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Ferroelectric states induced by dimer lattice disorder in dimer Mott insulators
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We theoretically investigate the dielectric properties of dimer Mott insulators. We adopt the two-dimensional
quarter-filled extended Hubbard model for κ-(BEDT-TTF)2X that includes the coupling with the dimer lattice
modes, and numerically calculate the ground state for the bond-length-alternated and disordered lattices. Electric
dipole moments in dimers are induced by interdimer bond-order alternation, and electric dipole moments are
aligned perpendicular to the direction of bond-order alternation. As a result, the electric polarizations arising from
electric dipole moments in dimers are strongly coupled with the dimer lattice modes of interdimer bond-length
alternation, and the more stable one of these two ferroelectric states is induced by disorder in dimer lattice. The
ferroelectric states arise from the hybridization of in-gap charge excited states to the dimer Mott ground state for
the equilibrium lattice, and one (the other) is strongly stabilized near the phase boundary with the metallic phase
(in the spin-liquid phase). The present results are consistent with the experimentally observed dielectric anomaly
in κ-(BEDT-TTF)2Cu2(CN)3.
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I. INTRODUCTION

The ferroelectricity where electric polarization is governed
by electrons is termed electronic ferroelectricity.1,2 In elec-
tronic ferroelectricity, a large magnetodielectric coupling and
a fast polarization switching are expected, and electronic ferro-
electricity has attracted much attention because of these novel
properties. Multiferroic3–5 (where the ferroelectricity is driven
by spin ordering) and charge-order-driven (where electric
polarization is caused by an electronic charge order without
inversion symmetry) ferroelectricity are representative exam-
ples of electronic ferroelectricity. In this paper, we focus on the
latter one. The charge-order-driven ferroelectricity has been
observed in inorganic transition-metal oxides LuFe2O4,6–8

as well as organic charge-transfer salts (TMTTF)2X (X =
a monovalent cation)9–11 and α-(BEDT-TTF)2I3.12

Recently, dielectric anomaly has been observed in dimer
Mott insulators κ-(BEDT-TTF)2Cu2(CN)3 (Ref. 13) and β ′-
(BEDT-TTF)2ICl2 (Ref. 14), and this shows the possibility
of electronic ferroelectricity in these materials. In (BEDT-
TTF)2X (X = a monovalent anion), the crystal structure
consists of alternating stacking of BEDT-TTF and counter
anion layers, and the BEDT-TTF layers dominate their low-
energy properties. Since there is one hole per two BEDT-
TTF molecules, (BEDT-TTF)2X can be described as quasi-
two-dimensional strongly correlated electron systems with a
quarter-filled valence band. In κ-(BEDT-TTF)2X, the BEDT-
TTF molecular lattice is distorted to form dimers, and the two
sites that are hybridized can be effectively treated as a single
site. Since there is one hole per dimer site, the valence band
becomes half-filled as a result of the dimerization. As a result,
κ-(BEDT-TTF)2X exhibits the Mott insulator phase if U (dim)

is larger than its critical value, where U (dim) is the Coulomb
interaction energy between the two holes in a dimer.15–18 Since
the Mott insulator phase is stabilized by dimerization, the state
is called the dimer Mott insulator.

In κ-(BEDT-TTF)2X, the dimer sites form an anisotropic
triangular lattice. The strong correlation and the geometrical
frustration act cooperatively to generate exotic phases such
as a quantum spin-liquid state.19 The possibility of quantum
spin-liquid states is proposed in κ-(BEDT-TTF)2Cu2(CN)3

because of the absence of a long-range magnetic order down to
32 mK.20–23 It is considered that the dimer sites form a nearly
regular triangular lattice in the material,24 and the origin of the
quantum spin-liquid states has been ascribed to the geometrical
frustration effect from the triangular lattice. Various theoretical
works have been done on this problem using a half-filled
Hubbard model on a triangular lattice, and some of them have
succeeded to show a nonmagnetic and gapless state becomes
the ground state in a parameter range of anisotropy.25–29

The dielectric anomaly strongly suggests that charge
degrees of freedom are still active in the dimer Mott insulators
κ-(BEDT-TTF)2Cu2(CN)3. Aside from the dielectric anomaly,
several results that are considered to result from charge degrees
of freedom have been obtained: optical components that
are considered to be electronic origin exist inside the Mott
gap,30–32 the broadening of some vibrational modes,33–35 and
anomalies in the lattice expansion coefficient and specific
heat at around 6 K.36,37 The origins of these phenomena
have been intensely discussed, and it is proposed that they
arise from electric dipole moments in dimers.13,14,30–32,38,39

On the other hand, there are experimental results that show
the absence of electric dipole moments in dimers,40,41 and it is
still controversial as to whether the electric dipole moments in
dimers exist or not.

Most of the theoretical works on κ-(BEDT-TTF)2X have
been done using the half-filled model, where a dimer is
considered as a unit and intradimer degrees of freedom are
neglected. Recently, several theoretical works have been done
using the quarter-filled model, where a BEDT-TTF molecule
is considered as a unit and intradimer degrees of freedom
are taken into account, to challenge this problem. Naka and
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Ishihara,38 and Hotta39 have derived the effective Hamiltonians
for the quarter-filled extended Hubbard model for κ-(BEDT-
TTF)2X assuming that the Hilbert space is restricted to states
with one hole per dimer, and they have succeeded to show that
the ferroelectric phase arising from electric dipole moments in
dimers is realized in some parameter ranges. Furthermore,
the interactions between the electric dipoles and spins are
included in these models, and the effects of dipolar-spin
coupling on the spin structure is discussed in these works.
We have found that ferroelectric state arising from electric
dipole moments in dimers becomes the ground state near the
phase boundary between the dimer Mott insulator and metallic
phases in the quarter-filled extended Hubbard model for κ-
(BEDT-TTF)2X.30 The electric dipoles in dimers are generated
by bond-order alternation, which can not be described in
the effective models for the strong-coupling case. A similar
ferroelectric state is found in the model with different lattice
structure with strong geometrical frustration.42 However, it is
not still clear whether the origins of these ferroelectric states
in the original and the effective models are the same.

The dielectric constant exhibits the characteristic temper-
ature dependence in κ-(BEDT-TTF)2Cu2(CN)3.13 However,
the origin of the temperature dependence is not yet understood
well. To consider the origin of the dielectric anomaly, it is
essential to investigate the effect of heat. Furthermore, the fer-
roelectric states induced by bond-order alternation are strongly
coupled with dimer lattice motion. We therefore investigate the
effect of disorder in the positions of dimers, which arises from
heat, on the charge and spin structures of dimer Mott insulators
in this paper. Furthermore, the ferroelectric states found in the
effective models are stabilized by the interdimer Coulomb
interaction, and the ferroelectric phase exists in the vicinity
of the phase boundary with the charge-ordered phase.38,39,43

We therefore analyze the dependence of the effects of disorder
on the interdimer Coulomb interaction energies in detail to
consider the origins of the ferroelectric states.

II. MODEL

To take account of the intradimer degrees of freedom, a
dimer is not considered as a unit but a BEDT-TTF molecule is
regarded as a lattice site. We consider only a lowest unoccupied
molecular orbital (LUMO) of a BEDT-TTF molecule because
it dominates the low-energy physics of κ-(BEDT-TTF)2X.
Therefore, there is one orbital for a lattice site, and the electron
system is quarter-filled in terms of holes. We consider the
quarter-filled extended Hubbard Hamiltonian for holes on a
two-dimensional anisotropic triangular lattice. It is given by

H =
∑

〈n,m〉
βn,mp̂n,m + U

∑

n

nn,↑nn,↓ +
∑

〈n,m〉
Vn,mnnnm. (1)

The first term describes the transfer of holes, where 〈n,m〉
denotes neighboring site pairs, cn,σ (c†n,σ ) is the annihilation
(creation) operator for a hole with the spin σ at the site n, βn,m

is the transfer integral between the sites n and m, p̂n,m is the
bond-order operator for the bond between the sites n and m,
and it is given by

p̂n,m =
∑

σ

(c†m,σ cn,σ + c†n,σ cm,σ ). (2)
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FIG. 1. (Color online) Lattices structure of κ-(BEDT-TTF)2X

looking along the molecular axis. The ellipsoids show BEDT-TTF
molecules, and the numbers in ellipsoids show the site numbers. The
circles show the dimers, and the dimer numbers are shown near the
circles. The rectangle denotes a unit cell.

The second and the third terms describe the onsite Coulomb
interaction and the Coulomb interaction between the neigh-
boring sites, respectively, where U is the onsite Coulomb
interaction energy, Vn,m is the Coulomb interaction energy
between the sites n and m, nn,σ = c

†
n,σ cn,σ , and nn = ∑

σ nn,σ .
We show the lattices structure of κ-(BEDT-TTF)2X in

Fig. 1. As shown in the figure, there are four nonequivalent
bonds, and they are labeled by b1, b2, p, and q according to
Mori et al.44 The b1 bond is much stronger than the other
ones, and the two BEDT-TTF molecules connected by the
b1 bond form a dimer. We consider the 4 × 4 cluster of the
system size N = 16, and the periodic boundary condition is
used. The shape of the cluster is shown in Fig. 1. There are
three different periodic boundary conditions. In the periodic
boundary condition I (II), the 16-site clusters are tiled in
a staggered manner along the c axis (b axis) to cover the
anisotropic triangular lattice, where we adopt the crystal axes
for κ-(BEDT-TTF)2Cu2(CN)3, and the b and c axes are defined
as shown in Fig. 1. In the condition III, the clusters are tiled
without staggering. We show the results with the condition I
shown in Fig. 1 in this paper because interdimer networks
of important p and b1 bonds are the longest in the case.
We check the finite-size effect by analyzing how the present
results depend on the periodic boundary condition. They are
not altered qualitatively by changing the periodic boundary
conditions, showing that the finite-size effect is not serious for
the results shown in this paper.

We consider the displacements of dimer positions on the
b-c plain. The change in the b1 bond lengths and the lattice
deviations along the the molecular axis (a axis) are not
considered in this paper because their effects are significantly
smaller than those considered here. We denote the c-axis
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(b-axis) component of the position vector of the site n by xn

(yn), that for the equilibrium position of the site n by x̄n (ȳn),
and the deviations by �xn = xn − x̄n and �yn = yn − ȳn. We
define the site and the dimer numbers so that the sites 2l − 1
and 2l constitute the dimer l as shown in Fig. 1. Since only
deviations of dimer positions are considered, it is assumed that
�x2l−1 = �x2l and �y2l−1 = �y2l hold.

Both βn,m and Vn,m depend on the relative position between
the two sites n and m. We consider small deviations, and take
account of the dependence of βn,m on �xn and �yn only to the
first order. Furthermore, since Vn,m weakly depends on them,
we assume that Vn,m does not depend on �xn and �yn. Then,
the interdimer transfer integrals are given by

βn,m = β̄n,m + (β̄n,m)xsgn(x̄n − x̄m)(�xm − �xn)

+ (β̄n,m)ysgn(ȳn − ȳm)(�ym − �yn), (3)

where β̄n,m are the transfer integrals for the equilibrium ar-
rangement, (β̄n,m)x and (β̄n,m)y are the differential coefficients
of βn,m, and sgn(x) shows the sign of x. We denote β̄n,m,
(β̄n,m)x , (β̄n,m)y , and Vn,m for the b1 bond by β̄b1, (β̄b1)x ,
(β̄b1)y , and Vb1, respectively. Those for other quantities and
those for the other bonds are denoted in the same way.

In this paper, we use a single differential coefficient
β ′ assuming that (β̄p)x = (β̄p)y = β ′, (β̄q)x = (β̄q)y = −β ′,
(β̄b2)x = 0, (β̄b2)y = β ′. Here, since β̄p > 0, β̄q < 0, and
β̄b2 > 0 hold, negative coefficients are assumed for the q bond.
Moreover, since the b2 bonds are nearly parallel to the b

axis, we set (β̄b2)x = 0. Qualitatively, the same results are
obtained when different differential coefficients are used for
different bonds as long as the differences are not so large. We
calculate the ground state |ψ0〉 of H by the Lanczos method. To
investigate the physical properties of |ψ0〉, we numerically cal-
culate the charge density ρn = 〈ψ0|nn|ψ0〉 − 0.5, the charge
correlation function ξn,m = 〈ψ0|(nn − 0.5)(nm − 0.5)|ψ0〉, the
spin correlation function ηn,m = 〈ψ0|Sn · Sm|ψ0〉, where Sn is
the spin operator at the site n, and the probability Ws that a
dimer is singly occupied in |ψ0〉.

III. RESULTS

A. Regular case

In this section, we show the results for the equilibrium lat-
tice, where �xn = �yn = 0 holds. To estimate the reasonable
parameters for κ-(BEDT-TTF)2X, we calculate the ground
state in a wide range of parameter space. We find only two
phases in the realistic parameter range, and the considered
physical quantities discontinuously change at the boundary. In
one phase, the spin correlation is always negative between the
dimers I and II, where there are two dimers in the unit cell,
and they are labeled by I and II as shown in Fig. 1. This shows
that the phase has antiferromagnetic (AFM) spin order. The
other phase is paramagnetic (PM) because the magnitudes of
spin correlations are much smaller than those for the AFM
phase. Since the PM ground state has an overlap as large as
about 0.8 with one of the degenerate metallic ground states
in the noninteracting case of U = Vb1 = Vb2 = Vp = Vq = 0,
we can conclude that the state is metallic. The AFM spin order
shows the localization of holes. Furthermore, Ws in the AFM
phase is close to 1 and it is significantly larger than that in

the PM phase. These results show that the AFM state is a
dimer Mott insulator. We can not show the existence of the
spin-liquid phase from the present results in small-size cluster.
However, the dimer Mott insulator ground state always has the
strong AFM spin order, and this suggests that the spin-liquid
phase is not found in the parameter region shown in this paper.

As will be shown later, the charge structure of the
disordered ground state sensitively depends on the interdimer
Coulomb interaction energies Vb2, Vp, and Vq. The charge
structure depends also on the other parameters. However, the
dependence can be understood through two quantities �e and
�e′ unless quite different values are used. Here, �e is the
energy difference per site of the metallic phase from the the
dimer Mott insulator phase, and �e′ is that of a different dimer
Mott insulator phase from the ground state, which will be
described later. The effects of disorder become stronger as �e

or �e′ decreases, and they are strongly enhanced near the phase
boundaries. We therefore mainly investigate the dependence
of the ground-state properties on Vb2, Vp, Vq in this paper, and
adopt β̄b2 as the parameter that controls �e and �e′.

The transfer integrals for κ-(BEDT-TTF)2Cu[N(CN)2]Br
are calculated by the extended Hückel method, and they are
given by β̄b1 = 0.265, β̄b2 = 0.098, β̄p = 0.109, and β̄q =
−0.038.44 Here and hereafter, we use eV as the unit of
energy. We adopt them except for β̄b2. The onsite Coulomb
interaction energy is estimated from the Knight shift,15,16

and we adopt this value U = 0.7. The estimated values
for the Coulomb interaction energies between the neighbor
sites are 0.27 eV ∼ 0.35 in the cases of α-(BEDT-TTF)2I3

and θ -(BEDT-TTF)2RbZn(SCN)4 without dimerization.45,46

It is expected that Vb1 is larger, and Vb2, Vp, and Vq are
smaller than these values in the dimerized present case. We
therefore adopt the value Vb1 = 0.45. The values for on-dimer
Coulomb interaction energy U (dim), which is determined from
U , Vb1 and β̄b1, obtained in various references are largely
different.17–19,47,48 However, qualitatively the same results are
obtained with using quite different values of U (dim) as long as
the ground state is the dimer Mott insulator. This point will be
discussed later.

We mainly consider κ-(BEDT-TTF)2X near the phase
boundary between the dimer Mott insulator and the metallic
phase, and we use the value β̄b2 = 0.073 that gives very
small �e. For Vb2 = Vp = Vq = 0.25, the ground state is a
dimer Mott insulator (a metallic state) for β̄b2 � 0.073 (β̄b2 �
0.074). We show spin and charge correlation functions for the
various values of Vq in Fig. 2. The other interdimer Coulomb
interaction energies are fixed to the values Vb2 = 0.25 and
Vp = 0.25. Here, the results with unrealistic values of Vq

are included because they will help us to understand the
ground-state properties in the realistic parameter region.

Since all the sites are equivalent, the correlations at all the
site pairs are included in these figures. As seen from Fig. 2(b),
the charge correlation function changes remarkably with Vq.
For Vq = 0.4, ξn,m > 0 (ξn,m < 0) holds for the site pairs with
the same color (different colors) shown in Fig. 3(a). This shows
that the charge structure shown in Fig. 3(a), where electric
dipole moments in dimers are generated and they are aligned
along the b axis, is the dominant charge fluctuation in this case.
For Vq = 0, ξn,m > 0 (ξn,m < 0) holds for the site pairs with the
same color (different colors) shown in Fig. 3(b). This shows
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FIG. 2. (Color online) (a) The spin correlation function η6,m and
(b) the charge correlation function ξ6,m for Vq = 0.4, 0.25, 0.15, and
0. The other interdimer Coulomb interaction energies are fixed to the
values Vb2 = Vp = 0.25.

that the charge structure shown in Fig. 3(b), where electric
dipole moments in dimers are aligned along the c axis, is the
dominant charge fluctuation in this case. Since the oppositely
charged structure has the same quantum weight, the charge
density is zero and uniform in |ψ0〉.

As Vq is decreased from 0.45 to 0, the charge correlation
function and also the other considered physical quantities
change gradually, and abrupt or discontinuous changes are
not observed. Furthermore, as seen from Fig. 2(a), the
characteristic AFM spin correlation function of the dimer
Mott insulator ground state, where the spin correlation is
negative between the dimers I and II, is retained although the
considered Vq region. Consequently, the ground state is the
dimer Mott insulator in the considered region 0 � Vq � 0.4.
The crossover of the dominant charge fluctuation occurs as Vq

changes, but the characteristic charge correlation functions in
the large- and the small-Vq regions are not due to the transition
to the charge-ordered states with the charge structure shown in
Figs. 3(a) or 3(b).

We have also investigated the dependence of ηn,m and ξn,m

on Vp in the range 0 � Vp � 0.4 for Vb2 = Vq = 0.25, and
that on Vb2 in the range 0 � Vb2 � 0.4 for Vp = Vq = 0.25. In
these cases, the metallic state becomes the ground state in some
parameter regions, but the transition to the charge-ordered
phases with the charge structure shown in Figs. 3(a) or 3(b)
does not occur. In the dimer Mott insulator phase, the AFM
spin correlation is retained, but ξn,m change remarkably also
with these parameters. The charge fluctuation of the c-axis
(b-axis) polarized charge structure shown in Fig. 3(b) [3(a)]
is dominant in the large- (small-) Vp region. Furthermore, the
dominant one of these two charge fluctuations increases as Vb1

increases.

(a)

 q
 p

 b2
 b1

c

b

(b)

FIG. 3. (Color online) (a) Schematic representation of the charge
structure where electric dipole moments in dimers are aligned along
the b axis, and (b) that where the electric dipole moments in dimers
are aligned along the c axis. The charge-rich and charge-poor sites
are shown by the colored and white ellipsoids, respectively.

The crossover between the dominant charge fluctuations
can be understood from the Vq, Vp, and Vb2 dependencies of the
Coulomb interaction energy between the dimers per dimer. It
is given by �bδρ (�cδρ) for the b-axis (c-axis) polarized charge
structure shown in Fig. 3(a) [3(b)], where �b = 2Vp − 2Vq −
Vb2, �c = 2Vq − 2Vp − Vb2, and δρ and −δρ are the charge
densities at the charge-rich sites and the charge-poor sites,
respectively. When �b is significantly smaller (larger) than
�c, the b-axis (c-axis) polarized charge structure becomes the
dominant charge fluctuation.

B. Electric polarization induced by bond-length alternation

In this section, we show the electronic structure of the
ground state when the bond lengths alternate. We have found
that aligned electric dipole moments in dimers are induced by
the interdimer bond-length alternation. The interdimer bond
lengths alternate along the c axis (b axis) when �xn = δ/2
and �yn = 0 (�xn = 0 and �yn = δ/2) hold for the dimers
I and �xn = −δ/2 and �yn = 0 (�xn = 0 and �yn = −δ/2)
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c
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(b)

FIG. 4. (Color online) (a) The bond and charge structure when
interdimer bond lengths and bond orders alternate along the c axis.
The ellipsoids and circles represent the BEDT-TTF molecules and the
dimers, respectively. The thick solid (thick dashed) lines show the
bonds that become shorter and stronger (longer and weaker) than
those in the equilibrium lattice as a result of the bond-length and bond-
order alternations. The unchanged bonds are shown by the thin lines.
The colored (white) ellipsoids represent the charge-rich (charge-poor)
sites. (b) That when interdimer bond lengths and bond orders alternate
along the b axis.

hold for the dimers II, and δ shows the magnitude of bond-
length alternation. We show the dimer lattice structure where
the interdimer bond lengths alternate along the c axis (b axis)
in Fig. 4(a) [4(b)]. The thick solid (thick dashed) lines show the
interdimer bonds that become shorter (longer) than those in the
equilibrium lattice as a result of the bond-length alternation.

We calculate the ground state in the bond-length-alternated
cases for various values of Vb2, Vp, and Vq. Irrespective of
their values, the charge distribution induced by bond-length
alternation is as schematically shown in Fig. 4. A site (the
other site) in a dimer shown by a colored (white) ellipsoid
becomes charge rich (charge poor) as a result of the alternation,
but the total charge of a dimer is zero. Therefore, electric
dipole moments in dimers are induced by the alternation.
Furthermore, as seen from Fig. 4(a) [4(b)], the electric dipole
moments are aligned along the b axis (c axis) when bond
lengths alternate along the c axis (b axis). Electric polarization
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FIG. 5. (Color online) The β ′δ dependence of (a) |ρ2l − ρ2l−1|,
and (b) WDMI, WCE1, and WDMI + WCE1 when bond lengths alternate
along the c axis. The β ′δ dependence of (c) |ρ2l − ρ2l−1|, and
(d) WDMI, WCE3, and WDMI + WCE3 when bond lengths alternate
along the b axis. The interdimer Coulomb interaction energies
Vb2 = Vp = Vq = 0.25 are used.

along the b axis (c axis) is induced by bond-length alternation
along the c axis (b axis).

As mentioned before, two sites 2l − 1 and 2l consti-
tute the dimer l. Therefore, |ρ2l − ρ2l−1| shows the charge
disproportionation in dimer l, and it is proportional to
the electric dipole moment of the dimer. Since all the dimers
are equivalent, |ρ2l − ρ2l−1| does not depend on l. In Fig. 5,
we show the β ′δ dependence of |ρ2l − ρ2l−1|, where β ′δ shows
the change of transfer integrals by the alternation. We adopt
the interdimer Coulomb interaction energies Vb2 = Vp = Vq =
0.25, where �b = �c holds. As seen from this figure, the
charge disproportionation increases linearly to the magnitude
of bond-length alternation δ in the small-δ region both in
the two alternated cases along the different directions. There-
fore, even very weak bond-length alternation induces electric
dipole moments in dimers and electric polarization. The charge
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disproportionation |ρ2l − ρ2l−1| significantly depends on the
interdimer Coulomb interaction energies. That for the b axis
(c axis) ferroelectric state increases as �b (�c) decreases.

The origin of the electric dipole moments in dimers induced
by the bond-length alternation can be understood as follows.
As seen from Eq. (3), |βn,m| is larger (smaller) than |β̄n,m| by
|β ′δ| for the bonds that become shorter (longer) as a result
of the bond-length alternation. The expectation value of the
transfer term of the Hamiltonian is given by

∑
〈n,m〉 βn,mpn,m,

where pn,m = 〈ψ0|p̂n,m|ψ0〉 is the bond order for the bond
between the sites m and n, and |pn,m| shows the strength of the
bond. To gain the transfer energy, |pn,m| for the shorter (longer)
bonds with larger (smaller) |βn,m| become larger (smaller)
than those for the equilibrium lattice. Namely, the bond orders
also alternate along the same direction as that of the bond-
length alternation. We confirm this from the numerical results.
As a result, a site (the other site) in a dimer shown by the
colored (white) ellipsoid in Fig. 4 is connected by three (one)
stronger bonds and one (three) weaker bond. Since holes are
more stabilized on the stronger bonds, the sites shown by the
colored (white) ellipsoids become charge rich (charge poor)
as a result of the bond-order alternation. Since all the dimers
are equivalent even in the bond-length-alternated cases, the
total charge of a dimer is zero. Furthermore, we see from
the geometrical bond structure shown in Fig. 4(a) [4(b)] that
the b-axis (c-axis) components of electric dipole moments in
dimers are of the same sign when bond length and bond order
alternate along the c axis (b axis). Electric dipole moments
in dimers due to the bond-length alternation have been found
also also in one-dimensional dimer Mott insulators.11,49,50

In the Mott insulator, all the excitations below the Mott
gap are spin excitations, where charge degrees of freedom are
completely frozen. On the other hand, there are in-gap charge
excitations in the dimer Mott insulators.30–32 As will be shown
later, the dielectric properties are closely related to some of
these in-gap charge excitations. We show the in-gap absorption
spectrum α0(ω) from the ground state for the equilibrium
lattice with �xn = �yn = 0 in Fig. 6. The Mott gap edge
is at ω = 0.14, and the main peaks above the gap are due
to the interdimer charge-transfer excitation, where a pair of
a holon (an empty dimer) and a doublon (a doubly occupied
dimer) is generated.51 As seen from this figure, there are in-gap
peaks in contrast to the case of the Mott insulator. Since
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FIG. 6. (Color online) Light absorption spectrum α0(ω) when
light is polarized along the b axis and that along the c axis in the
equilibrium case. The interdimer Coulomb interaction energies Vb2 =
Vp = Vq = 0.25 are used.

these excited states are photoactive, they accompany charge
motions. However, they are not interdimer charge-transfer
excitations. The physical properties of these in-gap excited
states will be discussed in detail in the forthcoming paper. The
dimer Mott insulator ground state for the equilibrium lattice
is denoted by |DMI〉, and the energy eigenstate responsible to
the ith lowest in-gap peak is denoted by |CEi〉.

Among these in-gap excited states, |CE1〉 and |CE3〉
play important roles in the dielectric properties. The energy
eigenstate |CE1〉 is the metallic state that becomes the ground
state for β̄b2 � 0.074. The energy eigenstate |CE3〉 is a dimer
Mott insulator that has a different bond order and spin structure
from |DMI〉. In |CE3〉, the bond order for the b2 bond is much
larger than that for |DMI〉. As a result, the spin correlation is
negative between the dimers connected by the b2 bonds.

We show WX = |〈X|ψ0〉|2 in Figs. 5(b) and 5(d), where
X = CE1, CE3 or DMI. As seen from this figure, WDMI +
WCE1 (WDMI + WCE3) is nearly equal to 1 as long as δ is small,
showing that the ground state is approximately given by |ψ0〉 =√

1 − c2|DMI〉 + c|CE1〉 (|ψ0〉 = √
1 − c2|DMI〉 + c|CE3〉)

when bond lengths alternate along the c axis (b axis). Here,
c is a real constant. The slight hybridization of the in-gap
excited state induces bond-order alternation and the electric
polarization. As the magnitude of bond alternation δ increases,
the hybridization increases and the magnitude of electric dipole
moment increases.

The origins of these two polarized states induced by
bond-order alternation are different from those of conventional
charge-ordered states stabilized by direct interdimer Coulomb
interactions. This can be confirmed from the numerical
result that the polarized states are generated by bond-length
alternation even in the case of Vb2 = Vp = Vq = 0, where
stabilization by the interdimer Coulomb interaction is not taken
into account.

C. Polarization induced by disorder

We consider the effects of the disorder in this section.
For the purpose, we consider a large number of samples
of disordered lattices. A sample of a disordered lattice is
determined from two sets of N/2 random numbers {rl} and
{sl} that satisfy the conditions 〈rl〉 = 〈sl〉 = 0 and β ′〈|rl|〉 =
β ′〈|sl|〉 = �, where 〈rl〉 = (2/N )

∑N/2
l=1 rl denotes the average

value. Using these random numbers, lattice deviations for
the sample are given by �x2l−1 = �x2l = rl , and �y2l−1 =
�y2l = sl , for l = 1,2, . . . ,(N/2). As seen from Eq. (3), �

gives the rough estimation of the magnitudes of the random
deviations in the interdimer transfer integrals.

As shown before, the charge fluctuations of the ground state
for the equilibrium lattice strongly depend on Vb2, Vp, and Vq,
and the dependence can be understood from the values of
�b and �c. The dependence of the effects of disorder on Vb2,
Vp, and Vq can be understood also from these values. Since
these two values can be controlled by changing, for example,
Vp, we show only the Vq dependence of them. We first show
the results for Vb2 = Vp = Vq = 0.25, where �b = �c holds.

Before showing the distribution of the considered physical
quantities to the samples, we first consider the � dependence
of charge distribution for a single sample, where the lattice
displacements with different � are given by scaling of two
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The interdimer Coulomb interaction energies Vb2 = Vp = Vq = 0.25
are used.

sets of random numbers. That is, we adopt only two sets of
random numbers {r̃n} and {s̃n} that satisfies the conditions
〈r̃n〉 = 〈s̃n〉 = 0 and β ′〈|r̃n|〉 = β ′〈|s̃n|〉 = 1, and the lattice
displacements with � are given by �x2l−1 = �x2l = �r̃n,
and �y2l−1 = �y2l = �s̃n. In Figs. 7(a) and 7(b), we show
the � dependence of ρ2l − ρ2l−1 and ρ2l−1 + ρ2l , respectively.
Here, the results of only one sample are shown. However,
since we adopt a typical sample as will be mentioned later, the
following results hold qualitatively for most of the investigated
samples. Furthermore, they can be also confirmed by analyzing
the distribution of the considered physical quantities to the
samples as will be shown later.

As seen from these figures, the crossover of the charge
density distribution occurs around a crossover magnitude of
disorder �c. The value �c depends on the parameters and
also on the samples, and �c = 0.0007 in the present case.
We first consider the weak disorder case � � �c. Since two

sites 2l − 1 and 2l constitute the dimer l, ρ2l−1 + ρ2l shows
the total charge of the dimer l, and |ρ2l − ρ2l−1| shows the
magnitude of intradimer charge transfer in the dimer l. As
seen from Figs. 7(a) and 7(b), |ρ2l−1 + ρ2l| are much smaller
than |ρ2l − ρ2l−1|. This shows that interdimer charge transfer
is negligible, and the electric dipole moments in dimers are
generated in |ψ0〉.

Furthermore, ρ2l − ρ2l−1 > 0 holds for all l in contrast to
ρ2l−1 + ρ2l with random signs. As seen from the definition
of the site numbers shown in Fig. 1, the b-axis component
of the electric dipole moment in the dimer l is given
by (ρ2l − ρ2l−1)lbe, and the c-axis component is given by
(ρ2l − ρ2l−1)lce for l � 4 and −(ρ2l − ρ2l−1)lce for l � 5,
where lb (lc) is the projection length of the b1 bond on the
b axis (c axis), and e is the elementary charge. Therefore,
the present result shows that the b-axis components of all
the electric dipole moments in dimers are of the same sign,
and |ψ0〉 has the charge distribution schematically shown in
Fig. 4(a). The electric polarization along the b axis is generated
in |ψ0〉 in spite of the fact that these electric dipole moments
are generated by disorder.

We consider the sum of the b-axis (c-axis) components
of the electric dipole moments in dimers Pb (Pc), which is
given by Pb = ∑8

l=1{ρ2l − ρ2l−1} (Pc = ∑4
l=1{ρ2l − ρ2l−1} −∑8

l=5{ρ2l − ρ2l−1}). We show the � dependence of Pb and Pc

in Fig. 7(c). The electric dipole moments in dimers are aligned
along the b axis, and their magnitudes increase as � increases
as seen from Fig. 7(a). As a result, the b-axis component of
the electric polarization Pb increases as � increases as shown
in Fig. 7(c).

To consider the origin of the ordering of the electric
dipole moments in dimers, we show the � dependence of
WX = |〈X|ψ0(�)〉|2 in Fig. 7(d), where X = CE1 or DMI.
As seen from this figure, WDMI + WCE1 is equal to 1 almost
precisely for � < �c. This shows that the ground state
for the disordered lattice is approximately given by |ψ0〉 =√

1 − c2|DMI〉 + c|CE1〉 just like the case of the ground
state for the bond-length-alternated lattice along the c axis.
Therefore, disorder also induces bond-order alternation along
the c axis, and this results in electric polarization along the b

axis. Furthermore, the origin of the b-axis polarized state is
also different from that of a conventional charge-ordered state
stabilized by direct interdimer Coulomb interactions. Since
the electric dipole moments in dimers are generated by the
hybridization of two uniform states in space, their directions
do not distribute randomly but they are aligned along the b

axis.
We next consider the strong disorder region � � �c. The

characteristic charge structure in the weak disorder region is
not seen in the region as seen from Fig. 7. The deviations
of ρ2l − ρ2l−1 for different l become larger as � increases,
showing that the distribution of electric dipole moments in
dimers becomes more random as � increases. As a result,
|dPb/d�| in the region is significantly smaller than that in the
weak disorder region. Furthermore, |ρ2l−1 + ρ2l | increase as
� increases and become comparable to |ρ2l − ρ2l−1| around
� = 0.002. The charge structure for � � 0.002 can not be
described well by the electric dipole moments in dimers. As
seen from Fig. 7(d), WDMI + WCE1 decreases with increasing
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FIG. 8. (Color online) (a) The histogram of Pc and (b) that of
Pb for the various values of �. The interdimer Coulomb interaction
energies Vb2 = Vp = Vq = 0.25 are used.

� in the region, and the deviation from 1 becomes significant,
showing that the ground state is not approximated well by the
hybridized state in the stronger disorder region. As a result, the
characteristic electronic structure in the weak disorder region,
which arises from the hybridization, is not seen in the region.

We next consider the distribution of Pb and Pc for a large
number of samples of disordered lattices. We consider 5000
samples for each value of �. We show the histogram of Pb

and that of Pc in Fig. 8, and the scatter plot of Pb versus Pc in
Fig. 9(a).

As seen from Fig. 8, the histogram of Pb is essentially
different from Gaussian distribution. A standard deviation of
Pb increases significantly with increasing � for � � 0.0007,
and the single peak centered at Pb = 0 for � = 0.0001
splits into two peaks at the positive and negative values for
� � 0.0003. The absolute values of the two peak positions
are nearly the same, and they increase as � increases for
� � 0.0007. These characteristic behaviors are not seen in
the histogram of Pc. There is a single peak, and the peak just
becomes broader as � increases. Furthermore, the standard
deviation of Pb is about seven times as large as that of Pc,
for example, around � = 0.0007. As seen from the scatter
plot of Pb versus Pc for � = 0.0007 shown in Fig. 9(a), the
distribution is far from the isotropic one, which is expected
when electric dipole moments distribute randomly in space.
These results clearly show that electric dipole moments in
dimers are aligned along the b axis for most of the samples for
� � 0.0007, and the characteristic distributions of Pb and Pc

and their � dependence can be explained well from the charge
structure in the weak disorder region shown before.

For � � 0.0007, the absolute values of the two peak
positions are nearly constant to �, and the two peaks become
broader as � increases. This can be explained well from the
charge structure in the strong disorder region. As mentioned
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FIG. 9. (Color online) (a) The scatter plot of Pb versus Pc for � =
0.0007. The interdimer Coulomb interaction energies Vb2 = Vp =
Vq = 0.25 are used. (b) A scatter plot of Pb versus Pc for � = 0.0007.
The interdimer Coulomb interaction energies Vb2 = Vp = 0.25 and
Vq = 0 are used.

before, �c differs for the different samples, and the samples
that have larger |Pb| tend to have larger �c. Since the sample
shown in Fig. 7 gives Pb and Pc nearly equal to their peak
values in their histograms, respectively, we can say that the
sample is a typical one. The � dependence of the histogram
shows that the crossover between the weaker and stronger
disorder regions occurs around � = 0.0007 for most of the
samples. Therefore, the characteristic distribution of Pb and its
� dependence for � � 0.0007 are attributed to the properties
of the hybridized state

√
1 − c2|DMI〉 + c|CE1〉.

The electric dipole moments in dimers are aligned along the
b axis for most of the samples, but the signs of Pb are randomly
distributed. The sign of Pb is determined from the phase of
bond-order alternation. There are two phases of bond-order
(-length) alternation along each direction. The phase of the
bond-order (-length) alternation shown in Fig. 4 is defined
as the phase A. In the other phase B, stronger (shorter) and
weaker (longer) bonds are reversed from those in the phase A.
Furthermore, the charge-rich and the charge-poor sites are also
reversed from each other between these two phases. Therefore,
Pb > 0 (Pb < 0) holds when bond orders alternate along the c

axis with the phase A (B). Since the bond-order alternation and
electric polarization for the hybridized state

√
1 − c2|DMI〉 +

c|CE1〉 arise from the off-diagonal part between |DMI〉 and
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|CE1〉, the phase of bond-order alternation and therefore the
sign of Pb are determined from the sign of c. As will be shown
later, the signs of c are randomly distributed, which results in
the random signs of Pb.

Various energy eigenstates are hybridized to |DMI〉 by
the perturbation of random lattice displacements. However,
the hybridization of |CE1〉 is by far the largest among them
for most of the samples. We next consider the cause of
this result. Numerical results show that there is a strong
positive correlation between Pb and �x(π,0), where �x(π,0)
is the Fourier transformation of dimer lattice displacements
with the wave number (π,0), and it is given by �x(π,0) =∑4

l=1 �x2l − ∑8
l=5 �x2l . The quantity of |�x(π,0)| shows

the magnitude of the Fourier component that corresponds to
the bond-length alternation along the c axis, and the sign of
�x(π,0) shows the phase of the alternation, for a sample of
random lattices.

Since Pb arises from the hybridization of |CE1〉, this result
shows strong correlation also between the hybridization and
�x(π,0). Therefore, the hybridization is mainly due to the
Fourier component �x(π,0), and the contributions of the other
components are negligible. This can be attributed to the fact
that the hybridized state

√
1 − c2|DMI〉 + c|CE1〉, where bond

orders alternate along the c axis, is strongly stabilized by the
bond-length alternation along the same direction with the same
phase. Furthermore, the energy eigenvalues for the metallic
state |CE1〉 and the dimer Mott ground state |DMI〉 are very
close to each other with the present parameters, which are near
the phase boundary between these two phases. As a result, the
hybridization of |CE1〉 due to the Fourier component �x(π,0)
is by far the largest compared with the other combinations of
an energy eigenstate and a lattice mode.

Bond orders alternate along the b axis in the hybridized
state

√
1 − c2|DMI〉 + c|CE3〉, and the state is also strongly

stabilized by the bond-length alternation along the same
direction with the same phase. Therefore, the hybridization
of |CE3〉 due to the Fourier component �y(0,π ), which
corresponds to the bond-length alternation along the b axis,
is also large. However, the coupling between the hybridization
of |CE1〉 and the lattice mode of �x(π,0) is significantly larger
than that between the hybridization of |CE3〉 and the lattice
mode of �y(0,π ) for the present parameters. This can be seen
from the results shown in Figs. 5(b) and 5(d). The hybridization
for a given δ is much larger in the case of c-axis bond-length
alternation than in the case of the b-axis one. The magnitudes
of the couplings strongly depend on the interdimer Coulomb
interactions. This point will be discussed later.

As a result of the especially strong coupling between the
hybridization of |CE1〉 and lattice mode of �x(π,0), the
hybridization of |CE1〉 is dominant except for the few samples
where |�x(π,0)| is very small. This is the reason why the
electric polarization is induced by the lattice disorder for
most of the samples. Furthermore, as the energy difference
�e between these two states decreases, the hybridization
increases. As a result, the effects of disorder are enhanced
near the phase boundary between the dimer Mott insulator and
the metallic phases. The hybridized state with the phase A (B)
of bond-order alternation becomes the electronic ground state
when �x(π,0) > 0 [�x(π,0) < 0] holds. Since the signs of
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 b1

c

b

(b)

FIG. 10. (Color online) Schematic representation of the charge
structure that has large |Pb| and |Pc| simultaneously in the cases
(a) |Pb| > |Pc| and (b) |Pb| < |Pc|, where the BEDT-TTF molecules
and dimers are shown by the ellipsoid and circles, respectively, and
the charges are larger at the sites with darker colors.

�x(π,0) are randomly distributed, the phases of bond-order
alternation and therefore the signs of Pb are random.

We next show the results with Vb2 = Vp = 0.25 and Vq = 0,
where �c 	 �b holds. We show the scatter plot of Pb versus
Pc for � = 0.0007 in Fig. 9(b). As seen from this figure, a
standard deviation of Pc is much larger than that of Pb in
contrast to the case of Vb2 = Vp = Vq = 0.25. From the same
analysis of this result and others as the case of Vq = 0.25, we
can show the following results in the weaker disorder region.
The ground states for the disordered lattices are approximately
given by the linear combination of |DMI〉 and |CE3〉 for most of
the samples. In the hybridized state

√
1 − c2|DMI〉 + c|CE3〉,

the bond orders alternate along the b axis, and the bond-order
alternation induces electric dipole moments in dimers aligned
along the c axis. The electric polarization along the c axis is
induced by disorder when �c is significantly smaller than �b.

As Vq is decreased from 0.25, the quantum weight of
|CE1〉 in the disordered ground state decreases and that
of |CE3〉 increases, and the crossover between the b- and
c-axis polarized states occurs around Vq = 0.15. The physical
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properties of some in-gap excited states strongly depend
on the interdimer Coulomb interactions. As a result, the
electron-lattice coupling between the hybridization of |CE3〉
and lattice mode of �y(0,π ) increases significantly as Vq

decreases. This is the cause of the crossover. This problem
will be discussed in a forthcoming paper.

In the crossover region, the quantum weight of |CE1〉 and
that of |CE3〉 are both significant, and both |Pb| and |Pc|
are large in |ψ0〉 for the most of the samples. In the ground
state in the crossover region, large |Pb| and large |Pc| are
compatible in the following way. When |Pb| is larger (smaller)
than |Pc|, the electric dipole moments in dimers are aligned
along the b axis (c axis), and their magnitudes in the dimers I
are much larger than those in the dimers II, as schematically
shown in Fig. 10(a) [10(b)]. When Vq is larger than 0.25, and
�b 	 �c holds, the disordered ground state is the hybridized
state

√
1 − c2|DMI〉 + c|CE1〉, and the state has the electric

polarization along the b axis just like the case of Vq = 0.25.
The magnitude of polarization increases as Vq increases and
�b decreases.

IV. DISCUSSION

First, we compare present results with those obtained in
the effective Hamiltonians for the strong on-dimer Coulomb
interaction case.38,39 The bond orders for the interdimer bonds
arise from the hybridization between the states that have no
doubly occupied dimers and those with a doubly occupied
dimer. Therefore, their magnitudes decrease as on-dimer
Coulomb interaction energy U (dim) increases. As a result,
the coupling between electric dipole moments in dimers and
lattice becomes smaller as U (dim) increases, but qualitatively
the same results are obtained in the present model even when
we use quite different values of U (dim) as long as the ground
state is the dimer Mott insulator. Since the Hilbert space
is restricted to the states where there is one hole in each
dimer, interdimer bond orders are zero, and the interdimer
bond-order alternation can not be described in these effective
Hamiltonians. However, since the spin-spin coupling included
in these models is induced by these virtual excited states that
have a doubly occupied dimer, interdimer bond order and
interdimer spin correlation are strongly correlated. Actually,
the AF spin correlation is larger for the stronger bond in
the bond-order-alternated states. Therefore, the states with
alternated interdimer spin correlations are the equivalents
in the effective models of the bond-order-alternated states
obtained in the present model. Since alternation of the spin
correlation is not observed in the ferroelectric states found,
we consider that their origins are different from those found
in the present model. Furthermore, in the present model, the
ferroelectric ground state is not obtained even in the parameter
range where the ferroelectric phase appears in these effective
models. In these parameter ranges where ferroelectric states
are strongly stabilized, a metallic state is also stabilized and
the metallic state becomes the ground state.

We next consider the effect of dimer lattice disorder on
the spin-liquid state. As shown in the previous section, the
c-axis ferroelectric state is induced by hybridization of the
dimer Mott insulator state |CE3〉 with different bond order and
spin structures from those for the dimer Mott insulator ground

state. In the spin-liquid state, there are almost degenerate dimer
Mott insulator states with different spin structures, and the
energy difference between |DMI〉 and |CE3〉 will be very small.
Therefore, the hybridization among them and the electric
polarization along the c axis induced by disorder will be very
large in the spin-liquid state. This problem will be discussed
in a forthcoming paper.

We next show the implications of the present results for
the dielectric anomaly in κ-(BEDT-TTF)2Cu2(CN)3. A broad
peak has been observed around 25 K in the temperature
dependence of the dielectric constant, which shows a relaxor
ferroelectriclike behavior.13 Based on the present results,
these results can be explained in the following way. We
consider that the randomness in dimer lattice is induced by
thermal fluctuations. We first consider the correspondence
between the temperature T and the magnitude of disorder �.
For a simplicity, we assume that the deformation energy for a
bond is given by (1/2)κ(�/β ′)2 using a single spring constant
κ for all the bonds. In this case, the following relation holds:
T = 5κ(�/β ′)2, where we use the fact that there are five
bonds per dimer.

As mentioned before, it is expected that the polarization
along the c axis is dominant in the spin-liquid state κ-(BEDT-
TTF)2Cu2(CN)3. In case of the weak disorder T � Tc, the
polarization |Pc| increases as T increases as shown in the
previous section. For T > Tc and T 
 Tc, |Pc| is roughly
constant to T . We have considered only the disorder in dimer
lattice as an effect of thermal fluctuations. However, the
other effects become important in the region, and the thermal
fluctuations will weaken the ferroelectric order. Therefore,
the polarization will become maximum around T = Tc, and
this T dependence of polarization is consistent with the
experimental results. The polarization will become maximum
around T = Tc also in the b-axis ferroelectric case.

Since the effects of dimer lattice disorder significantly
depend on �e′, we need to estimate its reasonable value
to compare the present results with the experimental data
quantitatively. Unfortunately, it is difficult to estimate it
from experimental data. For example, in the case of Vq = 0,
where c-axis polarization is dominant, �c = 0.005 and this
value corresponds to Tc = 5κ(�/β ′)2 = 29 K if we use
the value κ/(β ′)2 = 20 for the b2 bond of charge-ordered
insulator α-(BEDT-TTF)2I3 as a rough estimation.46 The
charge disproportionation around � = �c is about 0.04e.

When �e or �e′ is very small, even very small disorder
induces polarization. For example, the value �c = 0.0007
for Vq = 0.25 corresponds to Tc = 0.5 K. Furthermore, the
spontaneous symmetry breaking of bond-length alternation
occurs, and the ferroelectric state becomes the ground state
without disorder in this case as shown before. The anomaly
around 6 K (Refs. 36 and 37) may be related to this spontaneous
symmetry breaking.

Electric dipole moments in dimers are proposed also in the
other dimer Mott insulators with small geometrical frustration
such as β ′-(BEDT-TTF)2ICl2.14 The electric dipole moments
in dimers are induced by dimer lattice disorder even in the
dimer Mott insulators with small or no geometrical frustration.
For example, we have numerically calculated the ground state
for one-dimensional dimer Mott insulator with dimer lattice
disorder, and have found that the disorder induces electric
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dipole moments in dimers also in the one-dimensional case
with no frustration. Since the ferroelectric state that arises from
the hybridization of the dimer Mott insulators with different
spin structure is strongly stabilized in the spin-liquid phase
as mentioned before, the state will be strongly stabilized
by frustration. On the other hand, the frustration does not
stabilize the ferroelectric state that results from hybridization
of the metallic state. Near the phase boundary between the
dimer Mott insulator and the metallic phases, the geometrical
frustration has almost no effect on the electronic polarization.

V. CONCLUSION

In summary, electric dipole moments in dimers aligned
along the b axis (c axis) are induced by interdimer bond-order

alternation along the c axis (b axis) in the dimer Mott insulator
phase with the lattice structure of κ-(BEDT-TTF)2X. As a
result, the electric polarizations arising from the electric dipole
moments in dimers are strongly coupled with the dimer lattice
modes of interdimer bond-length alternation, and the more
stable one of these two ferroelectric states is induced by
disorder in the dimer lattice. The ferroelectric state along the
b axis (c axis) arises from the hybridization of a metallic state
(another dimer Mott insulator state) to the dimer Mott ground
state for equilibrium lattice. Therefore, the ferroelectric state
along the b axis (c axis) is strongly stabilized near the phase
boundary with the metallic phase (in the spin-liquid phase).
The present results are consistent with the experimentally
observed dielectric anomaly in κ-(BEDT-TTF)2Cu2(CN)3.
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