
PHYSICAL REVIEW B 87, 064301 (2013)

Moments in nuclear resonant inelastic x-ray scattering and their applications
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Sum rules of the moments of the nuclear resonant inelastic x-ray scattering (NRIXS) spectrum provide means
of data analysis and information on atomic dynamics. We extend existing work by calculating the third and
fourth moment beyond the harmonic approximation and show that NRIXS can provide a direct measurement
of the anharmonic terms in lattice potentials. Projected partial phonon density of states (ppDOS) extracted
from measured spectra provide vibrational mode-specific information on lattice dynamics. Furthermore, unique
contributions to thermodynamic properties can be defined and calculated as the moments and other weighted
integrals of ppDOS. A summary of some of these thermodynamic quantities is given. The directional dependence
of NRIXS and its effects are emphasized. We derive explicit relationships between the moments of phonon
excitation probability function and those of ppDOS. The comparison between the two sets of moments provides
a consistency check and insights to the lattice dynamics of the system under study.
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I. INTRODUCTION

Nuclear resonant inelastic x-ray scattering (NRIXS) is a
synchrotron-radiation-based method that finds a wide range of
applications in condensed matter physics,1 materials science,
high-pressure research,2 geosciences,3 and biophysics.4 A
recent development is its application in the field of geochem-
istry and cosmochemistry concerning isotope fractionation.5

Through thermodynamic arguments, one can relate the equi-
librium isotope fractionation factor to mean kinetic energy6

or mean force constant.7 This emphasizes the importance of
moments derived from NRIXS measurements. In materials
research, e.g., of nanoparticles,8 it is of critical importance
to understand atomic dynamics and lattice thermodynamic
properties, some of which can be derived from moments of
an NRIXS measurement.

NRIXS is an incoherent inelastic process. The experimental
setups and procedures have been described in almost all
publications where this technique is used, and excellent
explanations can be found in the above mentioned references.
In an NRIXS experiment, one measures the number of nuclear
resonant absorption events as a function of energy transfer
from an incident x-ray beam to the sample under study.
Thus nuclear resonant isotopes are employed as probes to
lattice vibration properties. Vastly disparate energy scales
involved in nuclear excitations (many kilo-electron-volts here)
and atomic lattice excitations (tens of milli-electron-volts)
implicate the decoupling of these two processes. NRIXS
can be described as nuclear resonant excitation plus phonon
annihilation or creation. As a result, on the scale of the energies
of phonons, the energy of nuclear resonant absorption is
modified only through atomic motions in a sample. This is
reflected in the cross section of nuclear resonant absorption
from suitable isotopes embedded in an interacting collec-
tion of atoms. It can be factorized into the properties of
nuclear resonant absorption by an isolated nucleus and the
dynamical property of the scattering system. Van Hove9 and
Visscher10 studied scattering from a collection of interacting
particles. For NRIXS, the cross section per nucleus is given

by11,12

σ (k,E) = π

2
σ0� S(k,E) , (1)

where E = Ein − E0 is the energy difference between incident
x-ray and the nuclear resonance and is of the order of
tens to hundreds of milli-electron-volts; h̄k is the incident
photon momentum and for all practical purposes is a constant
so that h̄kc = E0 to a very good approximation, σ0 is the
maximum nuclear resonant absorption cross section, � is the
natural linewidth of the excited nuclear level, and S(k,E) is a
dynamical function characterizing the lattice vibrations of the
sample. The measured spectrum is proportional to the sum of
the cross sections from all resonant nuclei, whose number is
Ñ , which may be smaller than N , the number of all atoms in
the sample.

The dynamical function above can be treated as a Fourier
transform of the particle autocorrelation function of a many-
body system,11

S(k,E) ≡ 1

2πh̄

∫
dtdr ei(kr− E

h̄
t)Ga(r,t) , (2)

where

Ga(r,t) = 1

Ñ

〈∑
ν

∫
dr′δ[r + rν(0) − r′] δ[r′ − rν(t)]

〉
T

,

(3)

and ν enumerates resonant nuclei. rν is the position of the
νth nucleus. The statistical average at a given temperature T

is indicated by 〈· · ·〉T . The expression in Eq. (2) is similar
to the dynamic structure factor S(q,ω), a function of energy
and momentum transfer defined by the same equation but
with the particle pair correlation function instead. Phonon
dispersions can be determined by measuring the dynamic
structure factor with coherent inelastic neutron scattering13 and
inelastic x-ray scattering.14 In contrast, the function S(k,E)
obtained from NRIXS is a function of energy transfer to
and from lattice vibrations and the incident x-ray momentum
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instead of momentum transfer. It can be interpreted as the
phonon excitation probability density and is closely related to
phonon density of states.12

Sum rules of the moments of S(k,E) can be related to
dynamical properties of the resonant nuclei in a sample.15

In Sec. II, we extend existing results to derive the third and
fourth moments beyond the quasiharmonic lattice model. The
ppDOS extracted from measured spectra provides vibrational
mode specific information on the lattice dynamics of the
samples studied. Its moments and other weighted integrals
are related to the resonant nucleus sublattice contributions
to thermodynamic properties. A summary of these quantities
derivable from an NRIXS measurement is given in Sec. III.
Then, in Sec. IV, we present relations between the moments of
S(k,E) and those of ppDOS in the context of a quasiharmonic
lattice model. The case of multiple nonequivalent sites is
discussed in Sec. V. A recent study of several minerals is
presented as examples in Sec. VI. Uncertainty estimations
of the moments derived from an NRIXS measurement are
given in Sec. VII followed by a brief summary. Some of the
details of derivations are shown in the appendices at the end.
Calculation of the central moments of S(k,E) is shown in
Appendix A. Appendix B summarizes the derivation of ppDOS
from measured spectrum. Appendix C details how the S(k,E)
moments can be expressed in terms of the moments of ppDOS.

II. MOMENTS OF S(E)

Sum rules of the Mössbauer energy spectrum were studied
soon after the discovery of the Mössbauer effect to help
understand the effect and reveal its quantum nature.16 The
first and second moments were studied in detail, as well as
laying out the general formulas. With the discovery of NRIXS,
the sum rules were extended up to the fourth moment in
the context of the harmonic approximation.15 In particular,
the third moment of a measured spectrum was related to a
mean force constant. Since then, the results have also been
presented in many different contexts.17–21 The sum rules are
based on a sudden momentum transfer to a constituent of a
complex bound system by emission, absorption, or scattering.
Here, the process is the absorption of a photon by a nucleus
bound in an atomic lattice. Nuclear resonant scattering with
current synchrotron sources happens in a weak scattering
regime. The probability of finding two nuclei in excited states
simultaneously is practically zero. Thus we can sum over
all nuclei the transition matrix elements due to a sudden
momentum transfer.

Our focus is on the physical interpretation of the moments,
that is, the relations of these moments to atomic dynamical
properties. In particular, we will calculate the third and fourth
moments independent of the quasiharmonic lattice model.
Here and throughout the following discussions, we use m̃ to
represent the mass of a resonance nucleus. It turns out that
the central moments of S(k,E) with respect to the nuclear
recoil energy ER = (h̄k)2/2m̃ have more straightforward
interpretations. To that effect, we define central moments as

Rl(k) ≡
∫ +∞

−∞
(E − ER)l S(k,E) dE . (4)

It has been established that the first few low-order moments are

R0 = 1 , (5)

R1 = 0 , (6)

R2 = 4 ER Tk̂ , (7)

R3 = h̄2ER

m̃

〈
∂2V

∂z2

〉
. (8)

Their derivations can be found in Appendix A. The first
equation expresses the normalization of S(k,E). The
vanishing first central moment provides a means to normalize
the measured spectrum to obtain S(k,E), because the elastic
peak in a measured spectrum has different normalization than
the rest of the spectrum.15,22

In the above equations, k̂ = k/k, is the unit vector along the
incident photon direction. The coordinate along this direction
is z. One very important feature of NRIXS is its directional
dependence.23 As discussed in the introduction, the energy
of nuclear resonant absorption is modified through atomic
motions. It is the atomic motion along the incident photon
direction specifically. To emphasize this characteristics and be
concise, we shall use “projected” as a qualifier to describe
many of the quantities derived from an NRIXS measurement,
as in the often used term, projected phonon DOS.23 The
reason for using “projected” is because k appears in the scalar
products with phonon polarization vectors.

The second moment is related to Tk̂, the mean kinetic energy
from atomic motion along k̂ direction. For an isotropic sample,
it is 1/3 of the mean kinetic energy per nucleus. In a harmonic
model, by the virial theorem, it is 1/6 of the internal energy
per atom.

For the third moment, the brackets represent thermody-
namic and quantum mechanical expectation value, and V is
the potential part of the lattice Hamiltonian

H = T + V =
∑

μ

p2
μ

2mμ

+ 1

2

∑
μμ′

V (rμ,rμ′ ) . (9)

In the quasiharmonic approximation, effective potentials are
quadratic, thus the third moment is proportional to the mean
force constant along the photon direction Kk̂,

R3 = h̄2ER

m̃
Kk̂ . (10)

Beyond the harmonic model, considering an anharmonic
potential up to the quartic term, we have

∂2V

∂z2
= Kk̂ + Ak̂z + Bk̂

2
z2, (11)

with

Kk̂ = ∂2V

∂z2

∣∣∣∣
eq

, (12)

Ak̂ = ∂3V

∂z3

∣∣∣∣
eq

, (13)

Bk̂ = ∂4V

∂z4

∣∣∣∣
eq

, (14)

064301-2



MOMENTS IN NUCLEAR RESONANT INELASTIC X-RAY . . . PHYSICAL REVIEW B 87, 064301 (2013)

which are evaluated at the equilibrium atomic positions. They
are, respectively, the directional force constant, the third- and
fourth-order coupling parameters along k̂ direction. For a
sample at equilibrium, the mean displacement in any direction
is zero; thus we can neglect the A term to yield

R3 = h̄2ER

m̃

(
Kk̂ + Bk̂

2
〈z2〉

)
, (15)

where 〈z2〉 is the atomic mean square displacement in k̂
direction, which can be calculated from the directional Lamb-
Mössbauer factor, or f factor, through Eq. (B15). This f

factor can be determined from a measured NRIXS spectrum,
as shown later in this section. The mean square displacement
varies with either temperature or pressure, or both. If one plots
R3 versus 〈z2〉, the slope at each point is the coefficient Bk̂
of the quartic term in the lattice potential and the y intercept
is the mean force constant at the corresponding condition.
This indicates a way of direct measurement of the anharmonic
corrections to a lattice potential.

For the fourth moment, we find the following expression,
whose detailed derivation can be found in Appendix A,

R4(k) = 2ER

m̃

[〈
h̄2

(
∂V

∂z

)2〉
+ 2ER

m̃

〈
p4

z

〉

− h̄2E0

m̃c

〈
pz

∂2V

∂z2
+ ∂2V

∂z2
pz

〉]
. (16)

The first term is proportional to the mean square force along
k̂ direction, which can also be expressed as

2ER

m̃
h̄2

〈(
∂V

∂z

)2〉
= 4ER

∑
i

gi〈i|
p2

z

2m̃
|i〉

∑
f

(Ef − Ei)
2 .

(17)

It can be shown that the last term in the above expression
of R4(k) contains a contribution stemming from the cubic
coupling constant Ak̂. In the quasiharmonic approximation,
this term vanishes and R4(k) reduces to the result given
previously.15

The above equations can be used to calculate these
moments, given any specific model of lattice potentials, and
the results can then be compared to the moments of a measured
spectrum. This may be used to restrict and adjust models of
lattice potentials.

In calculating S(k,E) from a measured spectrum I (E),
special care has to be taken due to a unique effect mentioned
earlier. Because of the strong coherent forward scattering when
incident x-ray energy coincides with the nuclear resonant
energy E0, a great number of nuclear decay events escape
detection in a typical NRIXS setup; thus the elastic peak count
is much smaller than what it would be if the same fraction of
decay events were included as for other parts of an NRIXS
spectrum. A model for this effect was discussed in a study of
NRIXS.24 As a result, I (E) has a different normalization factor
near the zero energy difference. If we remove the elastic peak
from I (E), then the rest should normalize to 1 − f , where f is
the recoil free fraction, also called the Lamb-Mössbauer factor.
However, this f factor is not often known, or its value may have
large uncertainty. The difficulty is dealt with in the following
way. We have an internal constraint, which is that the first

moment is equal to the recoil energy ER , whose value is known
quite accurately. This is reflected in Eq. (6). If the experimental
resolution function is sufficiently symmetric, then the elastic
peak, which is the resolution function, will not contribute to the
first moment. This allows us to renormalize the peak-removed
spectrum so that its first moment equals the recoil energy for
the isotope used. Once it is normalized, we can immediately
infer the f factor from its zeroth moment. Now, we add back
the elastic peak to this normalized peak-removed spectrum to
obtain the normalization-corrected spectrum

Ic(E) = 1

A
I ′(E) + f R(E) , (18)

where R(E) is the experimentally measured resolution func-
tion normalized to unity.

Next, we shall consider the effect on moment calculations
due to a resolution function with a finite width. Moments in the
presence of a finite resolution function have been considered
previously.20,25 Here, we shall discuss the central moments,
which have simpler expressions. The above obtained spectrum
Ic(E) is a convolution of phonon excitation probability density
with the resolution function

Ic(E) =
∫

S(E′)R(E − E′) dE′ , (19)

where the photon momentum dependence is ignored to sim-
plify the expression. One can show that the central moments
of Ic(E) and S(E), and the regular moments of R(E) satisfy
the following relation:

In =
n∑

k=0

Ck
n Rk mn−k , (20)

where

In =
∫

(E − ER)n Ic(E) dE , (21)

mj =
∫

Ej R(E) dE , (22)

and Ck
n are the binomial coefficients. Since both S(E) and

R(E) are normalized to unity and R1 = 0, for the first a few
terms, we have

I1 = m1 , (23)

I2 = R2 + m2 , (24)

I3 = R3 + 3R2m1 + m3 , (25)

I4 = R4 + 4R3m1 + 6R2m2 + m4 . (26)

For a sufficiently symmetric resolution function, all the odd
moments m2k+1 are small. The second moment m2 is on
the order of resolution width squared. The above equations
indicate that finite experimental resolution may require cor-
rections in calculating moments from a measured spectrum.
As an example, let us calculate these corrections in a case that
involves a measurement on bcc iron metal. In this example,
the resolution function has a width (FWHM) of 0.9 meV
and the results are listed in Table I. Here, the corrections
are small, demonstrating a sufficiently narrow and symmetric
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TABLE I. Corrections to central moments due to a finite resolu-
tion function, with a width (FWHM) of 0.9 meV. The spectrum was
taken on a sample of bcc iron metal.

order n mn (meVn) In (meVn) Rn (meVn) corrections

1 −0.019 −0.019 0 0
2 1.053 110.63 109.58 −0.95%
3 0.0032 1590.4 1596.7 0.39%
4 32.16 131443 130840 −0.46%

resolution function for the purpose of studying moments in
this case. This can be attributed to the small odd moments and
relatively small even moments of the resolution function, and
it should illustrate the need to select proper width and control
the symmetry of a resolution function and recognize it as a
possible source of errors in moment calculations otherwise.

III. DOS MOMENTS AND LATTICE THERMODYNAMICS

While moments of S(k,E) give some averaged properties
of atomic dynamics, the spectrum itself contains much more
detailed information. A critical step in the development of
NRIXS was the realization that phonon DOS could be derived
from an NRIXS spectrum.22 It is done in the context of
the quasiharmonic lattice model. The derivation has been
described many times before.12,21,26,27 A brief reiteration of
this derivation is given in Appendix B.

Projected partial phonon DOS characterizes the vibrational
dynamics of a sublattice of resonant nuclei. Its detailed
structure is related to the relevant vibrational modes, while
the moments and weighted integrals provide atomic dynamics
as well as macroscopic thermodynamic properties.

Let us define the moments of ppDOS as follows:

gl(k) ≡
∫ +∞

0
El D(k,E) dE , (27)

g̃l(k) ≡
∫ +∞

0

1

2
coth

(
βE

2

)
El D(k,E) dE , (28)

where g̃l are thermally averaged moments, for coth(βE/2) =
2 n(E) + 1 and n(E) being the phonon occupation number of
energy level E. These are useful quantities since they carry
information on thermal excitation, which allow temperature
effects to be studied. Both definitions can be expressed
in a unified fashion as shown in Kohn and Chumakov,20

where g̃−1 to g2 were expressed. As mentioned in the above
section, a unique feature of these moments and the related
thermodynamic properties is that they are directional. This
directional dependence can be revealed in NRIXS studies
of anisotropic single crystals or textured samples.23 Also as
discussed before, we will call these thermodynamic quantities
“projected,” which shall be regarded as a shorthand for
directional contributions. They are also called “partial,” as
only the resonant nucleus sublattice contributes.

Various thermodynamic quantities can be calculated from
ppDOS derived from an NRIXS measurement.28 Here, we list
a few. First, let us consider a simple case where all resonant
nuclei occupy equivalent sites in a crystal. The case for
multiple nonequivalent sites will be discussed later in Sec. V.

The mean square displacement along the photon direction
is given by

〈z2〉 =
∫

h̄2

m̃E

[
n(E) + 1

2

]
D(k,E) dE = h̄2

m̃
g̃−1(k) . (29)

This is related to the directional Lamb-Mössbauer factor, as
expressed in Eq. (B15) of Appendix B.

The projected partial internal energy is given by

Uk̂ =
∫

E

[
n(E) + 1

2

]
D(k,E) dE = g̃1(k) , (30)

from which, by the virial theorem, the mean kinetic energy of
resonant nucleus due to their thermal motions along the photon
direction is given by

Tk̂ = 1

2
Uk̂ = 1

2
g̃1(k) . (31)

It can be shown that for an isotropic sample,

Uiso =
∫

E

[
n(E) + 1

2

]
g(E) dE = 1

3
U , (32)

while for a powder sample,

Upow =
∫

|ε(E)|2 E

[
n(E) + 1

2

]
g(E) dE , (33)

where g(E) is the regular nonprojected partial phonon DOS,
and ε(E) is the phonon polarization vector. The symbol U
in Eq. (32) and others without any subscript in the following
represent the thermodynamic quantities that are partial but not
projected, just like their conventional counterparts expressed in
the commonly defined phonon DOS. The difference between
isotropic and powder samples is emphasized here; it stems
from the different treatments of polarization vectors in each
case, as shown in Appendix B.

The projected partial Helmholtz free energy is given by

Fk̂ = kBT

∫
ln

(
2 sinh

βE

2

)
D(k,E) dE . (34)

Again, for an isotropic sample,

Fiso = kBT

∫
ln

(
2 sinh

βE

2

)
g(E) dE = 1

3
F , (35)

while for a powder sample,

Fpow = kBT

∫
|ε(E)|2 ln

(
2 sinh

βE

2

)
g(E) dE . (36)

The projected partial vibrational entropy is given by

Sk̂ = kB

∫ [
βE

2
coth

(
βE

2

)
− ln

(
2 sinh

βE

2

)]
×D(k,E) dE . (37)

For an isotropic sample,

Siso = kB

∫ [
βE

2
coth

(
βE

2

)
− ln

(
2 sinh

βE

2

)]
g(E) dE

= 1

3
S , (38)
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while for a powder sample,

Spow = kB

∫
|ε(E)|2

[
βE

2
coth

(
βE

2

)
− ln

(
2 sinh

βE

2

)]
× g(E) dE . (39)

The projected partial isochoric specific heat is given by

CV k̂ = kB

∫ (
βE

2

)2

csch2

(
βE

2

)
D(k,E) dE . (40)

For an isotropic sample,

Ciso = kB

∫ (
βE

2

)2

csch2

(
βE

2

)
g(E) dE = 1

3
CV , (41)

while for a powder sample,

Cpow = kB

∫
|ε(E)|2

(
βE

2

)2

csch2

(
βE

2

)
g(E) dE . (42)

Force constant is a useful concept to describe bonding in
the lattice. There are several ways to define force constants
emphasizing different aspects of lattice bonds. Each normal
mode has an equivalent force constant that is proportional to
its frequency squared. One can thus define an average of all
equivalent force constants as the mean force constant along
photon direction,

Kk̂ =
∫

m̃

(
E

h̄

)2

D(k,E) dE = m̃

h̄2 g2(k). (43)

For an isotropic sample,

Kiso =
∫

m̃

(
E

h̄

)2

g(E) dE = K, (44)

and for a powder sample,

Kpow =
∫

|ε(E)|2 m̃

(
E

h̄

)2

g(E) dE. (45)

It is independent of temperature and weighted more by the
high-frequency part of a phonon spectrum. Later, we will see
that it is the second derivative of the lattice potential in a
quasiharmonic approximation. This is also called stiffness in
mechanics. We give two more definitions of force constants
below.

In an analogy to a simple harmonic oscillator, we can define
a characteristic force constant

Kc

k̂
≡ 2 Tk̂

〈z2〉 = m̃

h̄2

g̃1

g̃−1
, (46)

with the result expressed in terms of ppDOS moments. Unlike
Kk̂ , it is temperature dependent. Also we see that the low-
energy part has more weight in its value.

Recently, an effective force constant named resilience was
introduced in the study of protein dynamics.29 It is proportional
to the inverse of the temperature rate of change of mean square
displacement. In the context of NRIXS, we can define its
projected partial contribution from resonant nucleus sublattice
as

K ′
k̂

≡ kB

d〈z2〉/dT
. (47)

Its high-temperature approximation was studied and identified
to be proportional to the inverse of the second inverse moment
of DOS.30 To apply this concept to a sample often measured at
low temperatures, we derive d〈z2〉/dT in the quasiharmonic
model, by taking the derivative with respect to T in Eq. (29):

d〈z2〉
dT

= h̄2

m̃kBT 2

∫
eβE

(eβE − 1)2
D(k,E) dE . (48)

It is also temperature dependent, in contrast to the mean force
constant as in Eq. (43). At high temperatures, where βE is
sufficiently small over the whole range of phonon spectrum,
one can use the following limit:

d〈z2〉
dT

� h̄2kB

m̃

∫
1

E2
D(k,E) dE = h̄2kB

m̃
g−2(k) . (49)

The temperature rate of change of mean square displace-
ment in Eq. (48) can also be used to characterize the decrease
of the Lamb-Mössbauer factor with rising temperatures. It is
then related to a critical temperature.31 One can expand the
mean-square displacement near a fixed temperature T0:

〈z2(T )〉 ≈ 〈z2〉|T0 + d〈z2〉
dT

�T , (50)

so we have

f (k,T ) = e−k2〈z2(T )〉 = f (k,T0) e−(T −T0)/Tc , (51)

where the critical temperature is defined as

1

Tc

≡ k2 d〈z2〉
dT

. (52)

IV. MOMENT RELATIONS

In the previous sections, we have described both the
NRIXS spectrum S(k,E) and the projected partial phonon
DOS D(k,E), and their own sets of moments. Mathematically,
these two functions are equivalent in a quasiharmonic lattice
model, in the sense that at any given temperature, one can be
derived from the other. As a result, one may expect that there
exist relationships between the two sets of moments, which
we will recover in the following.

Now let us calculate the central moments of S(k,E), as
defined in Eq. (4), in the quasiharmonic approximation, which
means using the intermediate scattering function, Eq. (B3), and
its harmonic expression Eq. (B12). Following the calculations
in Appendix C, we have

Rl(k) = (−ih̄)l f (k)
dleM̃(k,t)

dt l

∣∣∣∣
t=0

, (53)

where

M̃(k,t) = M(k,t) − i

h̄
ERt, (54)

whose derivatives at t = 0 can be expressed in moments of
ppDOS, as shown in Eq. (C7). Carrying out the derivatives in
Eq. (53) allows us to express Rl(k) in terms of DOS moments.
Here, we list a few:

R1(k) = 0, (55)

R2(k) = 2 ER g̃1(k), (56)
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R3(k) = ER g2(k), (57)

R4(k) = 12 E2
R g̃2

1(k) + 2 ER g̃3(k), (58)

R5(k) = 20 E2
R g̃1(k) g2(k) + ER g4(k), (59)

R6(k) = 120 E3
R g̃3

1(k) + 60 E2
R g̃1(k) g̃3(k)

+ 10 E2
R g2

2(k) + 2 ER g̃5(k), (60)

R7(k) = 420 E3
R g̃2

1(k) g2(k) + 42 E2
R g̃1(k) g4(k)

+ 70 E2
R g2(k) g̃3(k) + ER g6(k). (61)

It is interesting to note that all the odd-ordered moments of
ppDOS involved are those thermalized moments defined in
Eq. (28), while all the even-ordered ones are the regular ones
as in Eq. (27). It also reveals that, in a quasiharmonic model,
even though S(k,E) is a function of temperature, its first and
third moments are not. One of the above relations, Eq. (57),
connects Eqs. (10) and (43) and provides an interpretation for
the mean force constant Kk̂ along the photon direction as a
weighted average of all force constants of each normal mode.
Approximations of the above set of relations were derived in
a previous study7 by expanding the thermalized moments in
powers of temperature thus using only the regular moments of
ppDOS.

These relations can be employed to check the consistency
of the derived phonon DOS to an NRIXS spectrum. Another
utility is to estimate thermodynamic properties from an NRIXS
measurement. By inverting the above set of equations, one can
calculate DOS moments in terms of Rl , as given explicitly
in Appendix C. Many thermodynamic functions or their
approximations are expressed in DOS moments. Thus one
can make estimations based on the moments of an NRIXS
spectrum. A recent study of iron isotope fractionation uses
this approach to calculate β factors, the reduced partition
function ratios, from NRIXS measurements.7 This may have
advantages over the calculations based on a derived ppDOS,
not only because of less data processing, but more importantly,
by taking advantage of the fact that odd-ordered moments of
S(k,E) are much less sensitive to any constant background
that may be present in a measurement. In a previous study,
the first moment of S(E) and its relation to the integral of
DOS were discussed in the context of normalizing an NRIXS
spectrum.24

V. MULTIPLE SITES

Now, let us relax the assumption made earlier that there is
only one equivalent site in the sample under study. Suppose
there are n nonequivalent sites. We can then group the
equivalent site terms together and rewrite the right-hand side
of Eq. (B4) into sums of nonequivalent sites:

F (k,t) =
n∑
j

pj fj (k) eMjj (k,t) =
n∑
j

pjF
(j )(k,t) , (62)

where pj = Ñj /Ñ is the fraction of equivalent sites of type j

among all the sites occupied by resonant nuclei with
∑

pj =
1, fj (k) = e−Wj (k) is the directional Lamb-Mössbauer factor
of that site, and the site-specific intermediate scattering

function

F (j )(k,t) = fj (k) eMjj (k,t) . (63)

If we also define site-specific phonon excitation probability
density functions and site-specific projected partial phonon
density of states,

S(j )(k,E) = 1

2πh̄

∫
F (j )(k,t) e−iEt/h̄ dt (64)

=
∑
n=0

fj (k)

2πh̄

∫
Mn

jj (k,t)

n!
e−iEt/h̄ dt

=
∑
n=0

S(j )
n (k,E) , (65)

D(j )(k,E) = 1

N

3N∑
s=1

(
k̂ · εj

s

)2
δ
(
E − E(j )

s

)
, (66)

then it can be shown that all the relationships derived above
for a single site still hold per site; all we need to do is to
attach a site label j . Since moments are linear functionals of
a distribution function, we can assemble total moments from
site specific ones rather straight-forwardly. However, we point
out that even though the relations in Eqs. (55)–(61) in Sec. IV
hold for each individual site, the corresponding ones for the
whole measured spectrum are more complicated due to the
nonlinear nature of these relations, except for the first three
which are linear.

Furthermore, in cases of multiple nonequivalent sites, there
is a caveat that neither the site-specific ppDOS nor the site-
specific f factors can be derived from an NRIXS measurement
alone. In general, one cannot separate out individual site
contributions to S(k,E).26 Only in certain limiting situations,
e.g., when each site-specific f factor is sufficiently high so
that multiple phonon contributions may be ignored, or in cases
of amorphous materials where resonant nuclei are situated in
almost identical local environments, can the problem then be
resolved in approximations.

This points to the importance of the simulation of S(k,E)
from a model phonon DOS in NRIXS studies. The simulations
can be compared to measurements as a way to check the models
and provide insights and understanding for the improvement
of the lattice dynamic models.

VI. THERMODYNAMICS OF THREE MINERALS

In a recent study of iron isotope fractionation concerning the
redox conditions of rocks on Earth and possibly Mars, NRIXS
spectra of goethite, potassium-jarosite, and hydronium-jarosite
were measured at the nuclear resonant scattering beamline at
the Advanced Photon Source.7 Here, we present the various
atomic dynamics and thermodynamic quantities of these
minerals derived from these measurements.

Before showing the results, we want to discuss a particular
issue in NRIXS method, which concerns the energy range
taken in an experiment. In theory, a phonon excitation
spectrum S(k,E) extends to a very large energy range,
especially at room temperature or higher. However, towards
both ends of a spectrum, where it is dominated by multiphonon
contributions, the intensity of the spectrum is exceedingly
small as energy increases. In practice, the range taken must be
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TABLE II. Quantities derived from an NRIXS measurement of goethite FeO(OH), at the sample temperature of 301 K.

raw S(k,E) simulated S(k,E) D(k,E)

Lamb-Mössbauer factor, f 0.780 ± 0.005 0.782 0.782
Mean square displacement, 〈z2〉 (Å2) 0.00466 ± 0.00012 0.00461 0.00461
Mean kinetic energy, Tk̂ (meV) 15.58 ± 0.13 15.13 15.15
Mean force constant, Kk̂ (N/m) 305.8 ± 9.4 320.7 322.7
Characteristic force constant, Kc

k̂
(N/m) 107.1 ± 2.9 105.1 105.2

Effective force constant, K ′
k̂

(N/m) 100.3
d〈z2〉/dT (Å2/K) 0.000014
Critical temperature, Tc (K) 1362
d〈z2〉/dT (Å2/K), high-T limit 0.000015
Critical temperature, Tc (K), high-T limit 1286
Helmholtz free energy, Fk̂ (meV) 5.12
Internal energy, Uk̂ (meV) 30.3
Vibrational entropy, Sk̂ (kB ) 0.971
Phonon specific heat, Ck̂ (kB ) 0.856
Isotope fractionation factor, lnβ (�m/m) 0.302 ± 0.015 0.250 0.252

limited due to this vanishing scattering intensity and available
time for an experiment. Nonetheless, the part of the spectrum
not included in the energy range where the data are taken may
make noticeable contributions to the higher moments. And
indeed, this does manifest itself in the moments extracted.
A common observation is that often there are discrepancies
in the moment relations (56) and (57), as can be seen by
comparing the “raw S(k,E)” and “D(k,E)” columns in the
data Tables II–IV. One of the possible contributions to this
discrepancy could be the limited energy range over which the
data are taken. However, one should keep in mind that the
results from D(k,E) are highly sensitive to the background
subtraction in data processing.

To alleviate this problem, one may assume that the derived
ppDOS is a mathematical model for S(k,E), and then use the
corresponding simulated function to calculate the moments.
These “simulated S(k,E)” values are also listed in the data
tables. The agreement between these and the values in the

“D(k,E)” column is guaranteed because they both are derived
from the same function, the ppDOS. We should emphasize
that the “simulated” values are our best estimates based on
the assumption of a quasiharmonic lattice model and that all
the phonon modes are within the energy range being used. In
cases where appreciable anharmonic effects are suspected, one
would want to measure the spectra in an energy range as large
as possible. We should also keep in mind that in some cases of
multiple nonequivalent sites ppDOS cannot be derived from
measurement, as discussed in Sec. V.

The data taken of the three minerals are shown in Fig. 1.
The experimental details are described in Ref. 7. The derived
ppDOS are plotted in Fig. 2. In the following Tables II–IV,
we list the atomic dynamics and thermodynamic quantities
derived from the NRIXS measurements. The isotope fraction-
ation factors are calculated from mean kinetic energy.6 In the
tables, error estimates are not given for those values calculated
from ppDOS because the error estimates of ppDOS are not

TABLE III. Quantities derived from an NRIXS measurement of hydronium-jarosite (H3O)Fe3(SO4)2(OH)6, at the sample temperature of
301 K.

raw S(k,E) simulated S(k,E) D(k,E)

Lamb-Mössbauer factor, f 0.652 ± 0.004 0.667 0.667
Mean square displacement, 〈z2〉 (Å2) 0.00802 ± 0.00013 0.00760 0.00760
Mean kinetic energy, Tk̂ (meV) 16.23 ± 0.12 15.16 15.17
Mean force constant, Kk̂ (N/m) 307.3 ± 9.0 327.1 329.5
Characteristic force constant, Kc

k̂
(N/m) 64.9 ± 1.1 63.9 64.0

Effective force constant, K ′
k̂

(N/m) 58.8
d〈z2〉/dT (Å2/K) 0.000023
Critical temperature, Tc (K) 798
d〈z2〉/dT (Å2/K), high-T limit 0.000024
Critical temperature, Tc (K), high-T limit 766
Helmholtz free energy, Fk̂ (meV) 2.88
Internal energy, Uk̂ (meV) 30.3
Vibrational entropy, Sk̂ (kB ) 1.06
Phonon specific heat, Ck̂ (kB ) 0.857
Isotope fractionation factor, lnβ (�m/m) 0.378 ± 0.014 0.253 0.255
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TABLE IV. Quantities derived from an NRIXS measurement of potassium-jarosite KFe3(SO4)2(OH)6, at the sample temperature of 301 K.

raw S(k,E) simulated S(k,E) D(k,E)

Lamb-Mössbauer factor, f 0.692 ± 0.003 0.703 0.703
Mean square displacement, 〈z2〉 (Å2) 0.00690 ± 0.00008 0.00660 0.00660
Mean kinetic energy, Tk̂ (meV) 15.48 ± 0.08 15.10 15.11
Mean force constant, Kk̂ (N/m) 264.8 ± 5.7 315.6 317.2
Characteristic force constant, Kc

k̂
(N/m) 71.8 ± 1.0 73.4 73.4

Effective force constant, K ′
k̂

(N/m) 68.2
d〈z2〉/dT (Å2/K) 0.000020
Critical temperature, Tc (K) 926
d〈z2〉/dT (Å2/K), high-T limit 0.000021
Critical temperature, Tc (K), high-T limit 886
Helmholtz free energy, Fk̂ (meV) 3.38
Internal energy, Uk̂ (meV) 30.2
Vibrational entropy, Sk̂ (kB ) 1.03
Phonon specific heat, Ck̂ (kB ) 0.859
Isotope fractionation factor, lnβ (�m/m) 0.290 ± 0.010 0.246 0.248

independent, and it is very cumbersome to propagate them
from the measured spectrum. The error estimates from S(k,E),
whenever available, can be used as very good proxies.

The values presented here are in good agreement with those
published previously,7 especially those derived from the raw
S(k,E). This is a different analysis of the data. Here, we fix the
sample temperatures and the constant backgrounds according
to an estimate based on measurements of background before
the data was taken. Uncertainties in the background estimate
could significantly change the results derived from simulated
S(k,E) and D(k,E). This is an issue to be carefully studied
and also requires proper care to be taken during an experiment.
In Table IV for K-jarosite, the results for mean force constant
show very large discrepancies. A close inspection reveals that
the raw S(E) has excess intensities on the phonon annihilation
side comparing to the simulated S(E) calculated from ppDOS.
The excess is still present even if one would raise the sample

FIG. 1. The measured NRIXS spectra of goethite (the solid line),
hydronium-jarosite (the dashed line), and potassium-jarosite (the
dotted line). Here, it only shows data in an energy range of ±75 meV,
while the actual data collection range was −120 to +130 meV.

temperature in data analysis. The significant discrepancy
requires further study.

VII. ERROR ESTIMATIONS

We now try to answer the question of how accurate and pre-
cise the moments derived from an NRIXS measurement are?
A few sources of possible errors are considered and discussed.
The effect of a finite energy bandwidth of the x-ray beam used
in an experiment is considered in Sec. II, where corrections
are given using the moments of the finite resolution function.

In the previous section, we mention the errors caused by
the background counts in a measured spectrum. Obviously,
a changing background is almost impossible to deal with
after the fact. Care should be taken to minimize the level
and variability of contributing backgrounds. A good practice
is to measure the background before a measurement starts
and monitor it from time to time during the measurements in
between scans. A correction to Rl due to a constant background

FIG. 2. The ppDOS of goethite (the solid line), hydronium-
jarosite (the dashed line), and potassium-jarosite (the dotted line).
Here, it only shows data in an energy range up to 100 meV.
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b can be estimated as
b/�

l + 1
[(Emax − ER)l+1 − (Emin − ER)l+1] , (67)

where (Emin,Emax) is the energy range where data is taken
and � is the step size. The two terms in the correction tend
to cancel each other for odd moments. If the energy range is
entered around ER , the cancellation is complete and there is
no correction from a constant background.

The issue of limited energy range has been discussed also. It
is advisable to take data over the maximum energy range before
the background count rate is reached in cases of anharmonicity.
With a valid quasiharmonic approximation, the simulated S(E)
can be used to make up for a truncated range.

Due to counting statistics, S(k,E) has uncertainties at each
spectral point, Si ± σSi

. Assuming Poisson distributions,

σ 2
Si

= a Si , (68)

where a is the normalization factor from the measured
spectrum to S(k,E). A smaller value of a indicates better
statistics. Using a discrete formulation of the central moments,

Rl =
∑

(Ei − ER)l Si � , (69)

we have

σ 2
Rl

= a �R2l . (70)

The energies of a spectrum are determined by tuning a
high-resolution monochromator.32 Due to temperature varia-
tions and finite motion precision, there are variations in the
energies, which we will represent using a single number σE

that is independent of the energy. Again, using the discrete
formulation of the central moments, we have

σ 2
Rl

= l2�2σ 2
E

∑
[Si(Ei − ER)l−1]2 . (71)

Another possible source of uncertainties of energy is
scaling, stemming from the above mentioned fact that the
energies are determined by the motions of high-resolution
monochromator crystals. Scaling is the first-order approxi-
mation of this possible energy-dependent variations in energy.
Assuming a possible scaling error in energies, E → (1 + δ)E,
we can calculate that the resulting relative error in Rl is

�Rl

Rl

=
l∑

m=0

Rl−m

Rl

Em
R

l∑
k=m

Ck
l C

m
k δk − 1 . (72)

To the first order of δ,

�Rl

Rl

� l

(
1 + Rl−1

Rl

ER

)
δ � l δ . (73)

We plot error estimates of moments derived from an NRIXS
measurement of a goethite sample at room temperature in
Fig. 3. The values are from the three possible sources estimated
above, those from counting statistics, energy variations, and
an energy scaling error. The experiment done has a good
counting rate resulting in reasonable statistical error estimates
for the moments, particularly the second and third moments.
We use very conservative estimates of energy variation of
σE = 0.1 meV and an energy scaling uncertainty of δ =
1%. We observe that while small energy variations have
negligible effect on the moments, they are very sensitive to

2 3 4 5 6 7

0
2

4
6

8
10

12

order of moments

er
ro

rs
 in

 %

●

● ●

●
●

●

FIG. 3. The relative error estimates of the moments due to
counting statistics (circles), energy variations (squares), and energy
scaling error (triangles). The estimates are based on the data taken
for a sample of goethite.

energy scaling. Thus accurate energy scale calibration is very
important and should be done carefully.

VIII. SUMMARY

We have studied the moments of an NRIXS spectrum
and the derived ppDOS. Explicit relations between the two
sets of moments are given. Dynamical and thermodynamic
properties calculated from the spectrum are explained, and
their directional nature is emphasized. Three force-constant-
like quantities are introduced to help characterize bondings in
a lattice. The third and fourth moments of an NRIXS spectrum
are calculated beyond the quasiharmonic approximation. This
reveals the possible utility of this method to help constrain and
improve the quartic anharmonic term of lattice potential mod-
els. Issues related to the calculation of moments are discussed,
including the effect of resolution function, energy range over
which the spectrum is taken, and multiple nonequivalent
sites. Uncertainties of the moments derived from a measured
spectrum are estimated for the possible causes due to statistical
quality, energy variations, and energy scaling error. We have
explored the rich content of the moments in NRIXS and their
potential applications in lattice dynamic and thermodynamic
studies of materials and hope that the details contained here
may help researchers evaluate and interpret their results from
NRIXS experiments.
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APPENDIX A: CALCULATION OF CENTRAL MOMENTS
OF S(E)

Following the formalism laid out previously by Lipkin,15

we write S(k,E) and Rl(k) in terms of a lattice Hamiltonian
and phonon transition matrix elements. In the weak scattering
limit, we sum over all nuclei the transition matrix elements
due to a sudden momentum transfer,

S(k,E) = 1

Ñ

∑
ν

∑
i,f

gi |〈f |eikrν |i〉|2δ(E + Ei − Ef ) , (A1)

where gi is the statistical distribution of initial lattice state |i〉
at a finite temperature. For all equivalent sites,

S(k,E) =
∑
i,f

gi |〈f |eikr|i〉|2δ(E + Ei − Ef ) . (A2)

The moments as defined in Eq. (4) are then

Rl(k) =
∑
i,f

gi (Ef − Ei − ER)l|〈f |eikr|i〉|2 (A3)

=
∑

i

gi 〈i|e−ikr(H − Ei − ER)leikr|i〉 (A4)

=
∑

i

gi 〈i|
(

H − Ei − h̄k
m̃

p
)l

|i〉 , (A5)

where the following operator identity was used:

e−ikr H eikr = H − h̄k
m̃

p + ER. (A6)

Let us rewrite kp = kpz and the operator in Eq. (A5) as

A = H − Ei − h̄k
m̃

p = T − h̄k

m̃
pz − Ei + V (A7)

with

T =
∑

μ

p2
μ

2mμ

, (A8)

V = 1

2

∑
μμ′

V (rμ,rμ′) . (A9)

We have the following identities:

H |i〉 = Ei |i〉 , (A10)

A|i〉 = −h̄k

m̃
pz|i〉 , (A11)

〈i|p2n+1
z |i〉 = 0 , (A12)

〈i|∂V

∂z
|i〉 = 0 . (A13)

Here pz is an operator, as the lattice states are not eigenstates of
the momentum operator. Equation (A12) reflects time-reversal

invariance of the interaction, while Eq. (A13) demonstrates the
fact that the system is in equilibrium.

We also have the following commutators, which are used
in derivations later:

[pz,H ] = [pz,V ] = −ih̄
∂V

∂z
, (A14)

[pz,[pz,V ]] = −h̄2 ∂2V

∂z2
, (A15)

[
p2

z ,[pz,V ]
] = −h̄2

(
pz

∂2V

∂z2
+ ∂2V

∂z2
pz

)
. (A16)

The equilibrium condition (A13) is implied in the Hamil-
tonian. From the following two identities:

〈i|pzA|i〉 = −h̄k

m̃
〈i|p2

z |i〉 , (A17)

〈i|Apz|i〉 = −h̄k

m̃
〈i|p2

z |i〉 , (A18)

we have

−ih̄〈i|∂V

∂z
|i〉 = 〈i| [pz,A] |i〉 = 0 . (A19)

However, the off-diagonal elements are not zero. Since

〈f |pzA|i〉 = −h̄k

m̃
〈f |p2

z |i〉 , (A20)

〈f |Apz|i〉 = 〈f |
(

Ef − Ei − h̄k

m̃
pz

)
pz|i〉 , (A21)

we have

−ih̄〈f |∂V

∂z
|i〉 = 〈f | [pz,A] |i〉 = (Ef − Ei)〈f |pz|i〉 . (A22)

For the central moments in Eq. (A5), it follows directly that

R1(k) = −h̄k

m̃

∑
i

gi 〈i |pz| i〉 = 0 , (A23)

R2(k) =
∑

i

gi 〈i|
(

h̄k

m̃
pz

)2

|i〉 = 4 ER Tk̂ , (A24)

and

Rl(k) = 2ER

m̃

∑
i

gi 〈i| pz Al−2 pz |i〉 (A25)

for l > 2.
For the third moment, we have the following operator

identity:

pzApz = p2
zA − pz[pz,A] = [pz,A]pz + Ap2

z

= 1
2

(
p2

zA + Ap2
z − [pz, [pz,A] ]

)
, (A26)

and

R3(k) = 2ER

m̃

∑
i

gi 〈i|1

2

(−[pz, [pz,A] ] + p2
zA + Ap2

z

) |i〉

(A27)

= 2ER

m̃

∑
i

gi 〈i| h̄2

2

∂2V

∂z2
|i〉 − h̄3k3

m̃3

∑
i

gi 〈i| p3
z |i〉

(A28)

= h̄2ER

m̃

∑
i

gi 〈i| ∂2V

∂z2
|i〉 . (A29)
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For the fourth moment,

pz A2 pz = ([pz,A] + Apz) (−[pz,A] + pzA)

= − ([pz,A])2 − Apz[pz,A] + [pz,A]pzA + Ap2
zA,

(A30)

and

R4(k) = 2ER

m̃

∑
i

gi 〈i| − ([pz,A])2 − Apz[pz,A]

+ [pz,A]pzA + Ap2
zA|i〉

= 2ER

m̃

∑
i

gi

{
h̄2〈i|

(
∂V

∂z

)2

|i〉

+ h̄k

m̃
〈i|[p2

z ,[pz,A]
]|i〉 + h̄2k2

m̃2
〈i|p4

z |i〉
}

= 2ER

m̃

{〈
h̄2

(
∂V

∂z

)2〉
+ 2ER

m̃

〈
p4

z

〉 − h̄2E0

m̃c

〈
pz

∂2V

∂z2

+ ∂2V

∂z2
pz

〉}
. (A31)

APPENDIX B: PROJECTED PARTIAL PHONON DOS

Let us introduce an intermediate scattering function

F (k,t) =
∫

dr eikrGa(r,t) (B1)

= 1

Ñ

〈∑
ν

e−ikrν (0)eikrν (t)

〉
T

, (B2)

which is the inverse Fourier transform of the phonon excitation
probability density function with respect to E, so that

S(k,E) = 1

2πh̄

∫
F (k,t) e−iEt/h̄ dt . (B3)

In the quasiharmonic lattice model, we can calculate the
intermediate scattering function as defined in Eq. (B2) to be

F (k,t) = 1

Ñ

Ñ∑
ν

e−Wν (k) eMνν (k,t) , (B4)

where

Wν(k) =
∑

s

(
h̄2

2m̃NEs

) ∣∣k · εν
s

∣∣2
(2ns + 1) , (B5)

Mνν(k,t) =
∑

s

(
h̄2

2m̃NEs

) ∣∣k · εν
s

∣∣2
[(ns + 1)eiEs t/h̄

+ nse
−iEs t/h̄] , (B6)

and m̃ is the mass of the resonant isotope. We use s to
label phonon modes, with energy Es . The phonon occupation
number is given by

ns = 1

eβEs − 1
. (B7)

The polarization vectors εν
s satisfy the orthonormality and

closure conditions

1

N

N∑
ν

εν
s · ε

ν†
s ′ = δss ′ , (B8)

1

3N

3N∑
s

εμ
s · εν†

s = δμν . (B9)

In Sec. III, thermodynamic quantities are given for isotropic
and powder samples. The differences in the expressions for
the two cases come from the different behaviours of the
polarization vectors in each case. For an isotropic sample,∣∣k̂ · εν

s

∣∣2 = 1
3 , (B10)

while for a powder sample, it has to be averaged over all
directions,

1

4π

∫ ∣∣k̂ · εν
s

∣∣2
d�k =

∣∣εν
s

∣∣2

3
. (B11)

In a crystal, the polarization vectors are the same at all
equivalent sites, so that these sites share the same W (k) and
M(k,t). First, let us consider the simple case where all resonant
nuclei occupy equivalent sites in a crystal. The intermediate
scattering function then takes the form of

F (k,t) = e−W (k) eM(k,t) , (B12)

where the functions in Eqs. (B5) and (B6) become identical
for all resonant nuclei:

W (k) =
∑

s

(
h̄2

2m̃NEs

)
(k · εs)

2 (2ns + 1) , (B13)

M(k,t) =
∑

s

(
h̄2

2m̃NEs

)
(k · εs)

2

× [(ns + 1)eiEs t/h̄ + nse
−iEs t/h̄] . (B14)

The first factor on the right-hand side of Eq. (B12) is the
directional Lamb-Mössbauer factor

f (k) = e−W (k) = e−k2〈z2〉, (B15)

where the mean square displacement of the resonant nucleus
along the photon direction 〈z2〉 is related to the first inverse
moment of ppDOS, which is shown in Sec. III.

The expansion of the second exponential in Eq. (B12)
into a power series corresponds to single- and multiphonon
contributions. Thus we have an expansion of phonon excitation
probability density function given as

S(k,E) =
∑
n=0

f (k)

2π

∫
Mn(k,t)

n!
e−iEt/h̄ dt =

∑
n=0

Sn(k,E) .

(B16)

For the zeroth-order term, the integral reduces to a δ function,

S0(k,E) = f (k)δ(E) . (B17)

Now we define a projected partial phonon DOS as

D(k,E) = 1

Ñ

Ñ∑
ν=1

1

N

3N∑
s=1

(
k̂ · εν

s

)2
δ(E − Es) , (B18)
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where k̂ = k/k is the unit vector of the incident photon
direction. In the case of a single identical site, it is simply

D(k,E) = 1

N

3N∑
s=1

(k̂ · εs)
2 δ(E − Es) . (B19)

By going to the continuum limit in Eq. (B14), we can write
M(k,t) in terms of the phonon DOS defined above:

M(k,t) =
∫ +∞

0

ER

E
{[n(E) + 1]eiEt/h̄ + n(E)e−iEt/h̄}

×D(k,E) dE (B20)

=
∫ +∞

0

ER

E

eβE

eβE − 1
eiEt/h̄D(k,E) dE

−
∫ 0

−∞

ER

E

1

e−βE − 1
eiEt/h̄D(k, − E) dE

=
∫ +∞

−∞

ER

E(1 − e−βE)
eiEt/h̄D̃(k,E) dE , (B21)

where D̃(k,E) is D(k,E) extended to negative energies:

D̃(k,E) =
{D(k,E) , E � 0

D(k,−E), E < 0
. (B22)

To calculate the first-order one-phonon term, we use
Eq. (B21) in carrying out the Fourier transform for S1(k,E) as
defined in Eq. (B16),

S1(k,E) = f (k)

2π

∫
M(k,t) e−iEt/h̄ dt (B23)

= f (k)ER

E(1 − e−βE)
D̃(k,E) , (B24)

which relates the single-phonon excitation probability den-
sity to ppDOS. It is the basis for deriving ppDOS from
NRIXS measurements, in which the Fourier-Log algorithm
is employed to calculate S1(k,E) from a measured spectrum
S(k,E).22

In Sec. IV and Appendix C, Eq. (B21) is further exploited
to find relations between two sets of moments. We can already
see in this equation that it connects S(k,E) in the form of
M(k,t) to phonon DOS.

APPENDIX C: CALCULATING MOMENT RELATIONS

To calculate the central moments of S(k,E) in the quasi-
harmonic approximation, we substitute Eqs. (B3) and (B12)
into Eq. (4), acknowledging the fact that the Fourier transform
of a power function is a derivative of a δ function,

Rl(k) =
∫

(E − ER)l
1

2πh̄

∫
F (k,t) e−iEt/h̄ dt dE

= f (k)
∫

dt eM(k,t) 1

2πh̄

∫
(E − ER)le−iEt/h̄ dE

= f (k)
∫

dt eM(k,t)−iERt/h̄ (ih̄)l δ(l)(t)

= f (k)
∫

(−ih̄)l
dleM(k,t)−iERt/h̄

dt l
δ(t) dt

= (−ih̄)l f (k)
dleM(k,t)−iERt/h̄

dt l

∣∣∣∣
t=0

= (−ih̄)l f (k)
dleM̃(k,t)

dt l

∣∣∣∣
t=0

, (C1)

where

M̃(k,t) = M(k,t) − i

h̄
ERt (C2)

with derivatives

dM̃(k,t)

dt
= dM(k,t)

dt
− i

h̄
ER (C3)

and

dlM̃(k,t)

dt l
= dlM(k,t)

dt l
(C4)

for l > 1.
Next, we calculate derivatives of M(k,t) from Eq. (B20),

dlM(k,t)

dt l
=

∫
ER

E

dl

dt l
{[n(E) + 1]eiEt/h̄ + n(E)e−iEt/h̄}

×D(k,E) dE

= ER

(
i

h̄

)l ∫
{[n(E) + 1]eiEt/h̄

+ (−1)ln(E)e−iEt/h̄}El−1D(k,E) dE , (C5)

which are then evaluated at t = 0:

dlM(k,t)

dt l

∣∣∣∣
t=0

=
{

ER

(
i
h̄

)2n+1 ∫
E2nD(k,E) dE,

ER

(
i
h̄

)2n ∫
coth

(
βE

2

)
E2n−1D(k,E) dE,

(C6)

for odd l = 2n + 1 or even l = 2n. Using the DOS moments
defined in Eqs. (27) and (28), we have

dlM(k,t)

dt l

∣∣∣∣
t=0

=
{(

i
h̄

)2n+1
ER g2n(k),

2
(

i
h̄

)2n
ER g̃2n−1(k),

(C7)

with the help of which, one can calculate Rl in Eq. (C1). The
first few are given in Eqs. (55)–(61) in Sec. IV.

Here, we also list the expressions of ppDOS moments in
terms of Rl to complete the discussion:

g̃1(k) = R2(k)

2ER

, (C8)

g2(k) = R3(k)

ER

, (C9)

g̃3(k) = R4(k) − 3R2
2(k)

2ER

, (C10)

g4(k) = R5(k) − 10R2(k)R3(k)

ER

, (C11)

g̃5(k) = R6(k) + 30R3
2(k) − 15R2(k)R4(k) − 10R2

3(k)

2ER

,

(C12)
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g6(k)

= R7(k)+210R2
2(k)R3(k)−21R2(k)R5(k)−35R3(k)R4(k)

ER

.

(C13)

The even moments were deduced in a previous study using
expansions in powers of temperature.7
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