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Gauge fields from strain in graphene
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We revise the tight-binding approach to strained or curved graphene in the presence of external probes such as
photoemission or scanning tunneling microscopy experiments. We show that extra terms arise in the continuum
limit of the tight-binding Hamiltonian which cannot be accounted for by changes in the hopping parameters
due to lattice deformations, encoded in the parameter S. These material-independent extra couplings are of the

same order of magnitude as the standard ones and have a geometric origin. They include corrections to the
position-dependent Fermi velocity and to a new vector field. We show that the new vector field does not couple to
electrons like a standard gauge field and that no S-independent pseudomagnetic fields exist in strained graphene.
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I. INTRODUCTION

One of the most interesting aspects of graphene is the tight
relation between its morphological and electronic properties.
Although this issue has been explored at length in the
theoretical literature!> and there is a fair number of related
experiments,> recent results'®"'? have given an extra push to
the subject that will be explored in this work.

In the continuum limit of the standard tight-binding
(TB) approach, lattice deformations couple to the electronic
excitations in the form of effective gauge fields and scalar
potentials.>!'* In particular, the so-called pseudomagnetic
fields have acquired a physical reality after the observation
of Landau levels from strain in graphene samples'* predicted
theoretically in Refs. 15 and 16. These deformation gauge
fields are at the basis of the proposed strain modifications of the
electronic properties (strain engineering) of graphene'3-!7-2!
and have been used in the design and modeling of recent
experiments exploring the physics of lattice systems either
with cold atoms®>?3 or with artificial lattices made with CO
molecules in a Cu surface.!! Hence it is very important to
establish the accuracy and completeness of the TB description,
to ascertain whether there are modifications to the model and,
if so, how they will affect the experiments.

In the standard approach the parameter that links the
TB electronics with the continuum elasticity theory, S, is
related to the electron-phonon coupling and appears in the
definition of the strain-induced effective magnetic fields.
reflects the changes in the hopping parameter ¢ of the TB
model with the changes of the relative distances between
atomic nearest neighbors due to the lattice deformations.
In a recent work®* it was claimed that extra B-independent
pseudomagnetic fields arise in the standard TB description
coming from the displacements of the atomic positions of
the lattice. Following this work there have been attempts to
correct the previous calculations leading to “strain Landau
levels.’> Moreover, inspired by a geometric approach to
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curved graphene,”* the continuum TB Hamiltonian was

supplemented in Ref. 31 with additional 8-dependent terms
arising from a higher order derivative expansion, which can be
interpreted as a position-dependent Fermi velocity and an new
vector field.

In what follows we will show that no B-independent
pseudomagnetic fields exist in strained graphene: The only
pseudogauge fields are the well-known S-dependent fields in
Eq. (2). We will indeed identify all the new terms arising from
“frame effects” (i.e., due to the actual atomic positions) needed
to complete the TB description whenever the system is coupled
to external probes. But we will see that they only modify
the coefficients of the position-dependent Fermi velocity and
the new vector field obtained in Ref. 31. We will further
clarify the nature of the new vector field and show that it
does not act as a pseudogauge field, although it may have
interesting physical effects, such as pseudospin precession. We
will also show that the extra gauge fields suggested in Ref. 24
can be completely eliminated by a gauge transformation and
have no physical consequences. Finally we will discuss the
experimental context in which the newly derived terms might
lead to observable effects.

II. FRAME EFFECTS

We will assume for simplicity that there are no short-range
interactions or disorder connecting the two Fermi points of
graphene, so that the low-energy description around each
point remains valid. As is well known in the TB-elasticity
approach,>3? elastic deformations of the lattice give rise, in the
continuum limit, to vector potentials that mimic the coupling
of real magnetic fields to the electronic current. The standard
TB Hamiltonian in the continuum limit is

Hrp = —iUO/dle/fTUj(aj +iApDY, (1
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where vy = 3ta/2 is the Fermi velocity for the perfect lattice,
with ¢ the hopping parameter for nearest neighbors and a the
lattice constant; j = 1,2 (summation over a repeated index is
understood over the article), and o are the Pauli matrices. The
potential A; is related to the strain tensor by

A= ;ia(uxx - uyy)’ Ay = ;%(_zuxy)s (2)
where B = |0 Int/9 Ina|. The strain tensor is defined as u;; =
1 (8u; + d;u; + 8;hd;h), where u; and h are in- and out-
of-plane displacements, respectively. Note that one usually
assumes that crystal deformations are small and (1) is valid
only up to O(ij) corrections. We will follow this practice for
the rest of the paper.

As shown in Ref. 31, if one uses the TB approach to go one
order higher in the derivative expansion, the Hamiltonian (1)
becomes

Hyp = —i / Ayt (00105 + vooi Ty + v Ay, (3)

where the field A; is the one given in (2), v;; is the tensorial
and space dependent Fermi velocity, v;; = vo[n;; — §(2u,- i+
nijurx)], and I'; is a new vector field given by

1 B 1
I = 2—1)03]‘1),‘_,' = —Z Bjuij + Eail/ljj . “4)

The key observation of the present work is that TB Hamilto-
nians describing strained graphene,?>? and (3) in particular, are
commonly derived in a specific reference system, the “crystal

frame.” The reason is that the Bloch waves a; = ZX e’ik'fax
used to diagonalize the TB Hamiltonian are written using the
atomic equilibrium positions {x}, which are regularly spaced
and independent of the crystal deformation. On the other
hand, in the presence of strain the positions measured in the
“laboratory frame” are the actual positions of the atoms y;.
The two sets of coordinates are related by y; = x; + u;(x),
where u; is the in-plane horizontal displacement vector. Note
that the vertical displacements / are identical in both systems.
In the classical theory of elasticity, crystal (laboratory) frame
coordinates are usually referred to as Lagrangian (Eulerian)
coordinates.??

Thus, the TB Hamiltonian (3) is actually the crystal frame
Hamiltonian H.(x). In order to describe the interaction of elec-
trons with external probes or fields, we must use the laboratory
frame Hamiltonian Hy 4,(y); i.e., the TB Hamiltonian has to be
rewritten in laboratory frame coordinates. The TB Hamiltonian
is the sum of the Dirac Hamiltonian H, plus the terms induced
by the lattice deformations. As these are already O(u;;), we
have to compute change-of-frame corrections only for the
u;j-independent piece (Ho). of the crystal Hamiltonian. The
computation is simplified by using the symmetric convention
for the derivatives of the fermion fields

(Ho)e = —ivo / Py ()0 B Yo, 5)

where w“a?w = 1/2[y 8¢ — (8;¥)y] and the subscript in
Y. indicates that this is the fermion field operator in the crystal
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frame. The derivatives transform according to

d dy, 0
L= T G uu)dk = G+ ik + gk,
ax; ax; 0y

(6)
where ii;; = (0;uy + dru;)/2 is the linear piece of the strain
tensor and we;; = (0;uy — du;)/2. We also have to transform
the integration measure

0
det (ﬁ)
ayi

~ (1 —ii;;)d?y. (7)

d*x = d*y = |det(8i — iy — weir)| d*y

On the other hand, 1//:.[ Y, is the particle density operator in the
crystal frame. As the number of fermions in any region should

be frame independent, we must impose 1//:.[ Ved*x = YTy d?y,
where ¥ (y) is the laboratory frame field operator. This implies

0
aer ()
ayi
which exactly cancels the Jacobian in (7). The net result is

—iv()/dleﬂj(x)ﬁi (3_1)1/&()6)

—12

Ye(x) = v (y), ®)

~ —jvy | d* f 0-? i we fo, <8_>
o [d Y[ (¥)oi 8 Y(¥)+ (i + wer)(W'ox o ¥,
()]

where the derivatives in the last term act only on the fermion
fields. Finally, the dependence on the antisymmetric piece we;;
may be eliminated by a local rotation of the spinors

Y(y) = e P9 (y) ~ y(y) — ’Ewagx/f@). (10)

Indeed, the identity ioxo3 = €07 shows that this rotation
cancels the term proportional to w in (9). A contribution pro-
portional to d;w vanishes as well due to the anticommutation
relation {03,034} = 0 for k = 1,2. This yields

HLab = HTB + HGeom’ (11)
where Hyp is given by (3) and

. 2 . t S
Hgeom = —ivy | d™x iig(Y'ox 0 )

1
= —ivg / d*x ! |:b7k10k31 + E(alﬁkl)ak:| ¥, (12)

In the last line we have used integration by parts to revert to
the asymmetric derivative convention. Note that, to first order
in the strain, 8-dependent terms are the same in both frames.
Equations (11) and (12) are the main results in this paper.

As B ~ 2, the new B-independent terms in Hgeom are of
the same order of magnitude as those in the standard TB
Hamiltonian (3). In particular, the space-dependent Fermi
velocity derived in the TB formalism in Ref. 31 will become

B .
Vij = Vo |:8ij - Z(zuij + 8ijunk) + i (13)
with the corresponding correction for the vector field
1 B 1 1, .
Fi =2—v08jvij:—z 8juij+§8,-ujj —1—581-14,-]». (]4)
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The Hamiltonian Hp,, can also be obtained by performing
the TB calculation directly in the laboratory frame. This
derivation is explicitly given in the Appendix, where we also
show that the additional pseudogauge field found in Ref. 24
has zero curl everywhere and can be eliminated by a gauge
transformation of the electronic wave function. As I'; is the
only “new” vector field in strained or curved graphene, in what
follows we will comment briefly on its physical significance
and compare it with the well-known pseudogauge field A; in
Eq. (2). First of all, note that, unlike A;, I'; is not a functionally
independent field. The reason is that the Hamiltonian (3) is
Hermitian only for I'; = % d;v;;. Thus, a position-dependent
Fermi velocity requires the existence of the new vector
field I';.

A look at (3) might suggest that I'; is some sort of purely
imaginary®* counterpart to A;. However, this is obviously
wrong, as gauge potentials have to be real (Hermitian). The true
nature of I'; is made apparent if we use the identity ioyo3 =
g0y to rewrite the relevant term as —ivgo; [ = vgo; 1, with

f‘] = F20'3, f‘g = —F10'3. (15)

Note that ['; is matrix-valued and Hermitian. This shows that
the vector field I'; plays the role a Hermitian connection for the
SO(2) group of local pseudospin rotations (10) generated by
03. As a consequence, a position-dependent Fermi velocity
will be accompanied by pseudospin rotation (‘“pseudospin
precession”), i.e., by electronic transitions between the two
sublattices. In more physical terms, whereas electrons prop-
agating in a (pseudo)gauge field acquire a path-dependent
complex phase, the new vector field induces pseudospin
rotation, very much like an optically active medium turns
the polarization plane of light. Thus I'; is not a gauge field
and cannot give rise to the characteristic Landau levels of
real or pseudomagnetic fields: The only pseudogauge field in
strained graphene is the well-known A; given by (2). Note
also that, in general, observable effects will not be associated
with the field I'; itself but with its curl, which by (15)
is proportional to the divergence of I';. This is even more
obvious in the covariant model,*' where I'; appears as the spin
connection associated with fermions propagating in a curved
background and its divergence is proportional to the scalar
curvature R.

III. SOME PHYSICAL EXAMPLES

To see the physical implications of this work for actual
measurements we now work out some practical examples.
Consider first a density of states measurement. The frame
effects discussed are rather trivial in this case but enough to
exemplify the issue. The effect of the coordinate change will
affect scanning tunneling microscopy (STM) measurements
when the tip resolution is large in units of the lattice constant
(no atomic resolution). The local density of states (LDOS) in
the laboratory frame can be computed approximately in the
local limit, for a sufficiently smooth u;;. To do this, p(E,u;;)
is computed assuming u;; is constant, and then its dependence
on the position is restored in the final expression p(E,x) =
p(E,u;j(x)). The LDOS can be computed in momentum
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FIG. 1. (Color online) Pictorial view of the strain field discussed
in the text and the changes it produces in the density of states.
The dotted (green) line represents the contribution from S-dependent
terms alone, while the thick (blue) line represents the total correction
including frame effects. The black, dashed line represents the density
of states of the perfect lattice. The three plots correspond to x =
—L,0,L for the displacement discussed in the text with umy,x = 0.2.

space

p(E) = / dq.dq,tr[E — H(q.,q,)]"" (16)

with the Hamiltonian (11) by diagonalizing v;;, which amounts
to a change of integration variables

p(E) = / i A a17)

ViU

with Hj the unperturbed Hamiltonian and vy the velocity
eigenvalues. This yields

2
Yo

4
p(E) =

2 = po(E)
T VU U_

(18)
V4V

(the factor of 4 is due spin and valley degeneracy) which to
first order in strain can be computed to give

P(E,x) = po(E)(1 + Btru —tri). 19)

A simple but interesting example is provided by in-plane
strains that are quadratic in the position, such as those
associated to the triangular bumps that led to the observation of
pseudo-Landau levels in STM'Y and that have been explicitly
produced in artificial graphene.!! Remembe{ that the TB gauge
field associated with a strain tensor u;; is A o (Uyx — Uyy, —
2u,y). Consider first a deformation vector given by u = (x? —
¥2,2Xy)Umax /4L shown in the upper part of Fig. 1. It is easy to
see that the associated pseudomagnetic field will be zero in this
case. The trace of the strain tensor is tru = unxx/L, hence
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a line scan along the y direction will give a perfect constant
V shape [p(E,x) ~ |E|], while along the x direction there
will be a dilatation effect such that p(E,x) ~ [1 4+ umax(B —
1)x/L]|E|, as depicted in the lower part of Fig. 1 for different
values of x. Due to the frame effects discussed in this work
there is an additional, material-independent change in the
magnitude of the LDOS that adds on top of the S-dependent
contributions. This is important to consider if one wants to
measure the space-dependent Fermi velocity from a local
probe with resolution larger than the lattice constant.

An interesting thing happens if we now consider the
same deformation vector but exchange u, and u,, ie.,
i o< (2xy,x> —y?). In this case there will be no volume
effect (tru = 0) and the strain will give rise to a constant
pseudomagnetic field whose associated density of states will
show similar Landau level oscillations along any scan line.
A 90° rotation of the strain deformation will give the same
V shape with a Fermi velocity increasing this time along
x = constant. Finally, for the strain # oc (x> — y2, —2xy) both
the trace and the pseudomagnetic field will be zero and there
will be no effect altogether. It can be shown that the geometric
vector field coming from the frame change does not affect the
DOS at the linear order in u;; considered in this work.

On the other hand, these examples are a simple illustration
of the fact that the honeycomb lattice is very anisotropic and,
of course, does not have full rotational symmetry;35 hence
similar looking deformations give rise to very different effects
in the STM images. The important point is that, in the case of
general strain, the frame effects discussed in this work will be
responsible for additional spatial modulation of the intensity
of the LDOS while preserving its energy dependence.

Frame effects will also be important when the absolute
orientation of the lattice changes locally. An example of this
effect can be observed in the polarization dependence of the
ARPES signal.*® The usual ARPES pictures of Dirac cones see
only one half of the cones, due to the form of the matrix element
of the lattice electron at the K point with the free electron that
comes out. This effect sees the absolute orientation of the
lattice: If the lattice is rotated with respect to the polarization
of light, the part of the Dirac cone that is observed also rotates.
As before, in order to describe the physics in the laboratory
frame, vectors in the crystal frame have to be rotated to the
laboratory frame. This is again a 8-independent contribution.
Note, however, that the suppression of part of the observed
Dirac cones in ARPES is due to the interference between
photoelectrons emitted from the two sublattices and, as such,
goes beyond the continuum limit considered in this paper.
Effects of local lattice rotations in ARPES have been reported
recently in Ref. 37. The frame effects associated with lattice
rotations could also be observed in optical experiments like
those described in Ref. 38.

IV. CONCLUSIONS

As a summary, we have shown that the TB description
of general crystal systems on distorted lattices must be
supplemented with geometric terms originating in the change
of coordinates needed to describe interactions with external
probes. These are of course always present in the experi-
ments. The correct Hamiltonian to use when trying to fit
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experiments is Hj,, = Hrp + Hgeom- The new terms are
material independent and different from the usual gauge fields
arising from deformation-induced changes in the hopping
parameter. We have worked out in detail the case of strained
graphene and tried to clarify some confusions in the literature.
We have seen that the extra terms are of the same form as
those already present in the complete TB Hamiltonian (3), but
come with S-independent coefficients. Moreover, aside from
the well-known pseudogauge fields in Eq. (2), the only vector
field in strained graphene is the connection I'; (also present
in the geometric formalism?'), which is compatible with the
symmetry analysis**~*? and required by the Hermiticity of the
Hamiltonian whenever we have a position-dependent Fermi
velocity. We have clarified that I'; is not a gauge field and
will not give rise to the standard Landau levels in the density
of states, although it may have other physical effects, such
as pseudospin precession. We have also shown that the extra
gauge fields claimed in Ref. 24 can be gauged away and do not
lead to physical consequences. The frame effects described in
this work will be relevant to local experiments with resolution
A > a, for which a continuum limit is appropriate.
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APPENDIX: THE TIGHT-BINDING DERIVATION IN THE
LABORATORY FRAME

The extra terms to be added to the standard TB calculation
due to frame effects can also be obtained by redoing the
TB calculation directly in the laboratory frame. That is, we
consider the TB Hamiltonian H = — 3 ., t;jalb; + H.c., but
now we map the labels to positions in the laboratory frame

H=-tY alb;; +Hec., (AD)
y.n

where ¥y = X + u(x) with X = md;, + mads, and 8, are the
three nearest-neighbor vectors (we follow Ref. 31 for their
definition and other conventions). As our interest here is in
the B-independent terms generated by the change of frames,
we have assumed that the hopping parameters ¢;; take their
equilibrium value ¢. The real meaning of the relabeling in
(A1) is that nonequilibrium atomic positions are used in the
Fourier expansions

o —ik-[X4ii(x)]
ay = Ze G
k

byis, = Zeik.[}+5n+a(x+5n)1bk_
k

(A2)
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Note that, due to the fact that crystal momentum k is
purely two-dimensional, only the in-plane components i of
a three-dimensional displacement (u(x),A(x)) will appear in
the Fourier expansions in (A2). As a consequence, only the
linear piece #f;; of the strain tensor can give rise to frame
effects, while the out-of-plane contribution 9;20;h does not
play any role in this regard. The same conclusion was reached
in the main text by noting that only i enters the coordinate
transformation that relates crystal and laboratory frames.

To see how this will change the effective theory at the K
point, it is instructive to analyze a, further before computing
the Hamiltonian. If we restrict the states to k = K + 8k with
80k < A, we get

A
ay = o K i K-ii(x) Zeiak-ieizs?c-ﬁ(x)ak (A3)
sk

and, comparing with the corresponding expression a, =
e/ K+30X g in the crystal frame, we observe two new contribu-
tions. The first one is ¢/ X “®) which we can factor outside the
integral. This is a trivial phase factor that can be reabsorbed
into a, by a gauge transformation and has no effect on the
physics. As shown below, if we do not reabsorb this phase,
it will show up in the effective theory as a new gauge field
A; = 0i(Kju;) = (ii;; + we;;)K ;. But this gauge field has zero
curl by construction and produces no pseudomagnetic fields,
even for position-dependent strains. The second term /%)
cannot be eliminated by a gauge transformation in this way,
and will induce extra terms in the Hamiltonian which precisely
correspond to those in Eq. (9) after the field rescaling (8) is
performed.
Back to the actual computation, plugging (A2) into (Al)
gives
H——¢ Z Z o TRATHIC] IR -(E48, 4801 Ty 4
x,n k,k'
(A4)

It is convenient to use a symmetric parametrization for the
momenta: k — k + q/2,k' — k — g /2, which corresponds to
the symmetric derivative convention in (5). Expanding to linear
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order in u yields

_ —ig % i(k—G/2)8, T
H=—t) ) e et hap, b gp
x,n k,q

y [1 5l + G+ 5]
— ik - [H(x) — d(x + 5,,)]} + H.c., (A5)

which, in terms of the Fourier coefficients of the displacement
u(x) = Zq €'7*u(q), can be rewritten as

i(k—3/2)-5, T
H=—t Z ¢!/ g pbr—q2

n,k,q
X [8(67) - %ﬁ(q) @G (1 + €y 12k (1 — ei’i'g"))i|
+ H.c. (A6)

Expanding around the K point and performing the sums
over n as usual yields the matrix element

3ta . .
H g, = 7[5(9)01'](1‘ +iqiui(q)oi(K;+kj;)—iqiui(q)o;k;],
(AT)

where we have redefined 8k — k. Replacing iqu;(q) =
i;j(q) + w(q)e;; we finally obtain

Hiq = vold(q)oik; + (i1;; + we;j)o: K ;

+ (ﬁij + O)Gij)djkj — ﬂi,’O'jkj]. (A8)

The last two terms are precisely those obtained from the
direct coordinate transformation (6) and (7) of the continuum
Dirac equation before the field rescaling (8), which eliminates
the term proportional to ii;;. As anticipated, there is also a
seemingly new gauge field

A = (lZ,’j +w6,~j)Kj = ai(quj) (A9)

which is a total derivative and has zero associated magnetic
field.*? It can be completely eliminated by the gauge transfor-
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