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Skyrmion dynamics in multiferroic insulators
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The recent discovery of a Skyrmion crystal phase in an insulating multiferroic compound Cu2OSeO3 calls
for new ways and ideas to manipulate the Skyrmions in the absence of spin transfer torque from the conduction
electrons. It is shown here that the position-dependent electric field, pointed along the direction of the average
induced dipole moment of the Skyrmion, can induce the Hall motion of the Skyrmion with its velocity orthogonal
to the field gradient. Finite Gilbert damping produces longitudinal motion. Inter-Skyrmion interaction leads to
the reduction of the drift speed. We find a rich variety of resonance modes excited by an ac electric field.
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Skyrmions are fast becoming common sightings among spi-
ral magnets including many of the metallic B20 compounds1–5

and most recently, in a multiferroic insulator Cu2OSeO3.6 Both
species of compounds display similar thickness-dependent
phase diagrams5,6 despite their completely different electrical
properties, highlighting the generality of the Skyrmion phase
in spiral magnets. Along with the ubiquity of Skyrmion
matter comes the challenge of finding a means to control and
manipulate them, in a device-oriented manner akin to efforts
in the spintronics community to control the domain wall and
vortex motion by electrical current. Spin transfer torque (STT)
is a powerful means to induce fast domain-wall motion in
metallic magnets.7,8 Indeed, current-driven Skyrmion rotation9

and collective drift,10 originating from STT, have been
demonstrated recently. Theory of current-induced Skyrmion
dynamics has been worked out in Refs. 11–13. In insulating
compounds such as Cu2OSeO3, however, the STT-driven
mechanism does not work due to the lack of conduction
electrons.

Spiral magnetic order in Cu2OSeO3 is accompanied by a
finite electric dipole moment as experimentally demonstrated
by Seki et al.14 due to the pd-hybridization mechanism.14–18 In
short, a given magnetization Si induces electric dipole moment
Pi with the relation
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)
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through some coupling λ. Each site i corresponds to one cubic
unit cell of Cu2OSeO3 with linear dimension a ∼ 8.9 Å,
and we have normalized Si to have unit magnitude. The
dimension of the coupling constant is therefore [λ] = C m.
Formula (1) was recently obtained for Cu2OSeO3 from the
Ginzburg-Landau symmetry argument18 and appeared in the
earlier discussion of another pd-hybridization-induced multi-
ferroic insulator, Ba2CoGe2O7.19,20 Although not explicitly
mentioned in previous theories,18,20 the same formula is
applicable to the Skyrmion lattice phase as well. In Ref. 14
microscopic pd polarizations were added up numerically
without relying on formula (1) to deduce the dipole moment
of the Skyrmion. We have verified, as shown in Fig. 1, that
insertion of the Skyrmion spin configuration Si in Eq. (1)
yields the electric dipole moment distribution that agrees very
well with the numerically obtained profile shown in Fig. 4

of Ref. 14. Taking this agreement a step further, we use
Eq. (1) to demonstrate that an electric-field gradient can induce
Skyrmion motion by coupling efficiently to the Skyrmion’s
dipole moment. The proposed mechanism may provide a
solid means for manipulating insulating Skyrmions and is
complementary to the current-driven mechanism12 that works
on metallic Skyrmions.

Equation (1) implies the presence of the magnetoelectric
coupling Hamiltonian

HME = −
∑

i

Pi · Ei = −λ
∑

i
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in addition to the Heisenberg and Dzyaloshinskii-Moriya
exchange interactions among spins (HHDM) and the Zeeman
interaction with the external magnetic field HZ = −B · ∑

i Si

in Cu2OSeO3. Earlier theoretical studies established that
HHDM + HZ can stabilize the Skyrmion phase under a mod-
erate magnetic field.1,21–24 The magnetoelectric Hamiltonian
HME in essence provides the spin anisotropy by application
of the electric field. The Landau-Lifshitz-Gilbert (LLG)
equation corresponding to H = HHDM + HZ + HME can be
readily derived as Ṡi + (1/h̄)Si × (δH/δSi) + αSi × Ṡi = 0
and solved by numerical integration for some Gilbert damping
constant α.

In the experiment of Ref. 14, three crystallographically
distinct orientations were chosen for measuring the magnetic-
field-induced polarization. Categorizing the experimental find-
ings, the magnetic field and induced Skyrmion dipole moment
orientations are, respectively, (I) B‖[001], P = 0, (II) B‖[110],
P‖[001], and (III) B‖[111], P‖[111]. In case (I) only a net
quadrupole moment is induced on the Skyrmion. In cases
(II) and (III) an electric field can be imposed parallel to
the dipole moment, Ei = Ei P̂ (P̂ = P/|P|), to maximize
the magnetoelectric coupling and enhance the electric field
control. To simplify the subsequent calculation we choose to
make an orthogonal rotation R of the spin axis Si → RS′

i

appearing in Eq. (1) so that the z direction of the new spin S′
i

coincides with the B-field orientation in a given setup and its x

direction with the crystallographic [110] since it is orthogonal
to all three B-field directions used in the experiment. In each of
the cases listed above we obtain the magnetoelectric coupling,
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FIG. 1. (Color online) (a) Typical Skyrmion configuration and
(b)–(d) the corresponding distribution of dipole density ρD(r) for
three magnetic field orientations used in Ref. 14. For precise definition
of ρD(r) used, see the Supplemental Material (Ref. 25). (b) B‖[001].
(c) B‖[110]. (d) B‖[111]. As schematically depicted in (a), the
Skyrmion executes a Hall motion in response to the electric field
gradient.

expressed in the respective rotated spin frames,
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Primes have been dropped from S′
i in the above expressions. In

case (I) where there is no net dipole moment for Skyrmions we
chose E‖[001] to arrive at a simple magnetoelectric coupling
form shown above. In cases (II) and (III) E-field direction
coincides with that of the dipole moment.

Suppose now that the E-field variation is sufficiently
slow on the scale of the lattice constant a to allow the
rewriting of HME in Eq. (3) in the continuum as HME =
−λ(d/a)

∫
d2r E(r)ρD(r). It will be assumed that all variables

behave identically along the thickness direction, of length
d. The dipole density ρD(r), shown in Figs. 1(b)–1(d) for
cases (I)–(III), couples to the electric field E(r) in the
same way as the conventional electric charge density does
to the potential field in electromagnetism. The analogy will be
useful when we think about the Skyrmion dynamics under the
spatially varying E field. As in Ref. 12 we view the individual
Skyrmion as a pointlike object described by the distribution
ρD(r) = QDNSk

∑
j δ(r − rj ), where rj spans the Skyrmion

positions and identical dipole charge QD is assumed for all
the Skyrmions. Explicit definitions of ρD(r) and QD appear
in the Supplemental Material,25 while NSk is the number of

spins inside a Skyrmion. The magnetoelectric coupling energy
is transformed to the “potential energy” of the collection of
Skyrmion particles,

HME = −λQDNSk
d

a

∑

j

E(rj ). (4)

A force acting on the Skyrmion will be Fi = −∇iHME. Inter-
Skyrmion interaction is ignored.

The response of Skyrmions to a given force is that of an
electric charge in a strong magnetic field, embodied in the
Berry phase action (−2πSh̄QSkd/a3)

∑
j

∫
dt(rj × ṙj ) · ẑ,

where QSk is the quantized Skyrmion charge12,26 and S is
the size of spin. An equation of motion follows from the
combination of the Berry phase action and Eq. (4):

vj = λl2
Sk

4πSh̄

QD

QSk
ẑ × ∇jE(rj ), (5)

where vj is the j th Skyrmion velocity and l2
Sk ≡ NSka

2.
Typical speed of the Hall motion can be estimated by replacing
|λ∇E| with �Edipole/lSk, where �Edipole is the difference in
the dipolar energy felt at the left and the right edges of the
Skyrmion and lSk is its diameter. This way one arrives at the
speed of the Hall motion

vH ∼ 1

4πS

QD

QSk

lSk

tSk
, tSk = h̄

�Edipole
, (6)

written, apart from numerical factors, as the linear dimension
of the Skyrmion divided by the “Skyrmion time” tSk as decided
by the dipolar energy difference applied across its length.
Adopting experimental input parameters of lSk = 10−7 m, and
λ = 10−32 C m from Ref. 14 and using QD = −1 and QSk =
−1, we find the velocity vH ∼ 10−6�E[m2/V s], which gives
the estimated drift velocity of 1 mm/s for the field strength
difference �E = 103 V/m across the Skyrmion. We may as
well estimate the maximum allowed drift velocity by equating
the dipolar energy difference �Edipole across the Skyrmion to
the exchange energy J , also corresponding to the formation
energy of one Skyrmion.24 The maximum expected velocity
thus obtained is enormous, ∼104m/s for J ∼ 1 meV, implying
that with the right engineering one can achieve rather high Hall
velocity of the Skyrmion. In an encouraging step forward,
electric-field control of the Skyrmion lattice orientation in the
Cu2OSeO3 crystal was recently demonstrated.27

Results of LLG simulation are discussed next. To start,
a linear field configuration Eix,iy = aix + b is imposed on a
rectangular simulation lattice 1 � ix � Lx , 1 � iy � Ly , with
both Lx and Ly much larger than the Skyrmion size. In the
absence of Gilbert damping, a single Skyrmion placed in such
an environment moved along the “equipotential line” in the
y direction as expected from the guiding-center dynamics of
Eq. (5). In cases (II) and (III) the dipole charges obey the
relation Q

(II)
D /Q

(III)
D = √

3/2 as discussed in the Supplemental
Material,25 and based on Eq. (5) one would expect their
respective drift velocities to scale with the same ratio. This
is indeed the case as one can see in Fig. 2. Additionally, the
numerical result of Hall velocity shows excellent agreement
with that calculated by Eq. (5), which is −0.0161v0 for
case (II) and −0.0192v0 for case (III). [Here we have defined
t0 = (Sh̄)/(λa) m2/V and v0 = a/t0. For more details, see
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FIG. 2. (Color online) (a) Skyrmion position versus time for cases (I)–(III) for linear electric field modulation (see text) with the Skyrmion
center placed at the center of the simulation lattice. The average Hall velocities in cases (II) and (III) indicated in the figure are approximately
proportional to the respective dipolar charges, in agreement with Eq. (5). (b) Hall angle θH vs Gilbert damping parameter α. (c) Hall motion
speed vH vs number of Skyrmion layers n in the strip. Unit of the speed v1 is for the single Skyrmion subject to the same field gradient.

the Supplemental Material.25] The drift velocity decreased
continuously as we reduced the field gradient, obeying the
relation (5) down to the zero velocity limit. The dipolar charge
is zero in case (I), and indeed the Skyrmion remains stationary
for the linear field gradient as shown in Fig. 2(a). If the
field variation is sufficiently rapid, however, the forces acting
on the positive dipole density blobs [red in Fig. 1(a)] may
not be completely canceled by those on the negative dipole
density blobs [blue in Fig. 1(a)] permitting some Skyrmion
drift motion.

Longitudinal motion along the field gradient begins to
develop with finite Gilbert damping, driving the Skyrmion
center to the position of lower potential energy E(r). As a
result, the trajectory of Skyrmion in response to the uniform
field gradient is still linear but deviates from the perfect Hall
angle θH = π/2. By doing a series of simulations in linear
profile of the E field with different damping parameters α we
observed the Hall angle obeying the relation cot θH = 1.20α

as shown in Fig. 2(b), in good agreement with the prediction of
Ref. 12 provided the so-called shape factor chosen is η = 1.2.

For the Skyrmion lattice case, imposing a uniform field
gradient across the whole lattice may be too demanding
experimentally, unless the magnetic crystal is cut in the form
of a narrow strip the width of which is comparable to a few
Skyrmion radii. With this situation in mind we calculated the
collective drift velocity of the Skyrmion lattice with n columns
of Skyrmions in the strip subject to the uniform field gradient
in the direction of the row. The collective Hall drift velocity
taking place along the column direction displayed in Fig. 2(c)
shows the exponential decrease of the drift speed with the
thickness n, reaching the saturated value of ∼13% of the single
Skyrmion Hall velocity, denoted as v1 in Fig. 2(c), subject to

the same field gradient. The interaction of a Skyrmion with
other Skyrmions, as well as with the wall boundary, could be
responsible for this reduction in the drift speed and, at the same
time, excite some breathing modes of the individual Skyrmion
as it drifts. These effects, however, deserve a separate careful
study beyond the scope of this Rapid Communication.

Several movie files are included in the Supplemental
Material. II.gif and III.gif give Skyrmion motion for Eix,iy =
E0 sin(2πix/Lx) on the Lx × Ly = 66 × 66 lattice for mag-
netoelectric couplings (II) and (III) in Eq. (3). III-Gilbert.gif
gives the same E field as III.gif, with finite Gilbert damping
α = 0.2. I.gif describes the case (I) where the average dipolar
charge is zero, with a rapidly varying electric field Eix,iy =
E0 sin(2πix/λx) and λx comparable to the Skyrmion radius.
The case of a narrow strip with the field gradient across is
shown in strip.gif.

Mochizuki’s recent simulation28 revealed that internal
motion of Skyrmions can be excited with the uniform ac
magnetic field. Some of his predictions were confirmed by
the recent microwave measurement.29 Here we show that
a uniform ac electric field can also excite several internal
modes due to the magnetoelectric coupling. A time-localized,
uniform electric-field pulse Ei(t) = Ee−t2/(2τ 2), with some
small constant E and τ much shorter than the typical
vibration period of an excited mode, was applied in the
LLG simulation and the temporal response of the Skyrmion
lattice analyzed by measuring the response function χ(I)(t) =
(1/2)

∑
i([S

y

i (t)]2 − [Sx
i (t)]2), χ(II)(t) = (1/2)

∑
i([S

z
i (t)]2 −

[Sx
i (t)]2), and χ(III)(t) = (

√
3/2)

∑
i[S

z
i (t)]2 for cases (I)–(III),

respectively. In Mochizuki’s work, the response function was
the component of total spin along the ac magnetic field
direction. For more details of the numerical procedure we
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FIG. 3. (Color online) (a) Absorption spectra [imaginary part of
the susceptibility] for an ac uniform magnetic field as in Mochizuki’s
work, reproduced here for comparison to an ac electric field response.
(b) Absorption spectra for an ac uniform electric field in cases (I)–
(III). In case (I) where there is no net dipolar charge we find three
low-energy modes E, X1, and X2. For case (III) where the dipolar
charge is finite we find B1 and B2 radial modes excited. Case (II)
exhibits all five modes. A detailed description of each mode is given
in the text.

refer to his paper.28 Absorption spectra can be deduced by
the Fourier transform χ (ω) = (1/T )

∫ T

0 χ (t)eiωt dt over a
sufficiently long simulation time T .

In case I, the uniform electric field perturbs the initial
cylindrical symmetry of the Skyrmion spin profile so that∑

i([S
x
i (t)]2 − [Sy

i (t)]2) becomes nonzero and the overall
shape becomes elliptical. The axes of the ellipse then rotates
counterclockwise about the Skyrmion center of mass as
illustrated in Supplemental Material figure E-mode.gif.25

There are two additional modes of higher energies with broken
cylindrical symmetry in case I, labeled X1 and X2 in Fig. 3 and
included as X1-mode.gif and X2-mode.gif in the Supplemental

Material.25 The rotational direction of the X1 mode is the same
as in the E mode, while it is the opposite for the X2 mode.

As in Ref. 28, we find sharply defined breathing modes in
cases II and III at the appropriate resonance frequency ω; in fact
the same frequency at which the ac magnetic field excites the
breathing mode. The vertical dashed line in Fig. 3 indicates the
common breathing mode frequency. Movie file B1-mode.gif
shows the breathing mode in case III. The additional, higher
energy B2 mode (B2-mode.gif) was found in cases II and III,
which is the radial mode with one node, whereas the B1 mode
is nodeless.

In addition to the two breathing modes, the E mode
and the two X modes are excited in case (II) as well
due to the partly in-plane nature of the spin perturbation
−(λE(t)/2)

∑
i([S

z
i (t)]2 − [Sx

i (t)]2). In contrast, case (III),
where the perturbation −(

√
3λE(t)/2)

∑
i[S

z
i (t)]2 is purely

out of plane, one only finds the B modes. As a result, cases
(I) and (III) have no common resonance modes or peaks,
while case (II) has all the peaks (though the X1 and X2
peaks are small). Compared to the magnetic-field-induced
resonances, a richer variety of modes are excited by the ac
electric field. In particular, the E mode has lower excitation
energy than the B mode and has a sharp resonance feature,
which should make its detection a relatively straightforward
task. Full analytic solution of the excited modes30 will be given
later.

In summary, motivated by the recent discovery of the mag-
netoelectric material Cu2OSeO3 exhibiting Skyrmion lattice
phase, we have outlined the theory of Skyrmion dynamics
in such materials. The electric field gradient is identified as
the source of the Skyrmion Hall motion. Several resonant
excitations by an ac electric field are identified.
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2W. Münzer, A. Neubauer, T. Adams, S. Mühlbauer, C. Franz,
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