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Pressure dependence of superconductivity in simple cubic phosphorus
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The electronic structure and lattice dynamics for simple cubic (sc) P are calculated over the pressure range
0–70 GPa from first principles using the local-density approximation. The R phonon mode is found to be unstable
below 20 GPa in the harmonic approximation, but may be stable down to a pressure less than 20 GPa when
anharmonicity is considered. The electron-phonon coupling is calculated for pressures above 20 GPa, and the
superconducting transition temperature Tc is found to decrease with increasing pressure throughout this pressure
range. The result is in agreement with experimental results above 30 GPa. In contrast to experiment, no evidence
for a decrease in Tc with decreasing pressure below 30 GPa is found. The structural transition from rhombohedral
A7 to sc is also investigated. An interesting two-step transition is found to occur theoretically which may have
relevance for the pressure dependence of Tc. Possible explanations for the discrepancy with experiment are
discussed.
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I. INTRODUCTION

One hundred years after its discovery,1 superconductivity
remains one of the most exciting subjects in condensed-matter
physics. In addition to the recent discoveries of unconventional
superconductivity in the iron-based superconductors,2,3 there
have been a large number of interesting developments in the
superconductivity of simpler materials, including MgB2,4,5

diamond,6 cubic silicon doped with boron,7 and the surprising
large superconducting transition temperature (Tc) of 20 K for
lithium under pressure.8

A large number of other elemental solids have been found
to be superconducting, many in the past 20–30 years with the
aid of much-improved diamond-anvil cells.9 The experimental
ability to vary the pressure over several hundred GPa has
allowed for superconductivity to be explored in high-pressure
polytypes not accessible at lower pressures, as well as the study
of the pressure dependence of Tc within single phases which
can vary because of underlying electronic and vibrational
changes that occur as a material is compressed.

Phosphorus is semiconducting and takes on the orthorhom-
bic A17 structure at ambient pressure and temperature.10,11

Under the application of pressure it transforms into the
semimetallic A7 structure at 4.5 GPa and to the metallic
simple cubic (sc) phase at 10 GPa,10,11 which is the stable
form of phosphorus up to a pressure of 107 GPa.12 Reports
of superconductivity in the sc phase are now over 40 years
old.13,14 However, the maximal value and pressure dependence
of Tc remain the subject of much controversy in the literature.
Part of the confusion stems from the fact that the nature of
the pressure variation of Tc depends strongly on the path taken
in the P -T diagram.15,16 While some differences can likely be
attributed to incomplete phase transformations along particular
paths, there is still discrepancy in the experimental results for
the pressure dependence of samples that are believed to be
fully transformed to the sc structure. Some experimental results
indicate that Tc of the sc phase should be approximately 6 K and
vary only weakly on pressure.16 Others report that Tc should
exhibit a two-peak structure with the largest peak occurring
near 23 GPa with a transition temperature of ∼10 K.17 The

most recent results show only a single peak around 32 GPa
with a maximal Tc of 9.5 K.18

Unfortunately, the previous theoretical results have not
been able to resolve this discrepancy. Early estimates19 of the
pressure variation of Tc show a single peaked structure with
the peak position near the second peak of the experimental
results of Ref. 17. These calculations rely on approximations
to the average phonon frequency entering into the McMillan
equation for Tc and do not take into account the variation of the
phonon spectrum with pressure. Other estimates establish that
the electron-phonon (e-p) coupling strength is large enough to
roughly account for the range of the experimentally observed
Tc, but, lacking a detailed description of the phonon spectra,
are unable to reliably establish the trend with increasing
pressure.20 A more recent calculation predicts that Tc should
instead be relatively constant over the full range of stability
of the sc phase;21 this pressure variation is similar to the
experimental results reported in Ref. 16. These calculations,
which do not predict a drop in Tc at high pressures, are in
stark disagreement with the most recent experimental results
taken at high pressure in Ref. 18. Another theoretical study22

found a calculated Tc that rose slightly from about 8.5 to 11 K
as the pressure increased from 10 to 35 GPa. This study
considered the change in phonon frequencies with pressure,
but only estimated the Debye temperature from the calculated
bulk modulus.

In the present study we hope to shed light on the pressure
dependence of the transition temperature in simple cubic
phosphorus. Towards this aim, we have performed fully ab
initio calculations of the e-p coupling strength as a function
of pressure over a wide range of the stability of the sc phase.
In contrast to previous calculations, we calculate the lattice
dynamics at each pressure from first principles. We find that
at higher pressures, Tc decreases with increasing pressure, in
good agreement with some experiments. However, we find
no evidence of the decrease in Tc as pressure is decreased at
lower pressures. Our harmonic phonon calculations indicate
that the sc structure has an instability in the R phonon mode at
a pressure higher than observed in experiment. We therefore
calculate anharmonic phonon frequencies for the R mode,
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and find that the phonon modes are stable down to 5 GPa.
We also investigate the A7 to sc transition in P and find an
interesting two-step transition that may have implications for
the superconducting Tc.

II. METHODS

The e-p coupling formalism followed in the present study
is the same as in Ref. 23. For convenience, we reproduce
the relevant formulas here. The e-p matrix element for the
scattering of an electron in band n at wave vector k to a
state in band m with wave vector k + q by a phonon with
mode index ν at wave vector q is

gν
mn(k,q) =

(
h̄

2Mωqν

)1/2

〈m,k + q|δqνVSCF|n,k〉. (1)

In this expression, |n,k〉 is the bare electronic Bloch state,
ωqν is the screened phonon frequency, M is the ionic mass,
and δqνVSCF is the derivative of the self-consistent potential
with respect to a collective ionic displacement corresponding
to phonon wave vector q and mode ν.

The phonon linewidth is given by

γqν = πωqν

∑
mn

∑
k

wk
∣∣gν

mn(k,q)
∣∣2

δ(εm,k+q − εF )

× δ(εn,k − εF ), (2)

where wk is the k-point weight (normalized such that
∑

k wk =
2), εn,k is the energy of the bare electronic Bloch state, and εF

is the Fermi energy.
The sum over electron wave vectors k is performed on a

uniform grid over the whole Brillouin zone (BZ).
The phonon-mode-dependent coupling constant is given by

λqν = γqν

πN (εF )ω2
qν

. (3)

In terms of the phonon linewidths, the Eliashberg spectral
function α2F (ω) can be written as24

α2F (ω) = 1

2πN (εF )

∑
qν

wq
γqν

ωqν

δ(ω − ωqν). (4)

The sum over phonon wave vector q is performed on a uniform
grid over the irreducible BZ, with appropriate weights wq,
where

∑
q wq = 1. In Eqs. (3) and (4), N (εF ) is the density of

states at εF per unit cell and per spin. The coupling constant λ

is given by the integral

λ = 2
∫ ∞

0

α2F (ω)

ω
dω. (5)

Other important frequency moments of α2F (ω) are defined as
follows:

〈ω2〉 = 2

λ

∫ ∞

0
ωα2F (ω)dω (6)

and

ωln = exp

(
2

λ

∫ ∞

0
lnω

α2F (ω)

ω
dω

)
. (7)

We determine Tc using the Allen-Dynes-modified McMil-
lan equation:25,26

Tc = ωln

1.2
exp

(
− 1.04(1 + λ)

λ − μ∗(1 + 0.62λ)

)
, (8)

where μ∗ is the Coulomb pseudopotential.27

First-principles electronic structure calculations are per-
formed with the QUANTUM-ESPRESSO code (QE)28 within
density-functional theory29,30 using the plane-wave pseu-
dopotential method31,32 along with the local-density approx-
imation (LDA)33,34 to the exchange-correlation energy. A
norm-conserving pseudopotential was constructed for P using
the Troullier-Martins scheme35 as implemented in the APE

code.36 The outermost 3s23p3 electrons are treated as valence
electrons and a nonlinear-core correction (NLCC) has been
added.37 A plane-wave cutoff of 60 Ry for the valence
wave functions is used. Self-consistent charge density and
total-energy calculations for sc P are performed using a
30 × 30 × 30 Monkhorst-Pack38 (MP) k grid with 0.03 Ry
Marzari-Vanderbilt (MV) smearing39 for the occupations of
the electronic states. The sc lattice constant at a given
pressure is determined by relaxing the lattice constant until the
calculated pressure is within 0.05 GPa of the target pressure.

Electron-phonon calculations are performed for the sc
structure between 20 and 70 GPa. In order to converge the
e-p quantities while maintaining a reasonable computational
cost, we use the electron-phonon Wannier (EPW) method,40

as implemented in the EPW code,41 to interpolate e-p matrix
elements calculated on coarse electron and phonon grids to
fine k and q grids. Maximally localized Wannier functions42,43

for use in the EPW method are generated using the WANNIER90

code.44

Bloch functions on an 8 × 8 × 8 k grid in the BZ are used to
generate Wannier functions for the lowest nine bands. Phonons
in the harmonic approximation are calculated on an 8 × 8 × 8
q grid in the BZ using density functional perturbation theory45

as implemented in QE.
Matrix elements are interpolated onto a 100 × 100 × 100


-centered k grid for the phonon linewidth calculations; the δ

functions of Eq. (2) are approximated by Gaussians of width
0.02 Ry. A 30 × 30 × 30 
-centered fine q grid with a δ-
function smearing of 2 meV is used for the calculation of
α2F (ω) [Eq. (4)]. With the chosen computational parameters,
λ is estimated to be converged to less than 0.01.

In addition to e-p calculations in the harmonic approx-
imation, we also estimate anharmonic phonon frequencies
for the sc R mode. With the frozen phonon method, the
anharmonic phonon modes can be determined by considering
atomic displacements with wave vector R, and solving the
Schrödinger equation in a potential given by the total energy
versus atomic displacement in three dimensions. Such a
solution for a general three-dimensional potential is difficult,
so we estimate the phonon modes by fixing the phonon
polarization along a given direction and considering the one-
dimensional potential. We determine the phonon frequency as
the difference in energies of the ground and first excited states
in the one-dimensional potential. We consider polarizations in
the [111] and [100] directions.
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The A7 to sc structural transition in P is studied using
variable-cell relaxation calculations; the method is similar to
that used in Ref. 23. Target pressures between 0 and 25 GPa are
considered. A 30 × 30 × 30 MP k grid in the rhombohedral BZ
with 0.03 Ry MV smearing is used. Initial values of cos α =
0.536 and u = 0.223, taken from experiment at 6.7 GPa,11 are
used for the starting structure for the relaxations. Structures
are relaxed until components of the forces on the atoms are
less than 10−4 Ry/a.u. and the pressure is within 0.05 GPa of
the target pressure.

III. RESULTS

A. Electronic structure, phonons, and electron-phonon
coupling for sc P

The calculated volume and lattice constant as a function
of pressure are given in Table I. The calculated total energy
versus volume data are fit to a Birch-Murnaghan equation of
state (EOS),46 giving V0 = 14.04 Å3, B0 = 131.6 GPa, and
B ′

0 = 3.92 for the equilibrium volume, bulk modulus, and
the pressure derivative of the bulk modulus, respectively. The
equilibrium volume is somewhat smaller than that found from
fitting a Murnaghan or Birch-Murnaghan EOS to experimental
data (15.2 Å3 for Ref. 11 and 15.52 Å3 for Ref. 12), and the
calculated B0 somewhat larger than experiment (95 GPa for
Ref. 11 and 70.7 GPa for Ref. 12); our results are consistent
with the tendency of the LDA to overbind. Our EOS parameters
are in good agreement with recent previous first-principles
calculations.22,47–49 Table I also shows, for each calculated
volume, the corresponding experimental pressure, Pexpt1 or
Pexpt2, obtained from the Murnaghan or Birch-Murnaghan
EOS with parameters from Ref. 11 or 12, respectively.
For example, a Murnaghan EOS with equilibrium volume
parameter V0 = 15.2 Å3 and bulk modulus parameter B0 =
95 GPa from Ref. 11 gives a pressure Pexpt1 = 8.0 GPa for a
volume V = 14.06 Å3.

A previous calculation22 indicates that the generalized-
gradient approximation (GGA) gives an equilibrium volume
and bulk modulus that is in better agreement with experimental
results than the LDA for sc P, though not dramatically so.

TABLE I. Calculated pressure Pcalc, volume V , lattice constant
a, and corresponding experimental pressures Pexpt1 and Pexpt2 for sc
P. The pressures Pexpt1 and Pexpt2 are determined from the volume
by using the equation-of-state parameters given in Refs. 11 and 12,
respectively.

Pcalc (GPa) V (Å3) a (Å) Pexpt1 (GPa) Pexpt2 (GPa)

0 14.06 2.414 8.0 8.9
5 13.55 2.384 12.3 13.5
10 13.13 2.359 16.3 18.1
15 12.77 2.337 20.0 22.7
20 12.45 2.318 23.6 27.3
25 12.16 2.300 27.0 32.1
30 11.91 2.283 30.3 36.9
40 11.45 2.254 36.8 46.8
50 11.06 2.228 42.9 57.0
60 10.73 2.206 48.7 67.3
70 10.44 2.185 54.4 77.9

FIG. 1. (Color online) Band structure of the simple cubic phase
of P for a number of pressures. The Fermi level is located at zero
energy.

In the present work, we restrict ourselves to the LDA so
as to facilitate comparison with previous calculations of
superconductivity that use the LDA19,20,22 and because the
LDA has been used successfully to study superconductivity in
other simple materials under pressure.23,50–53 Calculations of
superconductivity in sc P using the GGA could be interesting
but are beyond the scope of the present work.

The band structure of sc P as a function of pressure is shown
in Fig. 1. The largest changes near εF as a function of pressure
happen around the points R and M in the Brillouin zone.
The valence band at R, occupied for pressures below 15 GPa,
rises in energy as the structure is compressed and becomes
unoccupied before a pressure of 20 GPa. The behavior at the M

point is the reverse, dropping lower in energy with increasing
pressure. This behavior is in agreement with that found in
previous calculations,19,20,22,47 although the precise occupa-
tions of these specific bands at a given pressure differ slightly
between calculations. At 0 GPa, N (εF ) is 0.309 states/eV
atom (for both spins); it decreases slightly when pressure
increases to 20 GPa, then increases and levels off at higher
pressures (Table II). This general trend also agrees with
previous calculations.19,22 Bands 2 and 3 do not change
dramatically with pressure near εF .

TABLE II. Calculated frequency moments, N (εF ), 〈g2〉, λ, and
Tc for sc P at various pressures. Equation (12) in the text is used to
determine the Coulomb pseudopotential μ∗ as a function of pressure
in the calculation of Tc, with μ∗ = 0.18 at Pcalc = 25 GPa.

Pcalc ωln 〈ω2〉1/2 N (εF ) 〈g2〉 Tc

(GPa) (K) (K) (states/eV atom) (eV/Å)2 λ (K)

20 418 449 0.292 60.61 0.795 10.26
25 435 468 0.296 63.05 0.776 9.64
30 444 482 0.301 65.32 0.771 9.39
40 456 506 0.303 68.81 0.739 8.24
50 464 527 0.305 71.60 0.714 7.26
60 469 546 0.306 74.13 0.693 6.43
70 469 561 0.306 76.34 0.676 5.77
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FIG. 2. (Color online) Phonon dispersion for P in the simple cubic
phase for a number of pressures. The dynamical instability at the R

point at lower pressures corresponding to the distortion towards the
rhombohedral A7 structure can be seen.

The phonon dispersions are plotted in Fig. 2 for several
pressures. The majority of the phonon frequencies are found to
harden with increasing pressure. An exception is the transverse
branch which shows a slight softening with increasing pressure
along the 
X, 
M , and XM directions. This softening agrees
with previous calculations and is consistent with an instability
of the sc structure at pressures higher than those calculated in
the present study.54 The overall hardening of phonon modes
can also be seen in the phonon density of states F (ω), shown
in Fig. 4 (top).

Below 20 GPa the lattice distortion corresponding to
the wave vector R is found to have imaginary frequency,
suggesting that below 20 GPa, P is not stable in the sc structure
and instead takes on the rhombohedral A7 structure. This result
differs from experiment,11 where the sc structure is stable down
to about 10 GPa (corresponding to a pressure of less than
5 GPa in our calculations; see Table I). However, previous
calculations for As in the sc structure show that the R phonon
mode is anharmonic near the transition to the A7 structure.55

We therefore estimate the anharmonic phonon frequencies for
the R mode to determine if, theoretically, the sc structure might
be stable at these lower pressures. The results for polarization
in the [100] and [111] directions are given in Fig. 3 for various
pressures.

At large pressures, anharmonic corrections are small. As
the pressure decreases, the anharmonicity of the R mode
increases. The anharmonic phonon frequencies are real down
to a theoretical pressure of 5 GPa and the R mode does not go
completely soft. Therefore, the sc structure may remain stable
to pressures lower than what is suggested by considering only
the harmonic approximation. The transition to the A7 structure
is considered further in Sec. III B.

We now present results for e-p coupling in sc P. We restrict
ourselves to the harmonic approximation, and therefore only
consider pressures from 20 to 70 GPa. The Eliashberg spectral
function α2F (ω) is shown in Fig. 4 (bottom) for several
pressures. The shape of α2F (ω) is very similar to that of F (ω),
with somewhat enhanced weight at very low frequencies and

FIG. 3. (Color online) Phonon frequencies for R phonon mode
as a function of pressure. The anharmonic frequencies are estimated
for polarizations along the [111] and [100] directions.

high frequencies, as compared to midrange frequencies. The
shift of α2F (ω) to higher frequencies as pressure is increased
follows the trend for F (ω) and leads to lower integrated λ

values. In the spectral function for 70 GPa one can observe the
larger coupling at low phonon energies relative to the curves
for lower pressures. This enhanced coupling is related to the
softening of the transverse modes that is seen in the phonon
dispersion in Fig. 2.

The wave-vector-resolved e-p couplings λq = ∑
ν λqν al-

low us to examine which modes contribute most strongly to the
overall e-p coupling. Figure 5 shows λq (top) and the nesting
function ξq (bottom) along several high-symmetry lines in the
BZ for several pressures. The nesting function is defined as

ξq =
∑
mn

∑
k

wkδ(εm,k+q − εF )δ(εn,k − εF ) (9)

FIG. 4. (Color online) Phonon density of states F (ω) (top),
Eliashberg spectral function α2F (ω) (bottom, solid), and integrated
λ (bottom, dashed) for sc P for a number of pressures.
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FIG. 5. (Color online) Electron-phonon coupling constant λq

(top) and nesting function ξq (bottom) along high-symmetry lines
in the Brillouin zone for sc P at various pressures. Values for λq at R

are 57, 6.0, and 2.8 for 20, 40, and 70 GPa, respectively.

[compare to Eq. (2)] and describes the phase space for
scattering across the Fermi surface. It can be seen that the
coupling at the softened mode R is very strong, but that
there are also other strongly coupled regions throughout the
Brillouin zone. The large coupling at R and X can partially
be explained by large Fermi-surface nesting at these wave
vectors. Wave vectors approximately midway between R and

 and between X and R show large coupling and large
nesting as well. Interestingly, peaks in λq can be seen at
specific wave vectors between 
 and X and M and 
 that
increase with pressure, contrary to the overall trend in λq.
Little or no corresponding enhancement of ξq can be seen at
these wave vectors. However, these peaks correspond to wave
vectors at which phonon softening occurs at 70 GPa (Fig. 2)
and are related to the aforementioned instability of the sc
structure at higher pressures. These phonon modes contribute
to the slightly enhanced coupling around 100 cm−1 seen in
the α2F (ω).

Frequency moments of α2F (ω) and the total e-p coupling
parameter λ, along with N (εF ), are given in Table II for the
pressures calculated in this work. To facilitate comparison with
previous studies, we also include values for 〈g2〉, the average
over the Fermi surface of the squared e-p matrix elements [note
that 〈g2〉 does not include the factor (h̄/2Mωqν)1/2 present in
Eq. (1)]. These quantities are related by25

λ = N (εF )〈g2〉
M〈ω2〉 . (10)

In Eq. (10), N (εF ) is for a single spin (i.e., one-half of the
value given in Table II, which is for both spins). Taking the
natural logarithm of the quantities in Eq. (10) and normalizing
to their values at 20 GPa, we have

ln
λ

λ20
= ln

N (εF )

N (εF )20
+ ln

〈g2〉
〈g2〉20

+ ln
〈ω2〉20

〈ω2〉 , (11)

where the subscript 20 denotes the value at 20 GPa. The results
as a function of pressure are plotted in Fig. 6.

ln

FIG. 6. (Color online) Trends in average phonon frequency 〈ω2〉,
N (εF ), average e-p matrix element 〈g2〉, and e-p coupling λ as a
function of pressure. The subscript “20” denotes the value at 20 GPa.

We find that the contribution of N (εF ) to λ increases
slightly from 20 to 30 GPa, and then remains almost constant
as pressure increases. The contribution from the matrix
elements does increase significantly with pressure. However,
the contribution from increasing phonon frequencies is larger
and results in a net decrease in λ as pressure increases.

The magnitude and pressure trend of N (εF ) agrees well
with previous studies.19,20,22 The increase in average phonon
frequency with increasing pressure is also in agreement
with previous studies that consider this pressure trend.20,22

However, our average phonon frequencies are significantly
larger in magnitude for similar pressures (∼450–500 K for
our calculations versus ∼350–400 K for other works). We
believe our calculations to be more accurate, since we have
calculated the full phonon dispersion from first principles,
while previous studies used estimates. Likewise, the trends
in 〈g2〉 with pressure agree with previous studies, but the
magnitude of our values are roughly twice as large as those
in other works. The origin of this difference is unclear, but
may be related to the difference in calculational methods;
previous studies used augmented plane-wave or muffin-tin
orbital methods. Thus, the rough agreement in magnitude of
λ between the present study and previous studies is somewhat
fortuitous.

Table II also shows Tc calculated using the McMillan
equation [Eq. (8)]. The Coulomb pseudopotential parameter
μ∗ is determined by using a modified Bennemann-Garland
relation56–58 which relates μ∗ to N (εF ):

μ∗ = CN (εF )

1 + N (εF )
. (12)

Since N (εF ) varies little with pressure, μ∗ is almost constant.
The constant C is obtained by matching the calculated Tc to
that of experiment at one pressure. We use the experimental
results for Tc of Karuzawa et al.18 because they extend to
higher pressures than other studies.

Because, for a given pressure, the volume calculated using
the LDA differs from that of experiment, we have chosen
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FIG. 7. (Color online) Calculated Tc as a function of pressure
compared to the experimental results of Karuzawa et al. (Ref. 18). For
the calculations, pressures are shifted to match experiment, according
to Table I.

to shift the calculated pressure Pcalc to an “experimental”
pressure Pexpt1 or Pexpt2 (as given in Table I and described
in Sec. III A), for the purposes of comparison. This procedure
is equivalent to comparing theory and experiment at the same
volume. While this procedure is not rigorously justified, it
gave good agreement between experiment and theory for
As under pressure.23 A similar shift was used in studying
superconductivity in Al and Li under pressure.51 We note that
if this procedure for shifting the pressure is not used, there are
only small quantitative differences in the results.

With this pressure shift, we find that setting μ∗ to 0.18
for Pcalc = 25 GPa allows us to match our results to the
experimental maximum Tc at around 32 GPa; hence C = 0.79
in Eq. (12).

A μ∗ of 0.18 is somewhat larger than the generally
accepted value (∼0.13) for conventional superconductors.25

Some studies indicate that such a large μ∗ is applicable
for Li,51,53,59 so it is possible that the same is true for
P. Alternatively, one could question whether it is valid to
use the Eliashberg/McMillan formalism with the Coulomb
pseudopotential or whether some alternate theory is required.

The calculated and experimental pressure dependence of
Tc is shown in Fig. 7. The calculations showing a decrease in
Tc with increasing pressure are in good agreement with the
experimental data for pressures above 30 GPa (corresponding
to Pcalc ≈ 25–30 GPa). However, the calculated Tc continues
to increase with decreasing pressure below 30 GPa; this result
is in disagreement with the experimental data, which shows a
drop in Tc at lower pressures.

The qualitative behavior of Tc(P) above 30 GPa can be
understood by looking at Table II and Eq. (8). While ωln

increases with pressure, λ decreases with pressure, so the
overall Tc decreases with pressure. For the calculations, these
trends extend below 30 GPa. The disagreement between
calculations and experiment raises questions about whether
other physical effects are occurring in experiment that are not
accounted for in the calculation.

B. A7 to sc transition

The stability of P in the sc structure below a theoretical
pressure of 20 GPa was called into question by the soft R

phonon mode calculated in the harmonic approximation. We
therefore consider whether the A7 structure is more stable than
the sc one in this pressure range. Similar theoretical studies of
the A7 to sc transition in As have been performed.23,60–63 Our
calculated structural parameters for A7 P—the rhombohedral
lattice constant arhom, rhombohedral angle α, and internal
parameter u, as well as nearest-neighbor (d1) and next-nearest-
neighbor (d2) distances—are given in Fig. 8. The relaxed
structure is sc for pressures of 20 GPa and above, as indicated
by α = 60◦, u = 0.25, and d1 = d2. For pressures below
20 GPa, u < 0.25; this result is consistent with the imaginary
frequency for the R mode found from the phonon calculations
in the harmonic approximation. In this pressure range, we
calculated the enthalpy for the sc phase and verified that it is
higher than the enthalpy for the relaxed A7 phase, showing
that the A7 phase is indeed favored.

Interestingly, the results indicate that there are two tran-
sitions that are well separated in pressure. Starting at low
pressures in the A7 structure, in the first transition α becomes
close to 60◦ between 0 and 5 GPa, while u increases only
incrementally and is far from the cubic value of 0.25; α

remains close to 60◦ above 5 GPa. In the second transition,
u reaches 0.25 at a pressure between 15 and 20 GPa. The
fact that a significant displacement u away from 0.25 induces
only a small change in α for pressures between 5 and 15 GPa is
surprising. By the symmetry of the sc structure, a displacement
of the atoms with wave vector R must induce a rhombohedral
distortion of the unit cell. Our results do not violate symmetry
considerations, as α 
= 60◦ below 20 GPa, but the fact that α

is so close to 60◦ is unexpected.
In these calculations, the true A7 to sc transition occurs

between 15 and 20 GPa (above 20 GPa when shifted to the
corresponding experimental pressure), which is significantly
higher than in experiment.11 Possible reasons for this discrep-
ancy are discussed in Sec. IV.

IV. DISCUSSION

A. Comparison of e- p coupling in P and As

It is interesting to compare the case of P to that of As. Like
P, As has five valence electrons per atom and undergoes an
A7 to sc structural transition as pressure is increased.64,65 The
experimentally measured Tc as a function of pressure for As
(Ref. 55) has a peak structure similar to several experimental
results for P.17,18 The electronic and phononic structure for sc
As23 is similar to that of P; in particular, the Fermi surfaces
for valence bands 2 and 3 (Fig. 1) have similar shapes.20,47,66

There are also important experimental differences between
P and As. The A7 to sc transition pressure for P is around
10 GPa at room temperature, which is significantly lower than
that for As, which has been measured to be 24–32 GPa.64,65

The pressure at which As reaches a peak in superconducting
Tc matches the pressure of the A7 to sc transition; this
correspondence does not appear to be true for P. Furthermore,
the maximum Tc for P (∼10 K) is four times higher than that
for As (2.4 K).

064517-6



PRESSURE DEPENDENCE OF SUPERCONDUCTIVITY IN . . . PHYSICAL REVIEW B 88, 064517 (2013)

FIG. 8. (Color online) Lattice parameters (a) arhom, (b) α, and
(c) u, and (d) nearest-neighbor d1 and next-nearest neighbor d2

distances for variable-cell relaxation calculations of P in the A7
structure with target pressures between 0 and 25 GPa.

A comparison can be made between the calculated fre-
quency moments, N (εF ), and λ for As in Ref. 23 and for P in
the present work. We compare several quantities for sc As and
P at pressures for which the calculated Tc is maximal for each
material. For As at a calculated pressure of 30 GPa, λ = 0.50,
N (εF ) = 0.290 states/eV atom, 〈ω2〉1/2 = 284 K, and ωln =
253 K. The corresponding quantities for P at 20 GPa are given
in Table II. The atomic mass of P is 30.97, while that of As

is 74.92. With reference to Eq. (10), the P to As ratios of the
quantities λ, N (εF ), 〈g2〉, and 1/M〈ω2〉 are 1.59, 1.01, 1.63,
and 0.97, respectively. Thus, the difference in λ between P and
As at these specific pressures is mostly due to differences in
〈g2〉. Additionally, the P to As ratio of ωln is 1.65.

We can conclude that the larger ωln and larger matrix
elements contribute to a larger maximum Tc in P as compared
with As. One should note that the μ∗ ≈ 0.12 used in Ref. 23
is somewhat smaller than that needed in the present work
(μ∗ ≈ 0.18) to match Tc to experiment; the origin of this
difference is unclear.

Comparing the trends as a function of pressure, both P
and As in the sc structure have decreasing λ with increasing
pressure, due mainly to the increase in phonon frequencies.
Both elements have increasing 〈g2〉 with increasing pressure
in the sc structure.

B. Comparison to experiment: Structure, e- p coupling, and Tc

Our calculations can explain the decrease in Tc with increas-
ing pressure above 30 GPa observed by Karuzawa et al.18 in sc
P as coming from the increase in phonon frequencies, which
decreases λ. A similar physical effect occurs in As.23 However,
the decrease in Tc with decreasing pressure below 30 GPa
remains unexplained by our calculations. Nor do our results
indicate a constant Tc with pressure, as observed by Kawamura
et al.,15,16 nor any two-peak structure, as observed by Wittig
et al.17 In addition, our calculated A7 to sc transition pressure
is significantly higher than what is found experimentally at
room temperature. In this section, we suggest several possible
explanations for the discrepancy between experiment and
calculation which may serve as guide for future studies.

We consider the question of the structure of P as a function
of pressure. Experimentally, the A7 to sc transition pressure
is around 10 GPa at both room temperature10,11 and higher
temperatures,67,68 and the pressure region of coexistence of
the two phases is fairly narrow. At lower temperatures the
transition pressure increases, and the region of coexistence
broadens (12–15.5 GPa at 21 K).69–71 Thus there is some
experimental uncertainty about the actual lowest free-energy
structure at a given pressure in this range at low temperature.

Our calculations determine whether A7 or sc has the lowest
enthalpy structure at zero temperature at specified pressures.
According to our calculations, the true A7 to sc transition,
when α reaches 60◦ and u reaches 0.25, occurs at a calculated
pressure above 15 GPa, corresponding to an experimental
pressure of about 20–23 GPa (see Table I). Such a pressure is
higher than any experimentally measured transition pressure.

Several possible explanations for the difference between
calculation and experiment are presented here. First, our
calculations do not include the zero-point energy (ZPE) or
finite-temperature effects. If the fully anharmonic ZPE is
included, the sc structure may in fact be stable below the
calculated pressure of 15 GPa, and possibly down to a
calculated pressure of 5 GPa, corresponding to about 13 GPa in
experiment, for which our calculations show that α is still close
to 60◦. Such a scenario would resolve much of the discrepancy
with experiment.

Another possibility is that an A7 structure, with α close
to but not equal to 60◦, and u 
= 0.25 actually remains stable
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FIG. 9. (Color online) Simulated x-ray-diffraction spectra for
relaxed A7 and sc structures at various pressures. The 10.4 and 11.0
(hkl) diffraction lines discussed in the text are highlighted for clarity.
These lines appear to merge before the transition to the sc phase (with
u = 0.25) is completed.

to pressures higher than what is quoted in the experimental
works. Experimentally, the A7 to sc transition is determined
by observation of the merging of diffraction lines 10.4 and
11.0 (hkl), which occur around 2� ≈ 24◦, and the u parameter
is not determined accurately.11 We simulate x-ray-diffraction
(XRD) spectra using the PLATON crystallographic tool72 with
Mo Kα radiation and find that for our relaxed structures at
5–15 GPa, with α close to 60◦ and u 
= 0.25, the spectra
look very close to spectra for the sc structure (Fig. 9). In
particular, the merging of the 10.4 and 11.0 diffraction lines
occurs already at 5 GPa (see highlighted region in Fig. 9),
when the A7 structure is lower in energy and the u parameter
is still relatively far from its cubic value of 0.25. Experimental
broadening and background may make the two structures
difficult to distinguish with this method.

It is also possible that use of the GGA or another functional
for exchange and correlation, instead of the LDA, would
give better agreement with experiment for the structure as
a function of pressure. However, in the case of As, the A7
to sc transition pressure is higher for the GGA than for the
LDA.63 If the same holds true for P, then the GGA will
be in further disagreement with experiment than the LDA.
Experimental studies that determine u accurately as a function
of pressure, and theoretical determination of the structure
as a function of pressure, including ZPE and temperature
effects and considering different functionals, would be useful
in resolving this issue.

We now turn to the question of why, experimentally, Tc

decreases with decreasing pressure below the peak. From a
theoretical perspective, this question cannot be answered with-
out first resolving the structure at these pressures. However, we

can speculate based on the possible answers to the structural
question.

If the structure is indeed sc down to an experimental pres-
sure of ∼10 GPa, then the explanation of the Tc versus pressure
trend may require going beyond the approximations made in
the present study. It is possible that the full anharmonicity of
the phonons must be considered, as was done for MgB2.5,73,74

As shown in the present study, anharmonicity raises the R

phonon frequency significantly; if it raises the overall phonon
frequencies throughout the BZ, it could reduce λ, leading to
a lower Tc.5 Multiple-phonon processes leading to nonlinear
terms in the e-p coupling might also be important.73,74 Also,
inclusion of zero-point motion may have some effect on the
electronic structure and N (εF ), which could affect λ. It is also
possible that one may need to go beyond the isotropic approx-
imation to Eliashberg theory75 assumed in the present work.

If the structure is in fact A7 at these pressures, then the
decrease in Tc could be explained by a decrease in N (εF ) as
the A7 structure becomes more and more distorted from the
sc one as pressure is lowered. A similar mechanism occurs for
As and was elucidated in previous works.23,55

Finally, we note an interesting observation that the two
structural transitions that we have found from our relaxation
calculations, occurring between 0 and 5 GPa and 15 and
20 GPa, correspond well with the two Tc peaks at 12 and
23 GPa observed by Wittig et al.,17 when the pressure shift
due to the LDA is accounted for. It would be interesting to
investigate whether this observation has physical significance.

V. CONCLUSION

In this study, we calculate the e-p coupling and Tc for
phosphorus in the sc phase over the pressure range 20–70 GPa.
Unlike prior theoretical results, our calculations explicitly
treat the pressure dependence of the lattice dynamics. The
decrease in Tc above 30 GPa is in good agreement with the
experimental results of Karuzawa et al.18 and can be explained
as coming from the increase in phonon frequencies. The
decrease in Tc as pressure is decreased below 30 GPa in sc
P remains unexplained, but we suggest several possible routes
to understanding this puzzle. Calculations of the A7 and sc
structures in P reveal an interesting two-step transition which
merits further study.
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