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Interference of topologically protected edge states in silicene nanoribbons
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Silicene is a graphene-like honeycomb structure made of silicon atoms. It is a two-dimensional quantum spin-
Hall insulator due to the spin-orbit interaction. According to the bulk-edge correspondence we expect zero-energy
edge channels to appear in silicene nanoribbons. The behaviors of the helical edge channels are completely
different between the armchair and the zigzag edges. Zero-energy states disappear in armchair nanoribbons
despite the bulk-edge correspondence, while they appear as zigzag nanoribbons even if the width is quite narrow.
The difference originates in the penetration depth of the helical edge channel, which is antiproportional to the
spin-orbit gap for the armchair edge, while it remains as short as the lattice constant for the zigzag edge. These
properties make clear distinctions between silicene and graphene nanoribbons, especially for armchair edges: In
silicene edge states emerge as required by its topology, though the zero-energy states disappear from the energy
spectrum, whereas in graphene no edge states exist. The emergence of edge states in armchair nanoribbons must
be experimentally detectable by scanning tunneling microscopy, and may well serve as an experimental signal
that silicene is a topological insulator.
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Silicene, a monolayer honeycomb structure of silicon
atoms, is attracting intensive interest due to its experimental
realization1–5 in 2012. It is a graphene analog of silicon, which
similarly has Dirac cones at the K and K ′ points in the
Brillouin zone. Silicene has a richer physics than graphene
due to its relatively large spin-orbit interaction (SOI), which
naturally realizes quantum spin-Hall (QSH) effects6 originally
proposed7 but unrealistic8,9 in graphene. Silicene has another
advantage; that is, the gap is tunable in various external
ways such as by applying electric field,10 photoirradiation,11

and antiferromagnetic exchange interactions.12 Silicene has
enormously rich physics10–13 in view of topological insulators.

Topological insulator is a new state of matter characterized
by topological numbers.14,15 A powerful tool to determine
whether the system is topological is to employ the bulk-
edge correspondence.14,15 The system is topological when
there are zero-energy edge states,16–18 while it is trivial when
there are not.

There are two types of edges, i.e., the zigzag edge and the
armchair edge [Figs. 1(a) and 1(b)]. Let us review the edge
channels of graphene nanoribbons.19–21 The zigzag edge is
characterized by strictly localized edge channels at the outer-
most atoms together with the appearance of the flat dispersion
connecting the two valley K and K ′ points [Fig. 2(a1)]. The
gap of the bulk is closed. The armchair edge is characterized by
the absence of exponentially localized edge channels together
with the absence of zero-energy edge states [Fig. 2(b1)].

It is intriguing to investigate how these properties are modi-
fied by the SOI.22 According to the bulk-edge correspondence,
once the SOI is introduced, the edge channels of graphene
without the SOI turn into the topologically protected ones. On
one hand, in the case of zigzag edges, the flat zero-energy
edge modes begin to cant and yield the helical modes intrinsic
to the QSH insulator [Figs. 2(a2) and 2(a3)]. Zero-energy
states remain even if the width W of the nanoribbon is quite
narrow. On the other hand, in the case of armchair edges,
the absence of the zero-energy edge modes must continue

despite the bulk-edge correspondence even if the SOI is
introduced because the band structure cannot be modified
discontinuously by any adiabatic process [Figs. 2(b2) and
2(b3)]. As we demonstrate, what actually occurs reads as
follows: Zero-energy states emerge but disappear from the
energy spectrum due to an interference of two edge states.
As a result, we predict the emergence of the density of states
(DOS) along the edge as remnants of zero-energy edge states.
The observation of the DOS may be used as experimental
evidence that silicene is a topological insulator.

The penetration depth (ξzig,ξarm) of the helical edge channel
plays the key role in understanding the mechanism by
which the difference arises between the zigzag and armchair
nanoribbons from the viewpoint of the topological protection
and the hybridization between the two edges.23,24 We derive
a geometrical relation ξzigξarm =

√
3

2 a2, with a the lattice
constant. The SOI and the topology play completely different
roles between the armchair and zigzag nanoribbons, though
the topologically protected helical edge channels appear in
both cases.

The basic nature of silicene is described by the model7

H = −t
∑
〈i,j〉α

c
†
iαcjα + i

λSO

3
√

3

∑
〈〈i,j〉〉αβ

νij c
†
iασ z

αβcjβ, (1)

where c
†
iα creates an electron with spin polarization α at

site i in a honeycomb lattice, and 〈i,j 〉/〈〈i,j 〉〉 run over all
the nearest/next-nearest-neighbor hopping sites. The first term
represents the usual nearest-neighbor hopping with the transfer
energy t = 1.6 eV, while the second term represents the
effective SOI6,25 with λSO = 3.9 meV, where σ = (σx,σy,σz)
is the Pauli matrix of spin, with νij = +1 if the next-nearest-
neighboring hopping is anticlockwise and νij = −1 if it is
clockwise with respect to the positive z axis.

Silicene has a buckled structure separating the sublattice
planes for A sites and B sites by a distance 2� = 0.46 Å.
It generates a staggered sublattice potential ∝2�Ez between
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FIG. 1. (Color online) Illustration of (a) zigzag and (b) armchair
nanoribbons. Its width W is defined by the number of hexagons in
a unit cell. Here we have taken W = 5 for zigzag and W = 8 for
armchair nanoribbons. (c) The hexagonal Brillouin zone. The states
near the Fermi energy are π orbitals residing near the K and K ′ points
at opposite corners of the hexagonal Brillouin zone. The bulk band
structure of nanoribbons is obtained by projecting the band structure
of the bulk from the direction depicted in the figure. The K and K ′

points are identified in the armchair edge.

silicon atoms at A sites and B sites in electric field Ez.10

Furthermore, we may generate the Haldane interaction26 term
with strength λ
 by way of photoirradiation.11 It is also
possible to include the staggered exchange magnetization12

with strength �M . They are summarized as an additional term
�H to the Hamiltonian (1),

�H = −�
∑
iα

μiEzc
†
iαciα + i

λ


3
√

3

∑
〈〈i,j〉〉αβ

νij c
†
iαcjβ

+�M
∑
iα

μic
†
iασzciα, (2)

where μi = ±1 for i representing the A (B) site. This addi-
tional term provides silicene with enormously rich physics.

We define the width W of the nanoribbon as the number
of hexagons in a unit cell as shown in Fig. 1. The unit
cell contains 2W + 4 (2W + 2) silicon atoms for armchair
(zigzag) nanoribbons. We have diagonalized numerically the
Hamiltonian (1) to obtain the eigenvalues and the eigenstates,
from which we find the band structure and the wave function.

We start with a gedanken experiment by changing the
parameter λSO in the Hamiltonian (1). In Fig. 2, we show the
evolution of the dispersions of the electronic states as the SOI
is increased for zigzag [(a1)–(a3)] and armchair [(b1)–(b3)]
nanoribbons, respectively. There are two types of gaps: one for
the edge part (2δ) and the other for the bulk part (2�). In the
case of zigzag nanoribbons, the flat dispersion begins to cant
and yield the helical modes intrinsic to the QSH insulator as the
SOI is introduced [Figs. 2(a2) and 2(a3)]. Furthermore, the gap
2δ of the edge channel remains zero while the gap 2� of the
bulk states becomes finite and increases as the SOI is increased.
On the other hand, in the case of armchair nanoribbons, the
gap 2δ due to the finite size effect decreases, while the gap 2�

increases as the SOI is increased [Figs. 2(b1)–2(b3)].
We show the width dependence of the gap 2δ for several

fixed values of λSO in Fig. 3. The gap oscillates in the period of
three, as is a well-known feature20 of armchair nanoribbons.
When λSO = 0 (λSO �= 0), the gap decreases antipropotionally
(exponentially) as W increases for mod3W �= 0. The gap
approached zero for wider armchair nanoribbons.
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FIG. 2. (Color online) Band structure of [(a1)–(a3)] zigzag and
[(b1)–(b3)] armchair nanoribbons. We have taken λSO = 0 for (a1)
and (b1), λSO/t = 0.1 for (a2) and (b2), and λSO/t = 0.2 for (a3) and
(b3). We have taken the width W = 16. The vertical axis is the energy
in a unit of t and the horizontal axis is the momentum k. Zero-energy
edge modes are present in the zigzag nanoribbon [(a2) and (a3)] but
not in the armchair nanoribbon [(b2) and (b3)], though the bulk is
a topological insulator for λSO �= 0 in both cases. The cyan region
(red curve) represents the band of the bulk (edge). The bulk spectrum
takes the minimum at the K and K ′ points. (The K and K ′ points
are identified in the armchair nanoribbon.) The bulk mode is well
described by the analytic formula (5), while the edge mode is well
described by the dispersion relation (11) for an armchair nanoribbon
and (13) for a zigzag nanoribbon. The band gap of the bulk (edge)
is denoted by 2� (2δ), which increases (decreases) as λSO increases.
The horizontal axis is the momentum in a unit of 1/a, and the vertical
axis is the energy in a unit of t .

We show the absolute value of the real-space wave function
in Fig. 4. When λSO = 0, the wave function is constant for
mod3W = 0 and almost constant for mod3W �= 0 across the
nanoribbon. The peaks emerge at both edges as λSO increases.
They are the zero-energy edge modes required by the bulk-
edge correspondence, as we shall soon demonstrate based on
analytic formulas. We note that there is a considerable amount
of overlap between them. The overlap becomes smaller as
λSO increases. The order of the overlap is measured by the
penetration depth ξ of the edge mode.

We proceed to construct the low-energy theory to make a
further study of the zero-energy modes and their overlap in a
nanoribbon. We adopt the Hamiltonian H + �H in order to
apply our results to a realistic material such as silicene. The
low-energy theory in the Kη (K or K ′) valley is given by the
Dirac Hamiltonian10–12,25

Hη = h̄vF(ηkxτx + kyτy) + λSOσzητz

− �Ezτz + λ
ητz + �Mσzτz, (3)
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FIG. 3. (Color online) Band gap 2δ of armchair nanoribbons as a
function of the width W for various spin-orbit interactions λSO/t =
0,0.05,0.1,0.15,0.2 (from top to bottom). The vertical axis is the
energy in a unit of t and the horizontal axis is W .

where vF =
√

3
2h̄ at = 5.5 × 105 m/s is the Fermi velocity with

the lattice constant a = 3.86 Å, and τa the Pauli matrix of
the sublattice pseudospin. This Hamiltonian describes a four-
component Dirac fermion indexed by the spin σz = ±1 and
the pseudospin τz = ±1 for each valley η = ±1.

The coefficient of τz is summarized as �
η
sz

. It is the mass of
the Dirac electron with the spin sz in the valley η,

�η
sz

= ηszλSO − �Ez + ηλ
 + sz�M. (4)

A nontrivial topological charge is generated when �
η
sz

has a
different sign in the two valleys. Silicene is a QSH insulator
without the external fields (Ez = 0, λ
 = 0, �M = 0). The
gap is given by 2|�η

sz
|. The energy spectrum reads

E(k) = ±
√

(h̄vF)2k2 + (
�

η
sz

)2
, (5)

which is illustrated by taking �
η
sz

= λSO in Fig. 2. It gives a
good approximation to the band structure of the bulk.

We investigate the zero-energy edge modes of armchair
nanoribbons. We take the x direction as the translational
direction of a nanoribbon. The zero-energy edge modes appear
at kx = 0. The transverse momentum ky is determined by
solving E(ky) = 0 with (5), or ky = ±i|�η

sz
|/(h̄vF). The wave

function for the edge located at ±L reads

ψ±L(y) = �(|y| − L) exp

[
±

∣∣�η
sz

∣∣
h̄vF

(y ∓ L)

]
, (6)
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FIG. 4. (Color online) Real-space wave function of arm-
chair nanoribbons near the Fermi energy for SOI λSO/t =
0,0.05,0.1,0.15,0.2. We take (a) W = 48 and (b) W = 49. Note that
mod348 = 0 and mod349 = 1. The horizontal axis is the y axis of the
nanoribbon with the width 2L.
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FIG. 5. (Color online) Real-space wave function of armchair
nanoribbons near the Fermi energy. The bonding state (8) obtained
analytically presents a good fit of the numerically determined wave
function. Here we take examples of W = 48 and 49. The horizontal
axis is the y axis of the nanoribbon with the width 2L.

up to a normalization constant, where �(|y| − L) = 1 for
|y| < L and �(|y| − L) = 0 for |y| > L. Here, L and W are
related as L = 1

2Wa. The penetration depth is given by

ξarm = h̄vF/
∣∣�η

sz

∣∣. (7)

We have demonstrated the emergence of the zero-energy
modes (6) at the two edges (y = ±L). They are the ones
required by the bulk-edge correspondence.

However, their wave functions mix due to the interedge
interaction, and form the bonding state given by

ψ+(y) = [ψ+L(y) + ψ−L(y)]/
√

2 = cosh(y/ξarm), (8)

up to a normalization constant. The wave functions (6) and
(8) present remarkably good approximations to the envelope
functions of the numerically calculated wave functions (Fig. 5).

The energy of the bonding state is estimated as −S, with

S =
∣∣�η

sz

∣∣
2L

∫ L

−L

ψ∗
−L(y)ψ+L(y)dy

= ∣∣�η
sz

∣∣ exp (−2L/ξarm). (9)

The ground state is no longer the zero-energy state but the
bonding states with a negative energy. This is why the zero-
energy edge modes disappear from the energy spectrum of
armchair nanoribbons.

The effective Hamiltonian of the armchair edge states reads

H = σzτ
edge
z h̄vFkx + Sτ edge

x , (10)

where τ
edge
i is the Pauli matrix for the edge pseudospin and

τ
edge
z = ±1 for the top and bottom edges. The first term

describes the two edge states (τ edge
z = ±1) with the opposite

velocity each of which carries the up and down spins (σz =
±1). The second term describes the mixing of the two edge
states. By diagonalizing the Hamiltonian (10), the eigenvalue
is

E = ±
√

(h̄vF)2k2
x + S2. (11)

This gives a good approximation of the edge mode in Fig. 2,
where S ≈ δ. The overlap integral produces the gap of the
edge states.

Finally, we investigate zigzag nanoribbons with the SOI.
We show the absolute value of the real-space wave function in
Fig. 6. The edge state in one edge is completely localized at
A sites, while the other edge is completely localized at B sites
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FIG. 6. (Color online) Real-space wave function of zigzag
nanoribbons at the Fermi energy for SOI λSO/t = 0,0.05,

0.1,0.15,0.2. They are well described by the analytic formula (14).
Inset: A logarithm plot of the wave functions. Clearly it decreases
linearly as the position increases. We take W = 24.

when λSO = 0. The two states localized at the two edges are
orthogonal to each other, and there is exactly no overlap be-
tween the two edge modes. Furthermore, the penetration depth
is zero. When λSO �= 0, although the totally localized state is
not an exact solution, the wave function is almost localized at
the edge. The overlap between the two edge states is found to
be zero within the accuracy of our numerical calculation.

The edge mode crosses the Fermi energy kx = π as
in Figs. 2(a2) and 2(a3). Since the Dirac Hamiltonian (3)
describes solely the low-energy theory near the K and K ′
points separately, it does not provide us with the low-energy
Hamiltonian of a zigzag nanoribbon connecting the tips of the
two Dirac cones. Nevertheless we are able to write down the
phenomenological Hamiltonian for the zigzag edge states,

H = σzτ
edge
z λSOh̄vFkx/t, (12)

by requiring a linear dispersion,

E = ±λSOh̄vFkx/t, (13)

as is the result of numerical analysis. The electron velocity
in the edge states is almost constant and proportional to the
SOI λSO. This dispersion gives an excellent fitting of the zero-
energy edge mode as in Figs. 2(a2) and 2(a3).

The wave function of the zero-energy state is well fitted by

ψ±L(y) = �(|y| − L) exp[±(y ∓ L)/ξzig], (14)

where the penetration depth is approximately given by

ξzig 
 a
∣∣�η

sz

∣∣/t. (15)

It is interesting that the penetration depths of zigzag and
armchair edges have a universal relation,

ξarmξzig 
 ah̄vF/t =
√

3

2
a2, (16)

where the right-hand side is the area of a hexagon.
The geometrical meaning of this relation is yet to be
explored.

We have shown that zero-energy modes emerge both in
zigzag and armchair nanoribbons as required by the bulk-edge
correspondence. Although they disappear from the energy
spectrum in armchair nanoribbons because of an interference
of the two edge states, their remnant is experimentally
detectable by scanning tunneling microscopy. This makes the
crucial difference from graphene nanoribbon with armchair
edges, and would present the simplest experimental evidence
that silicene is a topological insulator.

In passing we make some comments. First, the gap 2δ of
the armchair nanoribbon is of the order of 10 meV when
the width is 10 μm. The gap 2δ in the edge channel is
observable in armchair nanoribbons. This offers an interesting
possibility to construct the ideal situation in which only the
Coulomb interaction is effective between the two helical edge
channels without the hybridization, where a new electronic
liquid state has been proposed.27 Second, we address the
problem of the effect due to edge disorders. The properties
of edge states between graphene and silicene nanoribbons
are essentially different. The edge channel in silence is
topologically protected from the disorder as long as the
time-reversal symmetry is preserved and the bulk gap remains
finite since silicene is a QSH system, while this is not the case
in graphene. Third, we point out that silicene nanoribbons
with clean zigzag edges have experimentally been synthesized
on the (110) surface of silver crystal.28 Finally, edge states
can also be observed by the transport measurement of silicene
nanoribbons.29

Note added. Recently, two related papers appeared. One is
an experimental observation of DOS peaks due to edge states
in silicene.30 The emergence of edge states in the armchair
edge is strong evidence that silicene is a topological insulator.
The other paper is a theoretical one, which has some overlap
with the present work.31
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