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Plasmon anomaly in the dynamical optical conductivity of graphene
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We theoretically consider the effect of plasmon collective modes on the frequency-dependent conductivity
of graphene in the presence of the random static potential of charged impurities. We develop an equation of
motion approach suitable for the relativistic Dirac electrons in graphene that allows analytical high-frequency
asymptotic solution (wt >> 1 where t is the scattering time) in the presence of both disorder and interaction.
We show that the presence of the gapless plasmon pole (in graphene the plasmon frequency vanishes at long
wavelengths as the square root of wave number) in the inverse dynamical dielectric function of graphene gives
rise to a strong variation with frequency of the screening effect of the relativistic electron gas in graphene on the
potential of charged impurities. The resulting frequency-dependent impurity scattering rate gives rise to a broad
peak in the frequency-dependent graphene optical conductivity with the amplitude and the position of the peak
being sensitive to the detailed characteristics of disorder and interaction in the system. This sample-dependent
(i.e., disorder, electron density, and interaction strength) redistribution of the spectral weight in the frequency-
dependent graphene conductivity may have already been experimentally observed in optical measurements.
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I. INTRODUCTION

Electronic transport and electrical conductivity of graphene
is a subject! of great current interest in both fundamental
physics and in applied physics and engineering. Recently,
optical conductivity measurements have been used to identify
the effects of electron-electron interactions of relativistic Dirac
electrons,?? which have attracted a great deal of interest. In
particular, the linear band dispersion as well as its gapless
chiral two-dimensional (2D) nature make graphene a unique
laboratory system for studying electron-electron interaction ef-
fects and their interplay with disorder since the lack of Galilean
invariance associated with the nonclassical linear band dis-
persion leads to qualitative and quantitative phenomena not
present in regular parabolic band metals and semiconductors.
For example, graphene violates the well-known Kohn’s theo-
rem, and both cyclotron resonance and optical conductivity are
directly affected by electron-electron interaction effects in con-
trast to the corresponding parabolic band systems. In the con-
text of engineering applications, strong broadband absorption
and high tunability make monolayer graphene uniquely suited
for a wide range of optoelectronic and plasmonic devices.*
These prospects have motivated numerous measurements of
the optical conductivity of monolayer graphene in the wide
frequency range from the far infrared to the ultraviolet.>"'> A
detailed understanding of the optical properties of monolayer
graphene is required for the progress in both of these directions.
In this paper we consider only monolayer graphene within
the effective linear gapless Dirac band model, and graphene
in this article refers exclusively to monolayer graphene. Our
goal here is to theoretically study the effects of electronic
collective modes on the graphene dynamical conductivity
treating disorder and interaction on the same footing.

A. Experimental motivation

The optical conductivity of undoped graphene is dominated
by interband processes (arising from the particle-hole excita-
tions from the filled valence band to the empty conduction
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band) in the gapless Dirac spectrum. In the noninteracting
case this gives rise to a universal frequency-independent
value of the conductivity that can be expressed in terms of
fundamental constants, a prediction'>!# remarkably confirmed
by the measurements,!!"!> establishing the basic gapless chiral
massless Dirac band dispersion of graphene to be valid. At
finite doping the interband processes are strongly suppressed
by Pauli blocking in the partially filled conduction band
(assuming positive Fermi level Er > 0, but obviously the
same physics also applies for the hole-doped system) whereas
the universal value of the conductivity is reached at higher
frequencies fiw 2 2EF where Pauli blocking effects become
small, and the interband transitions again dominate the optical
conductivity. The partially filled conduction band gives rise to
the intraband response reflected in the Drude peak at w ~ 0 in
the optical conductivity. In graphene electron-electron interac-
tions are expected to give rise to relatively small yet observable
corrections to the optical conductivity via the many-body
renormalization of the electron spectrum and the excitonic
effects near the absorption threshold iw = 2Er.'* An im-
portant difference between graphene and ordinary parabolic
band semiconductor systems in this context is that the linearly
dispersing graphene electron and hole bands violate the usual
Galilean invariance dominating the long-wavelength optical
response of the semiconductor systems where the electron-
electron interaction, being a property of the relative coordi-
nates of the individual electrons themselves, does not affect the
long-wavelength translationally invariant optical conductivity
of the system since the latter is a specific property of the
center of mass coordinates coupling to the external light in the
long-wavelength limit. The long-wavelength optical properties
in graphene, however, are explicitly affected by the interaction
effects since graphene obeys Lorentz invariance, which does
not enable the usual separation of the system Hamiltonian into
the center of mass and relative coordinates components.

In particular, the Drude weight in graphene has been
predicted to be renormalized by the interaction effects.'®
Experimentally this effect is demonstrated by analyzing
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the parameters of the Drude peak. The latter is routinely
phenomenologically fitted by a two-parameter Lorentzian
o =iD/[n(w+i/7)] characterized by a width 1/t due to
the disorder scattering and the Drude weight D.>3 The
latter has shown discrepancy with the free-electron value
D = (ve® /h)/mp suggestive of electron-electron interactions
playing a role. Here v is the slope of the linear dispersion
in graphene (i.e., the so-called graphene velocity) and p is
the electron density. On the other hand, the data reported in
Ref. 17 suggest a non-Lorentzian shape of the Drude peak in
graphene possibly reflecting a frequency-dependent relaxation
rate 1/7(w) or the presence of other nonuniversal background
at wt 2 1. More recently, additional measurements of the
plasmon decay,'®!” directly related to the optical conductivity,
confirmed the discrepancies with the simple Lorentzian fits.
The questions of the origin of the non-Lorentzian shape of the
Drude peak and the actual value of the Drude weight extracted
from the Drude response remain open.

B. Theoretical motivation

Several theoretical models of the optical response of
graphene have been put forward that include the effects of
disorder, 32921 the band structure corrections due to the next-
nearest neighbor hopping in the tight binding description,??
excitonic effects near fiw ~ 2Er,*>** effects of phonons>3—30
relevant at high temperatures, plasmaron effects’! near the
Dirac point, the effect of strain,3? and the spectrum renormal-
ization effects of electron-electron interactions.?*3?

An effect omitted so far in the literature is the frequency
dependence of the Lorentz invariant screening effect of the
graphene relativistic electron gas. Formally, the dynamical
screening of an electron gas is characterized by the in-
verse of the dynamical dielectric function, 1/¢(q,w). The
presence of a plasmon pole in the dynamical dielectric
function, Im[1/e(g,w)] ~ 6(w — wpi(g)), results in the fail-
ure of the screening at the plasmon frequency o ~ wyi(q)
and therefore gives rise to an enhancement of the disorder
scattering rate. As a result, the gapless plasmon dispersion
wpi(q) (i.e., the plasma frequency going as the square root of
the wave number at long wavelength) in the 2D electron gas
(2DEG) gives rise to a strong frequency dependence of the
scattering rate due to charged impurities.>*>’

Despite the conceptual simplicity, a formal calculation of
the frequency-dependent scattering rate in the electron gas
in the presence of disorder and interaction is not straightfor-
ward. The standard method is to construct a diagrammatic
perturbation theory for the current-current correlator relying
on the metallic expansion parameter Ept > h characterizing
the disorder strength and then employing some sort of
approximation scheme for the electron-electron interactions.
Such a construction, however, requires the inclusion of an
infinite series of diagrams. The summation of the infinite series
results in an integral Bethe-Salpeter equation for the vertex
function, which is difficult and cumbersome to solve in the
presence of both disorder and interaction even for the simplest
approximation schemes.

In the case of the 2DEG with the parabolic dispersion the
problem was successfully solved with a lot of work using the
so-called memory function approach.?* This solution relied on

PHYSICAL REVIEW B 88, 085403 (2013)

a substantial simplification that is possible in the parabolic case
due to the separation between the slow dynamics of the center
of mass of the electron gas and the relative motion of electrons.
As a result the dynamics of the 2DEG is described by an ef-
fective quantum Langevin equation for a macroscopic particle
with a large mass (the mass of the electron gas) subject to a ran-
dom force due to the disorder potential.*® In this case the force-
force correlator determines the response of the 2DEG to the ex-
ternal field. Electron-electron interactions enter the force-force
correlator in a particularly simple way, only via the polarization
operator, which greatly simplifies the calculation.**

In graphene the situation is more challenging. Due to the
broken Galilean invariance the dynamics of the center of
mass of the electron gas is coupled to the pseudospin degree
of freedom.'®* This is reflected in the violation of Kohn’s
theorem in graphene. Therefore one has to take great care
when applying the quantum Langevin equation approach to
graphene. In particular, in the presence of electron-electron
interactions the force-force correlator does not have the simple
form of the parabolic case. Therefore the Langevin equation
does not readily provide any advantage over the standard
Bethe-Salpeter equation.

The situation is greatly simplified in the high-frequency
regime wt > 1 where the summation of the infinite series of
diagrams in powers of the disorder potential is not required.
In this paper we adopt for the case of the Dirac electrons
in graphene an equation of motion framework, developed in
Refs. 40 and 41, which is suitable for the high-frequency
regime. This approach is somewhat similar to the derivation
of the quantum kinetic equation,”’4244 however, here we
will employ an equal time correlator, the density matrix, as
opposed to the quasiclassical Green’s function used in the
former approach.

C. Summary of the calculation and results

In this paper we develop an equation of motion approach in
order to calculate the high-frequency asymptotic, 1 /(wt) < 1,
(accessible in current experiments*) of the optical conductiv-
ity of graphene in the presence of electron-electron interactions
and charged impurities. Interaction effects are included in the
self-consistent mean-field approximation, which is equivalent
to the random phase approximation (RPA) of the diagrammatic
perturbation theory.

We find an enhancement of the disorder scattering rate
at finite frequencies due to the presence of the graphene
plasmon excitation in the spectrum. We make a quantitative
prediction for the frequency-dependent correction to the
optical conductivity of graphene due to the plasmon anomaly
in the perturbative regime, 71 /7 < hw <« Ep. In the following
we use two frequency-dependent expansion parameters, 0T >
1 and hw/Efr < 1. The former will be referred to as the
high-frequency asymptotic and the regime wt < 1 will be
referred to as low-frequency regime. We also discuss the
extension of our results beyond this frequency range. The
plasmon enhanced scattering gives rise to a broad peak in
the frequency-dependent conductivity given by,

Re o ho \’ [ ho :
co CI))O( <E) exp <E) .
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The dimensionless coefficient ¢ = v/« /(krd), depends on the
Fermi wave vector kr and for typical values of parameters
can be small ¢ < 1. Here d is the effective separation of the
charged impurities from the graphene plane, and « = ¢?/(k vi)
is the dimensionless interaction strength (i.e., the so-called
graphene fine structure constant) and « is the effective
dielectric constant. The rapid increase of the scattering rate
at hiw 2 cEp is limited by the flattening of the Coulomb
potential of the impurities at the length scale d. Both the
location /iw*/Er = +/3/2c¢ and the magnitude Re o(w*) of
the peak are sensitive to the characteristics of disorder and the
Fermi level Ef in the system. Therefore the effect is expected
to be strongly sample dependent (i.e., impurity distribution,
carrier density, and interaction strength).

We use our perturbative high-frequency results to make
a qualitative prediction for the frequency-dependent optical
conductivity at low frequencies wt < 1. We find that in this
regime the plasmon induced frequency-dependent scattering
rate leads to a redistribution of the spectral weight in the optical
conductivity, which may be substantial in the low-density
regime in strongly disordered samples. The redistribution of
the spectral weight results in the non-Lorentzian shape of the
Drude peak, which has to be accounted for when extracting
various system parameters from measurements of the Drude
response.

The paper is organized as follows. In Sec. II we discuss
the low-energy Hamiltonian of monolayer graphene and the
model of Coulomb disorder arising from charged defects.
An equation of motion is derived in Sec. III and solved
in Sec. IV and details given in Appendix B. The plasmon
propagator is introduced in Sec. V. Asymptotic solutions of
the equation of motion presented in Sec. VI are used to obtain
quantitative predictions for the optical conductivity in Sec. VII.
We conclude in Sec. VIII. Appendix A contains a description
of the formal theory of the low-energy excitations in graphene
that includes a band cutoff and Appendix B gives some details
of the derivation for the results in Secs. IV and VI.

II. MODEL SETUP

The unit cell of the hexagonal lattice of monolayer graphene
contains two chemically equivalent carbon atoms (labeled A
and B). The resulting degeneracy ensures the crossing of the
conduction and valence bands at the corners of the hexagonal
Brillouin zone (labeled K and K'). The low-energy excitations
(<1 eV) are described by the two-flavor Dirac Hamiltonian,

H() = Z \i’lﬁk\i’k, flk =vX- k,
k

with X¥//% being the 4 x 4 matrices in the sublattice and
valley space that form a Pauli matrix algebra [X/,X/] =
2iEjy X" where £ j, is the antisymmetric tensor. The basis
chosen here is \illi = [lenlﬁ};an};K,nlﬂ‘lK,n] where wju(n
and Y4k, are the creation and annihilation operators for an
electron on the sublattice A at the K point, characterized
by momentum k and spin n. Below we assume that the
Hamiltonian of graphene is diagonal in spin indexes (and a
spin degeneracy of 2 as well as a valley degeneracy of 2 will
be assumed throughout). Throughout the text we seth = 1 and
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restore it in the final answers presented in Secs. VII and VIII,
unless explicitly stated. The full low-energy Hamiltonian,

H = HO+Hee+Himp (1)
includes the interelectron Coulomb interaction,
1
ST
Hee = o DA 1 2 I )
K.K',q70

with V, = 2mwe?/(kq), characterized by a dimensionless ratio
of the typical Coulomb energy to the typical kinetic energy
o= % (here” = 1) thatis independent of the electron density.
The full Hamiltonian also includes the potential of random
charged impurities,

Hip = > VOUL Wgeiq, 3)
k.q
Vi =3yl @)

1

which dominates the elastic disorder scattering in typical
graphene devices fabricated on SiO,/Si substrate. Here q is
a 2D momentum in the graphene plane, r; is the location of
the ith impurity (assumed random) in the 2D plane parallel
to the graphene layer, and d; is the distance between the
graphene layer and the impurity in the direction perpendicular
to the graphene plane. For simplicity, and with no loss of
generality we assume that all impurities are located in a
2D plane parallel to the graphene layer located a distance
d away from it. We will comment on the implications of the
impurities being distributed in three dimensions later in the
paper. We assume without loss of generality the distribution
of impurities to be charge neutral such that the average of
the disorder potential over the random disorder configurations
vanishes (V@(r)) = 0. We use the Born approximation for
the disorder scattering rate such that the disorder scattering is
fully characterized by the correlator of the disorder potential
averaged over the random disorder configurations,

(Va"V) = 8q.—q pimp Ve 244, 5)

where 4, , stands for Kronecker symbol. Our model of uncor-
related random disorder can be straightforwardly generalized
to correlated disorder scattering*® if experimental information
about disorder correlations is available. To keep the number
of parameters a minimum, we assume the impurity-induced
random disorder to be completely characterized by just two
parameters, the impurity density pimp and their location with
respect to the graphene layer d, which is the minimal possible
model for Coulomb disorder.

III. EQUATION OF MOTION

We introduce an equal time correlator

Bkkra(®) = (U ()W q(0),

which will be called the density matrix in this paper. The
density matrix, gk k+q(?), is an 8 x 8 matrix defined in terms
of the spinor creation/annihilation operators \i’li in the basis of

the Bloch wave functions labeled by the sublattice, valley and
spin indices. The density matrix is diagonal in the spin indices,
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which will give rise to a factor of n = 2 each time the trace is
taken.

In the Heisenberg representation a time derivative of an
operator —i9; 8k k+q(?) is given by a commutator with the full
Hamiltonian,

=108k k+q(1) = [H, 8k k4q(D]- (6

Calculating the commutators of the density matrix with the
Hamiltonian in Eq. (1) (see also Appendix A) we find,

[Ho, 8k k+q(1)] = flké’k,k+q(1) - gk,k+q(t)ﬁk+qa @)

and,

[Himp- i kerq (] = Y Vi [Bqkra(®) = Skkrqrq @] (8)
"

The interactions are included in the mean-field approximation,

[Hees8iktaD] = D Vi p(=q)8kqktq () — Bicrerqra (D],
"

€))

where p(q) = >, Trg(k.k + q,7) is the Fourier transform of
the spatial fluctuation of the electron density.

We include the external electric field in a gauge invariant
formulation,*’” which requires the monochromatic field E(¢) =
Ee'® to enter as follows,

(—w —ieE - Vi)8k k+q(@) = [H, gk k+q(@)], (10

where we also take the Fourier transform with respect to time.
Here and throughout the text we assume that the frequency
o > 0 has an infinitesimal positive imaginary part, which is
set to zero at the end in the usual manner.

A. Diagonalized equation of motion

We introduce a projection operator,
Pmk = %(1 +sX 'nk), (11)

that projects on the subspace of positive and negative energy
eigenstates of the Dirac Hamiltonian Hy fors = 1 ands = —1,
respectively. Here ng = k/k. It can be verified directly that
ank = Psn, and Py, + Py, = 1.

Multiplying both sides of Eq. (10) by Py, on the left and by
Pyrn,,,on the right we diagonalize the free particle part Eq. (7)

in the right-hand side of the equation of motion Eq. (10),
Pony (e krq(@) = 8k kg (@i ) Py,
= (sek — 5 €ktq) Pony 8k ktq(@) Py -

where we used that Py, vE - kK = s€xPsp, and ex = vk. We
use an identity,

Bkira(@) = Y Pon 8krq(@)Pong.y
s,s’

which can be verified directly, in the left-hand side of
Eq. (10) multiplied by the projectors (as described above)

PHYSICAL REVIEW B 88, 085403 (2013)

to obtain,

Bkrg(@) =)

ss’
n Z Pmk (ieE - ngk,k+q(w))Pv/nk+q
S'€grq — S€k — @

Psnk[Hee + Himp9gk,k+q(w)]7)s’nk+q
5'€ktq — S€k — @

. (12)

ss’

where all the terms containing perturbations are collected in
the right-hand side, which will be more convenient for the
construction of the perturbation theory.

IV. SOLUTION OF THE EQUATION OF MOTION

The solution of the matrix integra-differential equation (12)
can be used to obtain the current response,

T =ev ) Tr{S/ g (@)}, (13)
k

where j = x,y. Here and throughout the text we take the
trace over the sublattice, valley, and spin indexes. In the
linear response Jti,[al =o0;;E},i,j = x,y, and therefore it will
be sufficient to keep the electric field to the first order in
the solution of (12). The conductivity averaged over random
disorder configurations is isotropic, nevertheless, it will be
more convenient for us to discuss components of the current
response and give the results for the isotropic conductivity at
the end.

Solving the equation (12) is still a daunting task as both
the disorder potential and interactions have to be included
self-consistently. In the present work we solve this equation
only in the high-frequency regime wt > 1 where t is the
disorder scattering time. In this high-frequency regime it is
sufficient to keep the terms up to the second order in the
disorder potential. We treat electron-electron interactions in
the self-consistent mean-field approximation. This approach is
equivalent to the standard random phase approximation (RPA)
of the many-body perturbation theory, which has been shown
to provide an accurate description of the plasmon dispersion in
graphene.*® We neglect self-energy and vertex corrections due
to Coulomb interactions in the plasmon dispersion because
of the relatively weak electron-electron interaction strength in
graphene. We emphasize that the long-wavelength square root
in wave number plasmon dispersion in graphene is protected
by current conservation, but the coefficient of this long-
wavelength dispersion term is affected (weakly) by interaction
effects in graphene (in contrast to parabolic band systems),
because of the violation of Galilean invariance in graphene.*’

We introduce a notation for the expansion of the density
matrix,

&= <é(()) + g(lO) + g,(Ol) + §(02) + b, (14)

where g/ corresponds to the ith order expansion in the
electric field and the jth order in the disorder potential, and
we drop the subscripts of g,(jflf +q(a)) in Eq. (14). Note that due
to the violation of the Kohn’s theorem by the Dirac electrons,
the external electric field couples to the homogeneous electron

density, g,ﬁlﬁlq(w) # 0, in contrast to the ordinary parabolic

band spectrum 2D electron systems.*!

In the following we find successive approximations of
8k k+q(w) defined in (14) by recursively solving Eq. (12) in
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each order of the perturbation theory. In the zeroth order, free
Dirac quasiparticles are described by the Fermi-Dirac distri-
bution fi,, = He;ﬁk and the density matrix is proportional to
the projector Eq. (11),

~(0) ~(0)
8kktq = 8k = 5k,k+q Z fsesznky
s==+

where B = 1/(kpT) is the inverse temperature and kg is
the Boltzmann constant, and d k44 stands for the Kronecker
symbol.

A. First-order terms

The linear response of disorder free graphene to an external

electric field is described by g{jﬁlq(w), which satisfies

N ’Ps [Heeagk,k+ (a))]Pv’ +
gk,k+q(w) _ Z ng q Nkiq

/
s S 6k+q — S€k — W

as)

+ Z snk (l eE - ngk k+q(w))Ps Niiq )

s'e — S€k — W
o5 k+q k

We first solve Eq. (15) ignoring the Coulomb interaction. In
this case, in the first order in the electric field we obtain,

Pmk (ngl((o )Ps’nk
ieEg - —_— 9§ , 16
0 Z T 5 ) ke (16)
where the sum is over s,s” = 1. From this we directly obtain
that the electron density response to the homogeneous electric
field,

A(l())
k k+q(w)

P10q.0) =) Tr @) =0

k
vanishes in the linear order. Using Egs. (16) and (13) we
reproduce the universal value'*'* of the conductivity of
noninteracting disorder free graphene at the charge neutrality
point (Er = 0),

&2

Ea
where we restore the Planck’s constant. At finite doping
Eq. (16) describes the optical absorption due to interband

transitions with energies w > 2Er as well as the disorder-free
zero-frequency Drude peak,'®

Re O'EF:O =

62
Reo = EEF(S(CO),

where we restore Planck’s constant.

In general, electron-electron interactions give rise to correc-
tions to Eq. (16) reflected in the many-body renormalization
of the Drude weight'® and the renormalization of the universal
conductivity og,—0.° Accounting for these renormalization
effects would require including self-energies and vertex
corrections in the expansion in the electron-electron interaction
strength. We reiterate here that in the present work we neglect
all such effects. We include the electron-electron interactions
within the self-consistent mean-field approximation, which in
the first order in the electric field gives the density matrix
correction that is proportional to the density response,

5O 50

[Hee:8kxral = Vo " @) (8 — &) =0,
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which therefore vanishes. As a result, the interactions produce
no change in Eq. (16) within the chosen approximation
scheme in our model. The full inclusion of interaction-induced
self-energy and vertex corrections in the graphene dynamical
conductivity in the doped situation in the presence of impurity
disorder is a formidable task, which is well beyond the scope
of our work where our interest lies in treating disorder and
interaction on an equal footing, treating disorder perturbatively
(i.e., high-frequency approximation) and interaction at a mean-
field level (i.e., RPA, which correctly incorporates the plasmon
collective mode in the high-frequency conductivity).

The static density fluctuation induced by the disorder
potential gk k +q Satisfies Eq. (12) with the first-order terms
in disorder included and the terms proportional to the electric
field omitted in the right-hand side,
20D Pen, [§fﬁq é’l((o)]Ps'an
0=>

8k k+q

s'e — S€
55/ k+q k

x [Vg" + Vyp P (—q,0)], (17)

where 5,5’ = £1, and we used Egs. (8) and (9). Taking the
trace over the spinor indices and summing over k on both
sides of Eq. (17) we solve it for the density p©V(q,0) =

Y Trésq (),

) Vv x(q.0)
ZTr B0} = =2 (18

oDy 0
0" (g,0) = £q.0)

Here we introduced the RPA dielectric function, 1/¢(q,w) =
1/[1 — V_; x(q,w)], with the free electron polarization opera-
tor defined as,>1"2

x(q,w) = nz (f5’€k+q _fsek)[1+ss nk'nk+q]’ (19)

—w — S€ s’e
ooyt k T S'€kiq

where n = 2 is the spin degeneracy. Going back to Eq. (17)
we obtain the first-order correction to the density matrix
due to the disorder potential screened by the interacting
electron gas,

(@)
A(Ol) 0) = V—lq (fs’ek+q - fsek)Psnsz’nk+q
k k+q (q’o) —sex + S/Ek+q )

(20)
where the sum is over s,s" = +1.

B. Second-order terms

The contribution to the static density fluctuations in the
second order in disorder g,ﬁ i)+q vanishes after the averaging

over the disorder conﬁguratlons This is because the disorder

averaged value (gwfj’a ) = 6,0 is homogeneous in space. The

charge neutral dlstrlbution of disorder does not give rise to
nonzero homogeneous corrections to the density, therefore
& = 0. This conclusion can also be confirmed by showing that
in the second order in the disorder potential Eq. (12) does not
have nontrivial static homogeneous solutions.

The interplay of the disorder potential and the electric field
gives rise to the dynamical fluctuation of the electron density

matrix g{j l]()Jrq(a)) that satisfies the following equation obtained
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from Eq. (12) in the respective expansion,

. ~(01)
20D () = ) i€E - Pon V8 ks (0 Pyny
kk+q — §'€kiq — S€k — @

VO Pon (G (@) —

. “1°><w>)
e(q,0) <

N 6k+q — S€k —

50 50
s 8 -8 73s’
AT Ponlfacy = )
N Ek+q — S€k — W
2D

We take the trace over the spinor indices and sum over k on
both sides of Eq. (21) as before, and solve this equation for the

density fluctuation p"V(q,0) = Y, Tr g.(f.&q(w),
L[ Pany Vs O Py
T
e(g,w) s'€grq — Sex — @

VO Pon (Giiy (@) — 84 (@) Py,
(q,0) §'€kiq — S€k — @ ’

PV =

(22)

where the sum is taken over s,s’ = 1 and the momentum
k. Note that the combination of the left-hand side and the
last term on the right-hand side of Eq. (21) ensure that the
density fluctuation p{'"(q,w) is proportional to the inverse of
the dynamical dielectric function 1/e(q,®). Using the explicit
result for p'V(q,w) we can find the density matrix correction

The full solution g}jkL (w) is straightforward to obtain. The

result however is rather cumbersome (and not particularly illu-
minating) and therefore below we will present only the terms
that play a key role in the plasmon enhanced scattering rate,
which dominates the frequency-dependent optical response in
the frequency range 1/7 < v < EF.

C. Electric current

Using Eq. (12) we can express the linear response current in

terms of g,ﬁ‘&q(a)) which spares us the necessity of calculating

Al((lilq(a)) We multiply Eq. (12) by 7 (where j = x,y) take

the trace in the spinor space and sum over k. Comparing the
result to the definition in Eq. (13) we arrive at

TI' L ,Psn [Hee + Iilmpagk k(CL))]P ' }
otal =ev Z : :

ss' k S - S)Ek a
E Pyn, (ieE - V Py
tew Z (ie k&, k(w)) ] 23
ss’ .k S - S)Gk a

The term in the second line in Eq. (23) is proportional
to the homogeneous component of the correlator gy and
therefore does not give any contribution to the disorder induced
correction, see Sec. IVB for details. The presence of this
free electron contribution is an artifact of the perturbation
theory, which does not correctly describe the broadening of
the singular response at w = 0. In the following we focus on
the high-frequency correction to the optical conductivity due
to disorder scattering, which is accurately described by the
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first line in Eq. (23), and is denoted J J(w) in the following.
Using Egs. (8), (9) and the cyclic property of trace we write the
current response due to the disorder scattering in the second
order in disorder as,

PA nkE Pmk(gk qk(w) gk,k+q(w))}
F(e) —
J(w) =ev E RS v—
X [V + Vyp(—q,0)], (24)

where the sum is taken over s,s’ = £1 and the momenta
k and q. The numerator in Eq. (24) contains the bracket
[8k—q.k(®) — &k krq(@)]. We shift the sum over momentum
k — k+q in the first term of this bracket so that the
corresponding difference appears in the factor in front of the
bracket denoted E7,

P =ev Y T{E gcrra@]}[Vs + Vyp(—q.0)],
ss’ k,q
(25)

where we introduced,

PS’an x/ PS Nk yq

—w + (5" — §)€ktq

Ps’nk 2:'].,]D_Yllk
—w+ (s — 8)ex

H/

bb

This procedure has to be formally justified by an introduction
of a band cutoff. The details of this formulation are described
in Appendix A. Finally, using the expansion (14) and the
result (18) the current response Eq. (25) to the external electric
field in the second order in the screened disorder potential is
written as

Vi
Jl(a))—evZTr{ W( (qO)Af{I&q( )

ss’k

+ qu(‘1><—q,w>gli°&q(0)) } (26)

V. PLASMON PROPAGATOR IN GRAPHENE

The excitation spectrum of the interacting Dirac electron
gas consists of the electron-hole continuum and the collective
plasmon mode. The latter is described by the pole of the inverse
dielectric function given within RPA by>!-

1—V,x(q.0) = 0. 27)

Here x(q,w) is the free electron polarization function Eq. (19).
Equation (27) has solutions only when @ > vg, which corre-
spond to the plasmon band with the dispersion,’!->?

wp1 = Vy/nokpL/q.

In this frequency range w > vq, the imaginary part of the
dynamical dielectric function is proportional to the plasmon
propagator,

x(g,)
m
£(q,o)
In the relativistic electron gas the Landau damping is absent,
i.e., Imy(q,») = 0, in the frequency range vg < w < 2Ep —

vg.>'? Therefore within this range we can approximate the

=ImDy(q,0), vg < w. (28)
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imaginary part of the plasmon propagator by a § function
neglecting the relatively weak damping by disorder,

1 1

Im ~
g(q’a)) Vq aX(‘IéC:)p]((I))

78(w — wpi(q)). (29)

The plasmon momentum is restricted to vg < w, which
therefore allows an expansion in both the frequency v < Er
and momentum g < k in the prefactor in front of the plasmon
propagator in Eq. (26). At higher frequencies, when the
condition w + vg > 2EF is satisfied, the plasmon is damped
by electron-hole excitations, and the frequency-dependent
plasmon width (i.e., Landau damping) has to be taken into
account. The plasmon damping does not give rise to any
qualitatively different behavior. Therefore we consider only the
8-function form of the plasmon propagator which gives quanti-
tatively accurate results at frequencies w < Er. Electron-hole
excitations determine the behavior of the dielectric function for
w < vq,

1 Imy(q,w)

Im = .

e(q.0)  le(g.0)?

At low frequencies w < EF the frequency dependence of the

dynamical screening due to electron-hole excitations given by

Eq. (30) is weak. Therefore the frequency dependence of the

current response is dominated by the terms proportional to

the plasmon propagator in Eq. (29). This allows us to drop

the frequency dependence in all other terms in the current
response,

(30)

T ()~ J (0= 0)+ Jj(),

where Jp’; (w) is the frequency-dependent part of Eq. (26) that
contains the plasmon propagator,

Th()
—ev ) Tr{ g/, (vq PID(—q.0)8 g (0)

Va v, 0 (q,w) 3 (frew, — ffsk)P,nkP,/nm)}

&(q,0) t'égrq — 1€k — @
(31
where we kept only the last term in Eq. (21) for gﬁ{ilq(w),

which is the only one containing the plasmon propagator. The
sum in the first line of Eq. (31) is over s,s’ = 1 and the
momenta Kk and q, in the second line the sum is over ¢,#’ = =%1.

The final analytical expression for the plasmon enhanced
optical conductivity is rather cumbersome and therefore
is left for the Appendix B. In the next section we find
a simplified form of this result introducing an additional
expansion parameter, w/Ep < 1.

VI. ASYMPTOTIC SOLUTIONS

A. Intraband solution of the equation of motion

At frequencies much lower than the Fermi level w/Er < 1
both the static scattering rate and the frequency-dependent
plasmon-induced correction to it are dominated by the
intraband processes. Therefore in the right-hand side of
Eq. (12) we can neglect all interband terms that contain large
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denominators & 2E in the low-frequency limit,

Pnk [Hee + Himpsgk,k+q(w)]7)nk+q
€k+q — €k — @
n P, (ieE - Vi8k k+q(@))Pny,

€k+q — €k — O

8k krq(w) ~

(32)

Using Eq. (32) instead of Eq. (12) greatly simplifies the algebra
needed to implement the program outlined in Sec. IV. Thus
solving Eq. (32) for g,ﬁ?&q(O) and p"'Y(q, ) and using Eq. (26)
and performing some tedious but straightforward algebraic
calculations we arrive at

Reo =Reop + Reoy, (33)
where,

R oy 5 Vi 34
€op = — 2(,()2 - 82(q,0) m J(qsw)a ( )

2.2 V3e—2ad . 2

e*v? Pim [X;(g,w)]
Reop = — i Z qz - , (35

2w il (q,0) &(q,w)

and j = x,y, and we used Eq. (5) for the averaged correlator
of the disorder potential. We introduced above the correlation
functions,

(farg — fao) IMicrq — McJ* Fickg

—w — I8 — €k + €xiq)(—€k + €xtq)

Dy(g.0)=n) (
k

(36)
and
Xi(q.0) =1 Z (ffk+q - ffk)[”ljﬁ—q - nﬁ]fk,k-&-q
o — (0 — 8 — €+ €iiq)(—€k + €kiq)
(37
Here we introduced a notation,
Frktq = (1 + 0k - nggg). (38)

The first term in Eq. (33) reproduces the high-frequency
expansion of the standard Drude conductivity,

2 2

ne’vv’t  npefvu
1 + (wt)? 3T

Re O Drude = ) (39)

with the frequency-independent transport relaxation rate due
to impurity scattering. Here v is the density of states of the
Dirac electrons per spin and valley. To demonstrate the relation
between Eqgs. (34) and (39) explicitly we keep only the main
term in the low-frequency expansion of Eq. (36),

x(q,0) — x(q,0)
m—-:
w

Im®, (q,0) ~ ¢*1

Substituting the above result into Eq. (34) and comparing it
to Eq. (39) we reproduce the standard definition' of the static
elastic scattering rate due to screened Coulomb disorder in
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graphene,

e PPy S Fp (1 — cos 6pp)d(ep — €5)

82(|p - l-)|’0)

’

>
(40)

where we restore the Planck’s constant.

The second term in Eq. (33) describes the frequency-
dependent contribution to the optical conductivity due to the
plasmon anomaly. This part can be simplified by keeping only
the main order in the parameter w/Er < 1 in Eq. (37),

dg ¢’ +ning-q
Q2r)? w—vng-q

1
Xj(qg.w)~ 217;/

Taking the integral over the angle ¢ we arrive at,

X0 — 1n; € - 1
jq’w_nnvz T—o T2 11
¢n nj
~ =L 41
Q. 1)

where Q = % and ¢ = 3/2. Therefore the expansion of
Eq. (35) in the parameter, w/Ef with the use of Eq. (41)
gives,

q2 Vq3672qd 1
£%(q.,0)

Here Im 1 /e(w,q) is given by Eq. (29).

é‘znzezpimp
272w3

Reop = —

ma(q,w)' (42)

B. Expansion of the full solution in the parameter, /Er < 1

We can verify the intraband result for Re o}, obtained above
by extracting the main order contribution in the parameter
w/EFr < 1 from the plasmon anomaly induced correction to
the optical conductivity Eq. (B1) obtained by solving the full
equation of motion valid at frequencies w < 2E . We find that
the result of this procedure coincides with Eq. (42).

The result (42) is somewhat analogous to the one derived for
the case of the 2D electron gas with the parabolic dispersion,**
albeit with a different numerical coefficient. However, in the
case of graphene Eq. (42) corresponds to the main order
in w/Er < 1 and describes only the frequency-dependent
scattering rate due to the plasmon anomaly, the frequency
dependence of screening due to the electron-hole excitations
is neglected. At higher frequencies w ~ E Eq. (B1) provides
a more quantitatively accurate description. At yet higher
frequencies w 2 2E the solution of Eq. (21) with (26) has to
be used including all interband effects.

VII. RESULTS
A. High-frequency regime: wz > 1

Substituting the plasmon propagator Eq. (29) into the
expression for the optical conductivity Eq. (42) and taking
the trivial integral over the momentum ¢, which is equivalent
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Reo, 2¢?/h

0.0 0.5 1.0 1.5 2.0
ha)/EF

FIG. 1. (Color online) The real part of the conductivity (in units
of conductance quantum) approximated by the sum of the Drude
peak with the frequency-independent scattering rate and the plasmon
peak Eq. (43). The Drude peak corresponds to the very narrow
feature at w = 0. The dashed line shows the limit of applicability
of the perturbative expansion wz ~ 1. The impurity density is pimp =
6 x 10" cm™2 located at d = 10 x 107 m, the electron density
varies from 10'> cm™2 to 3 x 10'2> cm™2 top to bottom, the strength
of interactions is « = 0.58 corresponding to graphene on hBN.

to the substitution ¢ — ¢, = w?/QRavEr), we calculate the
frequency-dependent part of the optical conductivity (in units
of conductance quantum oy = 2¢%/h),

97 p; ho \* e
Re op = T|[IO mpO‘O3 ( w ) ¢ ((»hEF )2. (43)
6402 (kpd)2p \CEF

with ¢ = \/a/(krd). Here and throughout this section we
restore the Planck’s constant. Figure 1 shows Eq. (33) using
Eq. (43) and the Lorentzian peak Re op(w) = Re oppyge(®)
with the static elastic relaxation rate given by Eq. (40). The
effect of the plasmon pole on the optical conductivity is weak at
lower frequencies iw < cEr, however, at higher frequencies
hiw Z cEF there is a sharp increase in the optical conductivity
with increasing frequency that is limited by the flattening of the
potential of charged impurities as determined by their position
d. A consequence of this behavior is a broad peak in the
frequency-dependent optical conductivity with the maximum

located at
3
ho™ =,/ 5cEr, (44)

and the width defined by the solution of the equation
32op(w) =0,

héw = %CEF, (45)

as shown in Fig. 1.

We define a frequency-dependent relaxation rate associated
with the plasmon enhanced dissipation using the Drude form
Eq. (39) and comparing it to Eq. (43) we get,

5
h _ 97 Pimp (hw) e_(%)z7

_ 46
@)  Gha?p ES (46)

In a wide range of parameters the plasmon enhanced scattering
rate varies greatly with frequency and can be well over an
order of magnitude larger than the static transport scattering
rate, see Fig. 2(a). This strong frequency dependence of the
imaginary part of the relaxation rate gives rise to a nonzero
real part shown in Fig. 2(b). The strong dynamical variation of
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40
= (@) = 40 (b)
3 \
g < 20 /
5 g 0 \’
B B \ —
= x =20
El £ —40
o 05 1o 15 o0 00 05 10 1.5 20
ho/Ex hw/Er

FIG. 2. (Color online) The ratio of the static transport scattering
time 7(0) to the frequency-dependent scattering rate due to plasmon
anomaly T (w) for graphene. The parameters are, d =20 nm,
the dimensionless interaction strength is « = 0.58, the impurity
density pump = 3 x 10'2 cm™2. Different lines correspond to the
different electron densities from p = 0.5 x 102 cm™2to p = 5.5 x
10'? cm—2 bottom to top on the left (red, orange, green, blue, magenta,
black). Maximum of the scattering rate fiwmax = Er/Sot/(2krd) is
dependent on the electron density in the system. (a) and (b) correspond
to the imaginary and real part of the complex frequency-dependent
scattering rate 1/, (w), respectively.

the scattering rate leads to the spectral weight redistribution in
the optical conductivity which will be particularly important
in the strongly disordered samples at low densities for which
the above perturbation theory is expected to fail. This regime
will be discussed in the following section.

In the following we take into account the finite spread of the
spatial distribution of impurities along the z axis perpendicular
to the graphene layer. Including the distribution spread requires
the additional averaging of Eq. (43) over positions of impurities
along the z axis, which results in an overall suppression of
the magnitude of the effect of the plasmon-enhanced scat-
tering. For comparison, we calculate the plasmon-enhanced
frequency-dependent optical conductivity for the case of a
uniform density of impurities along Oz inalayerd; < z < d»,
so that the 3D impurity density equals anﬁ) = d’:ijlipill. The
result for d, > d; reads,

1 97T PimpT0 how

heo
Reo3l ~ e @E . (47)

P keldy — di| 64at (kpdy)ip €1 EF

where ¢; = /o /(kpd)). Note that the 3D impurity distribution
is reflected in a different power of w/Ef in the frequency-
dependent optical conductivity and therefore in a different
shape of the plasmon-induced peak. The maximum of the
peak given by Eq. (47) is suppressed with respect to the peak
maximum of Eq. (43) with d = d; by

max|Re 0P31D] ~ 47 ad; ’

max[Re oy] |dy — di]
which is not necessarily a very small number for typical pa-
rameters. Therefore we expect the effect of plasmon-enhanced
scattering to be observable even in the case of the impurities
distributed three dimensionally throughout the substrate layer
in the typical field effect geometry of the graphene based
devices.

B. Low-frequency regime: ot <1

In the following we extend the perturbative results (relying
on wt > 1) obtained above into the low-frequency regime,
wt < 1. This procedure allows us to make a qualitative
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prediction about the low-density behavior of strongly dis-
ordered samples. In this low-frequency regime the spectral
weight redistribution in the optical conductivity is expected to
be substantial and the shape of the Drude peak is expected to
be non-Lorentzian.

The frequency-dependent scattering is described by a
generalized self-energy or memory function M (w) that reflects
the divergent nature of the response of the electron gas
atw =0,

iUo EF
om(w) = ————.
w + M(w)
The real part of the optical conductivity then reads
1 EpIlmM
Reoy = GoZr M

? ReM \2 ImM\2°

@ (1+555)"+ (%57)

In the limit % <1 and % <« 1 we can match the
expression for the memory function with the perturbative
solution found above,

2

ImM ~ Reo (), (48)

ooEr

where the right-hand side is given by Eq. (33). On the other
hand at w = 0 the scattering rate in the perturbative expression
for the optical conductivity in Eq. (33) coincides with the static
elastic transport scattering rate Eq. (40). Note that the contribu-
tion due to the plasmon anomaly Eq. (43) vanishes with ® —
0. The memory function is therefore a function of frequency
that equals ImM(0) = ﬁ at w = 0 and is given by Eq. (48)
at wt > 1. Therefore using the expansion (48) with the right-
hand side given by Eq. (33) in the whole range of frequencies
0 < hw K EF provides a reasonable interpolation for the be-
havior of the low-frequency optical conductivity. This interpo-
lation would fail in the presence of any divergence in the mem-
ory function at low frequencies wt < 1. We do not anticipate
such a divergence at frequencies of interest here hw < 2Efp
(where the interband processes are not expected to play arole).

The result of the low-frequency interpolation procedure is
presented in Fig. 3, which shows the strong evolution of the
Drude peak shape with the changing density (which corre-
sponds to the different lines on the plot). In particular, the top
(blue) line in Fig. 3 demonstrates the importance of the nonzero

1.4
1.2
1.0
0.8
0.6
0.4
0.2f

0.0 - -
0.0 0.2 04 0.6 0.8 1.0

h(A)/ EF

Reo, 2e%/h

FIG. 3. (Color online) The real part of the conductivity extrapo-
lated to low frequencies, see Sec. VII B. The parameters are « = 0.15,
Pimp = 6 x 102 cm™2, d = 10 x 10~ m with the electron density
changing from p = 102 cm™2 to p =4 x 10'2 cm™2 for different
lines, top to bottom. Dashed lines correspond to the real part of the
Drude conductivity with the frequency-independent scattering rate.
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real part of the memory function, which gives rise to the strong
redistribution of the spectral weight in the optical conductivity
and the resulting nontrivial shape of the tail of the Drude peak.

VIII. DISCUSSION

In summary, we have developed an equation of motion
approach to describe the linear response of Dirac electrons
in the presence of electron-electron interaction and disorder
scattering due to charged impurities. We obtain quantitative
predictions for the optical conductivity in the high-frequency
regime wt > 1. We show that the presence of a plasmon pole
in the dynamical dielectric function leads to a strong enhance-
ment of the dissipation at finite frequency reflected in a wide
peak in the real part of the optical conductivity. Characteristics
of the predicted peak feature are strongly dependent on the
strength of the electron-electron interaction, the location of
the impurities with respect to the 2D Dirac electron gas, and
can be tuned by tuning the Fermi level by changing the carrier
density. Extrapolating to the low-frequency regime wt < 1 we
find that the plasmon enhanced scattering may determine the
non-Lorentzian shape of the Drude response.

The theory developed here is quantitatively accurate only in
the high-frequency regime wt > 1. An accurate description
at low frequencies must be based on the solution of the
Bethe-Salpeter equation for the vertex function or some analog
of it, which is beyond the scope of the current work where
we focus on the interplay between disorder and interaction
perturbatively (thus necessitating the high-frequency perturba-
tive expansion). We have, however, provided a low-frequency
extrapolation of our theory, which should have qualitative,
if not quantitative, validity, as long as the relevant memory
function does not have a singularity at low frequencies. This
extrapolation is really an interpolation based on an extension
of our high-frequency theory to lower frequencies by using the
known zero-frequency Drude result.

We have neglected effects of the many-body renormal-
ization of the electronic spectrum and exciton energies by
electron-electron interactions. Within the parameter range
considered in this paper, high Fermi level and relatively low
frequencies 71/t < hw <K Er we expect the renormalization
effects to give only a small quantitative rather than qualitative
corrections to the effect of plasmon enhanced scattering
described here. Thus, our main qualitative prediction of the
broad peak and the associated non-Lorentzian line shape of
the optical conductivity should remain valid independent of
our neglect of the many-body reconstruction of the Dirac
spectrum, which is very small at finite carrier densities by
virtue of the fine structure constant in graphene (particularly
for graphene on substrates) being not too large (of the order
of unity or less).”® Length scales involved in the plasmon
enhanced scattering are short compared to the mean free path
and therefore the disorder related quantum interference effects
give no contribution to the phenomenon discussed in this paper.

The relatively large magnitude of the finite frequency
peak in the optical conductivity may enable an experimental
confirmation of our predictions. Moreover, the possibility
to tune the position of the plasmon induced peak in the
optical conductivity of graphene, controlled by the parameter
¢ = /a/(kpd), by tuning the Fermi level in the system
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allows an unambiguous identification of the plasmon enhanced
dissipation effect in the optical response, which can otherwise
be masked by the interband transitions, scattering by phonons,
and other inelastic processes. Also, varying the location
of impurities d allows additional tunability of the effect.
This can be achieved using hexagonal boron nitride spacers
of different thicknesses d between the graphene layer and
Si0,/Si substrate with the latter containing the majority of
charged impurities in the vicinity of its surface. In particular,
samples with relatively wide hBN spacers d ~ 10 nm would
correspond to ¢ < 1 at densities n ~ 10'2cm™2 in which case
the plasmon induced peak appears at the relatively low fre-
quency hw ~ cEf unobstructed by the interband transitions.
The plasmon enhanced dissipation discussed here is a generic
disordered Fermi-liquid phenomenon, which nevertheless has
not been unambiguously identified experimentally so far,
and graphene is an ideal system to look for signatures of
this phenomenon due to graphene’s high electronic quality
and tunability of various system parameters, and the strong
magnitude of the plasmon-enhanced scattering in graphene.

With regard to the existing optical measurements the
deviation of the low-frequency response from the Lorentzian
shape has been reported by some!”!? but not all*!? experiments
indicating that the effect is sample dependent, which is
consistent with the mechanism (i.e., disorder plus plasmon)
predicted here. Redistribution of the spectral weight in the
optical conductivity and the resulting non-Lorentzian line
shape of the Drude peak, if present, have to be accounted for
when extracting the Drude weight, which has been recently
used to analyze the spectrum renormalization due to electron-
electron interactions.*!?

The theoretical approach developed here is generic and
can be straightforwardly generalized to the case of the 2D
Dirac fermions observed in other materials such as topological
insulators and 2D transition metal dichalcongenides. The
most important qualitative message of our theory is that
the finite-frequency dynamical conductivity appropriate for
optical measurements in doped graphene cannot be approx-
imated to have a simple constant disorder broadening given
by the corresponding static transport scattering rate because
of the substantial interplay between plasmons and impurity
scattering. In particular, the finite-frequency scattering time
appropriate for the optical conductivity manifests very nontriv-
ial frequency dependence, which could produce unexpected
qualitative phenomena such as the broad finite-frequency
peak in the conductivity with both the peak position and the
peak width being determined nontrivially by both impurity
scattering and Fermi energy.
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APPENDIX A: BAND CUTOFF IN THE LOW-ENERGY
THEORY OF GRAPHENE

Linearized Dirac spectrum contains an infinite number
of states with negative energies which cannot be realized

085403-10



PLASMON ANOMALY IN THE DYNAMICAL OPTICAL ...

in a condensed matter system. Therefore a cutoff scheme
is required to regularize the theory, which may lead to a
number of unphysical results.>*>° Also the spectral weight
redistribution in such a model becomes ambiguous as f-sum
rule is cutoff dependent.”’>® Here we restrict our calculations
to the physical quantities determined by the low-energy states
only. In particular, we neglect the effects of many-body
spectrum renormalization due to electron-electron interactions
keeping only the infrared divergent RPA diagrams. Therefore
our results are independent of the cutoff scheme and are
expected to reproduce the low-energy asymptotic of the
realistic band structure calculation.

Formally, we introduce the hard cutoff which requires
modification of the field operators'® introduced in Sec. II of
the main text,

U — 0(A — k)W, (A1)

p(@) = Try 6(A —bB(A — [k+aDP g (A2)
k
The sum over k is defined over the infinite range and therefore
allows the variable shiftk — k + q.
We calculate the commutator [H, p(g)]

[Ho.p(@)] = —vg'Tr Yy W T g, (A3)
k
[Himp,p()] = Tr Y V(W e qO(A — k)
k.q
— U B — K+ ). (Ad)

To include electron-electron interactions we use the mean-field
approximation, introducing

d =9

k+q‘ilk - <lijT \i/k)s

k+q

and keeping only the first order in this parameter we arrive at,

[Hee: Wi Wpirq (D] = D Vo p(=) W) WicrqO(A — k)
q
— W Wpkrqigf(A — [k + .
(AS5)
The cutoff gives rise to corrections to the theory presented in

the main text that vanish in the limit A — oo and therefore
we dropped all cutoff-dependent terms in the main text.
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APPENDIX B: FULL EXPRESSION FOR THE
PLASMON-INDUCED CORRECTION TO THE OPTICAL
CONDUCTIVITY

Here we present the frequency-dependent contribution to
the real part of the optical conductivity proportional to the
plasmon propagator. This is obtained from Eq. (31) using the
solution of the equation of motion in Egs. (21), (22), and (20).
Performing some tedious but straightforward calculations we
arrive at (hereh = 1),

OV, (4B + <)

. (Bl
£2(q,0)e(q,w) ®1)

2,2.2 y(
_ 1”€7 V" Pimp } q
Reoy = Tlm E
where we introduced

= —Za)an-nql:fqu —Ja + g - M)
k

€ktq — €k 0> — (€xq — €K)°
+ f€k+q - fék

(I = ng - ngyyq) }
€k + €kiq (€k + €kiq)? — @? |

BE—Zan-nq[ffkﬂl_ffk (I —my - nyeiq)
k

€k 1 €k+q w((ex + Ek+q)2 —w?)

i f€k+q — fa ( (1 +ng - nkyq)
€ktq — €k \©? — (€ — €xtq)®

(kg — @) —my - nk+q)>i|

2we k€k+q

vq
C=-2 § 1 — (ng - ng)>)——
- ( (nk nq) )€k+q

x |:f€k+q - fek 1
€k+q T €k w? — (6k+q — €x)?
f€k+q - fék 1
+ 2 2 9
€ktq — €k @° — (€kyq + €k)

vgq
D=-20) (I-(ng ng’)—
; Ek+q

w® — 2ek(€kiq — €k)

% |:f€k+q - fek
€irq — €k (02 — (€kiq — €)?) (0 — 4€5)

+ f6k+q - fék w? + 2Gk(ek-kq + €x) ]
€k + €kiq (@? — (kg + ) (0?2 —4€}) |

where ng = q/q.
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