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Electron momentum density in liquid silicon

K. Matsuda,1 T. Nagao,1 Y. Kajihara,2 M. Inui,2 K. Tamura,3 J. Nakamura,1,* K. Kimura,1 M. Yao,1 M. Itou,4

Y. Sakurai,4 and N. Hiraoka5

1Graduate School of Science, Kyoto University, Kyoto 606-8502, Japan
2Graduate School of Integrated Arts and Sciences, Hiroshima University, Higashi Hiroshima 739-8521, Japan

3Graduate School of Engineering, Kyoto University, Sakyo-ku, Kyoto 606-8501, Japan
4Japan Synchrotron Radiation Research Institute, SPring-8, 1-1-1 Kouto, Sayo, Hyogo 679-5198, Japan

5National Synchrotron Radiation Research Center, Hsinchu 30076, Taiwan
(Received 10 March 2013; published 16 September 2013)

The electron momentum density (EMD) in liquid silicon (Si) has been measured by synchrotron-based
Compton scattering. The observed variation in the valence EMD upon melting, reflecting a semiconductor-metal
transition of Si, is well explained by the collapse of the Jones zone of crystalline Si. However, the shape of
the EMD of liquid Si is considerably broad and retains fairly solid (α-Si)-like characteristics. The analysis of
the Fourier-transformed Compton profiles reveals that the valence electronic state in liquid Si exhibits a marked
deviation from the free-electron gas features.
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I. INTRODUCTION

Elemental silicon (Si) is a typical semiconductor in the solid
state. Upon melting, Si undergoes a semiconductor-metal tran-
sition. The molar volume contracts and the nearest-neighbor
coordination number increases. The electrical conductivity
increases by a factor of 20 and becomes about 1.3–1.4 ×
104 �−1 cm−1,1 which is comparable to those of typical liquid
metals. However, liquid Si has several unique properties
compared with simple liquid metals. A small shoulder has
been observed in the main peak of the structure factor of
liquid Si,2 which is not usually observed in simple liquid
metals. Moreover, the coordination number of liquid Si is 6–7,
which is relatively small compared with those of simple liquid
metals, 10–12.

The fact that liquid Si has a rather open structure has been
prompting intensive investigations to elucidate the essential
feature of such unique properties of liquid Si. Ab initio molec-
ular dynamics (AIMD) simulation3 enabled the visualization
of the time evolution of the charge density of valence electrons
in liquid Si, and the accumulation of charge between adjacent
atoms at a very short time (∼30 fs) was observed, which
was interpreted as a remnant of covalent bonds forming the
local tetrahedral order. A theoretical calculation based on
the pseudopotential theory also revealed that the bond-angle
distribution shows a single peak close to the tetrahedral bond
angle.4 Inelastic x-ray scattering measurements showed an
additional enhancement of the atomic correlation time on
the subpicosecond level, which was discussed in relation to
the formation of the covalent bonds in liquid Si.5 Recent
orbital-free AIMD simulation also revealed a short-lived
charge accumulation between adjacent atoms,6 however, such
charge accumulation was not attributed to the existence of
“covalent bonds.”

Several investigations concerning the valence electronic
state in liquid Si have thus far been carried out. Magnetic sus-
ceptibility measurements7 indicated that liquid Si is a simple
metal in which the four valence electrons behave as conduction
electrons. X-ray emission8 and photoelectron spectroscopy
(PES) measurements9,10 revealed the appearance of density

of states (DOS) with a clear Fermi edge, demonstrating the
typical metallic nature of liquid Si. The PES measurements,
however, exhibit a distinct dip in the middle of the DOS,
which cannot simply be described by the free-electron gas
model and was interpreted as the existence of s-p hybridization
in the liquid. Recently, inelastic x-ray Compton scattering
measurements were carried out for liquid Si heated by a
levitation technique, and a persistence of covalent bonding in
the liquid was reported on the grounds that the experimentally
obtained Compton profile (CP) difference agrees with the CP
difference obtained by the Car-Parrinello molecular dynamics
simulation.11

Compton scattering measurements are a unique tech-
nique for measuring the momentum densities of electrons
in materials.12,13 In this work, using a sample cell made of
sapphire, which enables stable measurements for a highly
volatile fluid sample even at high temperatures,14 we carried
out x-ray Compton scattering measurements of liquid Si near
the melting temperature and solid Si at various temperatures. In
Ref. 11 the observed feature of the CP difference was attributed
to the fact that the effect of covalent bond breaking is dominant
over the effect of Si site disorder. Our measurements also
showed variation of the valence CP of Si upon melting, and
such variation can be simply explained by the collapse of the
Jones zone. A more important finding of our investigation is
that the shape of the EMD and the magnitude of variation
upon melting are of crucial importance for characterizing the
valence electronic state in liquid Si. We derived EMDs from
CPs and found that the shape of the EMD of liquid Si shows
a significant resemblance to that of the semiconducting solid
(α-Si) state, suggesting that the valence electronic state in
liquid Si retains fairly α-Si-like characteristics. Such a view is
substantiated by our finding that the magnitude of the variation
in the EMD upon melting is smaller than that theoretically
calculated for the transformation to a denser metallic solid
Si (β-Si). Furthermore, the results of analysis based on the
reciprocal form factors B(r) of valence electron CPs reveal
that the valence electronic state in liquid Si exhibits a marked
deviation from the free-electron gas features.
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II. EXPERIMENT

In a Compton scattering experiment, the double differential
scattering cross section is associated with the EMD ρ( p)
of the scattering system under the condition of impulse
approximation15 as follows:

d2σ

d�dω
∝ J (pz) =

∫∫
ρ( p)dpxdpy. (1)

Here J (pz) is the so-called Compton profile (CP), which is the
projection of ρ( p) along the photon scattering vector (z axis).

The scattering experiments were performed at
BL08W/SPring-8 using the standard setup installed in the
beamline for Compton scattering experiments, consisting of a
Cauchois-type bent-crystal analyzer and a position-sensitive
detector. The energy of the incident x rays is 115.6 keV, the
energy of the scattered x rays ranges from 70 to 90 keV and
the scattering angle is 165◦. An x-ray image intensifier camera
was used as a position-sensitive detector.16 The momentum
resolution is 0.13 a.u. (atomic units) in this experiment.

Liquids at high temperatures should be contained in a cell
made of a special material transparent to x rays as well as
resistant to the corrosive nature of hot metallic liquids. Thus,
single-crystalline sapphire was used as the material for the
cell. The cell consists of two closed-end sapphire tubes with
a radial thickness of 0.5 mm and different outer diameters of
6 and 5 mm. The closed end of each tube through which
x rays passed was mechanically polished to be as thin as
0.25 mm. These tubes were inserted into each other and a
sample space was created between them. A polycrystalline
solid (α-Si) sample with a thickness of 7 mm and a diameter
of 4 mm was sandwiched between these tubes. See details of
the cell fabrication in Ref. 17.

High-temperature conditions were achieved with an in-
ternally resistance-heated vessel made of high-tensile steel
that was specially designed for x-ray Compton scattering
measurements.18 The vessel has pressure-sealed beryllium
x-ray windows and enables experiments under high-pressure
conditions created by He gas compression. In this study,
Compton scattering measurements were carried out in He
gas atmosphere rather than in vacuum because liquid Si is
highly volatile. He gas was kept at a pressure of 24.2 MPa
to suppress evaporation. We carried out Compton scattering
measurements for liquid Si at 1773 K, which is 80 K higher
than the melting point of Si (1685 K). The count rate is ∼7 cps
at the peak position, and the measurement of one scan took
approximately 16 h and the total counts at the peak position
reached ∼4.0 × 105, which is one order of magnitude larger
than those in Ref. 11. We also measured the CPs of solid Si at
several temperatures (298, 973, and 1573 K) to compare them
with that of liquid Si. We succeeded in obtaining the Compton
scattering spectra of liquid and solid Si with good statistical
accuracy. Then, we carried out the measurements of an empty
cell to estimate the background from the cell.

CPs were derived from the raw spectra of scattered
x rays by the following procedures. First, the background
was subtracted from a raw spectrum. Next, the spectrum
was corrected using the efficiency of the detector. Then, the
correction of the absorption of the incident and scattered x rays
in the sample and that of the energy-dependent Compton

scattering cross section were carried out. Furthermore, double
scattering contributions were estimated by the Monte Carlo
simulation technique developed by Sakai,19 and they were
subtracted from the spectrum. Finally, they were folded at
zero momentum and normalized to the number of electrons per
formula unit. For deriving valence-electron CPs, we assume
that the core-electron profile Jc(p) is well represented by
the theoretical CP obtained by Hartree-Fock calculation.20

The valence-electron CP Jv(p) was derived by subtract-
ing the theoretical core-electron profile from the total CP,
where the iteration procedure in Ref. 13 was used under the
assumption that the valence CP becomes zero above 5 a.u.

III. RESULTS AND DISCUSSION

A. Compton profiles

Figure 1(a) shows the valence-electron CPs of liquid and
solid Si. Variation of the CP upon melting was certainly
observed. As shown in the inset, such variation can be clearly
seen when the profile of liquid Si is compared with the profiles
of solid Si under all measurement conditions. The Jv(p) of
liquid Si has a sharper slope than that of solid Si and intersects
with it at around p � 0.9 a.u. The estimated statistical error
is less than 0.3%, which is sufficiently small compared with
the observed difference. These results indicate that the shape
of the CP of liquid Si is narrower than that of solid Si. If
only the density change were responsible for the variation in
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FIG. 1. (Color online) (a) Valence-electron CPs of liquid and
solid Si normalized to four electrons (number of valence electrons
per atom). For solid Si, only the profile at 298 K is shown in the main
panel because profiles of solid Si are similar to each other irrespective
of temperature (see the inset). The inset shows the enlargement of the
momentum region from 0.75 to 1.05 a.u. (b) The first derivative of
Jv(p) and (c) the second derivative of Jv(p) of Si under measurement
conditions. The error bars are plotted every four data points for clarity.
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the CP, the densification of Si upon melting would make the
CP of liquid Si broader than that of the solid state. Thus, it
is reasonable to consider that such narrowing of CPs is due
to the metallization of Si upon melting because the narrower
Compton profile indicates the delocalization of electrons.

The first derivative dJv(p)/dp and the second derivative
d2Jv(p)/dp2 under all measurement conditions are shown in
Figs. 1(b) and 1(c), respectively. The shapes of dJv(p)/dp and
d2Jv(p)/dp2 of liquid Si are clearly different from those of
solid Si. The dJv(p)/dp of liquid Si increases more sharply
than those of solid Si within the momentum range from 0.8
to 1.2 a.u. As can be seen in Fig. 1(c), the second derivatives
of liquid and solid Si exhibit a peak at around 1.0 a.u. In
fact, it seems that the peak width of d2Jv(p)/dp2 of liquid
Si is smaller than those of solid Si, because of the sharper
increase in dJv(p)/dp observed in Fig. 1(b). For metallic
systems, the peak position of the second derivative provides
a measure of the Fermi momentum.21 The evaluation of the
Fermi momentum will be described later.

Here we introduce the CP difference �J A−B
v (p) =

J A
v (p) − J B

v (p) between the phases A and B. CP differences
between the liquid CP and the solid CP under several con-
ditions are shown in Fig. 2. The �J

liq.−sol.
v (p) is pronounced

within the momentum region from 0.6 to 1.4 a.u., in which
a broad maximum and a minimum are observed at about 0.8
and 1.05 a.u., respectively. Also shown in the figure is the CP
difference between solids at 298 and at 1573 K, �J sol.−sol.

v (p).
In contrast to the �J

liq.−sol.
v (p), the �J sol.−sol.

v (p) is moderate
within that region.

CP differences are useful for comparing experiment and
theory.13 �Jv(p) derived from theoretical calculations are also
plotted in Fig. 2. We carried out two different calculations for
deriving theoretical CP differences. First, we derived a CP
difference by subtracting the CP calculated with the modified
free electron gas (MFEG) model22 from the CP calculated with
the free-electron gas (FEG) model. This calculation assumes
that the variation of CP is caused by the collapse of the so-
called Jones zone23 of crystalline α-Si. In the MFEG model,
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FIG. 2. (Color online) Valence electron CP differences between
those under different conditions. The error bars are plotted every four
data points for clarity. CP differences between MFEG and FEG and
between α-Si and β-Si are also shown. The latter was calculated
by the FLAPW method. For comparison with the experimental data,
theoretical CPs are normalized to four electrons and broadened by
the experimental resolution.

the momentum density ρ( p) of crystalline Si is constructed
by assuming ρ( p) to be 1 and 0 inside and outside the Jones
zone, respectively, neglecting the higher-order crystal potential
effect.22 Then the CP of polycrystalline Si is calculated using
the formula J (p) = 2π

∫ ∞
|p| ρ(p′)p′dp′ (Ref. 12) after the ρ( p)

values are directionally averaged. The normalization to four
electrons is also carried out for comparison with experiment.

Second, we carried out band-structure calculations by the
full-potential linearized augmented plane wave (FLAPW)
method within the local-density approximation (LDA).24 We
calculated the valence-electron CP of polycrystalline α-Si and
β-Si. The latter is a high-pressure phase of Si and is known
to be metallic, thus the calculation was carried out under
the assumption that its CP difference becomes a crystalline
analog for the variations in the electronic properties of Si upon
melting. As shown in Fig. 2, the curves of �Jv(p) calculated
by different methods exhibit the following common features:
a portion of negative values below 0.5 a.u., a positive peak
at around 0.8 a.u., and a negative dip within 1.0–1.2 a.u.,
Although the �J

[β-Si]−[α-Si]
v (p) has higher amplitude than

�J FEG−MFEG
v (p), importantly, the overall features, such as a

portion of negative values in the low momentum region, a
positive peak, and a negative dip, that appear in the experi-
mental �Jv(p) are reproduced by the calculated �Jv(p). Note
that both FEG and β-Si (FLAPW) CPs become narrower than
their counterparts, i.e., the MFEG and α-Si (FLAPW) CPs,
respectively, which supports the view that the narrowing of the
experimental CP upon melting is caused by the metallization
of Si.

B. Electron momentum densities

For isotropic systems, such as liquids, the EMD ρ(p) can
be calculated as ρ(p) = −1/2πp · dJ (p)/dp.12 Figure 3(a)
shows the ρ(p) of valence electrons derived from the exper-
imental and theoretical CPs. Theoretical ρ(p) were derived
from the MFEG-, FEG-, and FLAPW-calculated CPs of α-Si
and β-Si. In what follows, we denote them as ρ(p)MFEG,
ρ(p)FEG, ρ(p)FLAPW

α-Si , and ρ(p)FLAPW
β-Si , respectively. We also

denote the experimental EMD of liquid Si and that of solid (α-)
Si as ρ

exp
liq (p) and ρ

exp
sol (p), respectively. In the derivation of ρ(p)

by the above formula, valence-electron CPs were normalized
to 4π3n,12 where n denotes the number density of valence
electrons.

As shown in Fig. 3(a), the shape of ρ
exp
liq (p) is considerably

broader than those of ρFEG(p) and ρFLAPW
β-Si (p) and shows a

significant resemblance to that of the semiconducting solid
(α-Si) state, retaining fairly α-Si-like characteristics. Actually,
it is also evident that ρ

exp
liq (p) differs from ρ

exp
sol (p), and ρ

exp
liq (p)

decreases more sharply than ρ
exp
sol (p) around the momentum of

∼0.9 a.u.
As for the EMDs of solid (α-) Si, the shape of ρ

exp
sol (p) is

fairly broad and exhibits a clear departure from ρMFEG(p). On
the other hand, the agreement between ρ

exp
sol (p) and ρFLAPW

α-Si (p)
is satisfactory. In fact, the characteristic features of ρ

exp
sol (p)

are more precisely reproduced by FLAPW calculation than
by MFEG, i.e., the shape of ρ

exp
sol (p) is quite broad and the

values of ρ
exp
sol (p) tend to be saturated at about 0.8 in the

relatively low momentum region. As can be noticed from
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FIG. 3. (Color online) (a) Experimentally derived ρ(p) of liquid
and solid Si in comparison with theoretical ρ(p). Theoretical ρ(p)
of FEG, MFEG, α-Si (FLAPW), and β-Si (FLAPW) are also shown.
(b) EMD differences ρ

exp
liq (p) − ρ

exp
sol (p) in comparison with calculated

EMD differences ρFEG(p) − ρMFEG(p) and ρFLAPW
β-Si (p) − ρFLAPW

α-Si (p).
In both panels, the error bars are plotted every four data points for
clarity.

the figure, exact agreement between ρ
exp
sol (p) and ρFLAPW

α-Si (p)
is still not achieved, which is often the case when comparing
experimental and theoretical EMDs or CPs;25–27 however, this
level of agreement is sufficient for the following discussion.

As in the case of CP differences, we also calculated
EMD differences for comparison between experimental and
calculated profiles. Experimental EMD differences �ρexp(p),
which were obtained by subtracting ρ

exp
sol (p) from ρ

exp
liq (p), are

shown in Fig. 3(b). They are plotted together with theoreti-
cal EMD differences ρFEG(p) − ρMFEG(p) and ρFLAPW

β-Si (p) −
ρFLAPW

α-Si (p). Both the experimental and theoretical EMD
differences have peaks within the momentum range from
0.8 to 1.1 a.u. Note that the region includes the Jones-zone face,
which is formed by a {220} plane and is located at 0.866 a.u. in
the momentum space. These findings indicate that the collapse
of the Jones zone of solid (α-) Si is responsible for the behavior
of �ρexp(p) within this momentum region. This can be further
confirmed by the following discussion.

To compare experimental �ρ(p) with the theoretical one by
excluding the effect due to the change in the valence electron
density, it is appropriate to scale the momentum by the electron
gas pF. In the electron gas model, pF is given by the formula
pF = (3π2n)1/3, where n denotes the electron number density.
The scaling by the electron gas pF was also used in the
comparison between directional Compton profiles to extract
effectively common features among different semiconducting
elements.28 In this case, pF means the Fermi momentum of the
electron gas according to the corresponding valence electron
density.

Figure 4 shows EMD differences plotted against the
momentum scaled by the electron gas pF. In the derivation of
EMD differences, each ρ(p) was first normalized to ρ(p/pF)
by the pF that corresponds to each valence electron density,
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FIG. 4. (Color online) Experimental and calculated EMD differ-
ences. Prior to the subtraction among two given EMDs, the values
of momentum for each EMD are normalized by the corresponding
electron gas pF. The error bars are plotted every four data points for
clarity.

then the subtraction among ρ(p/pF) under different conditions
was carried out.

The model for calculating �ρ(p/pF) using the FEG and
MFEG is quite simple, however, the overall tendency of
the experimental �ρ(p/pF) is well reproduced. In fact, this
model (the MFEG-FEG model hereafter), which assumes
that the variation of the EMD of Si can be captured by the
transition from MFEG to FEG, describes the variation of the
EMD due only to the collapse of the Jones-zone boundary.
This is because the values of the EMD below the boundary
region are kept at 1 and do not change upon transition from
MFEG to FEG. Qualitative agreement between the feature of
�ρ(p/pF) determined using the MFEG-FEG model with that
of �ρexp(p/pF) indicates that the variation in the EMD of Si
upon melting mainly occurs near the Jones-zone boundary.
However, note that such agreement in the EMD difference
does not necessarily mean that the valence electrons in liquid
Si and in solid Si are well described with the FEG model and
MFEG model, respectively.

As can be seen in Fig. 4, �ρ(p/pF) obtained by FLAPW
calculation also indicates that the shape of the EMD becomes
narrow upon the transition from α-Si to β-Si, which is similar
to the feature observed in the MFEG-FEG model. An important
point to note is that the amplitude of �ρ(p/pF) obtained by
FLAPW calculation is much larger than �ρexp(p/pF). The
calculation predicts an appreciable increase in the EMD upon
the transition from α-Si to β-Si within the range of p/pF

below ∼1. Actually, in this range, the experimental �ρ(p/pF)
has somewhat larger values than �ρ(p/pF) obtained using
the MFEG-FEG model. Moreover, in p/pF regions both
below ∼0.6 and above 1.15, �ρexp(p/pF) seems to approach
that of FLAPW prediction. These features, the increase in
momentum density in the low-momentum region and the
reduction of a high-momentum tail, indicate that there exists
an additional contribution in the variation of the EMD upon
melting, which cannot simply be attributed to the Jones-zone
boundary collapse.

An important point to note is that the amount of variation
of the experimental EMD difference is considerably small
compared with that expected from the α-Si to β-Si transition. It
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FIG. 5. (Color online) (a) Reciprocal form factors B(r) of liquid
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obtained from CPs calculated using MFEG, FEG, and FLAPW.

seems that the variation of the EMD upon melting is suppressed
within the region p/pF from 0.6 to 1.2. Considering the fact
that both liquid Si and β-Si are metallic, the discrepancy
between �ρexp(p/pF) and �ρ(p/pF) determined by the
FLAPW method might originate from the different “degrees
of metallization” between liquid Si and β-Si.

C. Reciprocal form factors and second derivative of CPs

For characterizing the metallic nature of liquid Si further,
the position-space representation of the CPs is also of crucial
importance. Figure 5(a) shows reciprocal form factors B(r)
obtained by the one-dimensional Fourier transformation of
the experimental CPs. B(r) is equivalent to the autocorrelation
of the position space wave function.12,13 Here we calculated
B(r) using the formula B(r) = ∫

Jv(p)eiprdp. The range of
integration was from −5 to 5 a.u. As shown in the figure, the
shape of B(r) of liquid Si is clearly different from those of solid
Si. On the other hand, the shapes of B(r) of solid Si are similar
to each other. This indicates B(r) is also a sensitive measure
for distinguishing metallic liquid Si from semiconducting solid
Si. Figure 5(b) shows MFEG-, FEG-, and FLAPW-calculated
B(r) of α-Si and β-Si. Essential features of the variation in
B(r) from α-Si to β-Si and from MFEG to FEG are similar to
the variation in experimental B(r) from α-Si to liquid Si, that
is, the amplitude of the oscillation increases and the positions
of both the first minimum and maximum shift to lower r .
The increase in the oscillation amplitude is consistent with
the theoretical observation29 that the oscillations of B(r) for
metallic systems become stronger than for the corresponding
insulators, indicating the enhancement of the position space
correlation among electrons upon metallization.29

B(r) provides valuable information on the characteristic
physical parameters in materials.12,13,29 In general, for insula-
tors or semiconductors, the zero passages of B(r) are related
to the interatomic separations, whereas the zero passages of
a metallic system are related to the Fermi momentum. B(r)
has an advantage in extracting physical information as it does
not suffer from the effects of resolution broadening, multiple
scattering contributions, or the ambiguities due to the core
subtraction.30

In this work, for semiconducting solid (α-) Si, the value
of the first zero passage r0 of the experimental B(r) is
4.56 a.u. and that obtained by FLAPW calculation is 4.61 a.u.
These values are close to each other but slightly above
the equilibrium nearest interatomic separation of crystalline
solid Si (=4.44 a.u.), which is consistent with the previously
reported results for crystalline Si and Se.31,32

For metallic systems, it has been regarded that r0 is closely
connected with the Fermi momentum, which can be derived
by the formula pF = 4.493/r0.12,30 The relation is based on
the analytic formula of the Fourier transformation of the free-
electron gas CP, which is given as follows if the CP has unit
area:

B(r) = 3

p2
Fr

2

[
sin(pFr)

pFr
− cos(pFr)

]
. (2)

The zero passages of B(r) are located at pFr = 4.493,
7.725,. . . and they are directly related to the Fermi
momentum.12,30

The lower panel of Fig. 6 shows the values of 4.493/r0

plotted versus (3π2n)1/3, i.e., the electron gas pF. Essentially,
the assignment of these values to the Fermi momentum is
validated when Si is in the metallic state. In fact, the value
of 4.493/r0 is in good agreement with (3π2n)1/3 for β-Si,
indicating a fairly free-electron nature of β-Si. However, we
also plotted the values of 4.493/r0 for semiconducting α-Si
for the following discussion. As shown in the figure, the values
disagree with each other for α-Si, which can be ascribed to the
fact that α-Si is semiconducting and the shape of its CP is not
represented by a free-electron parabola.

For liquid Si, it should be noted that the value of 4.493/r0 is
1.00 a.u., which is slightly larger than that of the electron gas
pF, as in the case of α-Si. Considering the fact that the shape
of the EMD of liquid Si retains solid like characteristics, it is
reasonable to consider that such a discrepancy is also due
to non-free-electron-like (nonparabolic) contribution in the
shape of the CP of liquid Si. This can also be understood
from the upper panel in Fig. 6, in which Pearson’s correlation
coefficients are plotted. The correlation coefficients were
derived from the least square fitting of CPs by quadratic
polynomial within the range |p| � pF. As shown in the figure,
there is the trend that the correlation coefficients of both α-Si
and liquid Si exhibit relatively small values compared with
that of β-Si.

As previously mentioned, Fermi momentum can also be
estimated from the peak of the second derivative d2J (p)/dp2

of a CP.21 We plotted the values of d2J (p)/dp2 of liquid Si,
α-Si, and β-Si in the lower panel of Fig. 6. As shown in the
panel, the pF value of liquid Si extracted using d2J (p)/dp2

also exhibits a value higher than that of the electron gas pF,
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FIG. 6. (Color online) Lower panel: The values of 4.493/r0 [r0 is
the first zero of B(r)] and the peak positions of the second derivative
derived for experimental CPs (α-Si at 298 K and liquid-Si) and
theoretical CPs (FLAPW-calculated α-Si and β-Si) plotted versus
the electron gas pF. The short-dashed line denotes where both the
values become equal. Upper panel: Pearson’s correlation coefficients
derived from the least square fitting of CPs by quadratic polynomial
within the range |p| � pF.

which is consistent with the feature observed for the value
of 4.493/r0.

We also carried out the analysis of deriving Fermi mo-
mentum from CPs calculated using MFEG and FEG models
and found that for each model the value of 4.493/r0 and the
peak position of d2J (p)/dp2 are almost equal to those of
corresponding electron gas pF. The agreement found for FEG
is straightforward because the shape of the CP is essentially
parabolic. Also, for the MFEG model, the agreement can
also be ascribed to the parabolic shape of the constructed
CP (the correlation coefficient is 0.9994). This is because
the model assumes the EMD to be 1 inside the Jones zone
and 0 outside it, thus its shape is almost steplike, similar to
that of FEG shown in Fig. 3(a). An important point to note is
that FLAPW calculation, which reproduces the shape of the
EMD of α-Si more precisely than does MFEG calculation,
predicts the discrepancy between the value of 4.493/r0 and
the electron gas pF, which is consistent with the experimental
trend observed for α-Si.

D. On the relation with the DOS

As for the characteristics of the valence electronic state in
liquid Si, the charge accumulation between adjacent atoms
forming tetrahedral order was revealed by the contour of the
charge density of valence electrons visualized in the AIMD
simulation, and was attributed to the remnants of covalent

bonding in liquid Si.3 Also, it has been regarded that the
density of states (DOS) of the valence electrons in liquid Si
does not resemble the free-electron DOS. Actually, there are
some portions that cannot be described with the free-electron
parabola. A distinct dip below the Fermi level was observed
in the DOS measured by PES.9,10 Also in the theoretically
calculated DOS, a step or broad peaks below the Fermi level
were observed.4,33 These features are considered to indicate
that the s state remains almost unchanged while the p state
shifts to a lower binding energy upon melting, and as a result,
the separation of the s and p states in the DOS of Si persists
even in the liquid state.4,9,10,33

We estimated the corresponding momentum range from the
energy range where the distinct dip in the DOS was observed
in the PES measurements. The estimated momentum range is
from 0.6 to 0.9 a.u. It should be noted that, within this range,
the variation of the EMD upon melting is small compared
with that upon the α-Si to β-Si transition calculated using the
FLAPW method. These findings suggest that the existence of
such an inert portion in the variation of the EMD is closely
associated with the separation of the s and p states in the DOS
of liquid Si.

On the other hand, such separation of the s and p states in
the DOS is less pronounced in high-pressure metallic crystals
than in the metallic liquid.4 These observations are consistent
with our finding that the value of 4.493/r0 and that of the
electron gas pF are slightly different for liquid Si, whereas
they agree with each other for β-Si.

IV. CONCLUSION

We have measured synchrotron-based Compton scattering
of solid and liquid Si with high statistical accuracy. The shape
of the EMD of metallic liquid Si retains fairly solidlike features
and the magnitude of the variation of EMD seems to be
suppressed compared with the theoretical one calculated for
the α-Si to β-Si transition; the latter is a high-pressure metallic
phase of Si. Our analysis reveals that the CP features of liquid
Si deviate more significantly from the free-electron features
than those of β-Si, which indicates that the inhomogeneity
of the valence charge distribution is more pronounced in the
metallic liquid state than in the metallic solid phase.

Furthermore, the analysis of the reciprocal form factor B(r)
also reveals the solid(α-Si)-like nature of liquid Si through
the meaningful discrepancy between the pF derived from the
first zero of B(r) (=4.493/r0) and the electron gas pF, which
demonstrates that these parameters reflect the shape of CPs
and can be a measure for evaluating “degree of the metallic
nature” of liquid Si.

Recently, it has been reported that CPs are sensitive to
geometrical parameters (bond angle and length) in molecular
liquid such as water and/or ice,34,35 demonstrating that CPs
are quite effective in determining the local structures. Such
analysis has not been carried out in this work for metallic
liquid Si, however, considering the fact that the bond-angle
distribution in liquid Si shows a single peak close to the
tetrahedral bond angle,3,4 the observed characteristics of the
EMD of liquid Si indicate the existence of such local structural
fluctuation in liquid Si.
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