dsz
and dy, respectively. All the energies are in unit of electron
volts (eV).

For the 122 layer, Hy contains a hopping term and a
pairing term. The hopping term is described by Das and
Balatsky,'> which yields Fermi surface (FS) pockets at (1,0)
and (0,7) in the 1Fe/cell picture. The pairing term with an
attractive potential within nearest-neighbor and next-nearest-
neighbor sites is given by

_ § § T T _
Hy =-V; CT;H_J,UCr;i,_gcr;i,—acr;i-kd,a

id=1,5 T.0

-V Z Zci;i+¢2,gCi;i,—acl';i.*acr;i+d_,a~ )
id=%+y T.0
Here o is the spin index and V; and V, are positive.

To describe the 245 layer, we note that the unit cell
with one vacancy contains eight orbitals of electrons. The
tight-binding model that respects the I/4m symmetry of
V5 x5 Fe-vacancy order is constructed in Ref. 23. Fol-
lowing Ref. 23, Hys is constructed by removing dyy with
parameters being modified. The parameters for hoppings
are f1x = —Iiy = 0.3, t{l,?c =0.2, t{l,? =0.15, Hix+y =
—0.15, Hix—y = til,f-k? = _til,f—f = —0.08, Ipx =tpy =
thy =0,10515 =t 715 = l1p 7y = —0.02,and A = 0.08.
Herer . % (t;f',ﬁ) are for intracell (intercell) hoppings between

orbitals T and 7’ along R directions and A is the site
energy difference between dxz and dy- orbitals. Other hopping
parameters can be obtained from above by using symmetries of
the system, for example, 2, > = t11,3 as a result of the fourfold
rotational symmetry. In addition to hopping, the interaction
between electrons in the 245 layer is given by the generalized
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Hubbard model,?

H=y ¥

() (d)
{Uznrl,m”rl,u
i I=A.B.C.D T
,
(0= 2 )ity — 208l 58,
+ JC(d;rI,de;rl.deI,i¢d21,iT + Hﬁ-)} } . 3

Here A, B, C, and D denote Fe atoms in the unit cell, as
illustrated in Fig. 1. The on-site interaction parameters follow
the relations U' = U — 2Jy, Jc = Jy, and Jg = 0.2U. The
chemical potential is used to control the particle density per
ironatn = 2.

As two layers couple, the unit cell of the 122 layer is
enlarged as that of the 245 layer. We shall denote Fe atoms by
A, B, C, D. Here E is the position of the vacancy in 245, as
illustrated in Fig. 1. H| is given by

HJI_ =1 Z Z Z(CL;i(,drl;io + dj];i(,crl;ia) 4)

i I=A,B,C,D t,0

On the other hand, the interlayer spin interaction H J{ is given

by
HLJ =Ji Z Z ZSS:CI)J ngd}l (5)

i I=A,B,C,D t,v/

Here Sicl)‘i is the spin operator of electrons in the 122 layer,

while S(Td; ; is that of electrons in the 245 layer. For Fe-based

superconductors, J; is found to be in the range of 1-5 meV.?
We shall set J; to be a nominal value of 10 meV in this work.

In the following, we shall first turn off J, and consider
effects of ¢, . The distance between two nearest vacancies will
be set as unity and their directions are denoted as x and y.
For the isolated 245 layer, the mean-field solutions of the AF
order are shown in Fig. 2. Since we shall focus on the effects
of AF order on superconductivity, AF orders are treated as
boundary conditions and will not be solved self-consistently
later when interlayer couplings are turned on. Hence these
values obtained in Fig. 2 will be adopted later even when
the interlayer couplings are turned on. It is seen that the
antiferromagnetism is weak when U 5 1.5 and is strong with
saturated magnetization when U > 1.5. In Fig. 3, we show
the energy dispersions of the AF states with U =0, 1.0, 1.5,
and 2.0, at which the development of the antiferromagnetism
is at the beginning, in the middle, right before the jump,
and at the saturation, respectively. Clearly, H»4s reproduces
the quasinested FS and the expected block checkerboard
antiferromagnetism [with q = (7,7) = Q] as the Hubbard U
increases above the critical value, U ~ 0.5. The minimal gap
is along the diagonal (I' — M) direction and is smaller than
0.05 eV before the saturation. When U > 1.5, a large AF
gap, 2Aar, opens. However, for 1.0 < U < 1.5, we find that
although bands are expelled to higher energy as U increases,
the energy gap near the chemical potential decreases, resulting
inthe AF gap at U = 1.0 (Aar = 0.046) being larger than that
at U = 1.5 (Aar = 0.023). Note that with two d orbitals, one
cannot produce as detailed characteristics of the band structure
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FIG. 2. (Color online) Mean-field solutions of the checkerboard
AF states of H, for the Hubbard U being up to two. Magnetic
moments (m =ny —n,) and particle densities (n =n; +n,) at
sites A and B for orbitals 1 and 2 are respectively displayed. The
antiferromagnetism arises at the critical point U = 0.5, and it jumps
to being fully magnetized at U = 1.6.

as those obtained by the first-principles calculations.'®?3

However, important relevant features are reproduced with the
AF state being a gapped insulator and the AF order being in
agreement with the experimental observation.

After the interlayer hopping is included, FSs of the 122
layer start to deform as shown in Fig. 4. Here three values of
t, (t; =0.05,0.1,and 0.15) for U = 0.5, 1.0, 1.5, and 2.0 are
shown. Panels in the first row are for 1, = 0.05, the second
row are for r; = 0.1, and the third one are for ¢, = 0.15. On
the other hand, columns from the left to the right are cases
with U = 0.5, U=1.0, U = 1.5, and U = 2.0, respectively.
It is seen that for large U with large AF orders, FS sheets
at (,0) are always disconnected from those at (0,77); while
for weak AF orders, interlayer hopping deforms FS pockets

U=0.0

Ek (eV)

Ek (eV)

Ek (eV)

FIG. 3. (Color online) Energy dispersions in the range (—1,1) of
the AF states for Hys at U = 0, 1.0, 1.5, and 2.0, respectively. It is
clear that above U ~ 1.5, a large AF gap, Aar, opens.
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at (r,0) and (0,m) so that they start to connect with each
other and, consequently, more FS pockets emerge and the
electronic structure becomes very complicated. In particular,
as t, increases or U decreases, apparent FS pockets emerge
around I and M, which are mainly contributions from the AF
state.

III. RESULTS

We first characterize SC states in the 122 system. For
this purpose, we note that since A, (s wave) and B, (d
wave) are the two major competing order parameters,’* we
shall only consider these pairing symmetries. In addition, in
constructing SC order parameters, one needs to impose point-
group symmetries. Therefore, the dyz-orbital pairs are obtained
from the dyz-orbital pairs, e.g., (caa.ic2p:i) = E(ci1p:iCic:i)>
where £ denotes s wave/d wave. In addition, due to the
presence of vacancies, translation symmetry will not always
hold, e.g., [{cip:iciEi)| # l{ciaiCipsi)l

Given the pairing symmetry, 7, is obtained by solving the
Bethe-Salpeter equation

ATKY = =2 A" (K)G e (K"YG o (=K YV, (K K.
=

(6)

Here K = (k,iw,) withw, = (2n + 1)wkT being the Matsub-
ara frequency, the indices i and j are orbital-sublattice indices
containing both orbital and site labels, and implicit summation
over orbital indices m, n, m’, and n’ is taken. A is the pairing
amplitude, A is the eigenvalue, and V is the pairing interaction.
G, 18 the Green’s function with orbital indices m,m’ defined
by

Amp(K)AL,, (K)

7
iw, — &, (K) @

Gum (K iw,) = Z

n

Here £, is the energy of the band p. A, is the transformation
matrix that connects the orbital basis ¥, (k) to the eigenenergy
basis y, (k) via the relation v, (k) = Zu A (K)y k). It is
more convenient to work in the k space by transforming Eq. (6)
into band representation using the transformation matrix A,,, .
We shall assume that pairing is among the intraband and
decompose the interaction into different bases g, (k),

Vi (KK) = =880 ) Vil ga(K)g; (K'). ®)

a

By multiplying both sides of Eq. (6) by A;,(—k)A;,(k)
and summing over i, j, and then performing the Matsubara
frequency summation, Eq. (6) is transformed into the repre-
sentation in the band basis

M) =23 Rigu A (KA KT (9)

a i<y

with 7/ being the order parameter satisfying a self-consistent
equation

0=y S K gl (10)

a "<y
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t, =0.05,U=15
1

t, =0.05,U = 2.0
1

FIG. 4. (Color online) The FS contours in the absence of superconductivity when the two layers 122-245 couple together. The panels in
the first row are for #;, = 0.05; those in the middle are for #;, = 0.1; and those in the last row are for £, = 0.15. The panels in the first column
are for U = 0.5, the second for U = 1.0, the third for U = 1.5, and the fourth for U = 2.0. The unit of the x axis is k, /7 and that of the y axis
is ky /7. Here dashed lines are the magnetic Brillouin zone boundaries and the AF order parameters are those obtained from the isolated 245

layer.

Here Ay(K) =Y, , Auu(—K)A,, (K)A™(K) and ]C;Ja,] i
given by

i7 l'/ i’ 2 ’
Kea ' =3 22D Mea@OAiu(—K)A ()]
n Kk

XN[ga (K)Ajrp (KA 1 (K)] X (K) )

with x,, (k) = tanh[&,,(k)/2kT]/2&, (k). The SC state is found
by solving eigenvalues and eigenvectors of the vertex VK in
Eq. (10) with T, being obtained when A = 1.

In Fig. 5, we examine the SC gap functions near the FSs
defined by

Ak) = Z AL (K)O(e — £, (K))). (12)
n

Here € is a small energy cutoff that restricts the gap function
to be exhibited near the FS. Three different ¢, , 0.05, 0.10, and
0.15 at U = 1.5 are shown for thes wave in the left column
and the d wave in the right column. Clearly, one sees that
as the interlayer hopping increases and the FS contours start
to deform, the gap functions become more anisotropic and
the condensation energy decreases. However, the characters
of both the s wave and the d wave are clearly kept on the
deformed FS as shown in Fig. 5 for t; = 0.15, where zeros of
A(k) are present for the d wave on the central FS, but they do
not exist for the s wave. This symmetry property makes the d
wave more disadvantageous than the s wave when two layers

are strongly coupled. Hence the d wave is more sensitive to
the interlay coupling than the s wave. Note that since there is
only an indirect correlation between particles with momentum
k and k + Q via the 245 layer, A(k) does not have to be equal
to Ak + Q).

We now examine the effects of the interlayer hopping and
the AF order on the SC transition. First, we note that similar
to the situations in iron pnictides,27 V, tends to favor the d
wave, while V, favors the s wave, and the phase boundary is
at Vy/V, ~ 0.78. To be concrete, we shall set V; = 0.175 and
V, = 0.25 and focus on T, of the s wave. Similar behavior is
found for the d wave. Figure 6(a) shows T, of the s-wave SC
order versus 7, for different values of U. Clearly, for a given
AF order (fixed by U), it is seen that T, always gets suppressed
by t, . However, for fixed ¢,, when U increases, the change
of T, is nonmonotonic (due to nonmonotonic Aag) and 7, is
only weakly suppressed at U ~ 2. Further analysis shown in
Fig. 6(b) indicates that the penetrated AF order into the 122
layer has the inverse trend as that of 7,. These behaviors can
be understood by examining FS structures. A comparison of
Figs. 4 and 6(a) shows that the suppression of the SC order is
due to the deformed FS structures induced by the interlayer
hopping. The deformed FS structures generally frustrate the
coupling of SC orders on FSs and thus suppress the SC order.
However, in the presence of strong AF order, the 245 layer
is insulating with a gap. Since the coherence length &xr of

an AF phase is &ap ~ ZLAFF with vp being the characteristic
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FIG. 5. (Color online) Gap functions A(k) of the s wave (left
column) and of the d wave (right column) near FSs at 7. Three cases
of t,’s are compared: ¢, = 0.05, t; = 0.10, and ¢, = 0.15. Other
common parameters are V; = 0.175, V, = 0.225, and U = 1.5. The
scale is arbitrary.

Fermi velocity, a large AF gap implies a short penetration
depth of the AF order into the SC layer. Hence the induced
deformation of FS structure is weak, which leads to weak
suppression of superconductivity. Note that since the interlayer
hopping between the AF layer and the SC layer suppresses T,
these results imply that the pure SC phase has a higher 7. If
one takes r; = 0.15 and U = 2 as a reasonable estimation of
phase-separated ternary iron selenides, the real SC transition

(a) (b)
0.012
—— { =0.05
0.006 | 0.010
’ O t=0.10 X
0.008 | .t =015 \
\
0.006 - 7 \
0.004 Ny \
o /
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0002 . R 1
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FIG. 6. (Color online) (a) Suppression of T, versus 7, of the s
wave for different U’s. Here V; = 0.175 and V, = 0.25. Note that 7,
of the d wave has a similar trend but the suppression is more severe.
(b) Average moment that penetrates into the 122 layer in the normal
state for different U and 7, .
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is around 65 K, which is comparable to the highest observed
T, in the family of iron selenides.'* The suppression of 7 due
to the interlayer hopping ¢, is also studied by Berg et al.?®
for a one-band negative U model, in which it is shown that the
leading order correction to the pairing susceptibility is negative
and is proportional to t}_. As a result, in their model, T, is
suppressed by the order of 2 for small 7, . The susceptibility
suppression also happens in our case as one can see that in
Eq. (11),z; will change &, and A;, and thus values of .
However, due to the multiorbital nature of our model, the
behavior of 7, at small #; does not follow simple quadratic
behavior. Only for weak suppression of 7, at large U shown
in 6(a), we find that suppression of 7, is quadratic in 7, in
agreement with results found in Ref. 28.

Finally we examine the effects of interlayer spin interaction
H{ on superconductivity. For this purpose, we first note that
H l’ only characterizes single particle scattering in the 122
layer and the 245 layer, respectively. Hence the effective
Hamiltonian for scatterings of Cooper pairs in the 122
layer must be second order in H{. To the second order in
the perturbation theory, scattering of two particles for the
particle-particle channel in the 122 layer is given by Tf) =
H! (Ey — Ho)™" H!, where E, is the unperturbed ground
state energy, Hy = Hix + Hyys, and Hy — E is the energy
excitation for the intermediate state. During the scattering
of two particles in the 122 layer, scatterings in the 245
layer are captured by the magnetic susceptibility with the
major weight being in particle-hole excitations. Since the
particle-hole excitation energy of an AF insulator is the sum
of the energies for two quasiparticles above the AF gap, the
change of energy for the intermediate state during scattering
of Cooper pairs is at least 2A zp. By neglecting the dispersion
of energy spectrum, we find (Eg — Hy) '~ —Q2Axsp)~ L
Therefore, after taking an average over d electrons of the
245 layer, the effective intraorbital pairing Hamiltonian due
to interlayer spin interaction is given by

Z/ Z i f
§HA =V Cf;i.t,_(],qCr;i.—ocflifacr;iﬂias (13)
:t)_y 7,0

where the summation does not include E sites and V; =
43AJ£F. We note that it is a repulsive interaction for Cooper
pairs and hence the interlayer interaction tends to suppress
superconductivity. In Fig. 7, we examine changes of T,
for J; = 0.01 in three different U’s with corresponding V;
being 0.0016, 0.0032, and 0.0001. It is seen that similar to
the effects of t,, T, gets suppressed but the suppression is
nonmonotonic and the variation of suppression is less than
the suppression due to different U’s. In particular, similar
to the suppression by #,, a stronger AF phase gets less
suppression in superconductivity. The mechanism behind the
behavior of suppression of 7, is clearly due to the dependence
of effective pairing strength V; being inversely proportional
to Aar. In addition to direct interlayer spin coupling, in
real materials, J; may arise from superexchange interaction
between the 122 and 245 layers. In that situation, J, is

2 2
proportional to % Since U ~ Aaf, we have J| ~ A’—;. As
a result, not only the wave-function hybridization due to
t; but also the interlayer spin interaction resulted from ¢,

suppressing pairing and resulted in nonmonotonic suppression

174510-5



SHIN-MING HUANG, CHUNG-YU MOU, AND TING-KUO LEE

(%)

S, 4 w e,
< TSROy v
6 | v —O— U=1.0 "
oo U=1.5
-{F- U=2.0
'8 T T T T T
0.04 0.06 0.08 0.10 0.12 0.14 0.16
tJ_

FIG. 7. (Color online) Suppression of s-wave T, (AT./T,) versus
t, for a given interlayer spin interaction J, under three different U’s
in the 245 system. Here V; = 0.175 and V, = 0.25 are same as those
adopted in Fig. 6. The interlayer spin coupling J, is 0.01 with the
corresponding V;’s for the U = 1.0, 1.5, and 2.0 cases being 0.0016,
0.0032, and 0.0001, respectively.

of T, with T, being less suppressed for large Ar. Hence while
both interlayer hopping and interlayer spin couplings suppress
superconductivity, a large AF order in the 245 layer can result
in stronger superconductivity in the 122 layer.

IV. SUMMARY

In summary, we have found that the existence of a large
magnetic moment in the AF phase is the key reason for
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why the phase-separated ternary iron selenides can maintain a
relatively high 7, despite the strong competition between SC
and AF orders. Based on a minimal bilayer model with both the
122 and 245 phases, we show that proximity effects of the AF
order on the SC order generally result in the deformation of FS
due to the interlayer hopping and Cooper pair scatterings due
to the interlayer spin interaction. It is shown that the deformed
FSs generally frustrate coupling of SC orders and result in the
suppression of superconductivity. In addition, the interlayer
spin coupling generates repulsive Cooper pair scattering and it
also tends to suppress superconductivity. However, when the
AF phase has a large AF order, it is insulating with a large
gap and the penetration of the AF order into the SC layer
is suppressed. As a result, the superconductivity is protected
against interlayer hopping and interlayer spin coupling when
A ar 1s much larger than the interlayer hopping.

While our results are consistent with experimental obser-
vations made so far, there are a number of experimental ob-
servations of 3D-like FSs in the phase-separated region.'%!7-?
To account for these experimental results, it would require
a relatively large interlayer coupling. Since the interlayer
hopping between the AF and SC layers suppresses 7., our
results imply that a 2D-like system may be more preferable
for higher 7,. In fact, the real SC phase in phase-separated
ternary iron selenides may have a higher 7, up to 65 K, which
is comparable to the highest observed 7, in the family of iron
selenides.*
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