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Unrolling the evolution kinetics of ordered SiGe islands via Ge surface diffusion
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During molecular beam epitaxial growth of Ge islands on Si(001) substrates containing pit-patterned areas, an
efficient Ge surface diffusion from unpatterned to pit-patterned substrate regions results in position-dependent
island growth rates. We exploit this effect to map out the evolution of strictly ordered Ge islands from prepyramids
via pyramids and transition domes into domes by atomic force microscopy. A one-dimensional diffusion model
is established which allows a quantitative determination of the Ge surface diffusion constant and the rates at
which Ge atoms are incorporated into the growing islands. We find evidence that during the shape transitions
from nonfaceted islands to {105}-faceted pyramids and from pyramids to domes, Ge is incorporated at higher
rates than during the growth of pure pyramids or domes. From these data it follows that a Ge atom passes on
average several thousand pits before it is incorporated into one. Within our model we show that secondary-island
nucleation in the substrate regions between the pits is a consequence of a mismatch between Ge incorporation
and deposition rates, which results in a growing wetting layer between the ordered island sites, the thickness of
which eventually exceeds the critical one for spontaneous island nucleation. We experimentally demonstrate that
by lowering the Ge deposition rate, perfectly ordered islands with large pit periods of around 1 μm can be grown,
in agreement with the model predictions.
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I. INTRODUCTION

Interest in the growth of low-dimensional structures on
predefined positions was present since the first demonstration
of epitaxially grown nanostructures.1–5 Several methods for
island ordering have been investigated: selective epitaxy using
openings in oxide masks,6,7 buried stressors,8 and pit-patterned
substrates.9–19 Using pit-patterned substrates, addressing of
single islands has been demonstrated recently.20 In the SiGe
system, additionally a narrowing of the photoluminescence
(PL) emission as a consequence of island ordering in pits
was observed,21 and ordered island ensembles with extremely
homogeneous PL emission spectra over macroscopically large
areas (3 × 3 mm2) have been demonstrated.22 In a perfectly
ordered island array, exactly one island is positioned at each
predefined position and no islands in-between. It has been
shown that for pit-patterned substrates with pit side-wall incli-
nation angles in the range between 5◦ and 18◦, the preferential
nucleation site of SiGe islands is at the pit bottom16,18 where
the sum of several contributions to the surface chemical
potential such as strain, capillarity, facet surface energies,
etc., exhibits an extremum. For the SiGe system, the relative
importance of these contributions is discussed in Refs. 12 and
23. Aside from the pit side-wall inclination angle, numerous
additional pit and growth parameters have to be tuned carefully
with respect to each other in order to achieve perfectly ordered
SiGe islands as discussed in Ref. 18 for island growth by
molecluar beam epitaxy (MBE).

For nonideal growth parameters, secondary-island nucle-
ation on the flat regions between the pits is frequently
observed24,25 and has led to the conclusion that under such
growth conditions the surface diffusion length of Ge adatoms
might be too short to reach the nearest nucleation site.
However, Kar et al.26 observed a several-μm-wide zone
depleted of islands along the circumference of stripe-patterned
substrate regions from which Ge adatoms diffuse into the
patterned fields, indicating a surface diffusion length much

larger than the typical interpit distances. Similarly, large
surface diffusion lengths were observed for InAs on GaAs
substrates at typical island growth temperatures.27

The adatoms diffusing into the patterned region increase
the supply of deposited material provided homogeneously
via the deposition rate and result in an enhanced growth
rate of the islands close to the border between patterned
and unpatterned regions.26,27 It is therefore evident that the
observed spatial decay of the island volumes depends both on
the surface diffusion constant as well as on the efficiency of
the growing islands as sinks for the surface diffusing species.
However, no experimental quantification of this efficiency nor
any correlation of it to the shape of the island exists so far
in literature. This is surprising since, on the one hand, the
knowledge of these parameters might be extremely important
as an input for molecular dynamic modeling of the island
growth processes. On the other hand, from an experimental
point of view, we show in this paper that a quantitative
knowledge of these parameters allows a predictive further
optimization of the island growth conditions to achieve perfect
island ordering also on substrates with large pit periods.

The paper is organized as follows: In Sec. II, the growth
conditions and the setup for atomic force microscopy (AFM)
used for the determination of the island shapes and the setup
for measuring their photoluminescence (PL) emission are
described. In Sec. III, the experimental results of AFM and
PL experiments, and in Sec. IV the modeling of the combined
Ge surface diffusion and SiGe island growth, are presented.
In Sec. V, the outcome of the modeling is compared to
the experimental results. The Ge surface diffusion constant
and the Ge incorporation rates of prepyramids, pyramids,
transition domes, and domes are determined, and it is shown
that diffusing Ge atoms visit on average more than 10 000
pits before being incorporated into a growing island. The
consequences of these findings on further optimizing the
growth parameters are discussed. In the Appendix, details on
the numerical solution of the diffusion model are described.
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FIG. 1. (Color online) AFM micrographs of islands nucleated in the center of the patterned fields with dpit in the range between 300 and
900 nm as given by the labels of panels (a)–(g) and on the unpatterned part of the substrate [(h)]. The detailed growth conditions are described
in the text.

II. EXPERIMENTAL PROCEDURE

We fabricated pit-patterned fields with the size of 200 ×
200 μm2 by standard electron-beam lithography and subse-
quent reactive ion etching on high-resistivity (500–5000 � cm)
Si(001) substrates. On two samples, seven fields with pit
periods (dpit) from 300 to 900 nm in steps of 100 nm were
realized. The dimensions of the cylindrical pits before growth
were 50 nm in depth and 200 nm in width. After patterning,
the substrate was cleaned and transferred into a Riber SIVA45
solid source MBE chamber and in situ degassed at 700 ◦C for
45 min. Hereafter, a 45-nm-thick Si buffer layer was grown
at a rate of 0.6 Å/s and a growth temperature ramp-up from
450 ◦C to 550 ◦C.

After a growth interrupt of 15 s, during which the
substrate temperature was ramped up to θg = 650 ◦C, 8.4 Å
(∼6 monolayer, ML) of Ge were deposited at a Ge growth
rate of 0.025 Å/s. Thus, the total growth time ttot was 330 s.
To allow the ex situ characterization of the island properties
by a nanoscope atomic force microscope (AFM) in tapping
mode, for one sample the growth sequence was stopped
after the Ge deposition. Another sample used for micro-
photoluminescence spectroscopy (μ-PL) was additionally
overgrown with a 50-nm-thick Si cap, deposited at a growth
rate of 0.6 Å/s and a temperature of 300 ◦C. It was shown
that growth at 300 ◦C prevents SiGe intermixing during the
capping layer growth process.28–31 The μ-PL measurements
were conducted at a temperature of 10 K under excitation
by a frequency-doubled Nd:YAG laser with a wavelength of
532 nm, an intensity of 20 kW/cm2, and a spatial resolution
of 5 μm.

III. RESULTS

Figure 1 shows AFM micrographs of islands which nucle-
ated in the center of the pit-patterned fields with dpit in the
range between 300 and 900 nm as given in the panel labels
[Figs. 1(a)–1(g)] and, for comparison, on the unpatterned part
of the substrate [Fig. 1(h)]. It is evident that the shapes and the
volumes of the islands in the pits and the degree of the island
ordering depend crucially on the pit period dpit. Whereas for

dpit = 300 nm no upright islands in the pits are present, for
dpit = 400 nm perfectly ordered domes with a homogeneous
size distribution are observed. For further increased values
of dpit from 500 to 900 nm, the domes in the pits tend
to evolve to dislocated superdomes24,32 with an asymmetric
shape. In addition, secondary-island nucleation in the flat
substrate regions between the pits occurs for dpit � 600 nm.

Sections of the border regions between unpatterned and
pit-patterned regions of the substrate are presented in Fig. 2.
Outside the patterned region, zones depleted of islands are

FIG. 2. (Color online) 10 × 10 μm2 AFM micrographs taken
in the vicinity of the border between unpatterned and patterned
substrate regions with (a) dpit = 300 nm, (b) 400 nm, (c) 600 nm, and
(d) 900 nm. The color coding represents the local surface slope with
respect to the (001) surface.
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observed, the width of which strongly depends on dpit.
The depleted zones are several micrometers wide for dpit =
300 nm, less than 1 μm for dpit = 400 nm, and virtually
absent for dpit = 600 and 900 nm. The existence of depleted
zones adjacent to regions with ordered islands was observed
previously both for the SiGe and the InAs/GaAs system.26,27

However, the strong dependence of its width on the pattern
period was not reported so far. In Refs. 26, 27 the formation
of these depleted zones is ascribed to material flow via surface
diffusion into the patterned substrate regions, where pits or
stripes act as preferential island nucleation centers and, thus,
as material sinks.

The material diffusion towards the centers of the patterned
areas has to be sustained by a gradient in the areal concentration
of mobile Ge atoms on the wafer surface. Thus, close to the
border between the unpatterned and pit-patterned substrate
region, more Ge is available for island formation than
in the center of the patterned fields. As a consequence,
inside the patterned fields in the vicinity of the border the
islands are further developed as compared to the center of
the patterned field. This is most prominently observable for
the dpit = 300 nm field on our substrate, for which also the
zone depleted of islands is the broadest. The various panels
of Fig. 3 show the different island shapes that are found as
the distance x (specified by the labels) to the border between
unpatterned and pit-patterned substrate regions decreases for
Figs. 3(a) to 3(f) from 55 to 0.3 μm, respectively. Note that
for this field no upright islands are observed in the pits in
the middle of the field, i.e., 100 μm away from any border
to the unpatterned part of the sample [Fig. 1(a)]. Therefore,
we conclude that, far away from any border, for this pattern
period and the pit shape as described in Sec. II, 6 ML of
deposited Ge is just enough to decorate the pit sidewalls by
{105} facets and establish a flat (001) base at the bottom of the
pits,18,33 as shown in the three-dimensional AFM micrograph
in Fig. 3(a). In the corresponding surface orientation map34,35

(SOM) in the right panel of Fig. 3(a), only {105} spots are
pronounced, one representative of which is marked by a
triangle.

Approaching the border of the dpit = 300 nm field (position
x = 0) along a line perpendicular to this border through the
center of the field, the island shapes shown in Fig. 3 for various
positions x are observed: inside the field at x = 42 μm we
observe small convex structures in the pits. As a consequence
of the pit inclination angle being in the range between 5◦
and 18◦,16,18 these unfaceted structures, commonly called
prepyramids or mounds,36 are all located in the center of
the pit [Fig. 3(b)]. At a distance from 30 μm to 7 μm we
observe {105}-faceted pyramidal islands.3 The volume of these
pyramids increases as x decreases towards the border.

At x = 3 μm we observe so-called transition domes [see
Fig. 3(e)].37,38 These are islands that exhibit facets already
steeper than the {105} ones of the pyramids (i.e., {113} and/or
{15 3 23}), but do not have all facets of a dome39 in all 〈110〉
and 〈510〉 directions. Additional points in the SOM of Fig. 3(e)
indicate those additional facets. Finally, at x = 0.3 μm fully
evolved multifaceted domes39 [Fig. 3(f)] are observed. The
SOM in Fig. 3(f) clearly indicates the {113} and {15 3 23}
high-index dome facets in all respective 〈110〉 and 〈510〉
directions.

FIG. 3. Left column: Three-dimensional AFM micrographs
(300 × 300 nm2) taken on the field with dpit = 300 nm. Various
pit-surface morphologies [facet formation (a), prepyramids (b),
pyramids (c) and (d), transition domes (e), and domes (f)] are observed
for the different distances x (specified by the panel labels) from
the border between unpatterned and pit-patterned substrate regions.
The corresponding surface orientation maps are shown in the right
column. The dome facets {105}, {113}, and {15 3 23} are marked by
triangles, circles, and squares, respectively.

More detailed information on the position-dependent island
morphology across the border between unpatterned and pit-
patterned substrate regions is given in the Supplemental
Material,40 where overlapping 1.8 × 1.8 μm2 AFM micro-
graphs are combined to a 90 × 1.8 μm2 large image covering
the region −42 μm < x < 48 μm. A summary of this plot
is shown in Fig. 4, where the average island volume V 300

av
is plotted on a logarithmic scale against the position x for
−42 μm < x < 48 μm. The island volume was evaluated from
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FIG. 4. (Color online) Average island volume per 300 × 300 nm2

unit cell V 300
av as a function of the distance from the border between the

unpatterned and pit-patterned parts of the sample. The 4.4-μm-wide
depleted region where no islands are present is marked by two vertical
dotted lines. The solid, dotted, dashed-dotted, and dashed lines
indicating an exponential decrease of island volume with distance
with different decay length for transition domes, pyramids, and
prepyramids.

the island facets protruding from the pits (x > 0) or the WL
surface (x < 0) as observed in the AFM micrographs assuming
a flat island base. Inside the patterned region, we determined
V 300

av and the corresponding error bars from at least five islands
per pit column at fixed x = ndpit, where n is an integer number
and dpit = 300 nm. Outside the patterned area, the volume of
all islands within a cell as large as the pattern unit cell was
summed up. This sum was then averaged over five cells and
the resulting value V 300

av is plotted in Fig. 4 for x < 0.
From Fig. 4 it is evident that inside the patterned field,

V 300
av decays exponentially with four different decay lengths

represented by the slopes of the full, dotted, dashed-dotted,
and dashed straight lines. From a comparison with the island
shapes observed by AFM at x = ndpit,40 the different regions
of constant volume decay length can be attributed to the
different stages of the island development, i.e., to domes,
transition domes, pyramids, and prepyramids, as presented
in Fig. 3. The volume decay length can be taken as a measure
for the probability that a diffusing Ge atom is incorporated
into an island, where a smaller decay length corresponds
to a larger probability (a quantitative discussion of this
correspondence is given in Sec. IV and in the Appendix). Thus,
from Fig. 4 we conclude that for the transition island shapes
with incomplete facets (prepyramids and transition domes),
the probability for Ge incorporation is significantly larger than
for the pyramids with fully developed {105} facets. In addition,
for the completely evolved domes present close to the border,
a virtually vanishing Ge incorporation probability is observed,
indicating that these islands are exceptionally stable against
further volume enlargement.41

Outside the patterned region far from the border (−42 μm <

x < −22 μm ), V 300
av = 1.25 × 105 nm3 is observed indepen-

dently of x. For −8.4 μm < x < −4.4 μm, V 300
av decreases

towards zero. The depleted region where no islands exist is

FIG. 5. (Color online) Island volume per 400 × 400 nm2 unit
area as a function of the distance from the border between the
unpatterned and pit-patterned parts of the sample. The black open
squares are V 400

av on the unpatterned part of the sample, while the
empty red circles mark the values for V 400

av on the pit-patterned part.
To show the narrow size uniformity of the domes, we plotted the
volumes of the single islands (full green circles) too. Dislocated
superdomes with volumes larger than 1.4 × 105 nm3 are observed
for 0 μm > x > 10 μm (see also Fig. 2).

marked in Fig. 4 by the two vertical dotted lines at x = 0 μm
and x = −4.4 μm. In addition, a very pronounced dip in V 300

av
for −19 μm < x < −13 μm is observed, the origin of which
is discussed in Sec. IV.

For the dpit = 400 nm field, domes are observed also in
the center of the patterned field [see Fig. 1(b)]. The detailed
dependence of the average island volume V 400

av (determined in
analogy with V 300

av ) on the position x is shown in Fig. 5 on a
logarithmic ordinate axis. Between x = 10 μm and the center
of the quadratic field at x = 100 μm, a constant island volume
of 1.24 × 105 nm3 is observed. A comparison with Fig. 4
shows that this is exactly the volume also observed for the
domes in the dpit = 300 nm field close to the border between
the unpatterned and pit-patterned regions. This finding is
a further indication that for the pit geometry used in this
work, ordered domes become stable against volume increase
at a volume around 1.24 × 105 nm3. Once this volume has
been reached, Ge is not further incorporated into domes
but diffuses to regions of islands with a finite incorporation
probability (transition domes, pyramids, prepyramids) where
it is consumed during the evolution of these islands into
domes. From our results we conclude that it is the domes’
stability against volume enlargement that leads from a strongly
position-dependent island volume distribution as shown in
Fig. 4 to an island volume constant over large areas, provided
that sufficient Ge is deposited to form fully developed domes
at all array sites. In Sec. IV, a quantitative model is developed
based on these findings.

In Figs. 2(b) and 5, at the border between the unpatterned
and pit-patterned regions, a much narrower, nearly vanishing
region of reduced island density in the unpatterned region
is observed for the dpit = 400 nm field as compared to the
dpit = 300 nm field shown in Figs. 2(a) and 4. In addition, in
the patterned region for 0 < x < 10 μm a significant number
of dislocated superdomes with volumes �2 × 105 nm3 is
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observed. In Sec. IV, we show that once ordered domes
have formed close to the border between unpatterned and pit-
patterned substrate regions, the Ge incorporation probability
vanishes in these regions. As a consequence, there the areal
concentration of mobile Ge atoms exhibits a local maximum.
This results in Ge diffusion from the region close to the border
also into the unpatterned region, speeding up the growth of
wetting layer (WL) and islands there, as well as the formation
of dislocated superdomes in the patterned region with fully
evolved domes.

For applications of ordered islands, for example in in-
tegrated optics,42 the spatial homogeneity of the islands’
optoelectronic properties is of crucial importance. We thus
investigated the islands’ PL emission spectra as a function
of the distance from the border. For the PL experiments, the
islands were grown under nominal identical growth conditions
as those shown in Figs. 4 and 5. In addition, a 50-nm Si
cap layer was deposited at 300 ◦C after the island growth
for suppressing surface recombination of electron-hole pairs
bound to the islands and the WL. The low capping layer growth
temperature prevents Si/Ge intermixing28–31 and assures that
the Si capping layer grows in a conformal way on the Ge
island.29,31 Due to an incidental small increase of the Ge rate,
slightly more Ge was deposited on the capped sample than on
the uncapped sample. This extra material of a few tenths of a
ML was sufficient to create small pyramids also in the center
of the 200 × 200 μm2 field with dpit = 300 nm, as evidenced
by AFM images (not shown).

Figure 6 shows a contour plot derived from μ-PL spectra
recorded in steps of �x = 2 μm for −32 μm < x < 23 μm.
The color coding represents the PL intensity where dark blue
and red depict low and high intensities, respectively. Since
the detection area has a diameter of 5 μm, the areas overlap
spatially, however, regions with different morphologies can be
clearly distinguished in the contour plot.

FIG. 6. (Color online) Contour plot of μ-PL spectra as a function
of the distance x from the border between the unpatterned and pit-
patterned (dpit = 300 nm) substrate regions at x = 0 μm. PL signals
originating from the islands and the wetting layer are indicated by
arrows. A strong increase of the island PL intensity as well as a shift to
higher energies is observed for x > 0 μm due to the changing island
morphology.

The peak at 1.035 eV, present at all positions in Fig. 6, origi-
nates from the Si bulk TO + O� two-photon replica.43 In the PL
spectra taken at positions −32 μm < x <−5 μm the dominant
signal is a broad peak between 0.78–0.87 eV stemming from
the islands nucleated randomly on the unpatterned part of the
substrate.21,44 For −15 μm < x < 0 μm, the intensity of
this island signal decreases concomitantly with an increase of
the wetting layer band observed between 0.94 and 1.03 eV.
The wetting layer band consists of several peaks. The most
pronounced ones are the no-phonon assisted peak (WL-NP) at
about 1.01 eV and the transverse optical (TO) Si-Si phonon
assisted peak at about 0.95 eV. In the depleted region between
−5 μm < x < 0 μm, the WL-NP emission peak shifts from
1.00 to 1.01 eV. According to Refs. 30 and 44, this shift is
caused by a decrease of the WL thickness from 3.1 to 2.9 ML.
The most intense PL signal is observed in Fig. 6 for the ordered
islands at x > 0 between 0.82 and 0.95 eV. As the islands
become smaller with increasing x (see Figs. 3 and 4), the island
PL emission shifts significantly towards higher energies. The
large domes at x = 0.3 μm emit most intense at 0.87 eV, while
the prepyramids at x ≈ 23 μm show an emission maximum
at 0.92 eV. Figure 6 shows that the integrated PL intensity
originating from the prepyramids at x ≈ 23 μm is strongly en-
hanced as compared to the one of both the ordered dome islands
between 0 < x < 0.3 μm and the randomly nucleated islands
at x < −5 μm. This PL enhancement is tentatively ascribed to
an increased quantum confinement in the prepyramids (height:
∼2–3 nm) as compared to the domes (height: ∼30–40 nm).

IV. MODELING

For a quantitative understanding of the dependence of the
island shapes on the position on the substrate and the Ge flow
between unpatterned and pit-patterned regions of the substrate,
the two-dimensional surface diffusion equation[

∂

∂t
− D

(
∂2

∂x2
+ ∂2

∂y2

)]
n(x,y,t) = R − η(x,y,t) (1)

has to be solved. Here, x,y are the coordinates of a point on the
substrate where the unit vectors �ex, �ey are chosen parallel to
the pit array basis vectors. n(x,y,t) is the position-dependent
surface concentration of mobile Ge atoms at time t , D the
surface diffusion constant, R the deposition flux that adds
mobile Ge atoms to n(x,y,t), and η(x,y,t) the flux of Ge
atoms incorporated into the growing islands (incorporation
flux). Since η(x,y,t) varies within a pattern unit cell, so
does n(x,y,t). However, no experimental data are available
indicating the variation of n within a unit cell. Therefore,
we average Eq. (1) over a unit cell by replacing n and η in
Eq. (1) with the average values n̄ and η̄ defined according to

c̄ ≡
∫
u
c dA

Au
, where Au denotes the area of a unit cell u and c

stands for n or η.
In the following, we restrict our analysis to substrate areas

in the vicinity of the border line between the unpatterned and
pit-patterned fields perpendicular to the x direction but far
away from the border line perpendicular to the y direction.
Thus, the dependence of n̄ on y can be neglected and the
averaged diffusion equation becomes one dimensional:[

∂

∂t
− D

(
∂2

∂x2

)]
n̄(x,t) = R − η̄(x,t). (2)
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In order to be able to solve Eq. (2), a model for η̄ has to
be established. We assume that the differential probability dW

with which a Ge atom is incorporated into an island within the
time interval dt can be expressed as

dW = Sidt, (3)

where Si denotes the Ge incorporation probability density that
depends only on the island type i (i ε {d,td,p,pp} for domes,
transition domes, pyramids, and prepyramids, respectively) as
concluded from the results shown in Fig. 4. The differential
probability can also be expressed as

dW = −dn̄/n̄, (4)

where dn̄ denotes the number of Ge atoms incorporated per
unit-cell area into a growing island within the time interval dt ,
i.e.,

dn̄ = −η̄ dt. (5)

Combining Eqs. (3) and (4) using Eq. (5) results in

η̄ = n̄Si . (6)

Inserting Eq. (6) into Eq. (2) results in a partial differential
equation for n̄(x,t) with a spatial constant inhomogeneous
part R: [

∂

∂t
− D

(
∂2

∂x2

)
+ Si

]
n̄(x,t) = R. (7)

By introducing the dimensionless variables

ν := n̄/ntot, τ := t/ttot, ξ := x/L, σi := Sittot, (8)

where ntot is the totally deposited Ge surface coverage, ttot

the total growth time, i.e., R = ntot/ttot and L := √
ttotD the

diffusion length, Eq. (7) is simplified and becomes[
∂

∂τ
−

(
∂2

∂ξ 2

)
+ σi

]
ν(ξ,τ ) = 1. (9)

Far away from any border, the spatial derivative term in
Eq. (9) vanishes and a solution for ν(τ ) is obtained that
exponentially approaches its stationary value 1/σi with a
decay constant τi := 1/σi . In such exponential growth or decay
processes, the decay constant denotes an average (normalized)
lifetime. Thus, in our case Ti := τi ttot can be interpreted as the
average surface diffusion time of a Ge WL atom after which it
is incorporated into a SiGe island.

In regions where the diffusion term in Eq. (9) is finite, the
solution of Eq. (9) is obtained numerically as outlined in the
Appendix. From the distinct volume decay lengths evident
in Fig. 4 it is clear that inside the patterned field at critical
values V

i,j
c of the island volumes V 300

av at which the shape
transitions occur, the scaled incorporation probability density
changes from σi to σj (σpp → σp at V

pp,p
c = 5 × 103 nm3,

σp → σtd at V
p,td
c = 4.9 × 104 nm3, σtd → σd at V td,d

c =
1.21 × 105 nm3). These experimental findings are included
in our simulation by integrating over the Ge incorporation rate
to calculate V 300

av (ξ,τ ) according to

V 300
av (ξ,τ ) = V i,j

c + ntotAua
3
Si1−c̄Gec̄

8 c̄

∫ τ

τ i,j (ξ )
ν(ξ,τ ′)σj (ξ )dτ ′,

(10)

where c̄ denotes the average Ge concentration of an island
as determined by x-ray diffraction measurements (c̄ = 0.5)
(Ref. 45) and aSi1−c̄Gec̄

the corresponding alloy lattice constant.
V

i,j
c is the largest element out of {V pp,p

c ,V
p,td
c ,V td,d

c } that
is still smaller or equal to V 300

av (ξ,τ ), and τ i,j (ξ ) denotes
the normalized time at which V 300

av (ξ,τ ) has reached V
i,j
c at

position ξ , i.e., V 300
av [ξ,τ i,j (ξ )] = V

i,j
c . In the simulation, at

τ i,j (ξ ) we replace σi by σj at position ξ (for a more detailed
discussion, see the Appendix).

On the unpatterned part of the substrate, dome formation
occurs via the assembly of a WL with overcritical thickness
and a subsequent spontaneous island nucleation fueled by a
Ge transfer from the WL to the growing islands as described
in Ref. 44. In our simulations, we model these experimental
findings by a WL Ge incorporation probability density σWL

that decreases linearly from its maximum value σ max
WL at the WL

thickness hWL = 0 to σWL = 0 for a maximum WL thickness
hWL = hmax

WL which was determined in Ref. 44 to be hmax
WL ∼

3–5 ML. The WL thickness hWL(ξ,τ ) is calculated in analogy
with Eq. (10) by

hWL(ξ,τ ) = V 300
av,WL(ξ,τ )

Au

= ntota
3
Ge

8

∫ τ

0
ν(ξ,τ ′)σWL(ξ )dτ ′,

(11)

where the lattice constant of Ge (aGe) is used, as it has
been shown that at the employed growth conditions the Ge
concentration in the WL is larger than 85%.30

The linear approximation of the decrease of σWL with hWL

is inspired by the linear dependence of the island growth
rate on the chemical potential of Ge atoms used in Ref. 46
and the almost linear increase of the Ge atoms’ chemical
potential in a Ge layer on a Si(001) substrate with increasing
layer thickness up to 3 ML.47 In order to include the WL
thinning into our model, we define hmax

WL as the maximum
value of hWL + hGe above which dome nucleation sets in,
i.e., at which σWL is replaced by σdup , where hGe denotes the
film thickness of the not yet incorporated Ge [hGe(ξ,τ ) =
V 300

av,Ge(ξ,τ )/Au = ν(ξ,τ )ntota
3
Ge/8] and σdup the scaled Ge

incorporation probability density for domes on the unpatterned
substrate regions.

V. DISCUSSION AND CONCLUSIONS

For a given set of the scaled incorporation probability densi-
ties σi for the islands in and outside the patterned field regions
as well as for the WL outside the patterned field, Eq. (9) is
solved numerically for ν(ξ,τ ) as outlined in the Appendix. The
volumes of the islands are calculated using Eq. (10). For a com-
parison with the observed position dependence of V 300

av (x,ttot)
as shown in Fig. 4, the diffusion length L has to be specified,
too. Thus, within the Levenberg-Marquardt algorithm,48 L,
hmax

WL , σ max
WL , σtd , σp, σpp, and σdup were treated as fitting parame-

ters to simulate the experimentally observed V 300
av (x,ttot) profile

by the model described in the previous section. For the ordered
domes, a constant volume independent of the distance from
the border between unpatterned and pit-patterned substrate
regions was experimentally observed. Thus, the corresponding
scaled probability density σd was set to 0.
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TABLE I. Ge surface diffusion constant D and Ge incorporation probability densities S for the different island types and the WL as
obtained from fitting the experimentally observed dependence of the island volumes on the distance from the border between unpatterned and
pit-patterned (dpit = 300 nm) substrate areas for a growth temperature of 650 ◦C. The diffusion times T , the diffusion radii R, and the average
number of pits N visited by a Ge atom during its diffusive random surface walk are calculated from S and D as described in the text.

Surface morphology S (s−1) T (s) R (μm) N

Patterned substrate (dpit = 300 nm) Transition domes 0.097 10.31 19.4 13200
Prepyramids 0.113 8.82 17.9 11200
Pyramids 0.027 37.59 37.0 47900

Unpatterned substrate Rand. nuc. islands 0.031 32.35 34.4 70400
WL 0.018→ 0

(ML: 0 → hmax
WL ) 54.16 (→ ∞) 42.5 (→ ∞)

hmax
WL = 2.4 ML

Patterned and unpatterned substrate Ge atoms Surface diffusion constant: D = 4.56 μm2/s

The absence of islands in the center of the field with 300-nm
period [see Fig. 1(a)] indicates that for this field at least 6
ML of Ge are consumed for the exposure of the facets which
develop at the the pit side walls. In our simulations, we did not
explicitly distinguish between prepyramid and facet formation
because we have no experimental data on the x dependence of
the amount of Ge stored in the facets. The measured island vol-
umes on the patterned fields do not contain the Ge consumed
for the formation of the side-wall facets of the pits. Therefore,
in the fitting routine we simulate V 300

av (x,ttot) − V 300, center
av (ttot)

and fit it to the experimentally observed volumes, where
V 300, center

av (ttot) denotes the incorporated Ge in the center of
the patterned field far away from its border.

Our simulations show that on the unpatterned substrate
region between −10 μm < x < 0 μm, the steep decrease of
the island volume and the width of the region depleted of
islands shown in Fig. 4 depend both on the scaled WL
Ge incorporation probability density σ max

WL as well as on the
maximum WL thickness hmax

WL . Thus, these parameters can be
determined by the fitting procedure and the volumes of the
islands on top of the WL can be simulated separately from
the WL. For the unpatterned substrate region, a comparison
with the measured island volumes is therefore possible without
the necessity to subtract an offset volume corresponding to
V 300, center

av (ttot), which had to be subtracted from the simulated
island volumes on the patterned substrate regions.

The values for the incorporation probability densities Si , the
maximum WL thickness hmax

WL , and the Ge surface diffusion
constant D obtained by the fitting procedure are listed in
Table I. The simulated island volume as a function of the
distance from the border between patterned and unpatterned
substrate regions is shown in Fig. 7(a) by the solid line.
Excellent agreement with the measured values shown by the
symbols in Fig. 7(a) is achieved.

For the following discussion, it is helpful to calculate the
number of pits (Ni) a diffusing Ge atom visits on average
during its lifetime Ti on a patterned substrate with island
type i ε{td,p,pp}. The Ge atom performs a diffusive random
surface walk �
(t), where the variance �
2 is related to the
diffusion constant by the two-dimensional Einstein relation
for Brownian motion �
2 = 4DTi . Since for a random walk
restricted to a circle with radius R a variance �
2 = R2/2
(assuming that each point within the circle is visited with the
same probability) is calculated, we can visualize the range of
the diffusive surface motion of a single Ge atom by a circle
with radius

Ri =
√

8DTi . (12)

In Table I, the radii Ri are given for the various island types
for the patterned field with 300-nm period. In the last column
of Table I, we list the number of pit sites Ni that a Ge atom

FIG. 7. (Color online) Island volume versus distance x from the border of the fields patterned with 300-nm (a) and 400-nm (b) pit period.
Comparison between the experimental results and the simulations are corrected for the volumes stored in the pit facets and the wetting layer.
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visits on average in a substrate region with island type i before
it is incorporated. These values are calculated using

Ni = R2
i π

/
Au = 8Dπ

SiAu

, (13)

where for the last equality we have used Eq. (12) and Ti = 1/Si

as defined in the context of Eq. (9). For calculating Ndup for
the islands outside the patterned field, the unit-cell area Au in
Eq. (13) was replaced by 1/ρ, where ρ is the island density
(ρ = 1.9 × 109 cm−2).

If we assume vanishing Ge incorporation in the areas
between the pits as well as a Ge surface diffusion constant
and pit properties independent of Au, the values for Ni

given in Table I have to be independent of dpit. Under these
assumptions, it follows from Eq. (13) that also SiAu has
to be independent of Au = d2

pit and, thus, Si ∝ 1/d2
pit. This

scaling behavior of the incorporation probability densities Si

is, of course, a consequence of the averaging of the diffusion
equation over Au leading to Eq. (2) and is in agreement with
the experimental findings reported in Ref. 18. The values for
Si given in Table I were thus rescaled and used to simulate
the island volumes V 400

av for the field with dpit = 400 nm as
shown in Fig. 7(b). For the comparison between measured
and simulated volumes in the patterned substrate area, the
Ge consumed for pit-facet covering has to be considered,
as discussed already for the dpit = 300 nm field. For the

dpit = 400 nm field, we scaled down V 300,center
av = 6 ML,

which we assumed was being used for facet covering for
the dpit = 300 nm field by the ratio of the unit-cell areas,
i.e., by 9

16 and subtracted this value (3.375 ML) from the
simulated volume. Under this assumption, the observed dome
volume inside the dpit = 400 nm field (1.3 × 105 nm3) and the
simulated one at the border are equal, as shown in Fig. 7(b).
The good agreement also with the observed spatial variation of
the island volume shown in Fig. 7(b) confirms the significance
of the parameters listed in Table I for the growth conditions
and pit shapes of our experiments. However, we want to
point out that our data do not reveal any microscopic factors
that determine the Ge incorporation probability densities Si .
Aside from the growth temperature, it may be expected
that the magnitude of the strain field surrounding an island
significantly influences the probability for the incorporation
of a Ge adatom into a growing island and, thus, the values
of Si .

To gain insight into the island evolution, the end point of
which is shown in Fig. 7 for dpit = 300 and 400 nm, in Fig. 8 the
incorporation probability density profiles (upper panels), the
averaged Ge surface concentration profiles (middle panels),
and the WL and island volume profiles (bottom panels) are
shown at three different instants during the Ge deposition time
(t = 0.3, 0.55, 1 × ttot, for a movie showing the complete time
evolution between τ = 0 and 1, see Supplemental Material40).

FIG. 8. (Color online) Three snapshots of the growth simulation. (a)–(c) represent the early stages of growth (τ = 0.3); (d)–(f) show a
later stage (τ = 0.55); and (g)–(i) mark the end of the deposition (τ = 1). Panels (a), (d), and (g) show the profiles of the Ge incorporation
probability densities σ (ξ,τ ); panels (b), (e), and (h) the profiles of the normalized mobile Ge surface concentration where the red curves mark
the stationary solutions of the diffusion equation while the blue curves mark the transient solution at time τ . The green arrows indicate the
directions of the Ge surface diffusion currents (not to scale), (c), (f), and (i) show on a linear scale the sum of the normalized Ge volumes per
area incorporated into facets, islands, and WL (blue) as well as into the WL only (red). All panels are plotted versus the normalized distance
from the border. The indices and labels used in all panels (pp, p, td , d , dup, WL) correspond to prepyramid, pyramid, transition dome, dome
on pit-patterned field, dome on unpatterned substrate region, and wetting layer, respectively. A movie with the time evolution between τ = 0
and 1 is provided in the Supplemental Material (Ref. 40).
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In the beginning of the Ge deposition, the Ge incorporation
rate is much smaller outside the patterned field than inside
[σWL � σpp, Fig. 8(a)]. As a consequence, a larger Ge
surface concentration outside the patterned field than inside
is established by the homogeneous Ge deposition rate. This
difference in the Ge surface concentration sets up a Ge surface
diffusion current into the patterned field and a corresponding
Ge surface concentration gradient across the border between
unpatterned and pit-patterned substrate regions as shown in
Fig. 8(b) for t = 0.3 ttot. In Figs. 8(b), 8(e), and 8(h), the
scaled transient Ge surface concentration profiles (blue lines)
are shown together with the stationary ones (red lines) into
which the transient profiles would evolve exponentially for the
time-independent Ge incorporation probability density profiles
shown in Figs. 8(a), 8(d), and 8(g). The average Ge volume
V 300

av in the WL and in the islands as calculated by a time
integration of the Ge incorporation current νσ [Eq. (10)] is
shown in Figs. 8(c), 8(f), and 8(i) for t = 0.3, 0.55, 1 × ttot,
respectively. In Figs. 8(c), 8(f), and 8(i), the plotted vol-
umes were normalized to the totally deposited Ge volume
Vtot = ntotAua

3
Ge/8 per pattern unit cell Au.

Due to the shape of the Ge surface concentration profile
outside the patterned field (decreasing towards the border), the
WL volume V 300

av,WL decays towards the border [see Figs. 8(b)
and 8(c)]. Thus, V 300

av,WL + V 300
av,Ge reaches the threshold value

for island nucleation at first at distances from the border where
the Ge surface concentration gradient is vanishing. The island
nucleation front propagates then towards the border. Behind
the nucleation front, the surface concentration of mobile Ge is
reduced due to the larger Ge incorporation probability density
of the growing islands that exceeds the one of the WL. Thus,
a maximum in the Ge surface concentration profile forms as
shown for τ = 0.55 in Fig. 8(e).

As a consequence of this maximum, V 300
av,WL + V 300

av,Ge
reaches the threshold value for random island nucleation
earlier closer to the border, and regions without islands
remain between regions where islands are already formed,
resulting in an instability of the island nucleation front. In
Figs. 8(d) and 8(f), this instability manifests itself by the spikes
calculated in the incorporation probability density profile and
the WL/island volume profiles. In Fig. 9, V 300

av,WL + V 300
av,Ge

normalized to the totally deposited Ge volume per pattern unit
cell Vtot is plotted in a three-dimensional plot as a function
of τ and ξ < 0. The ridge of the (V 300

av,WL + V 300
av,Ge) surface at

a level of hmax
WL = 0.4 × Vtot, shown in red, separates almost

everywhere the (τ,ξ ) region with growing WL (i.e., without
islands) from the region where islands are already present and,
thus, no further WL growth occurs. Since the Ge incorporation
rate for the randomly nucleated islands is larger than that
for the WL, V 300

av,WL + V 300
av,Ge is decreasing with τ in this

region as already discussed above. In the (τ,ξ ) region with
an instable nucleation front, the WL continues to grow in the
stripes without islands (marked by the black lines in Fig. 9).
However, in these stripes the WL growth proceeds slower than
the decrease of the free Ge atoms’ surface concentration. As a
consequence, V 300

av,WL + V 300
av,Ge is decreasing with τ also in these

stripe regions without islands as shown in detail for ξ = −1.13
in the inset of Fig. 9. The threshold value of V 300

av,WL + V 300
av,Ge for

island nucleation is met not before the times lying on the τ (ξ )

FIG. 9. (Color online) Normalized sum of the average Ge volume
in the WL and in the diffusing Ge surface layer V 300

av,WL + V 300
av,Ge in the

unpatterned substrate part as a function of the normalized deposition
time τ and normalized distance ξ from the border of the patterned
field. The full line in the inset shows the τ evolution of V 300

av,WL +
V 300

av,Ge in a WL region at ξ = −1.13 without islands surrounded by
regions in which random dot nucleation already occurred. The blue
dot indicates the time τ , at which also in this region the threshold
value of V 300

av,WL + V 300
av,Ge for random island nucleation is reached. The

decay shown by the broken line is due to the decay of V 300
av,Ge. Without

insets, similar τ traces of other regions without islands are shown
by the black lines superimposed on the surface plot. The white lines
indicate the V 300

av,WL + V 300
av,Ge profiles at τ = 0.4 and 0.55.

line connecting the blue points in Fig. 9. We conclude that an
unstable nucleation front occurs in our model if the following
two conditions are met: (a) increased Ge supply for WL growth
in (spatial) regions of thinner WL; and (b) in time domain a
fast decay of the local Ge supply that overcompensates the WL
growth rate and results in a decrease of the sum V 300

av,WL + V 300
av,Ge

in time, thereby delaying the sum’s growth up to the threshold
value for island nucleation.

Experimentally, the instability of the island nucleation
front outside the patterned field results in only one region
with significantly reduced island volume (between −20 and
−15 μm, see Fig. 7), whereas the simulations predict numer-
ous narrow regions. Considering the simplicity of our model
that neglects any interactions between islands that might result
in a homogenization of the island volumes, these differences
in a region with unstable growth evolution are not surprising.
We want to emphasize that with respect to the nucleation front
instability, our model gives qualitative results only. It allows us,
however, to identify the conditions formulated in the previous
paragraph under which the observed instabilities can occur.

The comparison between simulation and experimental data
has shown that the surface diffusion length of Ge is 4.56 μm2/s
at θg = 650 ◦C and that on the patterned (unpatterned) sub-
strate regions on average more than 11 000 (70 000) nucleation
sites are visited before a Ge atom is incorporated into a
growing island (see Table I). Therefore, attempts to correlate
the width of the statistical island volume distribution with
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that of the island-free area surrounding an island as obtained,
for example, by Voronoi tesselation49 might lead to incorrect
conclusions already at moderate growth temperatures around
600 ◦C. In particular, the estimation of the Ge surface diffusion
length by interpreting the interisland distances as a measure of
the diffusion length within the deposition time of one Ge ML
(Refs. 5 and 50) results in values several orders of magnitude
smaller than obtained in this work5 [taking into account the
difference in growth temperatures by an exponential thermal
activation of the diffusion constant with a typical activation
energy of 1 eV (Refs. 51–56)], and are thus incompatible with
the Ge surface transport observed in this work. For growth
temperatures in the range between 400 ◦C and 600 ◦C, a poor
correlation between Voronoi cell area and island volume is
reported in Ref. 57 and interpreted as indication that the Ge
incorporation is crucially affected by energetic factors and not
univocally determined by the geometric arrangement of the
nucleation sites.

Nevertheless, despite the large number of nucleation sites
visited, we observe a spontaneous nucleation of secondary
islands in the unstructured areas between the pits for dpit �
600 nm. In line with the assumptions of Refs. 5 and 50
used for estimating the Ge surface diffusion constant from
the average distance between randomly nucleated islands, the
nucleation of secondary islands on pit-patterned substrates is
frequently explained in the literature by assuming a capture
zone surrounding the pit, outside which the probability for a
Ge atom reaching the pit is very low.25,58,59 According to this
model, secondary-island nucleation occurs, if dpit becomes
larger than twice the capture range. Such an interpretation
is in clear contradiction to the number of nucleation sites
visited by a Ge atom on the surface determined in this
work. Instead, we show in the following paragraph that the
secondary-island nucleation can be described quantitatively
based on the diffusion model parameters determined in this
work without the necessity of introducing a Ge capture zone
around the nucleation sites. In our model, secondary island
is the consequence of a mismatch between Ge deposition
and island incorporation rates as outlined in Ref. 18. This
mismatch results in the growth of a WL in the flat areas
between the pits beyond the critical thickness for spontaneous
island nucleation.

In our previous work,24 it was shown that for dpit � 500 nm
a clear WL signal is observed in the PL spectra measured in
the centers of the patterned fields. The WL growth can be
included in our model by substituting σi + σWL instead of σi

in Eq. (9), where the values for σi for dpit > 300 nm can be
obtained from the values listed in Table I using the scaling
behavior σi ∝ 1/d2

pit obtained from Eq. (13). For σWL we use
the same model and parameters as used for simulating WL
growth outside the patterned field (listed in Table I). Since
∂2/∂ξ 2 vanishes several diffusion lengths L away from the
border, Eq. (9) reduces to an ordinary first-order differential
equation in τ that still has to be integrated numerically
due to the assumed linear dependence of σWL on the WL
thickness (see Sec. IV). Since σWL is to a first approximation
independent of dpit and σi ∝ 1/d2

pit, it is immediately evident
that the influence of the WL on the surface coverage ν and,
thus, on the growth rates becomes more important for larger
periods.

FIG. 10. (Color online) Temporal evolution of the WL thickness
(broken line) and the sum of the thicknesses of WL and free Ge
coverage (full lines) in flat substrate regions between the pits far
away from the borders of the pit-patterned field. The color of the
lines indicates the pit period dpit according to the values given in
the legend. The arrows show the times τ at which the shape of the
islands in the pits changes from prepyramids (pp) to pyramids (p)
and further to transition domes (td), and domes. The horizontal black
line indicates the threshold value for random island nucleation on
unpatterned substrate regions as obtained from the fit shown in Fig. 7.
The full dots indicate the maximum average summed WL and free
Ge coverage volume reached before dome formation. In the inset,
these maximum volumes are plotted as a function of the deposition
rate normalized to the one used for growing the sample with the
patterned fields shown in Figs. 1 and 2 for the values of dpit indicated in
the plot.

In Fig. 10, the time dependence of the WL thickness (broken
lines) and the sum of WL thickness and free Ge coverage (full
lines) calculated for the center of the patterned fields are shown
in relative units (as V/Vtot, where V stands for V 300

av,WL and
V 300

av,WL + V 300
av,Ge) for the three pattern periods indicated in the

plot. In the traces for the summed thicknesses of WL and free
Ge coverage, clear kinks appear (marked by arrows) whenever
the island type at the pit positions, and, thus, the average
Ge incorporation probability density instantaneously change.
The various island types growing in the pits are indicated
(pp, p, td) in the sections between the arrows.

Figure 10 shows that for dpit = 600 nm the critical thickness
for spontaneous island nucleation as obtained from the fitting
described in Sec. IV and indicated by the horizontal black line
in Fig. 10 is clearly exceeded by the summed WL and the
free surface Ge coverage at the end of the pyramid growth
phase, whereas for dpit = 500 and 400 nm this threshold is
not crossed during ordered island growth. These results are in
excellent agreement with the AFM images shown in Fig. 1,
where no secondary islands are observed for dpit � 500 nm and
a large number for dpit � 600 nm. Thus, we conclude that, in
complete analogy to the unpatterned substrate areas, also in the
flat substrate regions between the pits an overcritically thick,
two-dimensional Ge layer is responsible for secondary-island
nucleation.
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FIG. 11. (Color online) AFM micrographs of a pit-patterned
sample after deposition of 45 nm of Si at 450 ◦C–550 ◦C and
deposition of 5.2 Å of Ge at 650 ◦C at a growth rate of 0.015 Å/s,
taken at a pit-patterned field with period dpit = 900 nm. (b) and (c)
show the region marked by a broken line in (a) at larger magnification.
In (c), a surface-angle image mode was used, where the color coding
represents the local surface slope with respect to the (001) surface.
The color bar is chosen in a way that the {105}, {113}, {15 3 23}
dome facets appear as blue, yellow, and red, respectively. Evidently,
all islands are domes.

It is important to stress that the appearance of secondary
islands between the pits can be avoided also for fields with
large dpit by reducing the Ge deposition rate. In the inset of
Fig. 10, the maxima of the simulated summed WL thicknesses
and free Ge surface coverages are plotted as a function of
the growth rate normalized to the rate Rexpt used for growing
the samples shown in Figs. 1 and 2. Reducing the rate only
by a factor of 2 shifts the maximum of the summed WL
thickness and Ge surface coverage far below the threshold
value for spontaneous island nucleation also for a pit period
of dpit = 600 m. For such a small deposition rate, our
simulations predict for pattern periods up to dpit = 1130 nm
no secondary-island nucleation as indicated by the black trace
in the inset of Fig. 10, which at R/Rexpt = 0.5 is equal to the
threshold value (marked with a circle).

For an experimental verification of these predictions,
ordered islands were grown on a substrate with a pit period
of 900 nm reducing the Ge deposition rate to 0.015 Å/s
(i.e., to 0.6Rexpt) and the totally deposited Ge coverage to
3.86 ML in order to avoid superdome formation. All other

growth parameters were set to the same values as used for
growing the islands shown in Figs. 1 and 2. In Fig. 11, it is
shown that for this growth rate perfectly ordered dome islands
with dpit = 900 nm are obtained without secondary islands,
in agreement with the results of our simulations shown in the
inset of Fig. 10 by the orange line, which stays just below the
threshold value for spontaneous island nucleation (indicated
by the black horizontal line) at R/Rexpt = 0.6.

VI. SUMMARY

The shapes and volumes of SiGe islands show a pronounced
dependence on the islands’ distance from the border between
unpatterned and pit-patterned Si(001) substrate areas used
for establishing ordered epitaxial island growth. A surface
diffusion model was set up to describe the transport of Ge
adatoms deposited during MBE growth from outside into the
patterned substrate regions. The different types of growing Ge
islands and the WL are included as Ge sinks with different
Ge incorporation probability. By fitting the simulated volume
versus distance dependence to the observed one, the Ge
incorporation probability densities for the various island types
inside and outside the patterned field, that of the WL, as well
as the Ge surface diffusion coefficient, were quantitatively
determined for a growth temperature of 650 ◦C. Based on
these values, it was shown that a Ge adatom on average visits
more that 10 000 pits before it is incorporated into an island
evolving in a pit. These findings clearly rule out a diffusion
range smaller than the pit-pattern unit cell area as the reason for
secondary-island nucleation between pits, which is frequently
observed at this growth temperature. Instead, the Ge deposition
rate was identified in theory and experiment as the most crucial
parameter by which secondary-island nucleation in substrate
regions between pits can be controlled.
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APPENDIX: NUMERICAL METHODS

In Eq. (9), the incorporation term σ depends on τ and ξ

via the island volumes Vav calculated according to Eq. (10)
as discussed in detail in Sec. V. For a numerical solution of
Eq. (9), we discretize the time to obtain

ν(ξ,τj+1) = �τ +
{

1+�τ

[
∂2

∂ξ 2
− σ [Vav(ξ,τj )]

]}
ν(ξ,τj ),

(A1)

where �τ = τj+1 − τj denotes the time step. For a known
initial condition ν(ξ,τj ) and a given scaled incorporation
probability density profile σ [Vav(ξ,τj )], Eq. (A1) is used to
calculate ν(ξ,τj+1).

The first term on the right-hand side (�τ ), which accounts
for the spatially constant deposition rate, makes Eq. (A1) an
inhomogeneous difference equation. To solve Eq. (A1), we
take advantage of its linearity in ν and split up the gen-
eral solution ν(ξ,τj ) = νih(ξ,τj ) + νh(ξ,τj ) into a particular
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solution νih(ξ,τj ) of Eq. (A1) and the solution νh(ξ,τj ) of
Equation’s (A1) homogeneous counterpart

νh(ξ,τj+1)=
{

1 + �τ

[
∂2

∂ξ 2
− σ [Vav(ξ,τj )]

]}
νh(ξ,τj ),

(A2)

where νh(ξ,τj ) has to be chosen so that given boundary
conditions νj (ξ ) = νih(ξ,τj ) + νh(ξ,τj ) are fulfilled.

As particular inhomogeneous solution we take the sta-
tionary one defined by νih,s(ξ,τj+1) = νih,s(ξ,τj ), for which
Eq. (A1) simplifies to

Oj ν
j

ih,s(ξ ) = −1, where Oj ≡
[

∂2

∂ξ 2
− σ [Vav(ξ,τj )]

]
.

(A3)

Since the stationary, inhomogeneous solution ν
j

ih,s(ξ ) depends
on the time only via σ (Vav)’s time dependence, we have
used the superscript j in Eq. (A3) to indicate this parametric
time dependence of ν

j

ih,s(ξ ) and make a distinction from
the intrinsic (diffusive) time dependence of νh(ξ,τj ), which
varies with time also for time independent σ (Vav) according to
Eq. (A2). In Figs. 8(b), 8(e), and 8(h), νj

ih,s is shown by the red
lines.

According to our choice of ν
j

ih,s(ξ ) as particular inhomo-
geneous solution, the diffusive time dependence is completely
contained in νh(ξ,τj ) as described by Eq. (A2). This time
dependence is governed by the operator Oj defined in
Eq. (A3), which is formally equivalent to the negative of the
Hamilton operator of a single particle in a one-dimensional,
non-negative scalar potential σ . We exploit this analogy and
expand the initial condition νj (ξ ) − ν

j

ih,s(ξ ) = ∑
n c

j
nν

j
n (ξ )

into a complete set of eigenfunctions ν
j
n (ξ ) of the operator

Oj defined by

Oj νj
n (ξ ) = λj

nν
j
n (ξ ) (A4)

with only negative eigenvalues λ
j
n. It is evident then from

Eq. (A2) that the expansion coefficients c
j
n for νh(ξ,τj ) decay

during �τ according to

cj+1
n = (

1 − �τ
∣∣λj

n

∣∣)cj
n, (A5)

allowing a straightforward calculation of the total scaled Ge
concentration profile at time step τj+1:

ν(ξ,τj+1) = ν
j

ih,s(ξ ) +
∑

n

cj+1
n νj

n (ξ ). (A6)

For solving Eqs. (A3) and (A4), spatially periodic boundary
conditions were assumed with a period much larger than all
scaled decay lengths observed in the experiments as verified
a posteriori. Next, Eqs. (A3) and (A4) were transformed
into Fourier space and solved after proper truncation of Oj

into a finite matrix by matrix inversion and diagonalization,
respectively. The maximum scaled wave-vector magnitude
|κm| included in the Fourier transformation and, thus, in the
matrix equations depends on the spatial resolution �ξ aimed at
in the numerical calculation of ν(ξ,τ ) via the Nyquist Theorem
(|κm| = π/�ξ ).

Finally, also the scaled time resolution of the simulation �τ

is tied to |κm| since the Fourier components of ν(ξ,τ ) with wave
vector |κ| � √

σm decay with eigenvalues λ ≈ −κ2 according
to Eqs. (A4) and (A5). Here, σm denotes the maximum of the
Ge capture probability density σ [Vav(ξ,τj )]. However, the time
discretization used to derive Eq. (A1) is only a good approxi-
mation if �τ is small compared to the time scale of changes in
ν(ξ,τ ). Using Eq. (A5), this requirement can be quantified as
�τ � 1/|λm| ≈ 1/κ2

m. Thus, for required temporal and spatial
resolutions �τ and �ξ , Fourier components up to |κm| �
max(1/

√
�τ,π/�ξ ) have to be included in the simulation of

ν(ξ,τ ).
As further illustration of the numerical methods used for

solving Eq. (9), a flowchart is provided in the Supplemental
Material.40
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W. Jantsch, F. Schäffler, and G. Bauer, Appl. Phys. Lett. 93, 121901
(2008).

31M. Brehm, M. Grydlik, H. Groiss, F. Schäffler, T. Fromherz, and
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