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Absence of split pairs in cross correlations of a highly transparent normal
metal-superconductor-normal metal electron-beam splitter
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The nonlocal conductance and the current cross-correlations are investigated within scattering theory for three-
terminal normal metal-superconductor-normal metal (NSN) hybrid structures. The positive cross-correlations
at high transparency found by Mélin, Benjamin, and Martin [Phys. Rev. B 77, 094512 (2008)] are not due to
crossed Andreev reflection. On the other hand, local processes can be enhanced by reflectionless tunneling but
this mechanism has little influence on nonlocal processes and on current cross-correlations. Therefore Cooper
pair splitting cannot be enhanced by reflectionless tunneling. Overall, this shows that NSN structures with highly
transparent or effectively highly transparent interfaces are not suited to experimentally producing entangled split

pairs of electrons.
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I. INTRODUCTION

Transport in normal metal-superconductor—normal metal
(N,SN,,) three-terminal hybrid nanostructures has received
special attention, because those structures allow in principle
to produce split pairs of spin-entangled electrons from a
superconductor, acting as a Cooper pair beam splitter.?> This
is possible when the size of the region separating the N,S
and the N,S interfaces becomes comparable to the super-
conducting coherence length, allowing coherent processes
involving two quasiparticles, each simultaneously crossing
one of the two interfaces.>® Much effort has been devoted
to the theoretical understanding and to the experimental
observation of such a Cooper pair splitting effect. In a
transport experiment where electrons are difficult to measure
one by one—contrarily to the similar production of entangled
photons—one relies on steady transport measurement, e.g.,
the current-voltage characteristics (conductance) and the cu-
mulants of the current fluctuations (nonequilibrium current
noise'®!! and its counting statistics).!>!* In practice, the
conductance and the second-order cumulant (the shot noise
and the current cross-correlations between the two current
terminals N,, N,) are the quantities to be extracted from
experiments. Indeed, due to Fermi statistics, the “partition”
noise correlations at a three-terminal crossing of normal
metal contacts are negative,'”'* manifesting the antibunching
properties of individual electrons. If instead one contact is
made superconducting, the cross-correlations may become
positive, suggesting the splitting of Cooper pairs.’

Two elementary nonlocal processes occur at a double NSN
interface: crossed Andreev reflection (CAR), which alone
leads to Cooper pair splitting into separated electrons bearing
opposite spins (for a spin singlet superconductor), and elastic
cotunneling (EC), which alone leads to (spin-conserving)
quasiparticle transmission between the normal contacts, across
the superconducting gap.” For tunnel contacts, at lowest order
in the barrier transparencies, those two processes are decoupled
and simply related to the conductance, leading to positive
(resp. negative) conductance and current cross-correlations
for CAR (resp. EC) processes. Indeed Bignon et al.'! showed
that for tunnel contacts the linear dependence of the current
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cross-correlation on the voltages applied to the contacts N,
N, allows one to separately track the amplitudes of CAR and
EC. Due to the expected compensation of the opposite CAR
and EC conductance components at low transparencies,’”'
ferromagnetic contacts are required to detect CAR and EC
from the conductance with tunnel contacts.®”!® Yet, such
polarizations are not easily achievable; moreover, if one is
interested in producing spin-entangled electrons in a nonlocal
singlet state, one should of course not spin-polarize the
contacts.

As regards experiments, the situation for (extended) tunnel
barriers looks more complicated than given by a simple
tunnel model.!”"'® Zero-frequency noise measurements can be
carried out in low-impedance sample (current noise), or at
high impedance (voltage noise). The positive current-current
cross correlations discussed here at high transparency may
be measured in the setup of Ref. 19 using three SQUIDs
as current amplifiers. It has been found theoretically that, at
high transparency,®?°* the nonlocal conductance is negative,
which leaves the current cross-correlations as the only possible
probe of Cooper pair splitting processes, provided one controls
the voltages on both contacts. Contrarily to conductance mea-
surements with metals® or quantum dots,?® cross-correlations
have led to few experimental results.'>?7-28 At the theoretical
level, the dependence of the cross-correlations on the contact
transparency is not yet fully understood.

In view of the current experiments on metallic structures,
the main question is therefore, Can the cross-correlations
be positive, and if the answer is yes, is this a signature of
Cooper pair splitting? Previous work on a NSN structure?
showed that the cross-correlations can indeed be positive at
large transparencies, although the nonlocal conductance is
negative. The origin of this somewhat surprising result was
not fully elucidated. Further work>* showed that the sign of
the cross-correlations indeed changes with the transparency of
the interfaces, being positive at low transparency, negative
at intermediate transparency, and positive again at high
transparency. While the positive sign at low transparency is
clearly ascribed to Cooper pair splitting, it was shown that the
positive sign at high transparency should not be interpreted in
the same way. Indeed, at high transparency, CAR processes
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do not dominate either in the conductance or in the noise.
Instead, the positive cross-correlations should be ascribed to
local Andreev reflection (AR) on one side, and the opposite
process on the other side, a process equivalent to exchanging a
pair of electrons between the two normal contacts. In Ref. 30,
a quasiclassical analysis using a perturbative expansion in the
nonlocal Green’s function connecting the two interfaces led
to positive noise correlations at high transparencies, and the
authors conclude that it is due to CAR. This interpretation
looks surprising, given the domination of EC in the conduc-
tance in the same regime, and the total absence of CAR at
high transparency in the transmission coefficient. We insist
that it is of importance for the community, before embarking
into experimental developments, to state clearly that positive
cross-correlations should not be interpreted in terms of CAR
at high transparencies.

To show that contacts with high transparency, or with
effectively high transparency, are not suitable as a source of
Cooper pair splitting, we also investigate how the localizing
effects of disorder influence the nonlocal conductance and
the cross-correlations in a NSN structure. At a single NS
interface, it was shown that disorder in the N region, or multiple
scattering at a clean NN;S double interface, can strongly
enhance Andreev reflection, by a mechanism nicknamed
“reflectionless tunneling.”*'~>3 With a disordered N, region, it
leads to a zero-bias anomaly below the Thouless energy, where
the mutual dephasing of electrons and Andreev-reflected holes
is negligible. In the case of a clean double NN;S interface,
maximum Andreev transmission is obtained by balancing the
transparencies 7,, and 7, of the NN; and N;S interfaces,
such that the N; region acts as a resonant cavity. Melsen
and Beenakker®® performed an average on the modes inside
N; in order to mimic a disordered region. We ask here the
question of whether a similar mechanism can enhance nonlocal
Andreev reflection, e.g., boost CAR compared to AR and
EC. A zero-bias anomaly was obtained in Ref. 34, within
a quasiclassical analysis. Its sign reveals an amplification of
quasiparticle transmission. It is however not mentioned in this
reference whether one should also expect boosting of the CAR
channel, which is a requirement for experimental observation
of Cooper pair splitting. We demonstrate on the contrary that
reflectionless tunneling in the nonlocal conductance is not
accompanied by reflectionless tunneling in the CAR channel.

The needed clarification, both for conductance and noise,
comes from a model which is exactly solvable and where all
local and nonlocal amplitudes can be clearly distinguished.
This is an advantage over the quasiclassical approach used in
Ref. 34, which does not produce separate expressions for the
CAR and for the EC contributions to the conductance. Thus,
we use the scattering approach® for a setup N,N;SN, N, with
a quadruple interface. The scattering theory is performed in a
one-dimensional geometry, varying the transparencies of the
barriers and the width of the superconductor. It is known to
reproduce the main qualitative features of realistic devices,
and allows one to account for any barrier transparency and
any distance d between the interfaces. It does not rely on
any expansion in the nonlocal scattering matrix elements (or
Green’s functions). This is especially important if noticing
that close to the gap edges, the relevant length scale for the
penetration of evanescent quasiparticles (thus for the Andreev
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reflection) diverges as &(w) = &/ Z—zz. The scattering

method only assumes a sharp variation of the order parameter
at the interface, which is strictly valid for contact sizes
smaller than &,. It should be modified to take into account
self-consistency if d ~ &, or to describe nonequilibrium
effects. One advantage of the scattering approach is the
precise bookkeeping of the scattering amplitudes associated
with the various (AR, CAR, EC) processes. This allows an
unambiguous diagnosis of Cooper pair splitting in either the
conductance or the noise, as obtained by simple expressions
of these scattering amplitudes.

If averaging independently the modes in the left and the
right regions N; ., no boosting of the CAR process is obtained.
Indeed, “reflectionless tunneling” is a quantum coherent
process which demands that the Andreev-reflected hole retrace
the path of the electron, by scattering on the same impurities.
On the contrary, with nonlocal Andreev reflection, the electron
and the transmitted hole sample different disorders and no
coherence is obtained. This result does not contradict Ref. 34
which states that the total crossed conductance is enhanced.
Again, the scattering technique allows one to track the different
contributions, and the zero-bias anomaly is here due to the
enhancement of the direct Andreev reflection, not to CAR.

Section II presents the model and Sec. III the scattering
theory of the N,N;SN,N, system. Section IV provides the
results obtained by averaging over channels in N; and N,, in
the spirit of Ref. 33.

II. THE MODEL

We study a one-dimensional model of a symmetrical three-
terminal normal metal-superconductor—-normal metal hybrid
structure depicted in Fig. 1. The central superconducting
electrode is grounded; the normal terminals are biased with
voltages V, and V,. The length R of the superconducting
electrode can be comparable to the superconducting coherence
length. The interfaces between the normal metal and the
superconducting electrodes are modeled by barriers with
transparencies Tj,s and 7,,. In both normal metal electrodes
there is an additional barrier at a distance L; (respectively L,)
from the normal metal superconductor interface with trans-
parency Ty, (respectively T,,,).

The system can be described by a 4 x 4 scattering matrix
sf‘.’g where Latin indices run over the normal electrodes a
and b and Greek indices over electrons e and holes h. The
scattering theory assumes that the superconductor is a reservoir
of Cooper pairs, so the structure is implicitly a three-terminal
one and the superconducting electrode is taken as grounded.
The transformation of quasiparticles into Cooper pairs is taken
into account by the correlation length & (w) which sets the scale

lnn rsn

FIG. 1. (Color online) Schematic of the model.
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of the damping of the electron and hole wave functions in the
superconductor.

The elements of the scattering matrix are evaluated from
the BTK approach® (see Appendix A). Here we do not use
the Andreev approximation valid in the limit of zero energy
where the electron and hole wave vectors are set to the Fermi
wavelength, but instead keep the full expressions for the wave
vectors. The calculation of the average current / and current
cross-correlations S rely on the formulas derived by Anantram
and Datta in Ref. 14:

Z Z Sgn(a)de zk‘saﬁ |Slk | ]fkﬁ(E)
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with Akyylg(iOt,E) = 81‘](8,'180,7,80(5 Sik Sil s sgn(a =e) =1,
sgn(e = h) = —1, and f;, the occupancy factors for the
electron and hole states in electrode i, given by the Fermi
function where the chemical potential are the applied voltages
Jie(E) = 1+exp( )] 0 O(—E+Vy), fin(E)=

[1+exp(E+V)] '—>9( E Vi).

In this one- drmensronal model, both current and noise
are highly sensitive to the distances L;, R, L, between the

sgn(a)sgn(p)
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barriers: They oscillate as a function of these distances with
a period equal to the Fermi wavelength A < L;,R,L,.In a
higher dimensional system with more than one transmission
mode, the oscillations in the different modes are independent
and are thus averaged out. Multidimensional behavior can
be simulated qualitatively with a one-dimensional system by
averaging all quantities over one oscillation period:

X(L;,R,L,)

1 [L+# R+%E L+2E
_ L i / ar / dr X(prly). ()
R

9 AP AP
F L= -7 iy

This procedure is appropriate to describe metallic systems.
These averaged quantities are studied in Sec. IV.

III. COMPONENTS OF THE DIFFERENTIAL
CONDUCTANCE AND THE DIFFERENTIAL
CURRENT CROSS-CORRELATIONS

An electron, arriving from one of the normal metal
reservoirs at the interface to the superconductor, can be (i)
reflected as an electron [normal reflection (NR)], (ii) reflected
as a hole [Andreev reflection (AR)], (iii) transmitted as an
electron [elastic cotunneling (EC)], or (iv) transmitted as a
hole [crossed Andreev reflection (CAR)], and similarly for
holes. The corresponding elements of the scattering matrix are
for NR Stas St Shiy sbh» AR: SZZ» St Shp Shys ECL 85, Sap
sbu’ Sbu ’ and CAR: S;Z’ ab’ SEZ’ Sba

The current in electrode N, given by Eq. (1) can naturally
be divided into AR, CAR, and EC contributions (the unitarity
of the scattering matrix has been used):

I, = % / dE{ [[sshED|” + [ste(B) T fue E) = fan(EN + [sE(E)LfaeCE) = foe(ED] + |SERCE)Lfon(E) = fun(E]
local Andreev reflection elastic cotunneling
+ |sg (E)| [fae(E) = fon(E)] + |S’”(E)| [foe(E) = fan(E)] } )

crossed Andreev reflection

In the following, we focus on (i) the differential conductance in the symmetrical case where V, =V, =

V and the current I, is

differentiated with respect to V, and (ii) the differential nonlocal conductance in the asymmetrical case where V, = 0 and the
current 1, is differentiated with respect to V. In the zero-temperature limit, only the nonlocal processes, CAR and EC, contribute

to the nonlocal conductance:

al,
aVy

V=0

2 2
=—%[|s “UelVi)|” + [st (—lel V)] + [|s:Z(—|e|vh>|2+|sj:,§(|e|vh>|2], )

elastic cotunneling

crossed Andreev reflection

while the symmetric case contains local Andreev reflection and crossed Andreev reflection:

al,
aVv

Va=Vp=V

2
=eh{[|s eV + [steel V)] + [[sei—lel V)| + | (~lelV)[*])

local Andreev reflection

2
+ Al + IS5 vOPT + [sehtevl + [sis—lel )]} O

crossed Andreev reflection
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Let us now perform a similar analysis for the current cross-correlations. We study only the zero-temperature limit, where
Jiy (E)[1 — fis(E)]is zero if k = [ and y = § and the current cross-correlations are

Sap(T =0) =
k,lefa,b} a,B,y,8€le,h}

Every summand in S, contains the product of four elements
of the scattering matrix. As pointed out in Refs. 36 and 37,
differently from the situation for the current, it is impossible to
combine those matrix elements to absolute squares. Let us now
sort out and classify the contributions of the noise as we did
above for the current. We find that no summand consists of only
one kind of elements of the scattering matrix. Every element
consists of two local elements (NR or AR) and two nonlocal
elements (CAR or EC) (see Appendix B). Either the two local
elements and the two nonlocal elements are identical, which
gives the components EC-NR, CAR-NR, EC-AR, CAR-AR, or
all four matrix elements belong to different categories and we
will call these summands MIXED. Sometimes, it is useful to
divide MIXED further as a function of its voltage dependence.
As the formulas for the current cross-correlations are lengthy,
they are relegated into Appendix B.

Examination of these expressions allows an interpretation
of the various components. First, EC-NR does not involve
any Andreev scattering and corresponds to quasiparticle
fluctuations across the double NSN barrier. Second, CAR-
NR involves two amplitudes for electron-hole scattering
across NSN (crossed Andreev) and two normal scattering
amplitudes. This process tracks fluctuations of the current
of split Cooper pairs emitted in or absorbed by S. Third,
EC-AR involves two local Andreev scattering amplitudes and
propagation of a pair of quasiparticles in S. It thus reflects the
fluctuations of pairs back and forth across the NSN double
interface. Fourth, CAR-AR involves two crossed Andreev
and two normal Andreev amplitudes. This process which
amounts to splitting two pairs from S is usually weak. Fifth,
mixed processes can be analyzed in the same fashion; they
involve a combination of split pair and quasiparticle crossing
fluctuations.

For the interpretation of current cross-correlations, the
global sign plays an important role. Later on, the differential
cross-correlation 9S,,/0V,, will be plotted. For positive
applied bias voltages, this quantity has the same sign as the cur-
rent cross-correlations. For negative applied voltages current,
cross-correlations and differential current cross-correlations
have opposite signs. To avoid confusion, we only show pictures
of the differential current cross-correlations calculated for
positive bias voltages (and thus negative energies E = —|e|V).
Due to the electron-hole symmetry of the model, differential
current cross-correlations calculated for negative bias voltages
are up to a global sign identical to the ones calculated
at positive bias voltage. For small bias voltages, current
cross-correlations depend linearly on voltage. Thus, current
cross-correlations and differential current cross-correlations
show the same qualitative behavior if studied as a func-
tion of the interface transparency or the distance between
barriers.

Z Y sen(@sgn(p) / dEsey '@ shshy fioy (E)1 = fis(E)]. )

In Ref. 24, we performed a similar analysis of current
cross-correlations in terms of Green’s functions for a NSN
structure. For the relations between these two classifications
see Appendix C. Bignon et al.'! have studied current cross-
correlations in the tunneling limit. They find that noise mea-
surements in the tunneling limit can give access to the CAR and
EC contribution of the current. We have just seen that at least
two processes are involved in every component of noise, but the
contributions of noise they calculate fall into the categories EC-
NR and CAR-NR. In the tunneling limit, the NR contribution
is very close to 1; therefore what remains is very similar to
the current contributions. In what follows, more generally, the
CAR-NR component provides the diagnosis of Cooper pair
splitting.

IV. RESULTS

A. Positive cross-correlations without CAR

If a CAR process is interpreted as the splitting of a
Cooper pair into two electrons leaving the superconductor in
different electrodes, positive cross-correlations are its logical
consequence. However, the CAR process is not the only one
which can lead to positive cross-correlations. Let us investigate
in more detail the influence of the different processes on
the current cross-correlations in a NSN-system, i.e., in a
system without the additional barriers in the normal conducting
electrodes.

The black line in Fig. 2 shows the averaged differential
current cross-correlations for symmetric bias (V =V, = V).
The total current cross-correlations have already been pub-
lished in Ref. 24, but here, Fig. 2 shows in addition the different
parts which contribute to the total current cross-correlations.
The total cross-correlations are positive for high interface

m/\
\i_/ ’ :
N EC- AR
3= --- CAR-NR
=025 | MIXED -
— total
70.5 1 1 n 1 1 1
0 0.25 0.5 0.75 1
Tins = Trsn

FIG. 2. (Color online) Averaged differential current cross-
correlations for a symmetrical biased (V =V, =V, < A/|e|) NSN
system as a function of the transparency of the interfaces 7j,,; = T,
The positive cross-correlations at high interface transparency are due
to the EC-AR process, represented by a dotted line.
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transparencies and for low interface transparencies. As we
have already argued in Ref. 24, the positive cross-correlations
at high interface transparencies are not due to CAR; only
processes which conserve momentum can occur, since there
are no barriers which can absorb momentum. CAR processes
do not conserve momentum; if, e.g., an electron arrives
from the left-hand side carrying momentum kg, the hole
that leaves at the right-hand side carries momentum —kp.
As the cross-correlations do not tend to zero even for very
high transparencies, they cannot be due do CAR. Indeed, if
we plot the different components of the noise introduced in
the last section separately, we see that the positive current
cross-correlations at high interface transparencies have a
different origin: a large positive EC-AR contribution, thus
correlated pair fluctuations without pair splitting. But positive
current cross-correlations at low interface transparencies are
a consequence of a large CAR-NR component and therefore a
consequence of CAR processes.

We can put the contributions to the current cross-
correlations into two categories with respect to their sign,
which is independent of the interface transparency. EC-NR,
CAR-AR, MIXED2, and MIXED4 carry a negative sign;
CAR-NR, EC-AR, MIXEDI, and MIXED3 carry a positive
sign. The current can either be carried by electrons /¢ or by
holes I"*. The sign of the different contributions to the current
cross-correlations depends on whether only currents of the
same carrier type are correlated'* ((ATATS) + (ATMATP) +
a <> b), which is the case for EC-NR, CAR-AR, MIXED?2,
and MIXED4 and leads to a negative sign, or whether electron
currents are correlated with hole currents ((Af;AIZ’) +
(ATl ALf) + a <> b), which is the case for CAR-NR, EC-AR,
MIXED1, and MIXED3 and leads to a positive sign. In purely
normal conducting systems, the electron and hole currents
are uncorrelated; only correlations of the same carrier type
contribute to the current cross-correlation and lead to a negative
sign. The sign of the total current cross-correlations is a
consequence of the relative strength of the different parts of
the current cross-correlations, which depends on the interface
transparency.

B. Multiple barriers

In the last paragraph, we showed that positive cross-
correlations due to CAR can only be found in the tunneling
regime, where the signals are quite weak. The conductance
over an NS-tunnel junction can be amplified for a “dirty”
normal conductor containing a large number of nonmagnetic
impurities, where transport is diffusive, by an effect called
reflectionless tunneling,®'-* yielding an excess of conductance
at low energy. It is thus natural to ask whether a similar effect
could also enhance conductance and current cross-correlations
in a three-terminal NSN structure. To answer this question
within the scattering approach, we use the model of Melsen
and Beenakker® where the disordered normal conductor is
replaced by a normal conductor with an additional tunnel
barrier leading to an NNS structure. Duhot and Mgélin®!
have studied the influence of additional barriers on the
nonlocal conductance in three-terminal NSN structures. They
indeed find that two symmetric additional barriers enhance
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FIG. 3. (Color online) Averaged differential conductance in the
limit of zero energy in (a) the symmetrical bias situation V, = V,, <
A/le| and (b) in the asymmetrical case V, =0, V, < A/|e| for a
superconducting electrode much shorter than the coherence length
(R = 0.25¢) as a function of the transparencies of the additional
barriers 7j,, = T,,,. The barriers next to the superconductor are in
the tunnel regime (7},; = T, = 0.01).

the nonlocal conductance. A similar result is obtained by
quasiclassical methods in Ref. 34.

First, let us get a deeper understanding of the result of
Ref. 21 by calculating the AR, CAR, and EC components of the
current separately. Afterwards, we will study the influence of
additional barriers on the current cross-correlations. Figure 3
shows the averaged conductance in the symmetrical bias
situation V, = V;, <« A/l|e| and in the asymmetrical voltage
case V, =0, V, < A/le| for a superconducting electrode
much shorter than the coherence length (R = 0.25£). The sum
of the AR, CAR, and EC components, traced in black, features
in both cases an extremum. Yet, examining at the behavior
of these components, we see that they arise from different
mechanisms. Let us first have a look at the symmetrically
biased case. Without the additional barriers, i.e., in the limit
Tiwn = Ty — 1, the contributions of AR and CAR are similar
in magnitude. The EC component is completely suppressed,
since it is proportional to the difference of the applied voltages.
The introduction of two additional barriers increases the AR
component up to a factor 30. The shape of the curves is
similar to the one of the NNS structure derived analytically
by Melsen and Beenakker,*® which can be exactly recovered
by increasing the length of the superconducting electrode far
beyond the coherence length. However, the CAR curve stays
almost constant over a wide range of values of barrier strength
of the additional barriers, and it eventually vanishes when the
transparencies go to zero.
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FIG. 4. (Color online) Total averaged differential conductance,
as in Fig. 3, but at different energies.

In the asymmetrical voltage case V, = 0, the AR compo-
nent is zero as it is proportional to the local voltage V,. Like
in the first case, the additional barriers have little influence
on the CAR component, except for the fact that it obviously
tends to zero for vanishing transparency. Over a wide range
of barrier strength values, lowest order tunneling prevails, and
the EC component is identical in amplitude, but opposite in
sign to the CAR component.7 For small 7;,,,, = T,,, values the
EC component displays a small extremum, but it is much less
pronounced than the maximum of the AR component of the
first case. The CAR component, on the other hand, does not
show any extremum.

In the limit 7j,, = T,,, — 1, the EC component tends
more slowly to zero than the CAR component which as
a consequence yields a maximum in the absolute value
of the total conductance, dominated by EC. The fact that
the conductance maxima in the symmetrical bias case and
in the asymmetrical bias case have different origins can
also be illustrated by studying their energy dependence,
depicted in Fig. 4: The enhancement of the AR component
of the conductance in the symmetrical biased case disappears
completely with increasing bias voltage, as expected for a
zero-bias anomaly. On the contrary, the extremum of the
conductance in the asymmetrical biased case decreases slightly
with increasing bias voltage, but only up to a certain voltage
value, then it saturates.

Why is the AR component enhanced by the additional
barriers, but not the EC or CAR components? Reflectionless
tunneling occurs because the electrons and holes resonate
inside the double barrier and have therefore a higher prob-
ability to enter the superconductor at low energy, despite
phase averaging. In the AR case the incoming electron and
the leaving hole may encounter the same scattering path. On
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FIG. 5. (Color online) Effect of correlated averaging in the
asymmetrical case with coupled integrals 7j,, = T, = 0.01,
R = 0.25&: Now, also the EC and the CAR components are enhanced
by reflectionless tunneling.

the contrary in the EC and CAR processes, the incoming
particle and the leaving particle encounter different scattering
path. The energy dependence of the conductance enhancement
of the AR component is consistent with reflectionless tunneling
which occurs at low bias voltage. At higher bias voltage,
electrons and holes have different wave vectors and the
reflectionless tunneling peak disappears. The integrals over
the phases between the additional barriers on the left- and on
the right-hand side have, of course, been taken independently.
There is no reason to think that the channel mixing, which is
emulated by the integrals, on the left- and on the right-hand
side are coupled. To verify this scenario, let us couple the
two integrals in an gedanken experiment. We set the distance
L; between the two left-hand side barriers to be equal to
the distance L, between the two right-hand side barriers and
perform only one integral over L = L; = L,. The result is
shown in Fig. 5. Now, the CAR and the EC components are
also enhanced by a large factor. Yet, the increase of the EC
component is larger than the one of the CAR component,
and EC still dominates the nonlocal conductance, like for a
transparent NSN structure.

To sum up the above analysis of the conductance enhance-
ment by disorder, we showed that the crossed processes CAR
and EC cannot be amplified but by an unrealistic correlation
between disorder on the two sides of the NSN structure.
Comparing qualitatively with the different approach of Ref. 34,
we also find an enhancement of the crossed conductance
[Fig. 3(b)], which is not due to any marked maximum in
CAR or EC components. Having the sign of EC, it cannot
be interpreted in terms of enhanced Cooper pair splitting.

Let us turn back to independent averaging and consider the
current cross-correlations. The results are shown in Fig. 6. In
the symmetrical bias case, similarly to Fig. 3(a), the additional
barriers do not lead to an enhancement of the signal. The noise
is dominated by the CAR-NR component, featuring Cooper
pair splitting and, as we have seen above, CAR is not influenced
by reflectionless tunneling. The EC-AR component, on the
other hand, is amplified by the additional barriers, because the
AR amplitude describing a local process is amplified. This
leads to a small shoulder in the total cross-correlations. But
since we are in the tunnel regime and the leading order of
CAR-NR is T? while the leading order of EC-AR is T*, the
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FIG. 6. (Color online) Averaged differential current cross-
correlations in (a) the symmetrical bias situation V, =V, < A/|e|
and (b) the asymmetrical bias case V, =0, V, < A/le| for
a superconducting electrode shorter than the coherence length
(R = 0.25¢) as a function of the transparencies of the additional
barriers 7j,, = T,,,. The barriers next to the superconductor are in
the tunnel regime (7},; = T,,, = 0.01).

influence of the EC-AR-component is too small to lead to a
global maximum.

In the asymmetrical bias case V, =0,V, < A/|e|, on
the other hand, the additional barriers weakly enhance the
signal. But the cross-correlations are dominated by EC-NR
and are therefore negative, and they do not feature Cooper
pair splitting. In conclusion, in a phase-averaged system,
additional barriers only enhance the AR-component, a local
process. It cannot help to amplify nonlocal signals. Again,
positive cross-correlations signaling Cooper pair splitting are
only encountered in the tunneling regime. This conclusion is
contrary to the interpretation of the quasiclassical theory given
in Ref. 30.

V. CONCLUSION

We have found that at high transparency, crossed processes
are dominated by electron transmission and that positive cross-
correlations in this range of interface transparency are not due
to Cooper pair splitting. Instead, for symmetrical voltages, they
originate from correlated fluctuations of Cooper pairs from
the superconductor to both metallic contacts and vice versa.
Cooper pair splitting in the tunnel regime cannot be enhanced
with additional barriers by a process similar to reflectionless
tunneling, if an average (here, over the interbarrier lengths)
has to be performed, mimicking disorder landscapes which
are uncorrelated on the two sides of the set-up. In analogy, one
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expects that the same conclusion holds if one uses diffusive
normal metals. These conclusions are important for settling fu-
ture experimental programs. Positive cross-correlations might
well be observed at high transparency, but they are not a
signature of Cooper pair splitting. They are not related to
spatially separated spin-entangled pairs. Conductance and
cross-correlation measurements with controlled and tunable
interface transparencies would be very useful, and may be
attempted for instance in carbon nanotubes junctions. Finally,
a crossover to negative current cross-correlations for a highly
transparent NSN junction biased above the gap is expected. Its
theoretical description is more involved, because it requires
taking nonequilibrium effects such as charge imbalance$*
into account. A starting point for those calculations can be
found in Ref. 41.

ACKNOWLEDGMENTS

The authors have benefited from several fruitful discussions
with B. Doucot. Part of this work was supported by ANR
Project “Elec-EPR.”

APPENDIX A: DETAILS OF THE
SCATTERING APPROACH

The elements sf’jﬁ of the scattering matrix are calculated
within the BTK approach:*> Two-component wave functions,
where the upper component describes electrons and the lower
components holes, are matched at the interfaces and the
coefficients of the resulting system of equations give the
elements of the scattering matrix.

In the normal conductors the wave functions are plane
waves with wave vectors close to the Fermi wave vec-
tor hkr = /2mu. The wave vector for electrons reads
hg™ = 2m/iu ¥ E, the one for holeshigt = /2m/iu — E.
In the superconductor, the wave function has to obey
the Bogoliubov—de Gennes equation, where the supercon-
ducting gap is supposed to be a positive constant in-
side the superconductor and zero outside of it. This is
achieved by modifying the amplitudes of the wave func-
tion in the superconductor with the coherence factors ug
and vg, which read for energies smaller than the gap
(E < A)

L A2 _ 2
Ug = —= _—,
E
V2 (A1)
1 ivA?2— E?
VE = —= 1— ,

and by using for quasiparticles proportional to (‘u‘g) the

wave vector ikt = «/2my/pu + i~/ A% — E? and for quasi-

particles proportional to (x ) the wave vector hk™ =

V2my/ o — i/ A2 — E2,
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For example, the wave functions for an electron incoming from electrode N, take the form

YN, (x) = (é)(le’q ¥ seeeTi1Y) 4 (?)(shee’q Y4 0e7'Y), (A2)

Yy, (x) = (é)(qe"f" + cpe 11O Loy (?)(ge“f" + cye 0 Gy (A3)

l,lfs(X) < )(C etk (x— L,)+C e —ikt(x—L;— R))+ (ME)(C7eik_(xL, +Cseik'(x7L17R))’ (A4)

WN (X) < )(C etq*(x L,— R)+Cl()e iq T(x—L,—R— L))+ <?)(clleiq(xL1R)+Clzeiq(xL1RL,))’ (AS)
wa(x) — <O>(s;:sgiq+(xL1RLr) + 067[q+(x7L17R7L,)) + <(1))(Oeiq(XL,R) + SZ:;’efiq*(folfRfLr)) (A6)

in the sections N, Nj, S, N,, and N, respectively (see Fig. 1), and give access to the scattering matrix elements s;°7, s[’j ’, sll,’j,

and s,w. The remaining elements of the scattering matrix can be obtained from the other possible scattering processes, i.e., a hole
incoming from electrode N, an electron/hole incoming from electrode Nj,.

The interfaces are modeled by § potentials V(x) = Zhvpd(x), where the BTK parameter Z is connected to the interface
transparency T by T = (1 + Z?)~!. The elements of the scattering matrix can be determined and the constants c; eliminated
using the continuity of the wave functions at the interfaces [y, (0) = ¥y,(0), etc.] and the boundary condition for the derivatives
[Vy,(0) — ¥y (0) = Zhvr,(0), etc.] at every interface.

In simple cases, i.e., for only two or three sections and in the limit of zero energy, the system of equations giving the scattering
matrix elements can be solved analytically (see Ref. 24), but in the present case of five sections the expressions become so
unhandy that the equations are solved numerically.

APPENDIX B: COMPONENTS OF CURRENT CROSS-CORRELATIONS

Components of the current cross-correlations:

ab(T =0, Va, Vh)

2e

== | dE
x (290[sessgesecl sl 0xel Ve — E) — 20(le| Vi — EY(lel Vi — E) + 6(le|Vy — E)] } EC-NR
F2R[s st i s 0(—lel Ve — E) — 26(—|e|V, — E)o(—le|Vy, — E) + 6(—le| Vs — E)]
+ 20 [shslisaa sy |[=6(—lelVa — E) + 26(—le| Vi — E)9(le|Vy — E) = 8(je|V, — E)] } CAR-NR
+2R[schshiesial sy J1=0el Vi — E) + 20| Va — EY(—le]Vy — E) = 6(~le|V; — E)]
+ 20 [slpspesiy she [1=0(elVa = E) +26(e|Va = E)O(—el Vy = E) = 0(—le|V; — E)] } EC-AR
2R [sessa s |[—0(—le|Va — E) +20(—le|V, — E)o(le|Vy, — E) — 0(le|V, — E)]
+2R[shese sue sy |16(lel Vo — E) — 26(le| V, — E)o(le|V, — E) + 6(le|V, — E)] } CAR-AR
+20[sihstista'spy 10(—1elVa = E) = 20(=le|Va = EY(~le|Vy = E) + 6(—le|Vy = E)]

+2R[schshsy sea + stschsay sy |[=0(~le|Va — E) +20(~le|Va — E)o(~le|Vs — E) — 6(~|e| Vi, — E)]}MIXEDl
2 [seesteseal syt + sgeshessstsael |[=0(lelVy — E) +20(e| V. — E)0(le| Vi, — E) — 6(le|Vy — E)]
1 29[ seesehgectgeht o ghhghe hht cheilig o1y By —20(—le|V, — E)O(le|Vy — E) + 0(le|V, — E)]

[ab SbaSbb ba Sab bb ( | | ) ( | l )(l | b ) (| | b ) MIXED?2

+ 295 ;/,;s;;s;g's;gf +shlistesy s |[0(el Ve — E) — 26(le| Va — E)O(—le|Vy — E) + 8(—le|V, — E)]
[[—6(le|V. — E) +20(le|Vu — E)o(—|e|V, — E) — 6(—|e|V, — E)]}MIXED3a

+ 2R [t 55 Sha Sae! + SeeShaSh Se
+ 2 [sehsteste st + shtseste i |1-0(lel Vi — E) +20(le| Vi — E)(~lel Vi — E) — 0(~le| Vs — E)]}MIXED3b
+ 2R [sehspeseclsstT 4 sphsheshhis M [6(le| Vi, — E) — 26(Je| Vi — E)(—le|V, — E) + 6(—le|V, — E)]}MIXED4a

aaSbaSaa Sba
F2R[sseschspe soy + schstesshe 0(e|Vy — E) — 26(le| Vi, — E)O(—le| Vi, — E) 4 6(—le|V, — E)]) MIXED4b

SabSabSeb Sab T SabSbbSbb Sab
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Differential current cross-correlations in the nonlocal conductance setup:
dSab(T =0, Vo= 0, Vb)

v,
lef?

sgn(Vy)
< (2R[ssslel Vs (el Vi)seel (el Viste (11 Vi)] + 2R[s™ (— el Vi)sihi(—le| Vi)t T (—lel Vi)spy | (—le| Vi) | JEC-NR
—2R[s¢"(lel Vi)sle (el Vi) (el Vi)spy! (|e|vb>]—2<n[ " (—lel Vi)spe(—lel Vi)sesl (—lel Vi)spy (—le| Vi) JCAR-NR

—2R[s55 (el Vi)st (el Vi)se T (lel Vi)spy (el Vi)] — 2R [s™ (el Vi)sgs(—lel Vi)sn (—lel Vi)shet (—le| V)] JEC-AR
+29[spe(lel Vo)sls (lel Vi)stel(lel Vidsyy (el Vi)] + 298 [sch(—lel Vi)sti(—lel Vi)set(—le| Vi)spy (—le|Vp)]JCAR-AR

—20[s¢ <|e|vb>s,f<|e|vb>s“*<|e|vb>sb"f(|e|vb>+s;;<|e|vb)s 2 (el Vy)sgy (lel Vi)stet(le] V)] MIXED!
—2R[sch(—lel Vst (—lelVi)syy (= 1elVi)seh (—lel Vi) + st (—lel Vi)sgh (—lel Vi)t T (— e Vi)sgy (—lel V)]
+2%Rs e”(|e|vb>s,§f(|e|vb>s“T (lelVa)syy (el Vi) + st (lel Vi)spe (el Vidspn (el Va)stet(le V)] MIXEDD
+2R[sce(—lel Va)sit (—lelVi)sgy (—lel Vi)setT(—lel Vy) + sii(— el Vi)sle(—lel Vi)sitt (el Vi)sps (—lelVi)]
—2R[sh(lel Vi)si (lel Vi)sts (el Vismy (el Vp) + s (lel Vi)sse(lel Vidsts (lel Va)sgy (el V)] MIXED3b
—29[sE (— el Vi)si (—lel Vi sty (—lel Vi)sy (—lel Vi) + st (—lel Va)sga(—lel Vi)shs (— el Vi)sgy (~lelVi)]
+20R[ss (el Vi)ser(lel Vadsys (el Visey (el Vi) + seallel Vi)sts(lel Vi)spy, (el Va)sty (le] V)] MIXED4b
2R [sce(—lel Vi)scr(—lel Vi)sgy (—lel Vi)sey (—lelVy) + sch(—lel Vi)sts (—lel Vi)spy (—lel Va)sty (—lelVy)])
Differential current cross-correlations in the symmetrical setup:
dSup(T =0,V, + V.V, = V)
dv
—'—Psgn<|e|V>
h
x (=28 [sfa el VIsis el Vst (e Vs (el V) + siiel Vspilel Vsge (el Visgy (el V)] CARNR
—2R[s5h(—le|V)sLs(—lel Vst (—[e]V)spy (—lel V) + sen(—leV)spe(—lel V)scel (— el V)spy (—le] V)]
—2N|s (|e|V)s“(|e|V)SZZT(|6|V)sheT(|e|V)+s (|e|V)s (|e|V)s6h'(|e|V)sbeT(|e|V)] EC.AR
—29R[s2 (—lelV)sie(—lelVspy (—[elV)ste (= (el V) + o (—[el Vst (= el V)seht (—le| Vs (—le| V)]
+20sg <|e|V)s;2<|e|V)s;f'<|e|V>s;2T<|e|V)+shh<|e|V>s £(el Vst (e V)sgy (el V)]
+2R[s5 (—lel V)sgh(—lelV)sgy (—lel VISt (=1el V) + st (= el V)sle(—lel Vst (— e V)syy (=lelV)] MIXED2
+20R[sh (el Vsgellel VIsee (el V)sgy (el V) + st (el V)ste(lel Vs, (el V)siet(lel V)]
F2R[sh(—lelV)sse(—lelV)ses (—lelV)sgy (=lelV) + st (=lel V)ste(=lelVspy (—lel Vst (= [e| V)]
—29[s (le|V)sie(lel V)sga (el V)siet(lel V) + s (el Vst (el Vsye (JelVIsett (el V)] MIXED34
—2R[sM(—le|V)sgi(—lel V)sga (—[el Vst (= el V) + s&e (el Vst (= eV )spe (—le| V)seti(—le] V)]
—29[sch (el V)stelelVIses (el V)spy (el V) + si (el V)ss(lel V)sa (lelVsgy (le V)] MIXED3b
—20[sEh(—lel V)spe(—lelV)sgs (—lelV sy (—lelV) + si(—le|V)sis(—lelV)sis (—lelV)sgy (=lel V)]
+2R[seh (el V)sgellelVIsce (el V)sga (el V) + st (el V)sie(lel Vst (el V)spe (el V)] MIXEDAa
F2R[sEE (el V)sse(—lelVIses (—lel Vs (=1elV) + st (—lel V)ste(—[e| Vst (— e Vs (= le|V)]
+20R[s5 (el V)serlelV)sgy (el V)sey (el V) + sen(lel Vst (el V)syy (el Vst (Je] V)] }MIXED4b
+2R[s5 (—lel V)sea(—lelV)sgy (—lelV)siy (—lelV) + seh(—lelV)sps (—lel V)spy (—lelV)sys (—lelV)])
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APPENDIX C: RELATIONS BETWEEN THE NOISE
CLASSIFICATION IN THE BTK AND IN THE GREEN’S
FUNCTIONS APPROACHES

The elements of the scattering-matrix are connected to the
retarded Green’s functions of the tight-binding model studied
in Ref. 24 via

sif =18y + 2wt/ 0f L GE g (a1

where 1; is the transmission coefficient of the barrier i, pf* the
density of electron or hole states of electrode i, and Gf}a 8 the
Green’s function connecting the first site in the superconductor
next to the electrode j to the first site in the superconductor
next to the electrode i. Table I shows the correspondences
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TABLE I. Correspondences between the categories in the lan-
guage of Green’s functions from Ref. 24 and in the language of
scattering matrix elements.

Scattering matrix Green’s function

classification classification
CAR-NR CAR
EC-AR AR-AR
MIXEDI1, MIXED2 PRIME
EC-NR EC
CAR-AR AR-AR
MIXED3, MIXED4 MIXED

between the categories in the language of Green’s functions
and in the language of scattering matrix elements.
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