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Influence of exciton spin relaxation on the photoluminescence spectra of semimagnetic quantum dots
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We present a comprehensive experimental and theoretical study of photoluminescence of single Cd;_,Mn, Te
quantum dots with Mn content x ranging from 0.01 to 0.2. We distinguish three stages of the equilibration of the
exciton—Mn ion spin system and show that the intermediate stage, in which the exciton spin is relaxed while the
total equilibrium is not attained, gives rise to a specific asymmetric shape of the photoluminescence spectrum.
From an excellent agreement between the measured and calculated spectra we are able to evaluate the exciton
localization volume, number of paramagnetic Mn ions, and their temperature for each particular dot. We discuss
the values of these parameters and compare them with results of other experiments. Furthermore, we analyze
the dependence of average Zeeman shifts and transition linewidths on the Mn content and point out specific
processes, which control these values at particular Mn concentrations.
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I. INTRODUCTION

Zero-dimensional densities of states for carriers confined in
self-assembled quantum dots (QDs) make these nanostructures
unique in many aspects. Most importantly from the point
of view of applications, they offer a combination of the
zero-dimensional, atomic-like optical properties with easy
integration into the existing semiconductor technology.' As
a result, many proposals emerge on employing quantum dots
as sources of classical® and nonclassical light,> quantum bits
(qubits) and quantum gates,*> systems for storage of classical®
and quantum7’8 information, and ultraprecise sensors of local
electric fields.’

Semimagnetic QDs possess an additional degree of free-
dom, i.e., the magnetic moment associated with the magnetic
impurities incorporated into the dot material. Therefore,
these dots offer a unique opportunity to combine the zero-
dimensional electronic properties with the paramagnetism of
the semimagnetic semiconductor. Harnessing the magnetism
in these nanostructures can lead to novel nanoscale devices. In
particular, electrical control of the QD charge state is expected
to result in switching of the QD magnetization on and off.!%-?
Optical control of the magnetization'® and its long relaxation
time'* can provide a path toward employing semimagnetic
dots in memory storage devices. Also, a pair of coupled
nonmagnetic and semimagnetic dots was proposed as a qubit
gate, with electric field tunability.'

By far, the most studied semimagnetic QDs are made of
II-VI semiconductors, since the low solubility of Mn in III-V
compounds hinders introduction of more than one Mn ion into
a dot.'® Among the studied materials, the most attention has
been devoted to Cd;_,Mn,Te and Cd;_,Mn, Se. In these dots,
the s,p-d exchange interaction between the charge carriers
and localized magnetic ions underlies the optical properties
analogously to higher dimension systems.!” In particular, giant
Zeeman splittings of the excitonic sublevels are observed,
with a magnitude that is directly proportional to the dot mag-
netization as evidenced by quantitative agreement between
the exciton recombination energies and a modified Brillouin
function.'32% Another striking spectroscopic feature of these
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dots is a substantial broadening of the photoluminescence
(PL) transition.'®!® The linewidths at zero magnetic field
are on the order of a few meV, whereas for nonmagnetic
CdTe and InAs QDs, the transitions are one and two orders
of magnitude narrower, respectively.>'> The broadening is
another consequence of the exciton-Mn exchange interaction:
Thermal fluctuations of the Mn spins introduce a temporal
magnetic field, fluctuating on the timescale of hundreds of
nanoseconds, which in turn influences the transition linewidth
in a time-averaged spectrum. Remarkably, with increasing
magnetic field, the PL transitions become more narrow, as
the fluctuations of the Mn spins are suppressed when their
Zeeman splitting becomes larger then the thermal energy.
Thus, at high magnetic fields, the transition linewidth tends
to the one observed for a Mn-undoped, CdTe, or CdSe
dot.18:19.23

Most of the studies on semimagnetic dots involved an
assumption of thermal equilibrium between the Mn spin
system and the exciton. In such a case, the exchange energy
is minimized by spontaneous formation of a ferromagnetic
order in the paramagnetic Mn spin system.'®!%2+2% This
spontaneous magnetization forms within the exciton wave
function® and is hence labeled as an excitonic magnetic po-
laron (EMP). Formation of the EMP is therefore synonymous
with reaching the equilibrium in the exciton-Mn spin system.
The line shapes become Gaussian with the full width at half
maximum (FWHM) directly monitoring the statistical spin
fluctuations in the exchange field of the exciton.'” However,
achieving the equilibrium requires the characteristic timescale
of collective Mn magnetization dynamics, closely related
to Mn spin-spin relaxation time,*® to be shorter than the
exciton recombination time 7,. In Cd;_,Mn,Te QDs, the
latter time is on the order of 300 ps.?” Thus, in order to
achieve the equilibrium, the Mn magnetization dynamics has
to occur on a timescale of 1-100 ps, much shorter than those
driven by spin-lattice interactions, which occur on pus/ms
time scales.’**! The spin-spin mechanism becomes efficient
only if the average distance between Mn spins is small
enough. Consequently, EMP formation was unambiguously
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demonstrated only for dots with a Mn content x > 0.1. For
dots with a more diluted concentration of Mn spins, EMP
starts to form upon photoexcitation, but exciton recombination
interrupts the establishment of equilibrium.?’

Another important question concerns the possibility of
an optical orientation of the EMP.'*!# This could only be
possible if the exciton spin relaxation time were longer than
the EMP formation time 7. We have shown that for relatively
large self-assembled Cd;_,Mn, Te QDs the opposite is true.?’
We have established the EMP formation scenario in which
the exciton adjusts its spin to the direction of a momentary,
initial magnetization fluctuation in the dot and then, provided
that 7, > 7y, the EMP is formed. Therefore, we distinguish
three stages in reaching the equilibrium. Initially, shortly after
the photocreation of the exciton, the system is completely
unrelaxed with the exciton spin being either random if the
orientation was lost during the capturing by the QD potential,
or reflecting the photon angular momentum if otherwise. In
either case, the exciton spin has no preferential orientation
with respect to the magnetization. In the second stage, the
exciton relaxes its spin, which is synonymous with thermal
population of the exciton spin states in the exchange field of
the Mn spins. The Mn magnetization is then increasing due
to Mn spin-spin interactions until it reaches its equilibrium
value for a given exchange field provided by a spin-polarized
exciton. At the end of this third stage the full equilibrium is
reached and the EMP is formed.

In this paper, we aim to establish a quantitative description
of the optical properties of semimagnetic QDs containing
many Mn ions and demonstrate the influence of the three
relaxation stages on the shape of the PL spectrum. In particular,
we show that the relaxation of the exciton spin has a nontrivial
effect on the shape of the PL line and leads to its narrowing by a
factor as high as 2 and to development of asymmetrical shape
in a certain range of temperatures and magnetic fields. We
start with presenting the theoretical model, which allows us to
compute the PL spectra particular for the different relaxation
stages. Among model parameters are the number of param-
agnetic Mn ions interacting with the exciton and the exciton
localization volume, related to the QD volume. Thus, by fitting
the model to the measured PL spectra, we gain access to vital
structural parameters describing these semimagnetic dots. We
start presenting the experimental results with showing how the
PL spectrum evolves in time reaching subsequent stages and
confirming our predictions. We then demonstrate the change
of the line shape as the magnetic field and temperature are
varied. We directly compare the measured spectra with the
calculated ones and find an excellent agreement, which allows
us to estimate the structural parameters mentioned above.
Furthermore, we analyze Zeeman shifts and PL linewidths for
a large set of QDs from samples with the Mn content varied
between 0.01 and 0.2 and discuss them in the framework of
the presented model.

II. THEORETICAL DESCRIPTION

A. Distribution of Mn spins in an external field

In this work, we are interested in statistical properties of a
finite number of Mn spins (V) confined in the QD volume.
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For a given Mn concentration x, Ny, experiences statistical
fluctuations with a standard deviation § Ny, X +/ Ny, making
it more meaningful to use Ny, instead of x as an independent
variable. We study QDs with Ny > 20 and at moderate
magnetic fields, where the magnetization is far from saturation.
This allows us to treat the total Mn spin S = ZZNM Si as a
classical variable and assume that the probability distribution
of S$¢ is Gaussian:

1 7 — (S2))?

P(S%) = exp (—( 7 (2 ) ) (1)
2no§ Os
In the above, the variance of S¢, 052 is given by
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which follows from application of the fluctuation-dissipation
theorem with 7" being the Mn spin temperature. The magnetic
field dependence of (S%) is given by the well-established,
phenomenologically modified Brillouin function,?

guB S )
kp(T +To))’

where g, g, and kp are the Mn ion g factor, Bohr magneton,
and Boltzmann constant, respectively, and the spin of an indivi-
dual Mn ion S =5/2. The Mn impurity spins in a II-VI
material can be considered paramagnetic only in the limit of
very small concentration x. At x > 0.01 the short-range anti-
ferromagnetic interactions (both isotropic and Dzyaloshynsky-
Moriya anisotropic ones) between the Mn spins have to be
taken into account. Since in this work we are interested
in QDs with a rather large Mn content, Ny, in Eq. (3) is
usually substantially smaller than the number of Mn ions
physically present within the QD volume V. This is because
the Mn spins located on nearest-neighbor cation sites are
antiferromagnetically coupled with isotropic superexchange
(with interaction strength J &~ 1 meV), thus removing these
spins from paramagnetic response for fields smaller than
~10 T. Therefore, we will treat Ny, as a model parameter and
label it as the number of paramagnetic Mn ions accounting for
all the Mn ions responding to fields below 10 T. Also, the next-
nearest neighbors are antiferromagnetically coupled and their
paramagnetic response to magnetic field is decreased. This
effect is accounted for in expression (3) by replacing 7 with
effective temperature 7" + Tp(x), describing the suppression
of paramagnetic response due to the farther-neighbor Mn-Mn
couplings. In this way we incorporate the realistic description
of interacting Mn (i.e., only approximately paramagnetic)
spins into the calculation of various statistical properties of
the exciton-Mn complex. 93334

(§5) = —Nmn § Bs( 3

B. Description of exchange-coupled system
of Mn spins and an exciton

The Hamiltonian of the electron-hole pair (the exciton) and
the Mn spins is given by
Hy o= Hs_a + I:Ip—d + H; + Hy, 4)

consisting of the s-d (electron-Mn) exchange interaction, and
the p-d (hole-Mn) exchange interaction, the Zeeman terms,
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and the A x term related to the electron-hole interaction within
the exciton. The sp-d exchange interaction is given by!”

Hy—q+ Hy-g = —a ) 3(r. —R)S; -5

l

—BY 8y —R)Si-§/3. (5

where o () is the exchange constant for electrons (holes) with
Noax = 0.22 eV (No = —0.88 V) in Cd;_,Mn,Te, r. (r;,)
is the position operator of an electron (a hole), s (j) is the spin
operator of an electron (a hole), R; is the position, and S; is
the spin operator of the ith Mn ion. N is the cation density.
We consider an exciton in its orbital ground state, i.e., both
the electron and the hole occupying respective lowest-energy
orbitals, and we assume that its wave function is a product of
electron and hole wave functions. We note that this is only true
for strongly confined excitons, where Coulomb correlation
effects can be neglected. We obtain the Hamiltonian of the
exciton-Mn exchange by projecting H,_, + H p—d onto two,
two-dimensional subspaces corresponding to the electron and
the hole. For the electron, we obtain the s-d exchange as

A

Hyg=—a) |W.@R)PS; s, (6)

where W, (r) is the electron envelope wave function. In general,
such a procedure may lead to a more complicated result in the
case of holes. In low-dimensional structures such as QDs, the
quantum confinement and strain splits the heavy hole (hh)
and light hole (Ih) states. In CdTe QDs, the topmost valence
band orbital is a twofold spin-degenerate state of mostly hh
character. However, the finite admixture of the lh state remains
much stronger than in InGaAs dots, resulting in such effects
as linear polarization of the trion PL,* nonzero in-plane hole
g factor, and in-plane emission from the dark excitons.?
Nevertheless, for the effects considered here it is of minor
importance, and in the calculations presented in this paper we
will neglect it. Thus, for the p-d exchange, we obtain?’

Hya=—BY_ IWi(R)IS;j7/3, @)

where W, (r) is the hole envelope wave function.
For magnetic field along the z axis, the Zeeman term is
given by

Hz = gepupBs® + guppBj* + giupS*, ®)

where s° is the z component of the electron spin operator, j*
is the z component of the hole angular momentum operator,
and S* corresponds to the total Mn spin; i.e., $* =), SF.

The exciton Hamiltonian Hy includes both isotropic and
anisotropic exchange interactions.’® The energy scale of the
latter term is ~0.1 meV and thus we neglect it as it is some
two orders of magnitude smaller than typical sp-d exchange
energies considered here. The former term is

.8
Hx=3°(|1><1|+|—1><—1I—|2><2|—|—2><_2|)’ ©))

in which 8y &~ 1 meV is the isotropic e-h exchange splitting,
|£1) are the bright exciton states (with electron and hole spins
antiparallel) optically active in o4 polarization, and |£2) are
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the dark exciton states (with electron and hole spins parallel).
The recombination of dark excitons, as mentioned above, is
allowed by the mixing between the hh and lh subbands, but
this mechanism is of negligible importance in Mn-doped QDs
since here the main mechanism of bright-dark exciton mixing
is due to flip-flop terms of sp-d exchange.?>*° Below, we show
that the influence of the dark states on the PL line shape of the
dots considered here (i.e., containing at least 20 Mn ions)
is negligible. Thus, we will neglect Hy in the following
calculations. The only indirect effect of Hy which we keep
is that together with H p—a it suppresses the electron-Mn
spin flip-flops [i.e., the Sijcs“F terms in Eq. (6)]. It allows us
to write the exciton-Mn exchange interaction neglecting the
off-diagonal terms in S*. Thus, we get

Ay_yn ==Y _ Se|W(R)s* + BlW(R)[j*/3] + Hy.

(10)

The final approximation that we will make is the assumption
that the wave functions of both an electron and a hole are
of a box (muffin-tin) shape; i.e., the electron and hole wave
functions are approximated by a constant value inside a volume
Vesns Wen(r) =1/,/V, ,, while vanishing outside. This ap-
proximation, although crude, allows for easy diagonalization
of I-AIX_M,I and was shown to correctly reproduce the static
properties of the exciton-Mn system.”>*! In the muffin-tin
approximation, the exciton-Mn interaction reads

N o . B N
Hy_y,=-—S vs&-’-v.] /3 + Hj. (11)
e h

C. Modeling of the PL spectra

The two distinct confinement volumes for the electron and
the hole in Hamiltonian (11) enable us to treat separately the
confinement of both carriers, a priori unknown. On the one
hand, the negligible band offset in the CdTe/ZnTe interface
suggests a weakly bound hole, leading to a much stronger
leakage of the hole wave function out of the dot. On the
other hand, PL experiments on CdTe dots with single Mn ions
allowed to estimate the relative electron and hole confinement
and point out that, in terms of the wave function spatial extent,
the hole is in fact more strongly bound.’*** The electron
confinement volume is usually identified with the volume of
the QD. In the following, we define an effective confinement
volume V. Taking into account the ratio of |8/«| = 4 and the
realistic bounds of 1/2 < V,,/V, < 2, one can show that for
both cases, (i) Mn spins located only within the QD and (ii) the
same Mn concentration in the barrier and the dot, the effective
confinement volume V is to a very good approximation equal
to the volume occupied by the hole (see the Appendix for
details). Using the Hamiltonian (11) for a given value of
S* we obtain the recombination energies of the bright |£1)
excitons,

(B « Ez la—8  Ez

Ei(s) =452 - %) 152 _ oo + 22
(5 2<Vh Ve) > Ty 2
(12)

where E is the direct Zeeman splitting of the bright exciton
states due to applied magnetic field.
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The PL intensity in oy polarization corresponding to
recombination of |£1) excitons at energy E relative to the
energy of a bare exciton (noninteracting with the Mn ions,
its energy determined solely by the QD morphology) is then
given by

IL(E) « / P(SHp(EL)S(E — EL(S9)dS®,  (13)

where p(Ey) is the occupation probability of exciton
|£1) states at the moment of recombination and P(S?) is
given by Eq. (1). Note that we assume that the nonreso-
nant excitation leads to creation of both |+1) with equal
probability.

In the completely unrelaxed case we have p(Ey) =1/2
and the exciton just probes the statistical fluctuations of the
Mn ions. The PL spectrum is then given by

E F Ep)?
I.(E) o exp [—@} (14)
20}
with
1

ol = Tz B)oi, (15)

where oy is given by Eq. (2), and the PL peak energy

a—p

Ey= S+ Eg, 16
0 v (5%) z (16)

where (S5¢) is given by Eq. (3). Note that in anonzero B field the
exciton Zeeman splitting E is typically negligible compared
to the first term in the above equation, and in the following we
neglect the presence of E; term.

We see that in the completely unrelaxed case the line
shape is Gaussian with the energy position and FWHM
(y) determined by the mean and variance of S,, respec-
tively, which in turn are magnetic field dependent. Using
the above expressions, the FWHM of the PL transition is

given by
2
V(B) = \/8ln(2)(N0(a _’3)) kBTw,,s(-%), (17)

2NoV gUB

where the argument of the Brillouin function By is the
same as in Eq. (3). In particular, at B =0, (S;) =0 and
the PL transition is centered around the energy of a bare
exciton [see Fig. 1, yellow (light) curve]. Naturally, the
expression (14) reproduces both the splitting and the narrowing
of the transition line with increasing magnetic field [see line
in Fig. 2(a)].

If the exciton spin is relaxed, the occupation of the |£1)
exciton states split by the sp-d exchange interaction is thermal
and the majority spin population at low enough temperature
probes roughly a half of the Mn spin states—those aligned
antiparallel with the majority exciton spin. We take this into
account by introducing the occupation factors:

—EL(59)
exp ( kj;TXS:) 7 (18)
2 cosh (L)

kpTx

p(E+(S57) =

where we have neglected the E; term. In the above, we
have introduced a temperature Tx, which corresponds to the
exciton spin temperature in the limit of the exciton spin
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FIG. 1. (Color online) Calculated PL spectra for a QD with an
exciton localization volume covering Ny V = 4000 cation sites and
with Ny, = 40 paramagnetic Mn ions at a temperature of 4 K. Three
stages of the relaxation process are modeled. Points demonstrate
result of numerical diagonalization of a Hamiltonian, which includes
the off-diagonal terms, neglected in developing the analytical model
presented in the text. Lines denote the results of the analytical
model.

relaxation time much shorter than recombination time. Since
the exciton spin relaxation time decreases with increasing
Mn concentration,?’ this requirement is fulfilled only for
sufficiently large x and thus in principle Ty represents an upper
limit for the exact exciton spin temperature. Indeed, in a time-
unresolved spectrum, we integrate both the recombination of
spin-unrelaxed and spin-relaxed excitons. Quantitatively, Ty
characterizes the degree to which the exciton spin population
has equilibrated with the reservoir to which the exciton spin
degree of freedom is most strongly coupled. Using Eq. (13),
for the spin-relaxed case we get

(EF Eo)z] exp (577) 19

fe(B) o ‘“‘Xp[ 207 |2cosh ()
An immediate consequence of this expression is that with
increasing positive magnetic field (B > 0 leading to (S%) < 0
and Ey < 0) we obtain a redshift of o, emission, while the o_
emission is blueshifted, and its intensity drops rapidly to zero
once |Ey/kpTx| becomes larger than one. However, a more
interesting consequence is that in the case of relaxed exciton

B=0T
(b)
0o 1 2 3 4 5 6 0 10 20 30 40 50

Magnetic Field (T) Temperature (K)

FIG. 2. (Color online) Magnetic field (a) and temperature (b) de-
pendence of calculated transition linewidths (FWHM) for a QD with
an exciton localization volume covering NyV = 4000 cation sites
and with Ny, = 40 Mn ions. Points (lines) denote the linewidths
of a recombination of fully spin-relaxed (completely unrelaxed)
excitons.
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spin, at zero magnetic field, the PL line shape is no longer
Gaussian, but becomes suppressed from the high-energy side
due to the Boltzmann factor [see Fig. 1, green (dark) curve].
With decreasing temperature, the asymmetry is enhanced as
a result of larger imbalance in the thermal occupation of the
exciton spin states [see Fig. 2(b)]. On the other hand, as the
magnetic field is increased, the exchange-driven spin splitting
of the exciton states increases and the occupation probability
of the spin-up state quickly approaches unity. Thus, the PL
lines recover the Gaussian shapes for magnetic fields of about
1 T depending on temperature [see Fig. 2(a)].

In order to model the PL spectrum for the exciton-Mn
spin system in full thermal equilibrium, we have to take into
account the formation of the polaron (see Introduction). The
polarization of the Mn ions occurs as a result of an effective
magnetic field B,, imposed by the exchange interaction with
the exciton:

_ (@ —B)
2gupV’

ex (20)
Thus, once the Mn population achieves a thermal equilibrium
in this field, a net magnetization is created, and a redshift of
the PL peak is developed. Importantly, at external magnetic
field By = 0 the orientation of the developed magnetization is
random, as it depends on the random initial magnetization of
fluctuating Mn spin ensemble,?’ resulting in no net polarization
of PL from the redshifted peak (unless a long-lived magneti-
zation memory effect is present'#). With increasing By, the
PL rapidly becomes o -polarized due to alignment of the Mn
spins preceding photoexcitation. The polarization-unresolved
PL signal in the regime of polaron formation is thus given by
Eq. (19) albeit with Ey and o calculated at the value of the
total field of B = By + B,,.'® Since the effective field B,, is
on the order of a few teslas leading to a redshift of the PL peak
exceeding o, we expect the line shape for a fully equilibrated
system to be a Gaussian.

In Fig. 1 we demonstrate the results of our model calcu-
lations for a dot confining an exciton to a volume spanning
over NoV = 4000 cation sites with Ny, = 40 Mn ions at a
temperature of 4 K. Points denote the PL spectrum obtained
numerically by diagonalization of the Hamiltonian, which
includes the off-diagonal spin-flip terms>**! and assumes full
thermal equilibrium. This result is compared to the spectrum
(dark blue line) calculated with an analytical formula (14) at
B., = 1.2 T, which corresponds to the assumed localization
volume V [see Eq. (20)]. We note that the agreement, despite
dropping the off-diagonal terms in developing expression (14),
is very good. Also, for a fully thermalized exciton—-Mn ions
system, the spectrum is symmetric and Gaussian, as expected.
The redshift of the exciton energy directly reflects the gain of
the energy of the system upon the buildup of the magnetization.
In this case, the mean exciton energy is more than 5 meV lower
than for a dot where the full equilibrium was not reached. The
spectrum calculated for the unrelaxed case is just a Gaussian
centered at zero—the energy of a bare, noninteracting exciton.
However, for the spin-relaxed case, we find that the spectrum is
strongly asymmetric and the linewidth is substantially reduced
with respect to both the unrelaxed and the fully relaxed case.
This is a strong indication that in the case of spin-relaxed
excitons, the linewidth dependence on magnetic field can be
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nonmonotonic. Indeed, as shown in Fig. 2(a), the PL transition
linewidth considered in Fig. 1 increases with the magnetic field
up to 1 T and then decreases and follows the dependence for
unrelaxed excitons, i.e., directly monitors the magnetization
fluctuations, which are then suppressed with increasing the
magnetic field. In Fig. 2(b), we compare the temperature
dependence of the linewidth for the unrelaxed and spin-relaxed
cases. It demonstrates that the narrowing due to exciton spin
relaxation is temperature dependent and that at liquid helium
temperatures the linewidth can be two times smaller than in
the unrelaxed case.

III. SAMPLES AND EXPERIMENT

The samples are grown by molecular beam epitaxy on
(100)-oriented GaAs substrates. First, a 4-um-thick CdTe
buffer layer is deposited. Then, the first barrier layer, about
0.6 pum thick, is grown. Cd;_,Mn,Te dots are formed on
top of this layer and covered with another barrier layer,
50 nm thick. QDs are formed using the tellurium desorption
method** from a 6-monolayer-thick Cd;_,Mn,Te layer.
Dots with x < 0.035 are formed in Cd;_,Zn,Te barriers
with y ~ 0.7. On the other hand, dots with x > 0.035 are
formed in Zn;_,Mn,Te barriers with Mn concentration x
kept nearly uniform in the barrier layers and in the dots.
Such procedure ensures that Cd;_,Mn,Te QDs with a high
Mn content maintain type-I band alignment as opposed to
embedding the dots in ZnTe. Indeed, incorporation of a
large density of Mn ions into the Cd;_,Mn,Te dot leads to
an increase of the QD band gap. Since the valence band
offset in a CdTe/ZnTe heterojunction is negligible, most of
the hole confinement results from strain-induced band shifts.
Increasing the Mn content decreases the lattice mismatch
between Cd;_,Mn,Te and ZnTe and thus diminishes strain.
As a result, above a certain value of x the dot potential for
holes can become repulsive. Moreover this procedure excludes
any effects related to interface interdiffusion® and ensures
a homogenous distribution of Mn ions in the dots. In the
following, we refer to particular samples by their nominal
Mn content x.

We measure cw or time-resolved photoluminescence (PL)
of single QDs excited with a 532 nm solid state laser or
with a frequency doubled output beam of a optical parametric
oscillator pumped with a Ti:sapphire picosecond pulsed laser,
respectively. The laser beam is focused with a large numerical
aperture microscope objective. In order to access single
dots, apertures with diameters of 500 nm are produced by
spin-casting polystyrene beads and evaporating a 200-nm-
thick gold mask. The beads are subsequently lifted off by
rinsing the sample in trichloroethylene and methanol. The
PL signal is collected with the same objective and analyzed
with a CCD camera and a monochromator. Time-resolved
detection is performed with a synchroscan streak camera with
a temporal resolution of about 15 ps. For zero-magnetic-field
measurements the sample is kept in a cold finger cryostat at
10 K. For the studies of the Zeeman effect, the sample is
immersed in pumped helium at 2 K in a split-coil cryostat
providing fields up to 6 T in Faraday configuration. Two
circular polarizations of the emitted light are recorded.
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IV. EXPERIMENTAL RESULTS

A. Three relaxation stages

In a previous report,>” we demonstrated that the equilibrium
between the Mn ions and the exciton (i.e., the EMP formation)
is reached after the exciton has relaxed its spin and that
establishing of the equilibrium during the exciton lifetime
requires a concentration of Mn ions x > 0.1. Thus, for a
sufficiently high x, the system is completely unrelaxed right
after the photoexcitation, then the exciton adjusts its spin, and
then the EMP is formed. If the Mn density is not high enough,
the exciton relaxes its spin, but the formation of the polaron
is interrupted by recombination. In Sec. II C, we showed that
each of the three relaxation stages leads to a particular shape
of the PL spectrum. Now, we compare this prediction with the
experiment.

In Fig. 3, we show transient PL spectra at different
time delays after the excitation pulse. For the sample with
x = 0.01 (left panel), the spectrum is broad shortly after the
excitation (top spectrum) and with increasing delay it narrows
and becomes asymmetric without changing much the central
energy position (middle and bottom spectra). The spectrum
is noticeably steeper on the high- than on the low-energy
side. This is a clear indication of the exciton spin relaxation
(compare Fig. 1). The complete equilibrium is not reached
since the expected EMP formation time for this Mn density
is in the nanosecond range.?’** For the sample with x = 0.2
(right panel), exciton spin relaxation is so efficient that the
initial spectra recorded only 8 ps after photoexcitation (top
panel) already exhibit a certain degree of asymmetry. It
becomes even more clear as we look at larger delays (middle
panel). Simultaneously, the spectrum undergoes a redshift
reflecting lowering of the exciton energy upon EMP formation,
which for this QD develops in 7y = 100 ps. After reaching
the equilibrium, the Mn ions are polarized giving rise to a
magnetization resulting from the effective field B,, imposed by
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FIG. 3. (Color online) Transient PL spectra for a QD with
x = 0.01 (integrated over 15 ps, left panel) and x = 0.2 (integrated
over 8 ps, right panel) for three time delays Ar after the excitation
pulse.
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FIG. 4. (Color online) PL spectra measured for a QD with
x = 0.035 (a) and x = 0.2 (b) at various temperatures compared
with calculated ones in, respectively, (c) and (d). For the calculation
in (c), spin-relaxed excitons are assumed. For the calculation in (d),
we assume the EMP formation resulting from the effective field B,,.
The EMP is suppressed with increasing temperature. The spectra are
calculated for the same temperatures as in the experiment and coded
with the same colors.

the exciton. Consequently, the spectrum becomes symmetric
and Gaussian with its FWHM reflecting the magnetization
fluctuations within the polaron. Here, we do not attempt fitting
of the PL line shapes with Egs. (14) and (19), since these
spectra do not pertain to any steady states, but rather reflect
mixed stages of a dynamical process. However, it is clear that
the distinction of specific relaxation stages is correct.
Another qualitative agreement between our line shape
theory and the experiment is demonstrated in Fig. 4, where
we compare measured and calculated PL spectra at various
temperatures for two dots: with x = 0.035 (left panel) and
with x = 0.2 (right panel). In the former case, we observe
two transitions, one related to the neutral exciton (X?)
and the other to a charged exciton (X*), both of them
asymmetric as a consequence of the spin-relaxed exciton
population. The identification of these transitions is based
on a comparison with the CdTe QDs, where recombinations
of different exciton complexes form a universal sequence in
energy as evidenced by electrical*® and optical*’ charging
and photon correlation measurements.*® For this Mn concen-
tration, the exciton spin relaxation time is on the order of
10 ps27—much shorter than the recombination time, which
amounts to about 300 ps.*® We thus observe that these
spectra reflect a steady state with a relaxed exciton spin.
As the temperature is increased, the imbalance between
occupation probabilities of the spin-up and spin-down excitons
states becomes less pronounced and the PL spectrum evolves
into a symmetric Gaussian [see Eq. (19)]. Simultaneously,
the transitions redshift as a result of the shrinkage of the
band gap. On the other hand, the spectrum of the dot with
x = 0.2 at low temperature is approximately a Gaussian as
a result of the total equilibrium attained here during the
exciton lifetime (see Fig. 3 and the discussion above). Note
that in these time-integrated spectra an additional broad-
ening due to the transient energy shift reflecting the EMP

245316-6



INFLUENCE OF EXCITON SPIN RELAXATION ON THE ...

50
S5 40+ 2 ]
g -
© ]
; 30 '6 2030 2035
> Energy (meV)
C
L 20t E
£
-
& 4ot ]
(a) oT
2010 2020 2030 2040
Energy (meV)
o : . — -
X ° 25
g " ° é 4 oa0°°° ]
5 ° é 3 09
o 12} g, o |
o @ o
: |
- ) o
<10} °° 0 2 4 6
fof o Magnetic Field (T)
7 o
- 00000000
= 8 F(b) 90099 1

0 1 2 3 4 5 6
Magnetic Field (T)

FIG. 5. (Color online) (a) Measured (points) and fitted (lines) PL
spectra for a QD with x = 0.035. The fitting is performed for the
entire set of spectra simultaneously yielding parameters Ny, = 99,
NoV = 3985. The inset shows a close-up of the small-field spectra.
(b) Magnetic-field-dependent Mn spin temperature obtained from
the fitting. Inset: The fitted, magnetic-field-dependent integrated
intensity.

formation can be present. As the temperature is increased, the
magnetization of the EMP is diminished and consequently
the exciton recombination energy is blueshifted. However,
the excitons remain spin-relaxed and thus with increasing the
temperature the PL spectrum acquires an asymmetry. As
the temperature is further increased the spectrum broadens,
redshifts, and becomes symmetric as for the x = 0.035
sample.

A direct comparison between our transition line model and
the experiment is shown in Fig. 5(a), where we present PL
spectra for a QD with x = 0.035 immersed in liquid helium
at 2 K, in magnetic fields up to 6 T, positive (negative)
sign denoting o (o ~) polarization of detection. The inset
shows the closeup of the spectra for the smallest fields, clearly
demonstrating the line shape anisotropy. The asymmetry of
the spectrum is more pronounced than for the spectrum for
a dot with the same Mn content shown in Fig. 4, where
the lowest bath temperature was 9 K. Above 0.5 T, the
signal in o~ polarization disappears reflecting the vanishing
of the occupation factors introduced in Eq. (19). Points and
lines denote the measured and fitted spectra, respectively.
In the fitting, we assume completely spin relaxed excitons
[see expression (19)]. The fitting is performed simultaneously
to the whole set of 27 spectra from —0.5 to +6 T with a step of
0.25 T (for the sake of visibility, in Fig. 5 we show every second
spectrum). We keep constant the model parameters unaffected
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by the magnetic field, i.e., Nmn, NoV, and Ty, while letting
the transition amplitude and Mn spin temperature evolve with
the magnetic field.

The accuracy of the fit is excellent. Assuming a lens-
shaped QD, the obtained localization volume NyV = 3985
corresponds to a dot with 19 nm in diameter and 2 nm
in height, which is a typical size.*! The fitted number of
paramagnetic Mn ions Ny, = 99 should be analyzed carefully,
since this model parameter not only includes those ions
which do not have a Mn as a nearest neighbor, but also a
combined effect of further neighbors leading to a suppressed
paramagnetic response (see discussion in Sec. I A). Moreover,
statistical fluctuations of the Mn number have to be considered.
Following the discussion presented in Sec. II A, we can
calculate the number of Mn ions without a Mn as a nearest
neighbor?” to estimate the number of paramagnetic Mn ions.
For dots with x = 0.035, 6 monolayers high, grown on
Cd;_yZn,Te the effective Mn concentration x.; = 0.024
and, thus in the studied dot we expect to have NV x4 = 96
paramagnetic Mn ions. We thus find the fitted value in excellent
agreement with this expectation, since the number fluctuations
are on the order of /Ny, ~ 10.

In Fig. 5(b), we show the fitted, magnetic-field-dependent
Mn spin temperatures. For magnetic fields smaller than 0.5 T,
the Mn spin system is efficiently heated by the energy transfer
from the hot, photocreated carriers by simultaneous carrier-ion
spin flip-flops.*>*° In that case Ty controls the PL line shape
and the Mn spin temperature becomes irrelevant as long
as its value is higher than about 10 K. As the magnetic
field is increased, a cooling process occurs as the flip-flops
become energetically forbidden when the exchange driven
carrier Zeeman splitting becomes larger than Mn spin splitting
governed by the Mn g factor of 2.#>°° As a consequence, the
Mn spin temperatures decrease from about 15 down to 8 K.
For magnetic fields above about 3 T, the spin temperature is
stabilized as the Mn ions attain a thermal equilibrium with the
lattice. We thus conclude that the lattice temperature is about
8 K. It remains a few kelvins larger than the bath temperature
of 2 K. We expect that this elevated temperature originates
from diffusive heat transport via the LO phonons cascaded
down in the energy relaxation process of nonresonantly excited
carriers.”! The fitted value of Tx = 9.9 K is slightly higher
than the lattice temperature, which is a consequence of the
time-integrated nature of this PL measurement (see discussion
in Sec. II C). In the inset to Fig. 5(b), we plot the total transition
intensities as a function of the magnetic field obtained by
integrating the fitted spectra. We observe an increase by
about a factor of 10 between 0 and 4 T. We attribute this
effect to an increased PL yield resulting from blocking of
the excitation transfer from the QDs to the internal Mn
transitions.?0-%33

B. Transition energy and linewidth

In this section, we analyze the transition energy (energy of
the PL maximum) and the transition linewidth (FWHM) as a
function of the magnetic field for Cd;_,Mn,Te QDs with x
ranging from 0.01 to 0.2. The objective of this analysis is to
demonstrate how the spectroscopic features change with the
Mn content, to retrieve the morphological parameters from
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FIG. 6. (Color online) Zeeman shifts (top) and linewidths (bottom) for exciton transitions from Cd;_,Mn,Te QDs with intended
Mn contents of x = 0.01 [(a), (b)], x = 0.05 [(c), (d)], and x = 0.1 [(e), (f)]. Points are experimental values, lines are Zeeman shifts
and linewidths fitted according to Eqgs. (16) and (17), respectively. Fitting is performed simultaneously for the energy shift and linewidth for
each particular dot. For the dots with x = 0.01 and with x = 0.1, the data points for low magnetic fields are skipped from the fitting procedure

(see dashed lines and the discussion in the text).

the PL spectra, and to discuss what parameters control the
particular features at different Mn densities.

In Fig. 6, we show excitonic Zeeman shifts (top) and
linewidths (bottom) for three Cd;_, Mn, Te dots: with nominal
x = 0.01 [Figs. 6(a) and 6(b)], with x = 0.05 [Figs. 6(c)
and 6(d)], and with x = 0.1 [Figs. 6(e) and 6(f)]. Measured
Zeeman shifts are fitted with Brillouin functions according to
Eq. (16). The linewidths are fitted with Eq. (17). For a given
dot, the fitting is performed simultaneously for the two sets
of data. Analogous fits are obtained for the two remaining
samples, with x = 0.035 and x = 0.02. The fitting parameters
are Ny, NoV, and Mn spin temperature 7. This temperature
is assumed here as field independent and thus the fitting range
for samples with x < 0.05 is adjusted by omitting the data
points below 2 T, where heating of the Mn spins occurs, as
discussed above. Moreover, an anomalous nonmonotonicity
of the transition linewidth is observed for dots with smallest
Mn concentrations [see Fig. 6(b)] which cannot be accounted
for by the heating effects. We suggest that it can be linked
to the line narrowing by exciton spin relaxation [confront
Fig. 2(a)]. However a careful analysis taking into account the
heating effects, and remaining beyond the scope of this report,
is required in order to get a full understanding. For samples
with x > 0.05 we do not expect any significant variations
of the Mn spin temperature with the magnetic field, since
for such large Mn densities the heat transferred from the
hot photocarriers is efficiently dissipated via the spin-lattice
relaxation, which is enhanced in the presence of stronger
spin-spin interactions.’*! However, for the samples in which

the complete EMP formation occurs during the exciton lifetime
(x =0.1 and x = 0.2), the transition redshift significantly
affects the time-integrated PL linewidth [see data points below
1 T in Fig. 6(f)], and hence data points below 1 T are
omitted. For these samples, we fit the functions from Egs. (16)
and (17) assuming that the Mn ions experience the total field
B = By + B,., where By is the external magnetic field and
B, is given by Eq. (20).

Fit accuracy is very good. Obtained fitting parameters
for the samples identified by x are collected in Table I. It
shows that the number of paramagnetic ions in a dot can
be as high as about 200 provided that the dot volume is
large enough. Above x = 0.05, the Ny, decreases. This is
expected since the concentration of Mn cations without a

TABLE I. The parameters obtained by simultaneous fitting of
the transition energy and linewidth for five QDs with different
nominal Mn compositions. Exciton localization volume N,V is
expressed in cation sites. Fitted numbers of paramagnetic Mn ions
are compared with the ones calculated (Ny;,) assuming a suppression
of paramagnetic response by the nearest neighbors.

x Namn NoV T (K) NS,
0.01 24 + 1 2970 =+ 100 3.1 4+ 02 26
0.035 41 £ 1 2040 + 60 42 +£03 46
0.05 183 £ 5 5270 + 250 8.0 + 0.1 150
0.1 69 + 4 2230 + 180 70 + 04 89
0.2 62 + 3 1120 + 130 54+ 04 48
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Mn as a nearest neighbor also decreases. Obtained values of
the exciton localization volume are expressed in the number
of cation sites and vary from about 1000 to 5500. These
numbers agree very well with the QD sizes obtained in the
atomic force microscopy (AFM) study of an uncapped layer
of Cd;_Mn,Te dots with x = 0.03 grown on Cd;_,Zn,Te
with y =~ 0.8. For lens-shaped QDs with a height of 2 nm, our
range of volumes corresponds to diameters from about 10 to
22 nm. For the dots with the largest Mn density of x = 0.2, the
fitted localization volume is particularly small, which could be
due to exciton autolocalization by the spatially inhomogeneous
EMP potential.'”*! Obtained Mn spin temperatures are again a
few kelvins higher than the bath temperature and as above, we
conclude that this originates from heating of the lattice itself
by the nonresonant excitation. In Table I, we also compare
the obtained values of Ny, with those calculated NG =
NoV xer, Wwhere NoV is the fitted localization volumes and
Xeff = X So(x)/S, where Sy(x) is the effective spin saturation
value applied to parametrize the Brillouin function.!”* The
agreement is very good for the smallest Mn concentrations
and in all cases the calculated values lie within three standard
deviations from the fitted ones.

In Fig. 7(a), we demonstrate Zeeman shifts (points)
measured at 5 T with the sample at bath temperature of
2 K averaged over 3—10 dots for each Mn concentration x.
These values are compared (brown broken line) to Zeeman
shifts calculated using Eq. (16) for T = 7 K and replacing
the ratio Nyim/NoV by xf calculated above. Analogously to
fitting performed in Fig. 6, for x > 0.05 in the calculation
we put B =5 T + B,, accounting for the EMP formation and
B, is calculated for an average exciton confinement volume
spanning over 2000 cation sites. Taking into account that the
experimental values correspond to a rather small statistical
ensemble, the average values put into the Zeeman shifts
calculation reproduce the overall trend very well.

Figure 7(b) shows transition linewidths averaged over sets
of 10-20 dots for each of the samples with different Mn
contents, measured at bath temperature of 10 K and zero
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FIG. 7. (Color online) (a) Exciton Zeeman shifts and (b) tran-
sition linewidths averaged over a set of dots with different Mn
content x. Broken line in (a) shows calculated shifts assuming a
statistical distribution of Mn ions (see text).
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external magnetic field. The linewidth monotonically increases
with increasing Mn concentration. However, this increase is
driven by different mechanisms, depending on x. For dots
with x < 0.035, narrow linewidths result from the narrowing
due to exciton spin relaxation despite increased Mn spin
temperature. On the other hand, for dots with x > 0.035
the transitions are broadened due to the transient shifts
reflecting the EMP formation (still influencing the x < 0.1
dots even if the full equilibrium is not attained during the
exciton lifetime). Hence, the increase of transition linewidth
cannot be directly linked to the enhanced magnetization
fluctuations, since at different Mn concentrations various
mechanisms influence its value. In fact, Eq. (17) shows that the
linewidth resulting from the magnetization fluctuations scales
as /Nun/(NoV) and thus for dots at the same stage of the
equilibration in the exciton-Mn spin system, we would expect
the linewidth to strongly decrease for dots with highest Mn
contents.

V. DISCUSSION

Experimental results presented in Figs. 3, 4, and 5 un-
ambiguously demonstrate spin relaxation of excitons in the
studied Cd;_,Mn,Te QDs. This is an important conclusion,
since a vast majority of the studies of spin relaxation in QDs
focus on spin relaxation of single carriers. A natural question
arises about the mechanism of the exciton spin relaxation.
Below, we propose two types of mechanisms, differing in the
role played by the sp-d exchange interaction.

In the first mechanism, the role of the Mn ions is static
and the role of the thermal reservoir is played by phonons.
The exchange interaction provides a splitting of the |£1)
exciton states. Momentary fluctuations of the QD magneti-
zation results in exchange splittings, which in turn influence
the transition linewidth of a time-integrated spectrum. The
exchange splitting can be approximated from the transition
linewidth taking into account the line narrowing due to exciton
spin relaxation or broadening due to transient energy shift
during EMP formation. For example, from the PL spectra for
a dot with x = 0.035 presented in Fig. 5, we can estimate
the exchange-induced splitting of the exciton state to be
equivalent to a direct Zeeman splitting of an exciton in
CdTe dot in a magnetic field of about 15 T. In order for
the spin-flip transition due to phonon scattering to occur, the
Zeeman split sublevels need to have a mixed spin character.”>*
For nonmagnetic QDs, the intermixing can be provided by,
e.g., the combined effect of the strain-driven heavy-light
hole mixing and the electron-hole exchange interaction. The
mixing allows a phonon-assisted spin-flip transition and the
resulting relaxation times between the Zeeman split bright
exciton states scale as>™ T, ~ s>(E/80)>B 3, where s is
the sound velocity and Ey,/§p is the size-dependent ratio
of the heavy-light hole splitting and the isotropic exchange
splitting (see Sec. IIB). For InAs/GaAs QDs at 15 T, this
mechanism yields spin relaxation times on the order of a
few nanoseconds, smaller for smaller dots. For a CdTe dot,
these times can be further decreased as a result of the sound
velocity being smaller by about 40% allowing to obtain values
comparable to the exciton lifetime and on the same order
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of magnitude as measured experimentally.?’ Moreover, the
relaxation between the bright and dark states is expected to be
even more efficient.’® Another mixing mechanism allowing for
the phonon-assisted spin-flip is due to the spin-orbit coupling.
This mechanism combined with piezoelectric spin-phonon
coupling was shown to determine the relaxation times of
single electrons®* confined in QDs and at large enough
spin splittings to scale as T; ~ B>, providing an even more
efficient process. Remarkably, in Cd;_,Mn,Te QDs the s-d
exchange interaction provides another important mechanism
for mixing of the exciton states, namely via electron-Mn
ion spin flip-flops [see Hamiltonian (6) and the discussion
in Sec. II B]. Therefore, due to the combined action of the
carrier-Mn exchange, electron-hole exchange, and the heavy-
light hole mixing, the spin-up and spin-down exciton states are
substantially mixed which in itself allows us to expect short
relaxation times. It also makes a rigid theoretical modeling
challenging.

The second spin relaxation mechanism involves a dynami-
cal role of the Mn ions. The sp-d exchange is then no longer
just a source of an effective quasistatic magnetic field giving
rise to a splitting of the Kramers doublet, but may act as
a scattering mechanism due to the dynamics of Mn spins
caused by their short-range interactions (both isotropic and
anisotropic superexchange). Such a role was invoked for spin
relaxation of electrons in CdTe/Cd, _, Mn, Te quantum wells.>’
Proper description of the carrier (electron, hole, and exciton)
spin relaxation in semimagnetic QDs obviously requires more
theoretical investigations.

The model of the PL spectrum presented here is able to
reproduce experimental data in a relatively wide range of
external parameters such as magnetic field and temperature.
The main effect not accounted for is the coexistence of different
charge states in the single-dot PL spectrum. As shown for CdTe
QDs, even at small excitation powers all the s-shell transitions
appear simultaneously in the spectrum, with a universal
sequence EX% > E(Xt) > E(X™) > E(2X), where E(x)
is the transition energy of the excitonic complex yx.**4
For Cd;_,Mn,Te dots with a sufficiently low Mn content
it is possible to identify the neutral exciton and a charged
exciton (see, e.g., Fig. 4), but due to the magnetization
fluctuations, the broadening of the transitions result in charge
exciton recombinations merged together with the biexciton
transition. For dots with Mn concentration above 0.1, the
transition linewidth ultimately precludes identification of the
charge states. Our theoretical considerations assume a neutral
QD and thus the PL spectrum model and discussion of the
magnetic field dependence of the Zeeman shifts and linewidths
concern exclusively the recombination of a neutral exciton.
However, emission from a charged dot can exhibit a very
different behavior in magnetic field, especially with respect to
the development of carrier—Mn ion equilibrium. A positively
charged dot, even with a very small Mn concentration, can
reach the equilibrium due to the presence of the additional
hole not taking part in the recombination and dwelling in the
QD for a time much longer than both the exciton lifetime and
EMP formation. This hole may develop a net magnetization
due to the hole-Mn ion exchange interaction. For a dominant
X%t recombination we therefore expect the signatures of
equilibrium such as the transition blueshift with increasing
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temperature or decreased Zeeman shift to appear even when
the Mn density is low and EMP formation time is large. For
a high Mn content, the picture becomes more complicated
since both the single carrier and the exciton may develop
the magnetization. However, while photocreation of an X°
turns on the formation process, the excitation of the X*
is rather expected to at least diminish the magnetization,
since the two holes form a singlet states. Nevertheless, we
expect to see different Zeeman shifts for a neutral and
charged dot.

VI. CONCLUSIONS

We have investigated the properties of the PL spectrum of
semimagnetic, Cd;_,Mn, Te QDs. We found that in the process
of reaching a full thermal equilibrium in the exciton—Mn ion
spin system, the PL spectrum undergoes changes in energy and
linewidth. In particular, the equilibration process involves an
intermediate stage, in which the exciton spin is relaxed, while
the full exciton—Mn ion system is not yet in equilibrium. This
particular stage gives rise to a specific shape of the spectrum,
with a substantially narrowed and asymmetric transition line.
We have developed a theoretical model, allowing us to
analytically compute the PL spectra for the unrelaxed, exciton
spin-relaxed, and fully relaxed system. We found an excellent
agreement between the model calculations and the experiment,
and the comparison allowed us to access such parameters as the
exciton localization volume, the number of (approximately)
paramagnetic Mn ions, and their temperature. The volumes
evaluated from the experiment remain in agreement with
AFM studies. The numbers of paramagnetic Mn ions in dots
with different Mn densities agree well with those calculated
assuming random distribution of the impurities in the cation
sublattice. Furthermore, we have found that the heating of
the Mn ions by the photocreated carriers is not effective for
relatively large Mn densities although the Mn ions are still
hotter than the bath. We have presented a comprehensive study
of the PL energy and transition linewidth for Cd;_,Mn,Te
quantum dots in a broad range of Mn concentrations and
discussed the processes controlling these parameters for
various Mn densities.
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APENDIX: EFFECTIVE VOLUME DETERMINED BY
INTERACTION OF THE EXCITON WITH THE Mn SPINS

Let us define the ratio of hole and electron volume as

R=_",

V. (AD)
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and assume that 1/2 < R < 2. We will now consider two
cases: (i) Mn spins located only within the QD volume (which
we identify here with the V,) and (ii) Mn spins uniformly
distributed in the QD and the surrounding barrier. Taking into
account that in Cd;_,Mn,Te |8/a| = 4, the effective volume
defined in Eq. (12) is then given by

5V,
"~ 4+R

(A2)

in case (i) and V =V}, in case (ii). Hence, for the assumed
range of values for R, we get that in the former case
(10/DVy, =V = (5/6)V), = V.

Note that there is an alternative definition of the effective
volume, in which we take the Hamiltonian from Eq. (11) and
use it to derive the expression for o analogous to the one from
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Eq. (15):

a2
%03, (A3)

defining in this way the volume V. A short calculation shows
that in case (i) we have V, = V, while in case (ii) we have

5 W

4 3. &
Vitie
which gives 1.01V, >V > 0.98 V, = V,,. This shows that
both definitions of the effective volume are, with reasonable
accuracy, consistent with each other and with the statement
that the effective volume obtained from the fitting (Figs. 5 and

6) corresponds to the confinement volume of the hole wave
function.

2 _
op =

Vo = (A4)
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