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We formulate the problem of electron transport through an interacting quantum dot system in the framework
of the self-consistent perturbation theory of the nonequilibrium Green’s function and show that the current
conservation through the central region is automatically guaranteed owing to the gauge-invariant properties
of the resulting Green’s functions and the generalized Ward identity. By using a generating functional for the
statistics of the nonequilibrium system, we obtain general formulas for calculating the current and the current
fluctuations in the presence of arbitrary time-dependent potentials. As an illustration of application, we study the
interaction effects on the finite-frequency noise for electron resonant tunneling through an Anderson impurity and
obtain an analytical expression for the finite-frequency current noise within the Hartree approximation, which is
an extension of the results obtained by Hershfield on zero-frequency shot noise.
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I. INTRODUCTION

The transport properties of mesoscopic conductors have
attracted wide research interest and are of great importance for
future nanoscale electronic applications. One usually probes
the dynamics of an electron in the conductors by measuring
the dc and ac conductances in the linear-response regime or by
driving the systems to the nonlinear out-of-equilibrium case.
The coherent electron dynamical transport in a mesoscopic
system can exhibit novel properties, for example, a universal
charge relaxation resistance for mesoscopic capacitors was
predicted theoretically1 and was confirmed in a seminal
experiment by Gabelli et al.2 in which the ac conductance
of a mesoscopic RC circuit at the gigahertz frequency was
measured, and the violation of Kirchhoff’s law of impedance
addition was shown. Recent experimental advances will enable
probing the electronic processes in these systems in the
high-frequency region reaching the intrinsic time scales of
the electron dynamics, hence, new interesting physical prop-
erties are expected to be observed.3

Some important progress in this field is based on the
wisdom that more information about electron dynamics can
be obtained by measuring the current fluctuations or the
higher current moments in these systems.4,5 The theory of
full counting statistics (FCS) of the electron current, which
describes the probability distribution of the transmitted charge
during a fixed time interval through a mesoscopic conductor,
was developed within the scattering formulation,6–8 and
the Hamiltonian formulation for the FCS was constructed
based on the Anderson impurity model.9–11 It was also
shown that the real part of the ac conductance is related to
the asymmetric parts of the frequency-dependent current
noise by a nonequilibrium fluctuation-dissipation theorem.12,13

The non-Markovian effects of finite-frequency quantum noise
in quantum dots was addressed based on quantum master
equations.14 Therefore, at present, there are intensive research
activities on the study of FCS problems both in quantum dot
systems15–17 and in diffusive conductors.18,19

For the study of the time-dependent and finite-frequency
transport properties of mesoscopic systems, Blanter and

Büttiker5 emphasized the importance of considering electron
interaction effects and pointed out that the current measured
in the frequency-dependent transport experiment is a sum of
the particle current and displacement current, whereas, the
displacement current is zero in the static case but is essential
for finite-frequency transport. A theoretical approach that can
address the finite-frequency electron transport and can take
into account the various electron correlation effects as well as
the current conservation condition explicitly is highly worthy
of investigation.20,21

A prototype mesoscopic system of nonequilibrium electron
transport with strong Coulomb interaction is a single quantum
dot coupled to left and right leads, which can be described
by the Anderson impurity model. The current through the
quantum dot22 has been calculated by performing a second-
order perturbation theory of the Coulomb interaction strength
U . However, the authors22 observed that the current is not con-
served in this approximation when the dot level is tuned away
from the particle-hole symmetry point and pointed out the ne-
cessity of treating interaction terms by a current conservation
approximation. Subsequently, Hershfield23 studied the current
fluctuations in the Anderson impurity model and obtained
a formula for the interaction effect on zero-frequency shot
noise in the Hartree approximation. During the last decade,
the shot noise and the FCS of the current of the Anderson
impurity model in the low-temperature Kondo regime have
attracted a great deal of research effort and interest, but we
will restrict our consideration only to the resonant tunneling
regime in this paper. For a noninteracting resonant tunneling
model, an analytical formula of the finite-frequency noise
spectrum had been obtained.24,25 The nonsymmetrized noise
spectrum of the resonant tunneling model has recently been
studied within the scattering formulation26,27 where some step
and dip structures at finite frequencies were shown and the
Hartree-Fock theory was applied to the multilevel quantum
dot system.28 Very recently, perturbation theory in terms of
the Coulomb interaction strength was applied to study the
noise spectrum of the Anderson impurity model.29

In the present paper, we formulate the theory of electron
transport through a quantum dot based on the nonequilibrium

235303-11098-0121/2013/87(23)/235303(11) ©2013 American Physical Society

http://dx.doi.org/10.1103/PhysRevB.87.235303


GUO-HUI DING AND BING DONG PHYSICAL REVIEW B 87, 235303 (2013)

self-consistent perturbation method,30 which can guarantee
the gauge invariance and current conservation condition for
the arbitrary time-dependent external potential. We study the
effect of the potential fluctuations in the quantum dot on the
finite-frequency noise within the Hartree approximation and
obtain an analytical expression for the interaction effect on the
current noise, which is an extension of Hershfield’s result23 to
the finite-frequency case. We will show that various correlation
functions of the nonequilibrium system, including the vertex
correction terms, can be calculated in a systematic way by
using functional derivations defined on the closed time contour
and the external counting field method. Actually, the functional
approach has been applied to a wide range of problems in the
mesoscopic system in the literatures, e.g., current and noise
characteristics for single-electron transistors in the Coulomb
blockade regime31,32 or the Kondo regime,33 photoassisted
shot noise in a mesoscopic conductor,3 charge transport to
a chaotic cavity,34 the time evolution of the nonequilibrium
quantum dot system,35 etc.

This paper is organized as follows: In Sec. II, we discuss
the current conservation condition and the generalized Ward
identity for a quantum dot based on the Anderson impurity
model. In Sec. III, the formula for the finite-frequency noise
spectrum, including the interaction correction term in the
Hartree approximation, is obtained. Section IV is devoted to
the numerical calculations. In Sec. V, we summarize the results
of this paper.

II. SELF-CONSISTENT PERTURBATION THEORY AND
THE GENERALIZED WARD IDENTITY

We consider the electron’s transport through a single level
quantum dot in the presence of external ac fields, and the
system will be described by the following Anderson impurity
model:36,37

H =
∑
kησ

εkη(t)c†kησ ckησ +
∑

σ

εd (t)d†
σ dσ + Und↑nd↓

+
∑
kησ

[tηe
iλη(t)c

†
kησ dσ + H.c.], (1)

where η = L,R denotes the left and right leads and εkη(t) =
εkη + vη(t) and εd (t) = εd + v0(t) with vη(t) and v0(t) being
the ac potentials in the leads and in the dot, respectively. λη(t)
is the gauge potential coupled to the tunneling current from
lead η to the dot. The strong Coulomb interaction term in
the Hamiltonian prevents this model from obtaining an exact
solution. But we can approach this problem by performing
perturbation theory on the Schwinger-Keldysh closed time
path contour. Using the nonequilibrium Dyson equation, we
write the equation of motion for the nonequilibrium Green’s
function (GF) of the quantum dot as follows:[
i

∂

∂t
− εd (t)

]
Gdσ (t,t ′) = δ(t,t ′) +

∫
dt1�(t,t1)Gdσ (t1,t

′).

(2)

It should be emphasized that the time variables t and t ′ can be
either on the forward or on the backward branch of the time
contour and the integration over t1 is also defined on the closed
time path contour. The self-energy �(t,t ′) is obtained in the

framework of self-consistent perturbation theory and can be
divided into two terms,

�(t,t ′) = �(0)(t,t ′) + �U (t,t ′), (3)

where �(0)(t,t ′) is the dot level self-energy contributed from
the tunneling between the leads and the quantum dot,

�(0)(t,t ′) =
∑
kη

|tη|2ḡkη(t,t ′)

× exp

{
−i

[
λη(t) − λη(t ′) +

∫ t

t ′
dt1vη(t1)

]}
,

(4)

with ḡkη(t,t ′) being the bare Green’s function of the lead
without an external ac potential field. �U (t,t ′) is the self-
energy due to Coulomb interaction. In the self-consistent
perturbation theory, it is a functional of the full Green’s
functions of the quantum dot. In order to illustrate the method
of calculation, we consider only the first-order approximation,
and the interaction self-energy is given by the Hartree
term,

�U (t,t ′) = U 〈ndσ̄ (t)〉δ(t,t ′). (5)

We first study the gauge transformation properties and
current conservation condition of the Green’s functions of
the quantum dot. By making a transformation36 Gdσ (t,t ′) =
Ḡdσ (t,t ′)e−i

∫ t ′
t

dt1v0(t1), the equation of motion for Ḡdσ (t,t ′)
will be given by[

i
∂

∂t
− εd

]
Ḡdσ (t,t ′) = δ(t,t ′) +

∫
dt1�̄(t,t1)Ḡdσ (t1,t

′),

(6)

where the self-energy �̄(t,t1) = �̄(0)(t,t ′) + �̄U (t,t ′) with

�̄(0)(t,t ′) =
∑
kη

|tη|2ḡkη(t,t ′)e−iφη(t,t ′), (7)

and in the Hartree approximation,

�̄U (t,t ′) = U 〈n̄dσ̄ (t)〉δ(t,t ′), (8)

where the phase factor φη(t,t ′) = λη(t) − λη(t ′) +∫ t

t ′ dt1[vη(t1) − v0(t1)] and Ḡdσ (t,t ′) is a gauge transformation
invariant quantity. If one considers a gauge transformation:
v0(t) → v0(t) + ∂t 
̃(t) and λη(t) → λη(t) + 
̃(t), then it
is easy to see that the phase factor φη(t,t ′), the self-energy
�̄(t,t ′), and Ḡdσ (t,t ′) are all gauge transformation invariant.
Therefore, the Green’s function Gdσ (t,t ′) transforms as

Gdσ (t,t ′; 
̃) = e−i
̃(t)Gdσ (t,t ′)ei
̃(t ′). (9)

The above gauge transformation is directly related to the
current conservation condition in the quantum dot. Since under
this gauge transformation, the change in the Hamiltonian to
the first order of 
̃ is given by

δH (t) = nd (t)∂t 
̃(t) +
∑

η

jη(t)
̃(t), (10)

where nd (t) and jη(t) are the operators of the charge number
in the dot and the tunneling current from lead η to the dot,
respectively. The gauge transformation invariance of the action
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leads to the continuity equation,

∂t 〈nd (t)〉 −
∑

η

〈jη(t)〉 = 0. (11)

In the out-of-equilibrium steady state, the occupation number
〈nd (t)〉 is time independent, and the current conservation
condition

∑
η〈jη〉 = 0 is satisfied.

Next, we will follow the procedure as given in Ref. 38 to
give a derivation of the generalized Ward identity39 for this
quantum dot system, which is closely related to the current
conservation condition. In the spin degenerate case, the spin
index σ will be omitted. We consider the changes in the Green’s
function induced by the gauge transformation. From Eq. (9),
the first-order change in G is

δG(t,t ′) = −i[
̃(t) − 
̃(t ′)]G(t,t ′), (12)

and it leads to the equation,∫
dt1

[
δG(t,t ′)
δv0(t1)

∂t1
̃(t1) +
∑

η

δG(t,t ′)
δλη(t1)


̃(t1)

]

= −i[
̃(t) − 
̃(t ′)]G(t,t ′), (13)

where the functional derivatives of G can be denoted as 
0 and

η and they correspond to the time-ordered operator products
as follows:


0(t,t ′; t1) = δG(t,t ′)
δv0(t1)

= −〈TC[dσ (t)d†
σ (t ′)nd (t1)]〉, (14)


η(t,t ′; t1) = δG(t,t ′)
δλη(t1)

= −〈TC[dσ (t)d†
σ (t ′)jη(t1)]〉. (15)

An integration by parts in Eq. (13) and demanding that the
equation is satisfied for arbitrary 
̃ straightforwardly leads to
the well-known generalized Ward identity,

∂t1
0(t,t ′; t1) −
∑

η


η(t,t ′; t1) = i[δ(t,t1) − δ(t ′,t1)]G(t,t ′).

(16)

This identity leads to a relation between the vertex functions
and the self-energy, which can be demonstrated explicitly by
introducing the following vertex functions:

�0(t,t ′; t1) = −δG−1(t,t ′)
δv0(t1)

, (17)

�η(t,t ′; t1) = −δG−1(t,t ′)
δλη(t1)

. (18)

One can see that these vertex functions are related to the time-
ordered operators,


0(t,t ′; t1) =
∫

dt2dt3G(t,t2)�0(t2,t3; t1)G(t3,t
′), (19)


η(t,t ′; t1) =
∫

dt2dt3G(t,t2)�η(t2,t3; t1)G(t3,t
′). (20)

Thereby, the generalized Ward identity Eq. (16) can be
rewritten in terms of the vertex functions,

∂t1�0(t,t ′; t1) −
∑

η

�η(t,t ′; t1) = i[δ(t ′,t1)−δ(t,t1)]G−1(t,t ′).

(21)

This equation relates the vertex functions to the self-energy
since the inverse of the Green’s function G−1 = G−1

0 − � is
given explicitly as

G−1(t,t ′) = [i∂t − εd − v0(t)]δ(t,t ′) − �(0)(t,t ′) − �U (t,t ′).
(22)

The generalized Ward identity implies the gauge invari-
ance and current conservation condition in this prob-
lem. Therefore, it should be satisfied when the current
fluctuations or time-dependent electron transport proper-
ties in this system are investigated by performing an ap-
proximation calculation of the self-energy or the vertex
functions.

III. CURRENT FLUCTUATIONS AND THE HARTREE
APPROXIMATION

In this section, we study the current fluctuation and
statistical problems in this quantum dot system. It is well
known that the central quantity in FCS calculations6,7 is the cu-
mulant generating function χ (λ) = ∑

Q eiQλP (Q), where λ =
(λ1, . . . ,λN ) are the counting fields and P (Q) is the probability
for the charge Q = (Q1, . . . ,QN ) to be transferred through the
respective channel10 during the measuring time T . For the non-
interacting electron system, the generating function is given
by the Levitov-Lesovik formula6 within the scattering matrix
approach. It is observed that the cumulant generating function
can be generalized to the system with time-dependent counting
fields and it can be written in terms of the nonequilibrium
Green’s function defined on the closed time path contour as
follows:

ln χ (λ) = Tr ln G−1 − Tr �UG + 
(G), (23)

where G−1 is the inverse of the full Green’s function of the
quantum dot given explicitly by Eq. (22). The trace (Tr)
implies the sum over spin index and the integration along
the closed time path contour. 
 is a functional potential
constructed by summing over irreducible self-energy diagrams
closed with an additional Green’s function line.30 The inter-
action self-energy �U can be obtained from the functional

 by

�U (t,t ′) = δ


δG(t ′,t)
. (24)

One can verify that, when the counting fields λ are assumed
to be time independent and the system is in the noninteracting
case, the above generating functional arrives at the Levitov-
Lesovik formula.

The electron current tunneling from lead η to the quantum
dot can be obtained by a functional derivative of χ (λ) with
respect to λη(t),

〈Iη(t)〉 = i
e

h̄

δ ln χ (λ)

δλη(t)

= −i
e

h̄

∑
σ

∫
dt1dt2G(t1,t2)�(0)

η (t2,t1; t). (25)
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Here, the bare current vertex function �(0)
η (t2,t1; t) is given by

�(0)
η (t2,t1; t) = δ�(0)(t2,t1)

δλη(t)

= i[δ(t1,t) − δ(t2,t)]�
(0)
η (t2,t1). (26)

Therefore, the current through the quantum dot is given as32,34

〈Iη(t)〉 = e

h̄

∑
σ

∫
dt1

[
G(t,t1)�(0)

η (t1,t) − �(0)
η (t,t1)G(t1,t)

]
.

(27)

By using the operational rules given by Langreth for contour
integration,40 it is not difficult to prove that this formula is
exactly equivalent to the current formula obtained by Jauho
et al.41 for the time-dependent electron transport through an
interacting quantum dot.

We can introduce the interaction-induced current vertex
function, which is related to the self-energy of Coulomb
interaction,

�U
η (t2,t1; t) = δ�U (t2,t1)

δλη(t)
. (28)

Then, the vertex function defined in Eq. (18) is given by

�η(t2,t1; t) = �(0)
η (t2,t1; t) + �U

η (t2,t1; t). (29)

The current formula Eq. (25) indicates that the current is
contributed solely from the bare current vertex. There is no
contribution of the interaction vertex correction to the current
in this self-consistent perturbation approach. However, we
will show in the following that the interaction vertex, indeed,
influences the current fluctuations.

Next, we calculate the current-current correlation functions
on the time contour and find that they can be represented as
the sum of two terms,

Dηη′(t,t ′) ≡ 〈TCδIη(t)δIη′(t ′)〉 = −e2

h̄

δ2 ln χ (λ)

δλη(t)δλη(t ′)

= D
(0)
ηη′(t,t ′) + D

(c)
ηη′ (t,t ′), (30)

where the bare term is

D
(0)
ηη′ (t,t ′) = e2

h̄

∑
σ

δηη′
[
G(t,t ′)�(0)

η (t ′,t) + �(0)
η (t,t ′)G(t ′,t)

]

+ e2

h̄

∑
σ

∫
dt1dt2dt3dt4

[
G(t1,t2)�(0)

η′ (t2,t3; t ′)

× G(t3,t4)�(0)
η (t4,t1; t)

]
, (31)

and the interaction-induced vertex correction term to the
current correlation is given by

D
(c)
ηη′ (t,t ′) = e2

h̄

∑
σ

∫
dt1dt2dt3dt4

[
G(t1,t2)�U

η′ (t2,t3; t ′)

× G(t3,t4)�(0)
η (t4,t1; t)

]
. (32)

It should be noted that the above interaction vertex term has
contributions from the current correlations of the equal spin as
well as that of the opposite spin.

Among the various current correlation functions, the corre-
lation function for current noise is of particular interest since
the frequency-dependent noise spectrum of the current con-
tains the intrinsic dynamics information of this quantum dot
system. In a steady state without an external time-dependent
potential, the symmetrized noise spectrum Sηη′ (ω) is given by
the Fourier transform of the correlation function of current
operators Sηη′ (t,t ′) = 〈δIη(t)δIη′(t ′)〉 + 〈δIη′ (t ′)δIη(t)〉. It is
noted that the correlation function for current noise can be
written as

Sηη′ (t,t ′) = D>
ηη′ (t,t ′) + D<

ηη′ (t,t ′) = S
(0)
ηη′ (t,t ′) + S

(c)
ηη′ (t,t ′),

(33)

where S
(0)
ηη′ (t,t ′) and S

(c)
ηη′ (t,t ′) are contributed from the bare

term and the interaction-induced vertex correction term,
respectively.

The bare term S
(0)
ηη′ (t,t ′) is obtained straightforwardly by

using Langreth’s analytical continuation rules.40 In the absence
of an external ac potential, we can transform it to the frequency
space and can express it in terms of the Green’s functions of
the quantum dot explicitly as42,43

S
(0)
ηη′ (ω) = e2

h̄

∑
σ

∫
dω1

2π
[δηη′ i�η{nη(ω1)G>(ω1 + ω) − [1 − nη(ω1 + ω)]G<(ω1)}

− �η�η′(nη(ω1)[1 − nη′ (ω1 + ω)]Gr (ω1)Gr (ω1 + ω) + nη′ (ω1)[1 − nη(ω1 + ω)]Ga(ω1)Ga(ω1 + ω)

+ [nη′ (ω1)Ga(ω1) − nη(ω1)Gr (ω1)]G>(ω1 + ω) + G<(ω1){[1 − nη′ (ω1 + ω)]Gr (ω1 + ω)

− [1 − nη(ω1 + ω)]Ga(ω1 + ω)} − G<(ω1)G>(ω1 + ω))] + {ω → −ω}, (34)

where nη(ω1) is the Fermi distribution function in lead η. In order to obtain the interaction effect on the noise spectra, we
have to calculate the vertex function by functional derivation of the interaction self-energy with respect to the counting field:
�U

η (t1,t2; t) = δ�U (t1,t2)
δλη(t) where the interaction self energy �U (t1,t2) is given by Eq. (5) in the Hartree approximation. The technical

details of our calculation are presented in Appendix B. After calculating the vertex function and transforming it to the frequency
space, we can obtain the interaction correction to the finite-frequency current correlation function S

(c)
ηη′ (ω) as follows:

S
(c)
ηη′ (ω) = e2

h̄

∑
σ

[
χ

r,(0)
jηn

(ω)
U

1 − Uχ
r,(0)
nn (ω)

S
(0)
njη′ (ω) + S

(0)
jηn

(ω)
U

1 − Uχ
a,(0)
nn (ω)

χ
a,(0)
njη′ (ω)

+ χ
r,(0)
jηn

(ω)
U

1 − Uχ
r,(0)
nn (ω)

S(0)
nn (ω)

U

1 − Uχ
a,(0)
nn (ω)

χ
a,(0)
njη′ (ω)

]
, (35)
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where the various correlation and response functions are given
in Appendix A. This equation is the central result of our
paper. It is a generalization of the zero-frequency noise result,
obtained by Hershfield,23 to the finite-frequency case and
can be interpreted as the current noise contributed from the
coupling of the density fluctuations in the quantum dot to the
current fluctuations. The first term in Eq. (35) indicates that
the correlation between the density and the current S

(0)
nj ′

η
(ω)

can propagate forward in time via χr,(0)
nn (ω) and χ

r,(0)
jηn

(ω) to
produce current fluctuations. The second term represents that
the correlation S

(0)
jηn

(ω) propagates backward in time on the
backward branch to produce current fluctuations. In the last
term, the correlation between the densities at the quantum dot
S(0)

nn (ω) propagates forward and backward on the closed time
contour simultaneously and gives rise to current fluctuations.

Thus, the noise spectrum of the current correlation between
leads η and η′ is given as Sηη′ (ω) = S

(0)
ηη′ (ω) + S

(c)
ηη′ (ω). Since

the operator of the averaged current through the quantum dot is
I (t) = [IL(t) − IR(t)]/2, the noise spectrum associated with
the averaged current will be given by

S(ω) = 1
4 [SLL(ω) + SRR(ω) − SLR(ω) − SRL(ω)], (36)

here S(ω) is real because of SRL(ω) = S∗
LR(ω). It should be

noted that the averaged current I (t) may be different from the

currents measured in the leads when the capacitances of the
left and right tunnel junctions are considered. Equation (36)
for the noise spectrum of the average current only corresponds
to the case of the quantum dot with symmetric tunnel-junction
capacitances.44 For a thorough consideration of the effects
of the capacitances and the displacement currents in the
quantum dot or the single-electron transistor, one might need
more realistic microscopic modeling of the system than the
Anderson impurity model.

IV. NUMERICAL RESULTS

To get a better understanding of the interaction effect on
the current noise spectrum for the quantum dot system, in this
section, we will present some numerical calculations of the
current noise at zero temperature. In our calculation, we take
the coupling strength � between the leads and the quantum
dot as the units of energy and the bandwidth D = 100.

In order to estimate the quality of the Hartree approximation
in the study of the transport properties of this system, we first
make some comparisons between the results of the Hartree
approximation and that of the numerical renormalization group
(NRG) method45 in the linear-response regime. The linear
conductance of this system can be calculated by using the
Friedel sum rule: dI/dV = ∑

σ
e2

h
sin2(δσ /2) where the phase

FIG. 1. (Color online) (a) The linear conductance dI/dV vs the dot level εd for the quantum dot system in the symmetric coupling case
(�L = �R = �). We take the parameters in the Anderson impurity model in units of the coupling strength � = 1.0. The Coulomb interaction
strength is U = 0.0 (solid line), 2.0 (dashed line), and 4.0 (dashed-dotted line), respectively. The symbols correspond to results obtained by
the NRG method; (b) the linear conductance dI/dV vs the Coulomb interaction strength U for different dot levels εd ; (c) and (d) show the
transmission probability T (ω) vs incident electron energy ω. The parameters in panel (c): U = 4.0 and εd = 0.0 (solid line) and −2.0 (dashed
line); in panel (d), U = 2.0 and εd = 0.0 (solid line) and −1.0 (dashed line). Panels (e) and (f) show the current and the differential conductance
vs the bias voltage between the leads. The particle-hole symmetric case with εd = −1.0 and U = 2.0 is considered. The solid lines are the
results of the Hartree approximation, and the dashed lines are obtained from the analytical formulas in Ref. 47.
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(a) (b)

FIG. 2. (Color online) The noise spectra for quantum dot system
in the symmetric coupling case (�L = �R). (a) We plot the bare noise
spectrum S

(0)
LL(ω) (dashed line), the interaction correction term S

(c)
LL(ω)

(dashed-dotted line), and the noise spectrum after correction SLL(ω)
(solid line) for the left lead; (b) the same for the right lead. The
parameters used are εd = 0.0, U = 2.0, and �L = �R = 1.0 for the
symmetric case. The biased voltage between the left and the right
leads is �μ = 3.0.

shift is δσ = 2π〈ndσ 〉.46 The linear conductances dI/dV vs
the dot level εd and the Coulomb interaction strength U are
plotted in Figs. 1(a) and 1(b), respectively. Figure 1(a) shows
that the conductance given by the Hartree approximation is
in good agreement with the NRG results when the interaction
strength U/� is less than 2 and is qualitatively correct when
U/� = 4.0. In Fig. 1(b), it is somewhat of a surprise to see that
the conductance, as a function of U obtained by the Hartree
approximation, agrees with the NRG result even when the
dot level is well below the Fermi energy (εd/� = −2.0).
As is well known that the Hartree approximation cannot
account for the Kondo effect in the Kondo regime, so we
have examined the transmission probability T (ω) as a function
of incident electron energy ω for different values of U in
Figs. 1(c) and 1(d). The transmission probability is obtained
from the imaginary part of the dot GF T (ω) = −� Im Gr (ω).
In Fig. 1(c), one can see that the narrow Kondo resonance
peak in the line shape of the transmission probability T (ω)
cannot be described by the Hartree approximation in the
particle-hole symmetric case (εd = −U/2). But, for the dot
level εd being located in the resonant tunneling regime (εd = 0)
or in the weak Coulomb interaction case shown in Fig. 1(d),
the line shapes of T (ω) given by Hartree approximation are
in better agreement with the NRG results. For the system
with finite bias voltage between the leads, the current I

and the differential conductance dI/dV are plotted in Figs.
1(e) and 1(f), respectively, where the particle-hole symmetric
case with weak Coulomb interaction U = 2.0 is considered.
The results of the Hartree approximation are compared with
that of the Fermi-liquid theory47 in the out-of-equilibrium
case. In the small bias voltage regime with �μ/� < 0.5, the
results obtained by both methods are in good agreement. For
the system with large bias voltage or away from particle-
symmetric case, no general analytical expressions for the
current and conductance are available in the literature, and
further work might be needed to understand the non-linear-

response properties of the Anderson impurity model. In the
following, we will investigate the Anderson impurity model
in the weak Coulomb interaction strength U case within the
Hartree approximation.

To study the current noise spectra, we fix the Coulomb
interaction strength at U/� = 2.0, the dot level at εd = 0.0,
and assume a finite bias voltage of �μ = 3.0 (μL = −μR =
�μ/2) applied between the leads. For the system with symmet-
ric coupling strength �L = �R = �, we plot the current noise
spectra for the left and the right leads in Figs. 2(a) and 2(b),
respectively. Figure 2(a) shows that the bare noise spectrum
S

(0)
LL(ω) is a positive and increasing function of the frequency.

It approaches the value of 2e2�/h̄ at high frequency, which
agrees with the height of noise spectrum steps found for the
multilevel quantum dot system28 (where steps of height e2�/h̄

were shown for spinless electrons). The interaction correction
term S

(c)
LL(ω) shows significant dependence on the frequency.

It is found that the interaction corrections for the shot noise at
zero frequency has a small positive value, which agrees with
the result obtained previously,23 but the interaction correction
becomes negative and more significant when the frequency
increases, and it goes to a positive value again in the larger
frequency region. The maximum influence of the interaction
correction is achieved at the frequency which is largely
determined by the energy difference between the renormalized
dot level ε̃d = εd + U 〈ndσ̄ 〉 and the Fermi levels of the leads.
The sum of S

(0)
LL(ω) and S

(c)
LL(ω) gives the noise spectrum after

the interaction correction, which is a monotonously increasing
function of the frequency. Figure 2(b) shows the noise spectra
for the right lead (the drain side of this system). These noise
spectra exhibit more prominent features than that of the left
lead. One can find a significant dip for the total noise spectrum
SRR(ω) at the frequency equal to the applied bias voltage
(ω = �μ = 3.0). At high frequency, the noise spectrum SRR

also approaches the step value 2e2�/h̄.
The various bare correlation and response functions utilized

in the calculation of the interaction correction of the noise
spectrum are plotted in Fig. 3. As shown in Fig. 3(a), the
density fluctuation spectrum S(0)

nn (ω) of the quantum dot always
has real positive values at finite frequencies. The real part
of the density response function χr,(0)

nn (ω) is negative at a
low frequency, which reveals the screening effect of an
electrons decreasing the Coulomb interaction strength U on
the quantum dot. The imaginary part of χr,(0)

nn (ω) remains
negative for all frequencies due to the analytical properties
of the density-density response function. The correlation and
response functions between the density operator on the dot and
the current operator for the left and right leads are plotted in
Figs. 3(b) and 3(c), respectively.

Figure 4 shows the current noise spectra for the asym-
metrically coupled quantum dot system. Since the coupling
strength is �L 
 �R , we find that the magnitude of the current
fluctuations in the right lead, plotted in Fig. 4(b), is much less
than that of the left lead as shown in Fig. 4(a) because of the
tunneling rate between the right lead and the quantum dot being
much less than that of the left lead. The interaction correction
terms also have negative value regions at finite frequencies
both for the left and the right leads. The noise spectrum in the
right lead (drain lead) shows an evident dip structure at the
frequency equal to the bias voltage. It should be noted that,
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FIG. 3. (Color online) The spectra of various correlation and response functions involved in the calculation of the interaction effect on
noise spectra in the symmetric coupling case (in units of 1/�). (a) The density correlation function S(0)

nn (ω) and the real and imaginary parts
of the density response function χ (0)

nn (ω) in the quantum dot. (b) The real and imaginary parts of the correlation function S
(0)
jLn(ω) and response

function χ
r,(0)
jLn (ω) for the left lead. (c) The correlation function and response function of the right lead. The parameters used in the calculation

are the same as in Fig. 2.

here, the dip structure of the noise spectrum is due to finite
bias voltage, which is different from the dip structure found
for the multilevel quantum dot system where it is caused by
the energy-level spacing in the quantum dot.28 One can expect
that this kind of prominent feature of the noise spectrum can
be detected in experiments.

Next, we consider the noise spectrum of the averaged
current defined by Eq. (36). For the symmetric coupling case

(a) (b)

FIG. 4. (Color online) The noise spectra for the quantum dot
system in the asymmetric coupling case (�L 
 �R). (a) For the
left lead, we plot the bare noise spectrum S

(0)
LL(ω) (dashed line), the

interaction correction term S
(c)
LL(ω) (dashed-dotted line), and the noise

spectrum after correction SLL(ω) (solid line); (b) the same for the right
lead. We take the parameters as εd = 0.0 and U = 2.0 and assume
�L = 1.0 and �R = 0.2.

with different values of the dot energy level εd and a fixed
biased voltage �μ = 3.0, the averaged current noise spectra
S(ω), after taking into account the interaction correction and
the corresponding interaction correction terms S(c)(ω), are
plotted in Figs. 5(a) and 5(b), respectively. One observes that
both the noise spectrum S(ω) and the interaction correction
term S(c)(ω) are strongly dependent on the dot level εd .
In the particle-hole symmetric point with εd = −1.0, the
interaction correction term S(c)(ω) remains zero for all the
frequencies. For the dot level εd > 0, one sees that, around
the frequency ω ≈ �μ, the noise spectra have suppression
effects, and the corresponding interaction correction terms
exhibit peak structures. In the high-frequency region, all of the
noise spectra go to the same value which is somewhat below
half the noise step height (e2�/h̄) as a result of the current cross
correlation. The interaction correction terms go to zero in the
high-frequency limit. In Figs. 5(c) and 5(d), we show the noise
spectra and the interaction corrections for different biased
voltages when the dot level is fixed at εd = 0. In the zero-bias
voltage case, the noise power is zero in the zero-frequency
limit, which is due to the absence of thermal noise and energy
dissipation at zero temperature in the equilibrium situation.
It is interesting to notice that the interaction correction term
also remains zero at finite frequencies at equilibrium since
the quantum dot is symmetrically coupled to the left and
right leads. By increasing the biased voltage, the noise power
in the zero-frequency region is greatly enhanced, and the
interaction corrections on the noise spectra become more
significant. Recently, the interaction correction to the noise
spectrum of the Anderson impurity model was studied by
a second-order perturbation theory and the diagrammatic
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(a)

(b)

(c)

(d)

FIG. 5. (Color online) The noise spectra of the averaged current for the quantum dot system in the symmetric coupling case (�L = �R = 1.0).
(a) and (c) correspond to the noise spectra after interaction correction S(ω); (c) and (d) are the interaction correction term S(c)(ω). For (a) and (b),
the bias voltage is fixed at μL = −μR = �μ/2 = 1.5, and the quantum dot level is tuned by gate voltage with εd = −1.0 (solid line), 0.0 (dashed
line), 1.0 (dash-dotted line), and 2.0 (dashed-dot-dotted line). For (c) and (d), the dot level is fixed at εd = 0.0, and the bias voltage changes.

resummation technique.29 We find the noise corrections at
finite bias voltages plotted in Figs. 5(b) and 5(d) have similar
peak structures to that obtained in Ref. 29 where the particle-

hole symmetric regime is considered. In this self-consistent
Hartree approximation, one cannot expect to take into account
the spin fluctuation effects correctly, thereby, we will not

(a)

(b)

(c)

(d)

FIG. 6. (Color online) The noise spectra of the averaged current for the quantum dot system in the asymmetric coupling case (�L =
1.0, �R = 0.2). The others are the same as in Fig. 5.
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address the Kondo effect on the noise spectrum as investigated
in Ref. 29.

Figure 6 depicts the noise spectra and interaction correction
terms of the averaged current in the asymmetric coupling case.
It is shown that the interaction effect is more significant than
that of the symmetric coupling case, and the influence of the
noise spectra by tuning the dot level εd becomes larger. One
of the noteworthy features of the interaction correction term
is that it is nonzero at finite frequencies even in the zero-bias
voltage limit as shown in Fig. 6(d). This is quite different from
the symmetric coupling case. The noise spectra also show
large deviations from the half-step height value (e2�/h̄) in the
high-frequency limit.

V. CONCLUSIONS

In this paper, we have investigated the problem of electron
transport through a quantum dot in the framework of nonequi-
librium self-consistent perturbation theory and examined the
current conservation condition. Based on the Anderson impu-
rity model, we have given the current and current fluctuation
formulas by using a nonequilibrium generating functional
and the functional derivation method, which are valid in the
presence of arbitrary external time-dependent potentials. We
have calculated the interaction effect on the finite-frequency
noise spectrum of the Anderson impurity model by taking
into account the interaction vertex correction term within
the Hartree approximation and have obtained an analytical
expression for the noise correction term at finite frequencies,
which corresponds to a generalization of the previous result
on zero-frequency shot noise. Even though we have focused
our present attention on the symmetrized noise spectrum, one
can expect that the nonsymmetrized noise spectrum and the
ac conductance can also be studied within the formulation
presented in this paper. We believe that the self-consistent
perturbation theory on the Schwinger-Keldysh contour can
lead to a unified approach to many interesting problems
in nonequilibrium electron transport through mesoscopic
systems and will give us a deep understanding of the current
fluctuation and energy dissipation phenomena.48 The func-
tional method provides a convenient way to study the statistics
of current fluctuations. It should be noted that the Hartree
approximation can only account for some interaction effects
on the electron current noise in the resonant tunneling regime.
Namely, only when the dot level is near the Fermi energy
(εd ≈ 0) where no Kondo effect is involved at low temperatures
and the Anderson impurity model is not in the local moment
regime (U/� < 2.0), can the Hartree approximation with
vertex corrections give reasonable results on the transport
properties of the Anderson model. Therefore, it is expected
that future research can treat the interacting effect beyond
the Hartree approximation and can give us more information
about the interaction effect on the out-of-equilibrium dynamics
of electrons in the Coulomb blockade regime as well as the
low-temperature Kondo regime.
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APPENDIX A

The response and correlation functions of the density
operator for the one spin component are given by

χr
nn(t,t ′) = −iθ (t,t ′)〈[ndσ (t),ndσ (t ′)]〉, (A1)

and

Snn(t,t ′) = 〈{δndσ (t),δndσ (t ′)}〉, (A2)

respectively. The current-density response function and the
correlation function are

χr
jηn

(t,t ′) = −iθ (t,t ′)〈[jησ (t),ndσ (t ′)]〉, (A3)

and

Sjηn(t,t ′) = 〈{δjησ (t),δndσ (t ′)}〉. (A4)

By neglecting the vertex correction term induced by interaction
effect, we can explicitly write the above functions in the
frequency space as follows:

χr,(0)
nn (ω) =

∫
dω1

2π
(−i)[Ga(ω1)G<(ω1 + ω)

+ G<(ω1)Gr (ω1 + ω)], (A5)

S(0)
nn (ω) =

∫
dω1

2π
[G<(ω1)G>(ω1 + ω)

+ G>(ω1)G<(ω1 + ω)], (A6)

χ
r,(0)
jηn

(ω) =
∫

dω1

2π
{i�ηnη(ω1)[Gr (ω1)Gr (ω1 + ω)

− Ga(ω1)Ga(ω1 − ω)] + i�ηG
<(ω1)

× [Gr (ω1 + ω) + Ga(ω1 − ω)]}, (A7)

S
(0)
jηn

(ω) =
∫

dω1

2π
�η{[1 − nη(ω1)]Gr (ω1)G<(ω1 + ω)

− nη(ω1)Gr (ω1)G>(ω1 + ω) + nη(ω1 + ω)

× G>(ω1)Ga(ω1 + ω) − [1 − nη(ω1 + ω)]

× G<(ω1)Ga(ω1 + ω) − G<(ω1)G>(ω1 + ω)

− G>(ω1)G<(ω1 + ω)}. (A8)

In the Hartree approximation, the retarded/advanced
Green’s function is Gr/a(ω1) = 1/[ω1 − εd − U 〈ndσ̄ 〉 ±
i
∑

η �η/2]. The other Green’s functions are
G<(ω1) = Gr (ω1)[i

∑
η �ηnη(ω1)]Ga(ω1) and G>(ω1) =

Gr (ω1){−i
∑

η �η[1 − nη(ω1)]}Ga(ω1), where nη(ω) is the
Fermi distribution function of the lead.

APPENDIX B

The interaction vertex function is �U
η (t1,t2; t) = δ�U (t1,t2)

δλη(t) ,
and the self-energy in the Hartree approximation is
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given by

�U (t1,t2) = U 〈ndσ̄ (t1)〉δ(t1,t2) = −iUGσ̄ (t1,t
+
1 )δ(t1,t2).

(B1)

In the spin degenerate case, we will omit the spin index σ̄ . By
using the following identity:

δG(t1,t
+
1 )

δλη(t)
= −

∫
dt2dt3G(t1,t2)

δG−1(t2,t3)

δλη(t)
G(t3,t

+
1 )

=
∫

dt2dt3G(t1,t2)
[
�(0)

η (t2,t3,t)

+ �U
η (t2,t3,t)

]
G(t3,t

+
1 ), (B2)

we will derive the integral equation satisfied by the interaction
vertex function. If we rewrite the vertex function �U

η (t1,t2; t) =
�̃U

η (t1,t)δ(t1,t2), then the integral equation for �̃U
η (t1,t) is given

by

�̃U
η (t1,t) + iU

∫
dt2G(t1,t2)G(t2,t

+
1 )�̃U

η (t2,t)

= −iU
(0)
η (t1,t), (B3)

where


(0)
η (t1,t) =

∫
dt2dt3G(t1,t2)�(0)

η (t2,t3,t)G(t3,t
+
1 ). (B4)

By introducing a function M(t2,t), which satisfies the follow-
ing equation:∫

dt2[δ(t1,t2) + iUG(t1,t2)G(t2,t
+
1 )]M(t2,t) = δ(t1,t), (B5)

we then obtain the solution for the vertex function as

�̃U
η (t1,t) = −iU

∫
dt2M(t1,t2)
(0)

η (t2,t). (B6)

It is noticed that 
(0)
η (t2,t) is equal to the bare correla-

tion function of the density operator on the quantum dot

(0)

η (t2,t) = 〈TCδjη(t)δndσ̄ (t2)〉 without the interaction vertex
correction as defined in Appendix A. The function M(t1,t2)
can be obtained by solving Eq. (B5). In the frequency space,
it can be written in the matrix form of(

M−−(ω) M−+(ω)

M+−(ω) M++(ω)

)

= 1

�(ω)

(
1 + Uχ++,(0)

nn (ω) Uχ−+,(0)
nn (ω)

Uχ+−,(0)
nn (ω) −1 + Uχ−−,(0)

nn (ω)

)
, (B7)

with �(ω) = [1 − χr,(0)
nn (ω)][1 − χa,(0)

nn (ω)]. Therefore, an ex-
plicit formula, Eq. (B6), for the vertex function �̃U

η (t1,t) is
obtained, which can be substituted for Eq. (32) to get the
current noise interaction correction term.
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54, 8130 (1996).
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5Y. M. Blanter and M. Büttiker, Phys. Rep. 336, 1 (2000).
6L. S. Levitov and G. B. Lesovik, JETP Lett. 58, 230 (1993).
7L. S. Levitov, H. W. Lee, and G. B. Lesovik, J. Math. Phys. 37,
4845 (1996).

8Y. V. Nazarov, Ann. Phys. (Leipzig) 8, SI-193 (1999).
9A. O. Gogolin and A. Komnik, Phys. Rev. B 73, 195301 (2006);
Phys. Rev. Lett. 97, 016602 (2006).

10T. L. Schmidt, A. Komnik, and A. O. Gogolin, Phys. Rev. Lett. 98,
056603 (2007).

11L. S. Levitov and M. Reznikov, Phys. Rev. B 70, 115305
(2004).

12I. Safi and P. Joyez, Phys. Rev. B 84, 205129 (2011).
13P. M. Billangeon, F. Pierre, H. Bouchiat, and R. Deblock, Phys.

Rev. Lett. 96, 136804 (2006).
14D. Marcos, C. Emary, T. Brandes, and R. Aguado, Phys. Rev. B 83,

125426 (2011).
15D. A. Bagrets and Y. V. Nazarov, Phys. Rev. B 67, 085316

(2003).
16Y. Utsumi, Phys. Rev. B 75, 035333 (2007).
17D. Kambly, C. Flindt, and M. Büttiker, Phys. Rev. B 83, 075432
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