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4He clusters adsorbed on graphene
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We report the results of a study of 4HeN clusters, for 2 � N � 40, adsorbed on one and both sides of a graphene
sheet. The ground-state properties are determined using variational and diffusion Monte Carlo calculations at zero
temperature, and in addition path integral Monte Carlo simulations at finite temperature are performed for some
selected cluster sizes. For the interaction of helium atoms with graphene, we compare several models: a smooth
He-graphene potential that depends only on the distance to the graphene sheet and potentials constructed as a sum
of individual He-C interactions where two possibilities for this He-C interaction are tested. In this way, we assess
the effect of corrugation on the binding properties of helium clusters. Furthermore, we study the influence that
the graphene-mediated McLachlan dispersion energy has on the He-He interaction. The McLachlan interaction
weakens the attraction between helium atoms, which turns out to have a significant effect on the binding energy
and the shape of adsorbed 4He clusters. We find that clusters adsorbed on opposite sides of graphene are bound,
but according to the He-He pair distribution function across the graphene sheet, pair correlations are very weak.
For a large enough number of particles, solidlike

√
3 × √

3 structures start to become energetically preferred for
the model of anisotropic corrugation without the McLachlan interaction. For the other models, the ground state
of the studied clusters is clearly liquidlike.
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I. INTRODUCTION

In 2004, graphene, which is a single layer of a graphite
plane, was isolated for the first time.1 Since then, because of
its surprising mechanical, structural, and electronic properties,
it has become a major focus in material science. Graphene
is a particularly interesting candidate for future electronic
applications at the nanometer scale. Adsorption of gas
molecules changes the electrical conductivity of graphene.2

It was demonstrated that graphene can be used as a sensi-
tive gas sensor, capable of detecting individual molecules.2

Furthermore, the study of effects of a physically adsorbed
helium film on the conductivity of graphene3 suggests that
transport properties may be a good probe of the structure of
an adsorbed film. The change in the electrical conductivity has
already been used to monitor phase transitions of adsorbed
Ar and Kr atoms on the surface of a single-carbon nanotube,
which has in addition been shown to behave as a nanoscale
resonator capable of detecting adsorption at the level of
single atoms.4 Free-standing epitaxial graphene has already
been synthesized,5 which opens prospects for experimental
investigations of systems adsorbed on both sides, including
experiments similar to adsorption on a single nanotube.

Graphene also offers the possibility to study adsorbed
quantum systems of reduced dimensionality, which is also
interesting from a fundamental point of view. The prospect of
observing a single layer of superfluid liquid helium attracted
a lot of effort to the study of helium on graphite, both
experimentally and theoretically. Finally, the first layer was
found to be a

√
3 × √

3 commensurate solid.6 Some ambiguity
remained regarding the phase of helium at submonolayer
densities. In a path integral Monte Carlo (PIMC) study, Pierce
and Manousakis7 found that a low-density submonolayer of
4He on graphite consists of solid clusters and a low-density

vapor. The paper questioned an interpretation of experimental
results by Greywall and Bush8 in favor of the superfluid phase
and offered the alternative explanation involving solid clusters.

Recently, Gordillo and Boronat9 studied adsorbed 4He on
one side of graphene by quantum Monte Carlo (QMC) simu-
lations at zero temperature. The energy difference between a√

3 × √
3 commensurate solid and a liquid phase was found

to be very small. Considering the uncertainties of three-body
effects on the He-He interactions, the possibility was left open
that a liquid 4He monolayer could be stable. In addition,
Gordillo and Boronat studied the superfluid density of the
first layer of 4He and H2 adsorbed on both graphene and
graphite.10 In contrast to the case of H2, in a perfect solid
phase a small superfluid fraction was observed (0.67%) for
4He, which increased with the introduction of vacancies while
not destroying the spatial solid order.

The model used to describe the interactions between adsor-
bate and substrate atoms as well as between adsorbed atoms
can have an effect on the predictions of the stable phase. On
graphite it was found that it is necessary to include corrugation,
i.e., the modulation of the graphene-He interaction parallel
to the substrate surface, in the calculation in order to obtain
the low-density 4He solid phase.7,11 The simulation of helium
monolayers adsorbed on a laterally averaged, i.e., smooth,
graphite potential,12 similar to the studies of helium in two
dimensions (2D),13,14 found that the equilibrium phase was
liquid, at a density of around 0.04 Å−2.

In the study of 4He adsorption on graphene, Gordillo and
Boronat used the corrugated potential constructed as a sum
of isotropic pair potentials, but did not include the graphene-
mediated (McLachlan) dispersion interaction, which at the
time was only available for graphite. Recently, Bruch et al.15

determined leading perturbation terms of the McLachlan
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energy of two atoms in the presence of a graphene sheet. The
inclusion of this interaction, which reduces the He-He attrac-
tion, is expected to decrease the stability of the commensurate
solid relative to a spatially modulated low-density monolayer
liquid. However, on graphite, Pierce and Manousakis16 did not
find a qualitative change in their predictions for the first helium
layer, in contrast to the variational calculation of Gottlieb and
Bruch11 which showed that even in the corrugated case, liquid
became the preferred phase. Gordillo and Boronat9 included
the graphite McLachlan interaction in the study of the first
layer of 4He adsorbed on eight layers of graphene. They
found that solid remained the preferred phase but with an
even smaller difference than without the substrate-mediated
interaction.

In the case of graphite, if the interaction with He is modeled
by anisotropic pair potentials, the corrugation amplitude
increases significantly.17 Such a large corrugation amplitude is
supported by results coming from selective adsorption helium
scattering experiments and by the low-density monolayer
specific-heat experiments in the case of graphite.18 The
anisotropy in He-C interaction for graphene was explored
recently by Kwon and Ceperley.19 They found that the
monolayer of helium forms a commensurate solid with both
isotropic and anisotropic potential, however, when vacancies
are introduced the phases are qualitatively different. Results
with the anisotropic potential are consistent with the existence
of commensurate solid clusters, while in the case of the
isotropic potential the existence of delocalized vacancies and a
finite value of the superfluid fraction support the interpretation
of a liquid phase. Such differences in the predictions of helium
properties using isotropic and anisotropic He-C potential were
not found in the study of the second layer of helium on
graphene by Gordillo and Boronat.20 This is not surprising
because the second layer being further from the graphene
sheet is much less influenced by the corrugation effects. The
latest results of Gordillo and Boronat confirm that with the
anisotropic potential, the first-layer solid is stabilized with
respect to a liquid phase.21

Apart from pure carbon substrates, adsorption of helium
and para-hydrogen has also been studied for graphane (where
a H atom is bonded to each C) and fluorographene substrates
where novel phases such as an anisotropic superfluid 4He film
have been predicted for these honeycomb lattice substrates22–24

(see also the review Ref. 25).
The prospect of adsorption experiments on graphene, which

would be capable of achieving single-atom resolution, suggests
the need for determining the binding properties of a small
number of helium atoms on the surface of graphene. In several
works, liquid-helium clusters adsorbed on flat surfaces were
studied using two-dimensional models26–28 which did not in-
clude corrugation. These studies also showed that extrapolated
central cluster densities and energies per particles gave a good
agreement with bulk liquid calculations. Very small clusters
on graphite with up to four atoms were also studied for the
laterally averaged helium-graphite potential,29,30 where it was
found that their properties are very close to those obtained
in 2D calculations.29 Finite helium clusters were recently
studied adsorbed on C20 and C60 fullerenes using PIMC
simulations where the isotropic He-C interaction potential

for graphite was employed.31,32 Depending on the number
of atoms adsorbed on C20, clusters with both fluid and solid
order were observed. The first layer of 4He exhibited a
commensurate solid structure for N = 32 adsorbed atoms,
and a finite superfluid fraction was observed if vacancies were
present. Similarly, for 4He on C60 a commensurate solid order
was also obtained for N = 32. The increase in the number
of atoms leads to a commensurate-incommensurate transition,
after passing through various domain-wall structures, demon-
strating that the physical properties on the larger fullerene
surface approach those of the flat layer of helium adsorbed on
graphite.

In this work, we present a study of the ground state of
weakly bound small 4HeN clusters, for N up to 40, adsorbed
on one and both sides of graphene. We conducted an extensive
survey of the influence of the graphene-He interaction model
and the graphene-mediated McLachlan interaction on the
energetics and the structure of the clusters. We determine
the effects of adsorption on both sides of graphene on the
properties of clusters, and quantify the correlations between
two clusters adsorbed on opposite sides. We also address the
question as to whether the ground state of the clusters is solid
or liquid. The calculations are performed at zero temperature
using variational and diffusion Monte Carlo (VMC and
DMC, respectively) simulations. For selected cluster sizes,
calculations are also performed at finite temperatures using
PIMC simulations.

We introduce the methods and the interaction potential
models in Sec. II. In Sec. III, we discuss the adsorption of
a single 4He atom. Results concerning the ground-state energy
of 4He liquidlike clusters adsorbed on one side are reported in
Sec. IV, and on both sides in Sec. V. We discuss the stability
of liquid versus solid clusters in Sec. VI.

II. METHOD

4He clusters adsorbed on one and both sides of graphene
are described by an N -particle Hamiltonian

H = − h̄2

2m

N∑
i=1

∇2
i +

N∑
i<j

V (rij ) +
N∑

i=1

Vs(ri ), (1)

where V (rij ) is the interaction potential between helium atoms
and Vs(ri ) is the interaction potential between He atoms and
graphene. For bulk helium, He-He interactions are very well
described by the Aziz HFD-B(He) potential.33 However, for
helium adsorbed on a substrate, the direct He-He interaction is
modified by substrate-mediated interactions. Previous studies
of He adsorbed on graphite11,16 showed that it is important
to consider the substrate-mediated McLachlan dispersion
energy,34 which arises from the screened electrodynamic
response of the substrate to the fluctuating electric dipoles of
the adsorbed atoms. We also include this effect, using a model
recently proposed by Bruch et al.15 Since the expression
for the interaction, i.e., Eq. (14) in the paper of Bruch
et al., contains one typographical error, we give here the
full corrected expression. For two adatoms with coordinates
(xa,ya,za) and (xb,yb,zb), the McLachlan interaction is given
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FIG. 1. (Color online) The interaction potential between two He
atoms as function of their (three-dimensional) separation. On the
left, both atoms are on the same side of graphene, and on the right
they are on opposite sides. The solid curves show the HFD-B(He)
interaction by Aziz et al. (Ref. 33) and the dashed curves include
the graphene-mediated additional McLachlan interaction (Refs. 15
and 34). The He atoms are at a distance of 2.8 Å from the graphene
surface.

by the expressions

VML = 2Cp1+
z+

r3R5
I

[
6 − 5

z2
+

R2
I

− 3
(za − zb)2

r2

]

− 12
Cp2+
R8

I

[
1 + 2

z2
+

R2
I

]
, za � zb > zc

= −6
Cp1−
r8

(za − zb) − 3
Cp2−
r10

[r2 + 2(za − zb)2],

za > zc > zb

where r is the distance between the adatoms, zc is the
location of the graphene plane, which we take to be at zc = 0,
z+ ≡ za + zb − 2zc, R2

I = [(xa − xb)2 + (ya − yb)2 + z2
+],

and Cp1+,Cp2+,Cp1−,Cp2− are dipole strengths with values
taken from Ref. 15. In the derivation, several approximations
are introduced, which means that the McLachlan interaction is
not as accurate as the HFD-B(He) potential. In the following,
we abbreviate the McLachlan interaction as ML. Figure 1
shows the He-He interaction potential for two He atoms, both
2.8 Å away from the surface, which is approximately the
maximum of the single-particle wave function. On the left,
both atoms are on the same side of the graphene sheet, and
on the right they are on opposite sides. The potential between
two He atoms on the same side is reduced by about 1 K
in the potential well when the ML interaction is included,
corresponding approximately to a 10% reduction. Hence, the
bare He-He interaction is much larger than the ML correction.
While such a small modification of the effective pair interac-
tion would not lead to a qualitative change of the properties of
most condensed systems, for 4He a 10% reduction is expected
to have important implications. Due to the large cancellation
of potential and kinetic energy, the change of the total binding
energy can be much larger than 10%. Furthermore, in three
dimensions the He-He interaction has a resonance near zero
energy which means that the (single) bound state of a pair of

4He atoms has a very small binding energy, i.e., that two 4He
atoms are barely bound. Also, in two dimensions, a pair of He
atoms is very weakly bound, thus the ML interaction should
have a major impact on the properties of small clusters. For
two He atoms on opposite sides, the right panel of Fig. 1 shows
that the relative reduction of the attraction is substantial when
the ML interaction is taken into account, with the effective
He-He interactions weakened by about a factor of 4 relative
to the bare He-He interaction. Let us note that another form of
substrate-mediated interaction exists, the Kohn-Lau energy,35

which arises from the elastic distortion of the substrate by
the adsorbate. The study of helium adsorption on graphite
showed it had a much smaller effect than the ML interaction.11

Recently, it has been suggested that it may be much more
important for graphene due to the flexibility of the substrate.25

However, since a model for this interaction for graphene is
not available, we have not been able to study its effects.

For the interaction between He atom and the graphene
substrate, we use three different models. First, we consider
a laterally averaged graphene-He interaction, giving rise to
a smooth substrate model. Second, we consider corrugation
by forming the graphene-He potential as a sum of individual
He-C interactions. This second model (labeled Iso) is referred
to as isotropic corrugation, arising as a sum of Lennard-Jones
He-C interactions with parameters taken from Stan and Cole.36

A better description of the corrugated graphene surface is
obtained by generalizing the individual He-C interactions to
anisotropic interactions, using the 6-12 anisotropic potential
of Carlos and Cole with anisotropy parameters γA = 0.4 and
γR = −0.54 (see Ref. 17 for details); this third model is labeled
AnIso. The minimum of the graphene-He potential is −192 K
in the case of the Iso model and −205 K in the case of the
AnIso model.

Combining these three graphene-He interaction models
with the choice of omitting (/0) or including (/ML) the
substrate-mediated ML interaction, we obtain six different
models for describing 4He clusters adsorbed on graphene. Us-
ing the abbreviations introduced above, we have the smooth/0,
smooth/ML, Iso/0, Iso/ML, AnIso/0, and AnIso/ML models.

For the study of clusters at zero temperature, we use VMC
calculations followed by DMC calculations. The starting point
of the DMC method is the Schrödinger equation written in
imaginary time,

−h̄
∂�(R,t)

∂t
= (H − Er)�(R,t), (2)

which is solved stochastically. In Eq. (2), t is the imaginary
time and Er is a reference energy, while R ≡ (r1,r2, . . . ,rN )
collectively denotes all particle positions. In order to reduce
the variance to a manageable level, it is a common practice to
use importance sampling by introducing a trial wave function
ψ(R). Then, the Schrödinger equation (2) is rewritten for
the wave function �(R,t) = �(R,t)ψ(R). Within the Monte
Carlo framework, �(R,t) is represented by a set of walkers. In
the limit t → ∞ (for long simulation times), only the lowest-
energy eigenfunction that is not orthogonal to ψ(R) survives.
This allows the calculation of ground-state expectation values
by stochastic sampling. Apart from statistical uncertainties,
the exact ground-state energy of an N -body bosonic system
can thus be obtained.
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In order to study liquidlike clusters, we use wave functions
of Jastrow form, constructed as a product of two-body corre-
lation functions F (r), multiplied by single-particle functions
describing binding of 4He atoms on the substrate φ(ri ):

ψ(R) =
N∏

i<j=1

F (rij )
N∏

i=1

φ(ri ). (3)

For the atoms on the same side of the graphene sheet, two-body
correlations are described by the ansatz

F (r) = exp

[
−1

2

(
b

r

)5

− sr

2

]
, (4)

where r is the interparticle distance, and b and s are variational
parameters. Atoms on opposite sides of graphene are too far
apart to experience the repulsive part of the interaction, there-
fore it is sufficient to take into account only the exponentially
decaying part of the correlations

F (r) = exp (−s1r/2) , (5)

where s1 is a variational parameter.
With DMC it is possible to study not just liquidlike, but

also solidlike clusters by choosing an appropriate trial wave
function. We model solidlike clusters using the Nosanow-
Jastrow wave function

ψNJ(R) = ψ(R)
N∏
i

h(ρiI ), (6)

where h(ρ) = exp(−αρ2/2) laterally localizes every atom i

to a fixed lattice point ρI . The parameter α is optimized
variationally, as well as the locations of the lattice points.

In order to obtain the ground state of a single adsorbed
atom, the one-body Schrödinger equation has to be solved.
In the case of the smooth graphene potential, the equation
is one dimensional, and the wave function which depends
only on the distance to the substrate φ(z) is obtained. For
the one-body problem with corrugation, the ground state is
obtained by imaginary-time propagation of the discretized
three-dimensional wave function. The comparison between the
wave functions in the Iso and the AnIso models is shown in
Fig. 2. The periodicity of the substrate is visible. The difference
between maxima and minima is larger in the case of anisotropic
corrugation, but the wave function does not go to zero in either

case. The effective mass of a single adsorbed 4He atom is
increased only by about 3% or 6% for the Iso or AnIso models,
respectively.

The Jastrow wave function ψ(R) [Eq. (3)] is optimized
using the VMC method in the case of the smooth potential.
The same parameters are then used in calculations with the
corrugated potentials. In VMC, typically 70%–85% of the
DMC energy is obtained for calculations without the ML
interaction and around 5% less in calculations with the ML
interaction. The difference between VMC and DMC results
increases with the number of atoms in the cluster, except for
the dimer 4He2 with up to two 4He atoms adsorbed on the other
side of the graphene sheet, and the ML interaction included.
In that case, due to the very small binding energy and the large
spatial extent of the wave function, our best VMC energies are
only around 40%–60% of the DMC energy.

Without the ML interaction, we obtained the optimal value
of parameter b around 3.05 Å and of parameter s in the range
from 0.2 Å−1 for N = 2 to 0.009 Å−1 for N = 40. The optimal
value of parameter s1 ranges from 0.06 to 0.0015 Å−1, and
there are small changes of variational parameters b and s when
the cluster is adsorbed on the other side of the graphene sheet.
With the ML interaction included, the total He-He interaction
potential becomes weaker which affects mostly parameters s

and s1. The optimal value of parameter s then ranges from
0.11 Å−1 for N = 2 to 0.0064 Å−1 for N = 40, while the
optimal value of parameter s1 ranges from 0.018 Å−1 for
N = 1 to 0.0012 Å−1 for the largest clusters considered. In
the case of the AnIso model, simulations were performed for
solidlike clusters using the trial wave function (6). We found
the optimal value of the parameters are b = 2.8 Å , s = 0.016
Å−1, s1 = 0.001 Å−1, and α = 0.7 Å−2 at the VMC level.
DMC simulations were performed for several values of α to
assure that the final conclusion is not biased by the choice of
the parameters. For the AnIso/0 model and 37 particles it was
found that slightly lower energies (around 2%) are obtained
with α from 0.3 to 0.5 Å−2. This can be explained by the fact
that atoms on the edge are more delocalized than atoms in the
inner part of the cluster, as observed by our PIMC simulations,
and thus not so well described by the trial wave function
with α = 0.7 Å−2. Using a reasonable number of walkers, for
α = 0.7 Å−2 DMC is not able to completely correct the parts
of the trial wave function which are close to zero, hence in the
case of the small solidlike clusters we find it is actually more
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FIG. 2. (Color online) The wave
functions for the ground state of a sin-
gle 4He atom adsorbed on graphene.
The left panel is for the anisotropic
corrugation (AnIso model) and the
right panel for the isotropic corruga-
tion (Iso model).
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efficient to use a parameter which does not give the optimal
VMC energy. For 20 particles in the AnIso/0 model, as well
as for all N in the other models, the DMC energy decreased as
α was reduced, towards the energy values obtained using the
liquidlike trial wave function (corresponding to α = 0).

We use a DMC method which is accurate to second order
in the time step 
t .37 Both the time-step dependence and
the mean walker population are studied carefully in order to
eliminate any bias. We adjust the mean number of walkers
to the size of the 4He cluster. For most of the clusters, 2000
walkers have proven to be enough, but for clusters with 40
atoms and the ML interaction included we increase the number
to 12 000. The necessary increase of the mean number of
walkers correlates with a reduced quality of the importance
sampling wave function, reflected in the quality of the VMC
results. In calculations with the corrugated models, typically
1000–3000 more walkers are used than in calculations with
the smooth model. The energies are calculated for different
time steps (from 2 × 10−4 K−1 to 14 × 10−4 K−1) and the
final results are derived by extrapolation to zero time step.
For larger clusters, the upper range of the time-step values is
reduced.

The density profiles and the pair distribution functions of
the clusters are calculated using pure estimators,38 where we
verify that the chosen block size is large enough to correct
the bias coming from the choice of the trial wave functions.
Typically, 10 000 steps per block are used.

For PIMC simulations, we use the methodology of Ref. 39.
For the He-He interaction, the short-time (high-temperature)
N -body density matrix is approximated by the pair density
scheme. For the graphene-He interaction, we use the simpler
Trotter approximation. PIMC simulations for weakly bound
clusters, as the ones studied here, are computationally expen-
sive because very low temperatures are required to prevent
evaporation. Furthermore, PIMC does not use a trial wave
function that guides (but may also bias) the random walk. The
PIMC method therefore faces similar challenges here as for
simulations of 4He clusters doped with weakly bound atoms
or molecules which were performed for Rb and Rb2 attached
to 4He clusters and films.40–42 Therefore, we employ similar
strategies for the present problem. The PIMC simulations are
performed for very low temperature, namely, T = 0.078 K
for N = 20. As the binding energy per particle increases with
N (see below), evaporation is effectively prevented already at
higher temperatures for larger cluster sizes. Therefore, we set
T = 0.156 K in simulations for N = 37. We use time steps of

τ = 1/40 K (corresponding to paths with 512 beads), 1/80 K
(1024 beads), and for the most delicate case of N = 20 using
the AnIso/0 model 1/160 K (2048 beads). This allows for
an approximate extrapolation to zero time step. Permutation
sampling is used in all simulations to account for the Bose
symmetry of 4He atoms.

III. ADSORPTION OF A SINGLE 4He ATOM

QMC simulations of a cluster of N 4He atoms adsorbed on
graphene yields the total ground-state energy ET

N of the cluster
which includes the graphene-He potential energy. Hence, the
total cluster energy contains a contribution of N times the
adsorption energy ET

1 of a single 4He atom. This contribution

TABLE I. Energy of a single 4He atom adsorbed on graphene,
ET

1 (in K), obtained for the three He-C interaction models (smooth,
Iso, and AnIso).

Smooth Iso AnIso

ET
1 −127.318 −128.371 −129.864

is the vastly dominant part of ET
N and is a simple single-

particle property that is of little interest in our study of cluster
properties. We therefore subtract it from ET

N to reveal the
more interesting many-body contributions to ET

N . We define
the cluster energy

EN = ET
N − NET

1 . (7)

Thus, EN is the formation energy due to clustering of N 4He
atoms that are already adsorbed. If EN < 0, there is a bound
ground state of the cluster, while for EN = 0 the cluster is not
self-bound and 4He atoms form a gaseous adsorbate.

The single-particle energy ET
1 and the associated wave

function �1(r) of a single 4He atom adsorbed on graphene
are calculated with the three graphene-He interaction models
(smooth, Iso, AnIso). For corrugated models, the energy ET

1
and the wave function are obtained by solving the one-body
Schrödinger equation by imaginary-time propagation towards
the ground state. We use a discretization of 128 × 256 × 256
grid points for a rectangular graphene cell containing 4 C
atoms, of side length

√
3a × 3a, where a is the C-C bond

length of 1.42 Å. In the perpendicular direction, the lower and
upper boundaries are 1.5 and 6.0 Å from the graphene plane,
respectively. That is much larger than the perpendicular extent
of the single-particle wave function �1(r), which is stored
together with its first and second derivatives and used in the
trial wave function (3). ET

1 is tabulated in Table I. The value
obtained in the Iso model agrees with the one given by Gordillo
and Boronat,9 who got −128.26 ± 0.04 K.

IV. 4He LIQUIDLIKE CLUSTERS ON ONE SIDE

We first study 4He clusters with up to N = 40 atoms
adsorbed on just one side of graphene, using the trial wave
function appropriate for a liquidlike cluster which is defined
in Eq. (3). We stress that these clusters are effectively two
dimensional, which is a consequence of the strong graphene
binding. This means that, as we grow the cluster, the added
particles spread only in the lateral direction. This can be
contrasted with the case of helium clusters adsorbed on the
much more weakly binding cesium surface43 where the width
of the cluster in the direction perpendicular to the substrate is
several times larger [e.g., 
z =

√
〈z2〉 − 〈z〉2 = 0.3 Å in case

of 4He20 cluster (AnIso/0) adsorbed on graphene and 
z =
1.7 Å for the same cluster on cesium using the Chimeshya,
Cole and Zaremba (CCZ) potential as in Ref. 43].

Figure 3 presents the N dependence of the ground-state
cluster energy per particle EN/N obtained using the DMC
method for the three graphene-He potentials (smooth, Iso,
AnIso), with the ML interaction between 4He atoms (right
panel) and without it (left panel). The comparison of the
results, obtained with the six different interaction models,
shows that the omission or inclusion of the ML interaction
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FIG. 3. (Color online) The ground-state energy per particle
EN/N of the clusters as a function of N . The presented DMC results
are obtained using the six different interaction models (smooth/0,
smooth/ML, Iso/0, Iso/ML, AnIso/0, and AnIso/ML).

has a much stronger influence on the cluster energy than the
model for the corrugation. If the ML interaction is included,
EN/N is only about half of the value obtained without the ML
interaction. The choice of the graphene-He potential has much
less influence on EN/N , with the smooth and the Iso models
giving almost the same energy, and the AnIso model resulting
in slightly stronger binding. We note that the cluster energies
EN are about two orders of magnitude smaller than the total
energy ET

N , which includes the adsorption energy.
The ground-state energy EN for the smooth/0 model can

be compared either to the results for clusters in 2D,26,27,29,44

or to the results for clusters adsorbed on a smooth graphite
model.30 We find slightly stronger binding than in 2D and
almost the same as on graphite. For example, for N = 4, we
have in 2D (Ref. 29) E4 = −435(1) mK, on graphite30 E4 =
−477(5) mK, and on graphene E4 = −473(4) mK (this work).
The energies in 2D and on graphite were obtained using the
more attractive He-He interaction potential by Korona et al.,45

which means that on graphene the self-binding energies are
slightly stronger than on graphite. This is to be expected since
with respect to graphene the adsorption potential of graphite
is stronger resulting in a slightly smaller width of the cluster
perpendicular to the surface. It was shown for helium dimers in
the model of harmonic holding potential that the self-binding
is enhanced with respect to 2D, becoming stronger as the width
of the confining potential is increased.46 The study of 4He2,3,4

adsorbed on graphite and cesium30 confirmed the harmonic
model prediction.

In order to investigate structural properties of the clusters,
we calculated the density profile d(ρ) defined as the probability
distribution of 4He atoms with respect to a lateral distance ρ

from the center of mass of the cluster

d(ρ) =
∑

i

δ[ρ − (ρi − ρc.m.)].

For the smooth model, d(ρ) does not depend on the direction of
ρ. For the two corrugated models, there will be a dependence
on ρ due to the breaking of cylindrical symmetry on a substrate
with C6 symmetry. Since the corrugation for a light particle like
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FIG. 4. (Color online) Density profiles d(ρ) of 4He clusters
adsorbed on graphene. The results are obtained by the DMC
simulations and in addition, for N = 20, by PIMC. The left and
right panels correspond to the smooth and AnIso models. Top and
bottom panels correspond to the cases of omitting and including the
graphene-mediated ML interaction between 4He atoms.

4He is effectively small (the effective mass increases around
3% and 6% for a single 4He on graphene using the Iso and
AnIso models, respectively), the direction dependence of d(ρ)
is small as well. Therefore, we only calculate the rotational
average d(ρ) = 〈d(ρ)〉.

The DMC results for the density profile for several cluster
sizes N , up to N = 40, are shown in Fig. 4. The panels
correspond to four interaction models: smooth/0, smooth/ML,
AnIso/0, and AnIso/ML. The Iso models give results similar
to the smooth model, and are therefore left out from the figure.
For the sake of a clear presentation, we do not show the
error bars which can be inferred from the fluctuations of d(ρ)
visible especially for small ρ. With increasing N , the small ρ

value d(ρ → 0) converges to the two-dimensional equilibrium
density, i.e., the equilibrium coverage. As expected, d(ρ) is
more spread out when the He-He interaction is weakened
due to the ML interaction, resulting in more diffuse clusters
with a smaller central density at ρ = 0. The effect from the
graphene-He interaction model is smaller but still noticeable:
stronger corrugation leads to increased localization and, in the
N → ∞ limit, to a higher equilibrium coverage.

Also shown in Fig. 4 are PIMC results for N = 20, which
agree well with the DMC results (showing that thermal
broadening is negligible). The differences are largest for the
AnIso/0 model, which proved to be a challenging case for
PIMC. There, PIMC predicts an even slightly smaller cluster.
The reason is that, according to the PIMC results, the 4He20

cluster appears to be close to solidification. Since there is
no trial wave function bias towards either the liquid or the
solid phase, the PIMC simulation has to find the equilibrium
configuration without guidance of the trial wave function.
We find that a simulation starting from a solidlike

√
3 × √

3
configuration stays solidlike for a very long simulation time
before the solid configuration eventually melts. The energy
difference between liquid and solid configurations is small
for N = 20, and therefore an even smaller time step is needed
(
τ = 1/160 K) than in the cases of other cluster sizes or other
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FIG. 5. (Color online) The pair distribution functions P (ρ) as a
function of lateral distance for 4HeN clusters adsorbed on a graphene
sheet. The results are obtained by the DMC simulations and, in
addition, for N = 20, by PIMC. Four He-graphene interaction models
are compared in the panels (see also caption of Fig. 4).

interaction models, in order to reduce the bias and ensure the
melting of the solid configuration.

It is possible to fit the obtained density profiles to the gener-
alized Fermi profile, using the form given in Ref. 27. Our cen-
tral densities, obtained from the fit of the DMC distributions for
the largest cluster considered are 0.0452(2) Å−2 (smooth/0),
0.0458(5) Å−2 (Iso/0), 0.0369(2) Å−2 (smooth/ML), 0.0396(2)
Å−2 (AnIso/ML). We can compare our results for the central
density to the equilibrium density of liquid 4He on graphene,
which was calculated by Gordillo and Boronat who used the
isotropic potential.9 They obtained 0.044 Å−2, which is in good
agreement with the values of our central densities, considering
that our largest cluster had only 40 atoms.

We also calculate the radial pair distribution function
P (ρ) as a probability distribution of particles to be separated
in the lateral direction by ρ, which is normalized to the
number of particles N . Figure 5 shows P (ρ) for several
clusters (N = 10,20,30,40) and the four interaction models
smooth/0, smooth/ML, AnIso/0, and AnIso/ML. For small
ρ, P (ρ) vanishes because of the short-range repulsion of
two atoms (the “correlation hole”). As ρ increases, a large
peak appears which is the correlation peak always found in
pair correlation functions of liquids, classical or quantum.
The small modulation of P (ρ) in the case of the AnIso
models, beyond the correlation peak, can be explained by the
corrugation of the graphene-He potential. If every potential
minimum would lead to a higher probability density for 4He,
P (ρ) would have maxima for all ρ that equal the distances
between these potential minima. However, the repulsion
prevents 4He atoms to occupy all minima, so it is rather the√

3 × √
3 lattice sites, corresponding to every third minimum,

that have an increased probability in P (ρ). Indeed, we confirm
that the small peaks of P (ρ) can be identified as the distances
between the sites of the

√
3 × √

3 lattice (but note that all
results shown in Fig. 5 are for liquid clusters). The modulation
is less pronounced for the less binding AnIso/ML model,
where the clusters are more spread out than for the AnIso/0
model. For the smooth graphene model, of course no such

modulation is observed, and P (ρ) is almost featureless beyond
the correlation peak.

V. 4He LIQUIDLIKE CLUSTERS ON BOTH SIDES

Suspended graphene sheets allow adsorption on both sides.
Hence, it is possible that composite clusters consisting of
4HeN atoms on one side of graphene and 4HeM atoms on
the other side are formed, as a consequence of the interaction
between 4He atoms on opposite sides. We label such clusters
by 4HeN,M . Note that two 4He atoms on opposite sides are
separated by about 5–6 Å . Therefore, they will explore only
each other’s attractive tail because the repulsion is too short
ranged to be felt across a graphene sheet. As long as the
graphene-mediated interaction (such as the ML interaction,
but also other contributions that we neglect here) does not
overcompensate the attraction, it is reasonable to assume
that a bound dimer state of 4He1,1 exists. A rigorous proof
for the existence of a bound dimer state applies only to
attractive particles in strictly two dimensions.47 Adsorbed 4He
atoms are strongly confined in the direction perpendicular
to the graphene sheet, but are not strictly two dimensional.
Furthermore, in the parallel direction the 4He atoms move in
the corrugation potential. Therefore, the existence of a bound
dimer state cannot be proven rigorously. Even if it exists, the
weak attraction leads to an exponentially small binding energy,
which may not be experimentally detectable.

We label the cluster energy of a composite 4HeN,M cluster
as EN,M . The energy EN,0 is then equivalent to the energy EN

from the previous section. We define the additional binding
energy AN,M as the energy difference between a composite
cluster and two isolated clusters of size N and M: AN,M ≡
EN,M − (EN + EM ). Figure 6 shows the additional binding
energy AN,1 of a single 4He atom to a 4HeN cluster on the
opposite side for four different interaction models (smooth/0,
smooth/ML, AnIso/0, and AnIso/ML), obtained with the DMC
calculations.
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FIG. 6. (Color online) Additional cluster binding energy AN,1 of
a single 4He atom and a 4HeN cluster adsorbed on the opposite side of
the graphene sheet, as a function of N . The results are obtained using
the DMC method and four interaction models (smooth/0, smooth/ML,
AnIso/0, and AnIso/ML).
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FIG. 7. (Color online) Additional cluster binding energy per
particle AN,N/N due to interaction of two 4HeN clusters adsorbed
on opposite sides of the graphene sheet, as a function of N . The
results are obtained using the DMC method and four interaction
models (smooth/0, smooth/ML, AnIso/0, and AnIso/ML).

As in Sec. IV, we can observe that the ML interaction
has a much larger influence on the cluster energy than
the corrugation model. When included, the ML interaction
significantly reduces |AN,1|. With the increase in the number
of particles, AN,1 decreases, i.e., the binding of a 4He atom
to the cluster on the opposite side becomes stronger. It should
converge to an asymptotic value A∞,1 which can be estimated
perturbatively as the potential energy between an infinite plane
of 4He atoms located at z0 = −2.8 Å and a single 4He atom
at z = 2.8 Å. For a rough estimate, we simply integrate the
Lennard-Jones attractive tail over a 2D plane, which results
in a potential V = −2περσ 2( σ

z−z0
)4, with σ = 2.56 Å and

ε = 10.22 K. We estimate the area density ρ of a complete 4He
layer from the central density given in the previous section.
For example, for the smooth/0 model, ρ ≈ 0.045 Å−2, which
yields A∞,1 ≈ −0.8 K. This is still lower than the value shown
in Fig. 6 for N = 40 of about −0.5 K, which indicates a slow
convergence of AN,1 towards A∞,1.

The additional cluster energy per particle for two clusters
of the same size, AN,N/N , is shown in Fig. 7. Dividing AN,N

by N permits the comparison with AN,1 given in Fig. 6, in
the sense that we are left with N pair interactions contributing
to the additional energy in both cases. For small N , AN,1

decreases more slowly than AN,N/N because in total there
are fewer particles interacting, but for larger N both quantities
seem to approach each other and follow the same curve. This
can be understood as a consequence of the fact that each cluster
is effectively two dimensional and thus, for large clusters, each
atom approximately experiences the additional interaction of
AN,1. Since for large N only a small fraction of particles on the
other side are within interaction range, we get AN,N ≈ NAN,1

for large N .
The spread of clusters on the surface of graphene is probed

by a distribution function P (|ρ − ρc.m.|,z) which shows the
probability density of particles with respect to the distance to
the common center of mass in the lateral direction |ρ − ρc.m.|
and the distance perpendicularly to the graphene plane z.
Figure 8 shows P (|ρ − ρc.m.|,z) for the 4He20,20 cluster and the

103P(ρ−ρc.m.,z) (Å−3)  for 4He20
4He20
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FIG. 8. (Color online) The distribution P (|ρ − ρc.m.|,z) of the
particles distances to the joint center of mass in the lateral direction
and perpendicularly to the graphene plane for 4He20,20 cluster and
the AnIso/0 model. The results are obtained using the DMC method.
The distance to the center of mass is multiplied by “sgn(x − xc.m.)”
in order to make visualization more realistic, that is to distinguish the
cluster’s “left” from “right” side.

AnIso/0 interaction model, obtained using the DMC method.
It can be noticed that the two clusters are effectively two
dimensional, due to the strong binding to graphene. One can
also observe that the respective centers of mass of the two
clusters are almost completely aligned in the lateral direction.
Similar profiles are obtained when the ML interaction is
included, the only difference being the larger spread in the
direction of the graphene plane and the lower value of the
central density.

In Sec. IV, we have shown the pair distribution function
P (ρ) for 4He clusters adsorbed on one side of graphene
(Fig. 5). For composite clusters 4HeN,N occupying both sides
of graphene, the results for P (ρ) between atoms on the same
side are almost identical to those in the previous section, and
will not be shown. However, the fact that composite clusters
are bound, despite the separation by the graphene sheet, raises
the question about the strength of pair correlations between
atoms on opposite sides. In Fig. 9, we show the corresponding
pair distribution function Po(ρ) as a function of the lateral
distance, obtained by the DMC method for several N . We again
compare the DMC results with the PIMC results for N = 20
and find good agreement for the smooth/0, smooth/ML, and
AnIso/ML interaction models (the PIMC simulation for the
AnIso/0 model is discussed in the following paragraph).
The “correlation hole” is missing since the short-range He-He
repulsion does not play a role for Po(ρ): even for ρ = 0, the
three-dimensional distance is 5–6 Å for 4He atoms on opposite
sides, i.e., much larger than the short-range repulsion of
the He-He potential. For the AnIso/0 and AnIso/ML model,
Po(ρ) is modulated, similarly to P (ρ). Again, the modula-
tions are simply caused by the minima of the graphene-He
interaction. Compared to the modulations of P (ρ), Po(ρ) has
additional peaks which arise because 4He atoms on opposite
sides can have higher probability density in potential minima
arranged according to the same or two displaced

√
3 × √

3 lat-
tices. In order to see more clearly the pure He-He correlations
across the graphene sheet, apart from modulations caused by
the corrugation, we also calculate Po(ρ) for the smooth/0 and
smooth/ML models, which eliminates the substrate-induced
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FIG. 9. (Color online) Pair distribution function between atoms
on opposite sides of a graphene sheet Po(ρ) as a function of lateral
distance for 4HeN,N clusters. The results are obtained by the DMC
simulations and in addition, for N = 20, by PIMC. Four He-graphene
interaction models are compared in the panels (see also caption
of Fig. 4).

modulations. In this case, Po(ρ) is completely featureless,
exhibiting no discernible peaks. Hence, the pair correlations
across the graphene sheet are negligibly weak, at least in the
present case of the He-He interaction.

In Fig. 9, we have not presented the PIMC results for the
AnIso/0 model in the case of 4He20,20 cluster because PIMC
does not reach the same equilibrium phase for different initial
conditions, despite very long simulation time. If we start the
simulation from the solid configuration, the cluster remains
solidlike, and if we start from the liquid configuration, the clus-
ter remains liquidlike. The DMC results show that a liquidlike
phase is energetically slightly preferred, but the difference in
the ground-state energies of the liquidlike and solidlike phases
is within the error bars of the PIMC simulations, making it
extremely difficult for PIMC to find the energetically more
favorable state within reasonable computation time.

We also study the cluster size dependence of the average
lateral separation ρc.m. of the centers of mass of the upper
and lower parts of 4HeN,M clusters: ρc.m. = | 	ρc.m.N − 	ρc.m.M |,
where 	ρc.m.N is the center of mass of the cluster on the upper
side of the graphene sheet in the graphene plane, and 	ρc.m.M

is the same quantity for the lower cluster. For small clusters, a
convenient parameter to characterize the interactions across the
graphene sheet separating the clusters is the number of possible
pair interactions N × M between the N atoms adsorbed on one
side and the M atoms adsorbed on the opposite side. Figure 10
shows the dependence of the average separation ρc.m. on the
number of pairs N × M for M = 1 and M = N in the case of
three different interaction models.

In the M = 1 case, ρc.m. first decreases steeply with
increasing N . This is caused by the stronger binding of the
single 4He atom when there are more 4He atoms on the
other side of the graphene sheet. ρc.m. levels off at around
N = 20, where it attains the minimum separation min[ρc.m.],
before rising again for larger N . ρc.m. is bound to eventually
rise with N because as more atoms are added to the cluster
of N atoms, they are outside of the interaction range with
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FIG. 10. (Color online) The average lateral separation ρc.m. of the
centers of mass of the upper and lower parts of 4HeN,M clusters for
M = 1 (left) and M = N (right). The results are obtained using the
DMC method for the smooth/0, smooth/ML, and AnIso/0 graphene-
He interaction models. ρc.m. is plotted as function of the number of
possible pair interaction across the graphene sheet, N × M .

the single 4He atom on the opposite side. Therefore, the
cumulative attraction of a large cluster leads to an essentially
flat potential well for the single 4He atom, in which it can
move almost freely in lateral direction. For large N , ρc.m.

will be of similar magnitude as the radius of 4HeN cluster,
hence ρc.m. ∼ √

N . In the limit N → ∞, i.e., full coverage of
one side of graphene, the 4He atom on the opposite side will
not feel any confining effect of the 4He layer and can move
freely in the parallel direction, hence ρc.m. → ∞. Regarding
the model dependence, as expected, min[ρc.m.] is smallest in
the AnIso/0 model and equal to 6.1(2) Å, while the smooth/0
model predicts a slightly larger value 6.7(2) Å. The inclusion of
the ML interaction, which weakens the He-He attraction across
graphene considerably (see Fig. 1), results in an increase of
min[ρc.m.]. In the case of the smooth/ML model min[ρc.m.] is
9.7(2) Å.

Unlike in the case of a single 4He atom on one side, for
M = N we observe that ρc.m. decreases monotonically with
cluster size. This is understandable from both kinetic and
potential energy considerations: (i) the increasing combined
mass of N 4He atoms reduces the zero-point motion of their
center of mass; and (ii) the cumulative effect of the He-He
attraction across the graphene sheet will not lead to a flat central
part of the effective potential between the two cluster halves
since both halves have equal size. Therefore, it is expected that
ρc.m. → 0 for N → ∞, in case of M = N .

The size of a cluster changes when 4He atoms are adsorbed
on the other side of a graphene sheet. This effect is very small
for large clusters, but can be significant for very small, and
thus weakly bound clusters, most notably in the case of a
dimer 4He2. Figure 11 shows the DMC results for the average
lateral separation 〈ρ12〉 between the two 4He atoms forming
a dimer as a function of the number N of atoms adsorbed
on the opposite side of a graphene sheet, for the smooth/0 and
smooth/ML interaction models. A similar behavior is expected
for corrugated models.
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FIG. 11. (Color online) Average lateral separation of the two
atoms forming a dimer 4He2 as a function of the number N of 4He
atoms adsorbed on the other side of the graphene sheet. The results
are obtained using the DMC method for the smooth/0 and smooth/ML
interaction models.

For N = 0, helium dimers on graphene have slightly
smaller interparticle separations, 12.3(2) Å in smooth/0 model,
than in strictly two dimensions, where the average separation
between particles is around 13 Å.48 When atoms are adsorbed
on the other side of a graphene sheet they attract the dimer
atoms, bringing them closer together. In the case of the
smooth/0 model, 〈ρ12〉 is reduced from 12.3(2) Å for N = 0,
down to 7.9(4) Å for N = 9. When we increase the number of
atoms on the opposite side up to N = 40, 〈ρ12〉 remains almost
constant within the error bars. For comparison, we note that
for N = 40 the cluster radius, estimated as a root-mean-square
distance to the center of mass is 13–15 Å, depending on the
model (see also Fig. 4), i.e., it is already larger than 〈ρ12〉.
If N was increased well beyond N = 40, where the size
of the cluster opposite to the dimer becomes much larger
than typical dimer sizes, 〈ρ12〉 would increase again since the
attraction to the cluster starts to even out laterally and cannot
hold the two dimer atoms closer together. For N → ∞, 〈ρ12〉
should converge to the same value as for N = 0, but a study
of that convergence would require prohibitively large cluster
simulations.

If the ML interaction is included, for N = 0 the dimer size
increases substantially to 20.8(4) Å. When one atom is added
on the other side, the dimer size remains the same within the
error bars. The reason is that the resulting interaction is too
weak to provide significant additional binding between atoms
on opposite sides. Indeed, the additional binding energies A2,1

and A1,1 are zero within the error bars (although according
to the discussion above they are probably bound with an
exponentially small binding energy). For N = 2, where A2,2

is only −1.1(4) mK, the separation of the centers of mass of
the two dimers is very large (of the order of 50 Å), and the
dimer size remains again the same within the error bars. For
N � 5, the additional attraction is sufficient and one observes
a reduction of the dimer size as for the smooth/0 model,
with an interparticle separation of, e.g., 10.7(4) Å around
N = 30.

VI. LIQUIDLIKE VERSUS SOLIDLIKE 4He CLUSTERS

In this section, we report the DMC and PIMC results for
solidlike clusters for some selected cluster sizes and discuss
whether 4HeN clusters adsorbed on a graphene in its ground
state are liquidlike or solidlike. Finite adsorbed 4He clusters
allow for a study of solidification in a “bottom-up” approach:
while very small clusters are liquidlike for all interaction
models we studied, with increase of cluster size a solidlike
phase can become favorable, as we found out in the case of
the AnIso/0 model. Having in mind that all previous work
on 4He adsorbed on graphite and graphene was devoted to the
study of bulk phases, i.e., of the thermodynamic limit, studying
solidification as a function of cluster size is of fundamental
interest.

The DMC simulations have the advantage that, by appro-
priate choice of the trial wave function, one can study either
liquidlike or solidlike phases of the cluster. The comparison of
the respective ground-state energies tells us which phase has
lower energy and is therefore the true ground state. We label the
energies obtained with the liquidlike trial wave function with
superscript l, and those with the solidlike trial wave function
with s. The AnIso/0 model gives the strongest cluster binding
energy in the case of liquidlike clusters and therefore it is the
model most likely to predict solidlike clusters beyond a given
cluster size.

In the case of N = 20, the sites of the optimal solidlike
configuration correspond to the expected

√
3 × √

3 lattice,
arranged such that they form a hexagon of 19 sites with one
additional site. For the solidlike cluster energy Es

20 we get a
range of energies, depending on the strength of the localization
to the lattice site, from −8.23(6) K (α = 0.66 Å−2), where each
4He atom is well localized, to −10.5(5) K (α = 0.05 Å−2),
where atoms are no longer confined to a site and the solidlike
character has disappeared. The obtained energies are higher
than the ground-state energy of the liquidlike cluster El

20 =
−11.40(13) K. Thus, we predict that a liquidlike phase is
energetically preferred for 4He20 in the AnIso/0 model.

However, for N = 37 a solid cluster with
√

3 × √
3 lattice

and the optimal hexagonal shape is clearly preferred: El
37 =

−26.3(2) K, Es
37 = −31.27(10) K. The choice of lattice sites

ρI [see Eq. (6)] in the DMC trial wave function is essential.
For example for N = 40, we compared two clusters with

√
3 ×√

3 lattice, but with different shapes. If the
√

3 × √
3 lattices

sites are arranged to a hexagon with three additional sites,
the solid cluster has a lower energy than the liquid cluster,
which is consistent with the result for N = 37. However, if the√

3 × √
3 cluster lattice has a rectangular shape (which does

not have the minimum “surface” line), the situation reverses:
the rectangular-shape cluster with underlying

√
3 × √

3 lattice
has a higher energy than the liquid cluster of N = 40. Hence,
we obtain an energy hierarchy solid(hexagonal) < liquid <

solid(rectangular). This demonstrates the importance of finite-
size effects in that the shape of the cluster is as important as
the choice of liquid or solid phase of the trial wave function.

In the case of the AnIso/ML model, we obtained that the
liquidlike nature of the ground state is preferable for N � 40,
while the energy of the solid configuration is above the liquid,
approaching it monotonously when the confinement to the
lattice site, controlled by α, is significantly reduced. For the
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FIG. 12. (Color online) Pair distribution functions P (ρ) (top) and
density profiles d(ρ) (bottom) of solidlike cluster 4He37 obtained by
DMC and PIMC for the AnIso/0 model.

Iso/0 and smooth/0 models, the liquid is still preferred for
all studied cluster sizes N � 40, hence also for these models
including the ML interaction.

Our DMC results for N = 37 are validated by the PIMC
results obtained at the temperature of T = 0.156 K. The
PIMC method does not require a trial wave function, therefore
assuming ergodicity PIMC will find the equilibrium state
without guidance. On the other hand, the lack of a trial
wave function at such low T means that PIMC simulations
are not very efficient and ergodicity must not be taken for
granted, especially for larger clusters and when the energy
differences between liquidlike and solidlike configurations are
small. We performed PIMC simulations for both the AnIso/0
and Iso/0 models. In Fig. 12, we compare the pair distribution
P (ρ) and density profile d(ρ) obtained with the PIMC to those
obtained with the DMC method for N = 37. In agreement
with the predictions obtained with the DMC method, for the
AnIso/0 model our PIMC results predict a solidlike cluster
and for the Iso/0 model it predicts a liquidlike cluster. This is
illustrated also in Fig. 13, where we show the two-dimensional
density ρ(x,y), where (x,y) is defined relative to the center of
mass of the cluster. The left and right panels are the result
for the Iso/0 and AnIso/0 models, respectively. The

√
3 × √

3
lattice structure of the cluster in the AnIso/0 model is very
evident, with the same lattice constant as the commensurate
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FIG. 13. (Color online) Two-dimensional density ρ(x,y), where
(x,y) in Å is defined relative to the center of mass of the cluster. The
results are obtained by PIMC method for the 4He37 cluster.

lattice, although the height of the density peaks falls off slightly
from the center, which indicates that 4He atoms in the center
have a smaller zero-point motion than those at the edge of
the cluster. Furthermore, the hexagonal shape of the cluster is
very well defined, with only a low probability density beyond
the hexagonal lattice. This is to be compared with the density
ρ(x,y) resulting in the Iso/0 model, shown in the left panel,
which is smooth apart from a trivial weak modulation caused
by the graphene corrugation.

Our results are consistent with very recent results from
Kwon and Ceperley19 concerning a submonolayer of helium
on graphene. In the case of the anisotropic potential model the
vacancies did not move, no superfluid fraction was observed,
and the peaks in the static structure function indicated that
the commensurate

√
3 × √

3 phase was preserved, which is
consistent with the formation of solidlike clusters separated
by localized vacancies. On the other hand, in the case of less
corrugated isotropic potential their results indicate a transition
from a commensurate solid to a liquid with the decrease of
coverage.

VII. CONCLUSIONS

We have studied the ground state of 4HeN clusters, for
N � 40, adsorbed on one and both sides of graphene for six
different interaction models for the graphene-He system: ad-
sorption on a smooth graphene surface and, more realistically,
on graphene with two different corrugation models; these three
models are combined with three-body effects on the He-He
interaction due to the substrate-mediated McLachlan interac-
tion. In this way, we were able to estimate the importance
of the corrugation and the models used to study it, as well
as the influence of the ML interaction which weakens the
attraction between He atoms. We find that the ML interaction
has a stronger influence on the self-binding properties of the
cluster than the model for the corrugation. Omitting the ML
interaction more than doubles the cluster energy per particle.
While the model for the He-C interaction has less influence on
the strength of the cluster self-binding, it is crucial to include
corrugation in order to find out if a liquid or solid phase
is preferred for a given cluster size. Our results show that
for N = 37, a solidlike hexagonal-shaped cluster is preferred
to a liquidlike cluster only in the AnIso/0 model, where the
corrugation is strongest and where the He-He interaction is
not weakened by the ML interaction. Thus, for the AnIso/0
model, solidification of 4He clusters adsorbed on a graphene
sheet happens somewhere between N = 20 and 37. In contrast
to that, for all 4HeN clusters up to N = 40, the liquid phase is
the energetically preferred ground state when the interaction
models AnIso/ML, Iso/0, Iso/ML, smooth/0, and smooth/ML
are employed. A systematic search to pinpoint the stability
limits of liquidlike versus solidlike clusters in different models
and for larger number of particles in the cluster is in progress.

Structural properties of the clusters are also affected by the
choice of graphene-He model. The central cluster densities
for the largest N of liquidlike clusters, which approach the
bulk equilibrium densities, increase from 0.0369(2) Å−2 for
the least binding smooth/ML model to 0.0458(5) Å−2 for the
strongest binding model that remains liquid in the studied
range, the Iso/0 model. The corrugated models in addition
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exhibit small modulations in the pair correlation functions,
where peaks beyond the main correlation peak can be related
to a slight

√
3 × √

3 lattice order in the pair correlations of
liquid clusters.

We furthermore studied 4HeN,M clusters adsorbed on both
sides of graphene and found that two clusters on opposite
sides are bound. However, since the He-He attraction across
the graphene sheet is very weak, the pair distribution function
between the two parts of the composite cluster shows no
peaks, i.e., pair correlations between 4He atoms on opposite
graphene sides are negligible. Again, the ML interaction has
the largest influence on the results, which when included
significantly reduces the additional binding. A cluster shrinks
in the presence of a cluster on the opposite side, however, this
effect is pronounced only for the smallest clusters. The average
distance between the atoms of a 4He dimer adsorbed on one
side of graphene, depending on the model, is reduced by 35%
to 50% as more particles are added on the other side.

In terms of methodology, we have investigated the 4HeN -
graphene system mostly with the DMC simulations, but we
also made some finite-temperature PIMC simulations as an
independent check for trial-wave-function bias. In the past,
both methods have been used successfully for simulations
of monolayers of 4He adsorbed on a substrate, which means
they are both suitable for monolayer studies. The strength
of DMC is the high efficiency of ground-state calculations,
provided that a well-optimized trial wave function is used.
The strength of PIMC is that a trial wave function is not
needed, eliminating a source of bias. In our study of adsorbed
4He clusters, our experience is that DMC is vastly more
efficient. Because of the small chemical potential of the
clusters, PIMC simulations require a very low temperature
to prevent evaporation. For example, large 4He clusters in
vacuum have a chemical potential of −7.2 K, and it is known
experimentally that they cool to 0.3–0.4 K before evaporation

effectively stops. For the small adsorbed 4He clusters studied
here, the chemical potential is about an order of magnitude
smaller, and we therefore expect evaporation to effectively stop
for temperatures below 0.05 K. All our PIMC simulations are
actually done at higher T , while monitoring the simulations
to make sure that no 4He atoms have evaporated. Even at
the temperatures that we use in our PIMC simulations, it
is much more expensive to calculate the cluster binding
energy compared to DMC. Despite these drawbacks, we got a
very good agreement between DMC and PIMC for structural
quantities like the radial density profile and the radial pair
distribution function. This shows that our choice of trial wave
function did not bias the DMC results. PIMC simulations
were also helpful in guiding our intuition for larger clusters
where PIMC clearly showed that those clusters are solidlike,
regardless of the initial configuration of 4He atoms. DMC was
then used to answer whether a liquidlike or solidlike state has
a lower energy.
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