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It has recently been realized that a general class of non-Abelian defects can be created in conventional
topological states by introducing extrinsic defects, such as lattice dislocations or superconductor-ferromagnet
domain walls in conventional quantum Hall states or topological insulators. In this paper, we begin by placing
these defects within the broader conceptual scheme of extrinsic twist defects associated with symmetries of the
topological state. We explicitly study several classes of examples, including Z, and Z3 twist defects, where the
topological state with N twist defects can be mapped to a topological state without twist defects on a genus g x N
surface. To emphasize this connection we refer to the twist defects as genons. We develop methods to compute the
projective non-Abelian braiding statistics of the genons, and we find the braiding is given by adiabatic modular
transformations, or Dehn twists, of the topological state on the effective genus g surface. We study the relation
between this projective braiding statistics and the ordinary non-Abelian braiding statistics obtained when the
genons become deconfined, finite-energy excitations. We find that the braiding is generally different, in contrast
to the Majorana case, which opens the possibility for fundamentally novel behavior. We find situations where the
genons have quantum dimension 2 and can be used for universal topological quantum computing (TQC), while

the host topological state is by itself nonuniversal for TQC.
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I. INTRODUCTION

Some of the most important discoveries in condensed-
matter physics over the last few decades have been about
topological states of matter.'* Topological states form a
class of quantum many-body states that are distinguished by
principles of topology rather than symmetry, which implies
that they have physical properties that are robust under
arbitrary local perturbations and that are not associated with
any local order parameter. Well-known examples of such
topological properties include the existence of gapless robust
edge states, topology-dependent ground-state degeneracies,
fractional charge and statistics of topological quasiparticles,
and quantized response properties. For some topological states,
known as non-Abelian states,” there are a finite number of
degenerate lowest-energy states for any given configuration
of topological quasiparticles. The degeneracy between these
states is topologically protected, being robust against any local
perturbation. An adiabatic motion of the quasiparticles in real
space therefore leads to a nontrivial unitary operation in the
space of degenerate ground states, which is described by
the non-Abelian statistics of the quasiparticles. Such a state
has been proposed to be used, if realized, for intrinsically
fault-tolerant, robust quantum information storage and pro-
cessing: The quantum information is stored in the topologically
degenerate states, and the operations are realized by the motion
of quasiparticles. This idea, known as topological quantum
computation (TQC),? has been a major driving force for the
study of topological states of matter.

The discussion of topological quasiparticles in topological
states can be extended to extrinsic defects, which are pointlike
objects that are not intrinsic, finite-energy excitations of the
system, but instead have a long-ranged confining interaction
with each other.>~'* Such defects can be created and controlled
by an external field, and they may also carry non-Abelian
statistics, similar to intrinsic topological quasiparticles. How-
ever, the overall phase of the unitary operation generated
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by braiding the defects is generically nonuniversal and path
dependent, due to their long-ranged interaction. Therefore,
the statistics of the extrinsic defects is only well defined up
to a phase, implying that their braiding forms a projective
representation of the braid group. This possibility is referred
to as projective non-Abelian statistics.'> A simple example of
a nontrivial extrinsic defect is the vortex in a two-dimensional
px +ip, topological superfluid,’ which has Majorana zero
modes and non-Abelian statistics similar to the topological
quasiparticles in the Moore-Read Pfaffian fractional quantum
Hall (FQH) state.'®2° The overall phase of the statistics is
undetermined due to the logarithmic interaction of the vortices.
Recently, similar extrinsic defects with Majorana zero modes
have been discussed in several other physical systems.®

Since projective non-Abelian statistics are not described by
the same mathematical framework?! as intrinsic topological
quasiparticles, there may potentially be a world of possibilities
that would be inconsistent for ordinary non-Abelian statistics.
An important direction therefore is to develop the theory of
projective non-Abelian braiding statistics and to investigate
the novel possibilities.

A second important direction is to explore ways of obtaining
exotic non-Abelian defects, beyond Majorana fermions, in
simple, experimentally achievable settings. This is motivated,
in part, by the well-known deficiency of Majorana fermions
to yield a universal gate set for TQC.?! Recently, extrinsic
defects with projective non-Abelian statistics beyond Ma-
jorana fermions have been proposed in several systems. In
fractional Chern insulators (i.e., FQH states in lattice models
without an external magnetic field),”>’ a class of states
called topological nematic states can be realized when the
Chern number of the partially occupied energy band is larger
than 1 (Ref. 9). Topological nematic states are topologically
equivalent to conventional multilayer FQH states on regular
lattices, but lattice dislocations effectively change the topology
and introduce “wormholes” between the two layers, which
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leads to the non-Abelian statistics of the dislocations. Similar
non-Abelian lattice dislocations can also be realized in Zy
rotor models.”#!0 A different type of extrinsic defect has been
proposed on the boundary of FQH or fractional quantum spin
Hall (FQSH) states at domain walls between regions in which
the edge states obtain different mass terms.”$3!

In this paper, we develop a more systematic understanding
of the projective statistics of these extrinsic defects and the
relation between different types of extrinsic defects. We study
a wide class of defects that obey projective non-Abelian
statistics, and that can be interpreted as twist defects associated
with symmetries of the topological state. The examples
discussed in the last paragraph can all be understood as
twist defects. For example, a Chern number 2 topological
nematic state is mapped to a bilayer FQH state, with a Z,
symmetry associated with exchanging the two layers. The
lattice dislocation is a Z, twist defect in the sense that a
quasiparticle going around the dislocation once will be acted
upon by the Z, operation of exchanging the two layers. In
the simplest case, a quasiparticle in one layer will end up
in the other layer upon winding around the dislocation.”3
Such a Z, twist defect can also be generalized to any other
Abelian or non-Abelian bilayer topological states. Similarly,
a Zy topological state has a Z, symmetry associated with
electric-magnetic duality, allowing for the possibility of twist
defects that exchange electric and magnetic quasiparticles
as they encircle the defect.”!%!132 Other examples that we
study in this paper include the twist defects associated with
a certain particle-hole symmetry in FQH states, which are
equivalent to the edge defects in FQH/FQSH systems studied
recently,'%11:28-31.33 and the Z3 twist defects that can appear in
triple-layer FQH or topological nematic states.

We develop several complementary methods of computing
the projective non-Abelian braiding statistics of these twist
defects. We find that in the class of examples that we study, the
state with N twist defects can always be mapped—in a certain
precise sense—to a topological state without twist defects, but
on a genus g « N surface. Then, we find that the braiding of
the twist defects realizes adiabatic modular transformations, or
Dehn twists, of the topological state on the high-genus surface.
This provides a physical way to implement elements of the
mapping class group of a topological state on a high-genus
surface. Since adding twist defects effectively increases the
genus, we refer to them as genons.>*

One particularly interesting example is given by genons
in an Ising x Ising topological state. The Ising topological
state is a simple non-Abelian topological state with three
topological quasiparticles, which can be realized in Kitaev’s
honeycomb lattice model.’” By Ising x Ising, we are referring
to a bilayer state with each layer corresponding to an Ising
theory. It is known that braiding particles in the Ising theory
is not sufficient for universal TQC.?! However, we show that
utilizing the braiding of twist defects in an Ising x Ising theory
can make the state universal, since it realizes Dehn twists
of a single Ising theory on high-genus surfaces.*®* We also
demonstrate that the average degree of freedom, that is, the
“quantum dimension,” of each twist defect in this theory is
d = 2. This provides an interesting example where a defect
with integer quantum dimension can allow for universal TQC
while the host topological state is by itself nonuniversal.
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The genons are confined in the sense that there is a long-
ranged confining potential that grows with their separation.
One way to deconfine them is to gauge the symmetry they
are associated with.*’ This leads to a new class of topological
states, 324142 where the defects are now intrinsic non-Abelian
quasiparticles. In this paper, we discuss the relation of the
braid matrices between the cases where the genons are
confined and cases where they are deconfined by gauging
the associated symmetry. In the case where the genons have
gauntum dimension +/2, they can be interpreted as Majorana
fermions, and gauging the symmetry does not change the braid
matrix, but only makes the overall phase well-defined and
universal. In the more general situations, we find that gauging
the symmetry changes the dimension of the braid matrix, so
that strictly speaking the braiding is different, though closely
related. In the single-component case, we find that gauging
the symmetry can even change the quantum dimension of the
non-Abelian defects. These provide simple examples where
projective non-Abelian braiding statistics can give braiding
that is inequivalent to ordinary non-Abelian statistics.

The rest of this paper is organized as follows. In Sec. II, we
introduce the notion of a twist defect in a topological state and
we discuss several examples, possible physical realizations,
and we give a brief discussion of projective non-Abelian
statistics. In Sec. III, we study in detail the braiding of Z, twist
defects in “two-component” states, which can described by
U(1) x U(1) CS theory and which include double-layer FQH
states and Z y topological states. We discuss the sense in which
the twist defects can be thought of as “genons” (subsequently,
we use “twist defect” and “genon” interchangeably in this
paper). In Sec. IV, we study Z, genons in single-component
states, which are described by U(1)y CS theory, and we
discuss the close relation between these genons and the ones
in the two-component case. In Sec. V, we study Z, genons
in decoupled, double-layer non-Abelian states and discuss
the possibility of universal TQC with genons. In Sec. VI,
we study Z3 genons in three-component FQH states, which
are described by U(1) x U(1) x U(1) CS theory; this provides
the first example of projective non-Abelian braiding beyond
the Z, genon case. In Sec. VII, we discuss topological states
that are obtained when the symmetry associated with the
genons are gauged, and we discuss the relation between the
braiding of the genons before and after the symmetry is gauged.
We conclude with a discussion in Sec. VIIIL.

II. TWIST DEFECTS IN TOPOLOGICAL STATES

A. General definition of twist defect

A topologically ordered phase'-? is generally characterized
by a set of topologically nontrivial quasiparticles, {y;}, for
i=1,...,Ny, where Ny, is the number of quasiparticles.
Below, we briefly sketch the topological properties of the
quasiparticles. First, when two quasiparticles are observed
from far away, they behave like a superposition of single
quasiparticle states. This is described by the fusion rules
Vi XY=, Ni'} k- Second, when two quasiparticles y;,y;

wind around each other, a phase el is obtained, which

depends on the fusion channel k. Qz‘k,‘ is referred to as the braid
statistics of the quasiparticles. When a particle is spun around
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TABLE 1. Some examples of topological phases and their symmetries. Zy topological states have Z, x Z, symmetry associated with
both the electric-magnetic duality [(a,b) — (b,a)] and the particle-hole transformation taking quasiparticles to their conjugates: (a,b) —
(N —a,N —b),wherea,b =0, ...,N — 1. N-layer FQH states can have a symmetry associating with permuting layers. 1/k-Laughlin states
can have a particle-hole symmetry associated with taking a quasiparticle to its conjugate, if charge conservation is broken.

Topological states

Symmetries

Transformation of quasiparticles

Zy states

Particle-hole symmetry Z,
Layer permutation Sy
Particle-hole symmetry Z,

N-layer FQH states
1/ k-Laughlin FQH state

Electric-magnetic duality Z,

(a,b)— (b,a)

(a,b)—> (N —a,N —b)

,ay) = (ap,,ap,, ...,apy)
a—(k—a)

(a,a0, ...

itself by 277, it generically gains a nontrivial phase ¢'% . 6; = 0
for bosons and & for fermions, and in general it can take any
value between [0,27). The braiding, fusion rules and spins
need to satisfy some consistency conditions but we do not
review them here.?! Mathematically, a topologically ordered
state is characterized by a unitary modular tensor category
(UMTC).21’37’43

It is possible for a topological phase to have a discrete
symmetry g which maps a quasiparticle y; to another particle

Ye(i)s

Vi = Yoy, i=1,...,Ngp, (1)

while preserving all topological properties such as fusion
rules, braiding, and spins. All such symmetries form the
group of automorphisms of the UMTC. Table I summarizes
some examples. For instance, a Zy topological state has
N2 quasiparticles, which can be labeled as (a,b), for a,b =
0,....,N — 1. The (a,0) particles are the electric particles,
while the (0,a) particles are the magnetic ones. This state
has a Z, x Z, symmetry. One of the Z, symmetries is the
electric-magnetic duality (a,b) — (b,a), that is, exchanging
electric and magnetic particles. The other Z, is associated
with taking (a,b) - (N — a,N — b), which takes the electric
and magnetic particles to their conjugates.

If charge conservation is broken, a 1/ k-Laughlin FQH state
also has a Z, symmetry, associated with exchanging quasi-
particles and quasiholes. This is because the quasiparticles
and quasiholes have the same fractional statistics and yet are
topologically distinct quasiparticles.

In a bilayer FQH state, there can be a Z, symmetry
associated with exchanging layers. In an N-layer FQH state
the symmetry of permuting the layers is Sy, which may be
broken to a smaller subgroup, such as Zy.

Given a topological phase with such a symmetry, a twist
defect is an extrinsic defect of the system, labeled by the
symmetry g, such that a quasiparticle y; gets transformed
to ygq) as it braids around the twist defect (see Fig. 1).
Such twist defects generally have a nontrivial quantum
dimension and lead to topological degeneracies. Therefore,
every automorphism of the UMTC is associated with a twist
defect that realizes projective non-Abelian statistics.

The twist defects discussed above are related to recent
discussions in the mathematical physics literature,®**7 where
the mathematical theory of twist defects and boundaries
between topological states is currently under investigation.

There are also twist defects that cannot be included in the
definition above: those that act trivially on the topologically

distinct quasiparticles, but have a nontrivial action on local
operators. In these situations, it is possible but not guaranteed
that the twist defect will have a nontrivial quantum dimension.
One example is a system with charge conservation, where the
twist defect has the effect of sending a quasiparticle to its
conjugate. In an IQH state, such defects can trap Majorana
zero modes, even though the IQH state does not have any
topologically nontrivial quasiparticles. A second example is a
superconductor, with the Z, symmetry that takes the electron
¢ — —c. The vortex in p + ip topological superconductors,
which traps a Majorana zero mode, can then be interpreted as
a twist defect that acts on the fermions by this Z, symmetry as
they encircle the vortex. In these cases, the nontrivial quantum
dimension is protected by a fermion parity symmetry.

B. Physical realizations

Recently, twist defects have been shown to occur in
a number of different physical realizations. These include
dislocations in topological nematic states realized in FCI with
higher Chern number C > 1 (Ref. 9), at certain junctions in
gated bilayer FQH states,*® dislocations in exactly solvable
Zy topologically ordered models,”®!%!! and superconductor-
ferromagnet domain walls at the edge of 2+ 1D TIs and
FTIS.28_30’33

The topological nematic state realization of the twist
defects” is based on the Wannier state representation of
FCL* This representation established a mapping between
one-dimensional Wannier states of an FCI system and the
Landau level wave functions in the Landau gauge in an
ordinary FQH system. By such a mapping, a Chern number

9
vg(i)

vi
9

FIG. 1. Worldline of quasiparticle y; and twist defect, labeled by
g. Braiding y; around the twist defect changes the quasiparticle to
Ye(- The arrow indicates the time direction.
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C =1 band is mapped to a Landau level. The validity of
the Wannier state representation approach has been confirmed
in C = 1 states with filling 1/2 and 1/3 (Refs. 50 and 51).
FCI with C > 1 bands have also been studied in analytic and
numerical works.”>?>>* In the Wannier state representation,
a band with Chern number C > 1 is mapped to a C-layer
quantum Hall system.” In contrast to ordinary multilayer
quantum Hall systems, the different effective layers in this
system are related by lattice translations, which implies that
lattice dislocations can act as twist defects: As areference point
encircles the dislocation, it is translated by the Burgers vector
of the dislocation and may effectively belong to a different
layer of the effective FQH system.

The realization of twist defects as lattice dislocations in
the Zy models is similar.”!? In some lattice models of the
Zy states, the electric particles (Zy charges) belong to the
even sublattice, while the magnetic particles (Zy vortices)
belong to the odd sublattice. A lattice dislocation can create
a situation where an excitation that encircles it starts in
the even sublattice and ends in the odd sublattice, which
therefore implies that the dislocation can act as a twist defect
whereby electric and magnetic particles are exchanged upon
encircling it.

As we explain in subsequent sections, the superconductor-
ferromagnet domain walls at junctions of IQH/FQH states
can be viewed as twist defects in several different ways:
They can be viewed as twist defects associated with a Z,
particle-hole symmetry of the Abelian QH states, or they can
be mapped onto double-layer FQH states, in which case they
are associated with the Z, layer exchange symmetry.

C. Projective non-Abelian braiding statistics

The twist defects are extrinsic defects of the topological
phase, not finite-energy, intrinsic excitations. Therefore, sepa-
rating twist defects will typically cost an energy that grows
with the distance between them, either logarithmically or
linearly, depending on whether the associated symmetry is
a continuous symmetry of the state. This is similar to the
vortices in topological superfluids (and thin-film topological
superconductors), which also have a logarithmic energy cost
associated with separating vortex/antivortex pairs. In these
cases, we say that the defects are confined.

Since the defects can have a nontrivial quantum dimension,
braiding them can lead to non-Abelian braiding statistics.
However, since well-separated twist defects still have an
energy cost that grows with the separation, the overall phase
of the braiding statistics is not well defined. To see this,
observe that simply moving one quasiparticle in a small circle
without encircling any other quasiparticle still accumulates a
phase from the non-negligible change in energy of the state
during the process. Since the overall phase of the statistics
is not well defined, these twist defects form a projective
representation of the braid group. In contrast, in a conventional
non-Abelian state, the non-Abelian quasiparticles are finite-
energy, deconfined excitations, and the overall phase of the
braiding is topological. Therefore, the braiding of non-Abelian
quasiparticles in a true non-Abelian state forms a linear
representation of the braid group.

PHYSICAL REVIEW B 87, 045130 (2013)

The quasiparticles of a true non-Abelian state are subject to
the mathematical constraints of a UMTC. However, the twist
defects, since they form a projective representation of the braid
group and are not intrinsic quasiparticles, are described by
a different mathematical theory (see, e.g., Ref. 13), and, in
principle, are not constrained in the same way. This opens the
possibility of fundamentally novel behavior. The difference
between twist defects with projective non-Abelian statistics
and intrinsic topological quasiparticles is discussed further in
Sec. VII, and the application to UMTC is discussed in Sec. V.

III. Z, TWIST DEFECTS IN TWO-COMPONENT
ABELIAN STATES

In this section, we concentrate on the properties of Z, twist
defects in Abelian states that can be described by U(1) x U(1)
CS theory. This includes two-component FQH states' and Zy
topological states. The Lagrangian is given in terms of two
U(1) gauge fields, a and a:

m e l L
L =—(ada+ ada) + —(ada + ada), )
4 4

where m and [ are any integers and ada = €*"*a, d,a;. To
describe Zy topological states, we set m =0 and [ = N
above. This theory encodes the topological properties of these
topological states. As we review below, the Z, twist defects
in these states are non-Abelian defects, carrying a quantum
dimension /]m — I (Refs. 9 and 32). Based on the field theory
description in Refs. 9 and 32, we derive the braid matrix of the
Z, twist defects.

A. Bulk geometrical picture

The twist defects introduced above are point defects:
Far away, no local operator can distinguish their presence.
However, for the purpose of understanding the behavior of
the twist defects, it is helpful to imagine that the twist
occurs along a single branch cut that connects them. This
is similar to supposing that the phase winding of a vortex in
a superconductor is all localized to a single cut connecting a
vortex/antivortex pair.

The twist defects introduce new noncontractible loops into
the system, along which the quasiparticles can propagate. For
example, with two pairs of Z, twist defects on a sphere, there
are two distinct noncontractible loops (Fig. 2). The key feature
of the twist defects is that their presence yields a nontrivial
algebra for quasiparticle loop operators corresponding to these
noncontractible loops. For example, consider the case of two
decoupled 1/m Laughlin FQH layers [denoted (mm0) states],
where the twist defect exchanges the layers. The two loops
a and b effectively cross only once, because a quasiparticle
goes from one layer to another as it passes through the branch
cut, and the quasiparticles in two different layers have trivial
mutual braid statistics. This leads to the magnetic algebra

W(@)W(b) = W)W (a)e*™ /™, 3)

where W(C) is the operator that tunnels a Laughlin quasipar-
ticle around the loop C. The explicit expression of W(C) is
given later in Eq. (7). The ground states form an irreducible
representation of this quasiparticle loop algebra, which in this
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FIG. 2. (Color online) A pair of twist defects induces two distinct

noncontractible loops, labeled a and b. For twist defects in (mm0)

states, these loops effectively cross only once, leading to a magnetic

algebra for the quasiparticle loop operators. Here, the branch cut

indicated by the dashed line connecting two dislocations is merely a

gauge choice, which is similar to supposing that the phase winding of

a vortex in a superconductor is all localized to a single cut connecting
a vortex/antivortex pair.

B
X— = — %
3 4

example is |m|-dimensional. Therefore, we can conclude that
the twist defects have a nontrivial quantum dimension.

Proceeding with the example of the (mm0) states, with n
pairs of twist defects on a sphere, we can define 2(n — 1)
noncontractible loops (see Fig. 3), a;, b; fori = 1,...,n — 1,
such that ¢; and b; effectively cross exactly once if i = j and
do not cross otherwise.

Using these noncontractible loops, the quasiparticle loop
algebra now becomes

W(anWib;) = W(bj)W(a;)e /™. @

Thus, we have n — 1 copies of the magnetic algebra, and
therefore a finite-dimensional irreducible representation of
dimension |m|"~!. This shows that the quantum dimension
of each twist defect in the (mm0) states is /]m].

It is possible to derive the above results more concretely
by starting with the field theory (2). Here we briefly review
the field theory in the presence of twist defects developed in
Ref.32.Inthe U(1) x U(1) CS theory, a pair of Z; twist defects
can be modeled as a pair of points, connected by a branch cut
y such that at the branch cut, the two gauge fields a and @ obey
twisted boundary conditions. Defining

a 0
Az(o a)’

this means

lim A(p) = lim; o A(p)o, (®)]

+
P— Py

P— Py

FIG. 3. (Color online) n pairs of twist defects induces 2(n — 1)
distinct noncontractible loops, a;,b;, fori =1, ...,n — 1. For twist
defects in the (mm0) states, the quasiparticle loop operators give
rise to n — 1 copies of the magnetic algebra, leading to |nm|"!
topologically degenerate states.
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FIG. 4. (Color online) The U(1) x U(1) CS theory with n pairs
of dislocations on a sphere can be mapped to a U(1) CS theory on a
genus g = n — 1 surface, M,_;. M,_; consists of two copies of the
original space. A new U(1) gauge field, c, is defined on M,_,, such
that ¢ = a on the top half and ¢ = —a on the bottom half of M,_,;
(Ref. 32).

for every point pg on y (Ref. 55). The limit p — p(J)r ) means

that the limit is taken approaching one particular side (or the
other) of y. This ensures that quasiparticles encircling a twist
defect get transformed by the Z, action,

= (1 0)
T\ 0/

In the presence of n > 1 pairs of twist defects, it is possible
to consider a single U(1) gauge field ¢ on a doubled space,
M, _,, where M,,_; is a genus g = n — 1 surface (see Fig. 4).
As shown in Fig. 4, ¢ = a for points in the top half of M,_;
and ¢ = —a for points in the bottom half of M,,_;. The original
U(1) x U(1) CS theory (2) can then be shown to be equivalent
to a U(1),,_; CS theory on M,_;:*

m—1
L= / coc, ©)
47 M,_,

The quasiparticle loop operators W(C) defined earlier in the
context of the (mm0) states are written in the field theory as

W(C) = Pe feedl, (7

Such a theory has a ground-state degeneracy of |m — I|*~!,
which shows that the Z, twist defects have a quantum
dimension +/|m — | (Refs. 9 and 32). If the n pairs of
twist defects were placed on a genus g surface instead of a
sphere, then the ground-state degeneracy would be given by
|m? — 2|8 x |m — I|"~!, where the factor |m? — [?|¢ comes
from the “bare” degeneracy of the manifold on which the twist
defects are placed.

Equipped with the field theory description, we can now
derive the non-Abelian statistics of the Z, twist defects. The
explicit mapping to the high-genus surface is particularly
useful for understanding the braiding properties. First, we
exchange the twist defects on the sphere, and then we can
visualize how the noncontractible loops transform under the
exchange. From Figs. 5(a) and 5(b), we can see that under a
counterclockwise exchange B, of the defects labeled 1 and 2,
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b+a

FIG. 5. (Color online) (a) A loop that encloses the twist defects labeled 2 and 3 is mapped to the b cycle of the torus. (b) Effect of a
counterclockwise exchange of 1 and 2. By following the effect on the noncontractible loop, we see that in terms of the genus g surface, it has
the effect of a Dehn twist along an a cycle. Thus, the original b loop becomes the loop b 4 a after counterclockwise exchange of 1 and 2.
(c) A loop that encloses a pair of twist defects connected by a branch cut is an a cycle of the genus g surface. (d) Effect of a clockwise exchange
of 2 and 3. We see that the a loop gets mapped to the a + b loop. Thus, the clockwise exchange of 2 and 3 is equivalent to a Dehn twist along

the b loop.

the loops transform as
By :b— b+a. (8)

From Figs. 5(c) and 5(d), we see that under clockwise exchange
of the defects labeled 2 and 3,

Bly:a—a+b. )

Therefore, we see explicitly that the braiding of the twist
defects corresponds to adiabatic modular transformations
(Dehn twists) in the effective genus g surface. The adiabatic
Berry phase associated with braiding twist defects is then given
by non-Abelian adiabatic Berry phases associated with Dehn
twists, which were computed in Ref. 56 for U(1) CS theory.
Note that, as discussed in Ref. 56, these non-Abelian adiabatic
Berry phases are well-defined only up to the overall phase of
the matrix, reflecting the fact that the non-Abelian braiding
statistics are projective.

Using the relation to Dehn twists, we can now immediately
obtain the braid matrices. Consider two pairs of twist defects
on a sphere, so that we are mapped to a U(1),,_; CS theory on
a torus. Let us consider a basis that consists of wrapping the
quasiparticles around the b direction of the torus:

), n=0,...|\m—1I—1. (10)

This corresponds to diagonalizing W (a), while W(b) acts as a
raising operator:

Wb)|n) = |n + 1 modjm —1]), 0
W(a)|n) — eZm'n/(m—l)|n>. ( )

Dehn twists along a noncontractible loop C will be denoted
by Uc. Based on the previous discussion,

By =U, Bl =U,,. (12)
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It was found>® that U, are diagonal in the above basis, and
given by

Ua|n> — €i9eiﬂnz/(mfl)+i7tn(mfl)|n) (13)

where the overall phase e/? depends on details of the path, not
only on its topology. In order to compute Uy, we observe that

Ul = stu,s, (14)

where S is the modular S matrix, which exchanges the a and
b cycles:

S:a—b, b— —a. (15)

The adiabatic modular transformation associated with § is
given by>°

= w—ml— e (16)
Therefore,
ip Im—ll-1
(Ug)aa =l Z i TPn—D+HT(F2B@=0) /=) (]7)
B=0

where the overall phase e? again depends on nonuniversal
details of the path.

Therefore, we find that in the presence of the twist defects,
there is a group of projective non-Abelian braiding statistics
associated with the braiding of the defects, along with the
braiding of the quasiparticles around the defects. These are
generated by the unitary operators

{Biit1,W(ai), W(b)}- (18)

The generalization of the braid matrices to n > 2 pairs
of twist defects is straightforward, since for the U(1),,_; CS
theory, the states associated with each handle of the genus
g = n — 1 surface are independent.

We see that the effect of the n twist defects is to introduce
a set of nontrivial quasiparticle loop operators that satisfy the
same algebra as the quasiparticle loop operators of a U(1),,_;
CS theory on a genus n — 1 surface, and that braiding of the
twist defects is directly related to elements of the mapping
class group of this theory on the high-genus surface. In order
to emphasize the connection between the twist defects and the
high-genus surface, we refer to the twist defects as genons. All
of the twist defects considered in this paper have this property,
and therefore in this paper we use “twist defects” and “genons”
interchangeably.

B. An example: Majorana braiding as Dehn twist
of 1/2 Laughlin state

The simplest case where genons are non-Abelian is for the
case [m — [| = 2, in which case they have quantum dimension
V2. We therefore expect that a Majorana zero mode is
localized at the defect, and the braiding statistics should be
associated with the braiding of Ising anyons.

Let us consider the case where we have n = 2 pairs of
genons on a sphere, which maps us to a genus g = 1 surface.
In this case, there are |m — [|8 = 2 ground states. The braiding
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of the genons, given by the Dehn twists are

e (1 0 Wl (140 1—i
Us=e (o i) V=" 144) (9

Observe that U, is, up to an overall phase, the same as the
braid matrix of Ising anyons.? In other words, Dehn twists in
the U(1), CS theory are equivalent to projective Ising braiding
statistics, due to this profound relation to Z, genons.

In addition to the braiding of the genons, we can also braid
quasiparticles around genons to get

W(a) = <(1) _01), W) = (? (1)> . (20)

C. 1+ 1D edge CFT picture

It is helpful to derive the above results in a different
way using the one-dimensional chiral Luttinger liquid edge
theory. This will give us a different perspective on how to
compute the topological degeneracy and braiding statistics, it
will connect to the more standard zero-mode analysis used in
other contexts,® and it will help give a different protocol for
carrying out the braiding. The latter will be useful depending
on the physical realization of the genons. We start with a brief
review of the field theoretic analysis of the 1 + 1 edge CFT
in Ref. 9. First, we align all of the defects along a single
line, and we cut the system along the line. Then, we have two
counterpropagating chiral Luttinger liquid theories, with the
left-moving one localized on one edge, and the right-moving
one on the other edge. The edge theory for U(1) x U(1)
CS theory described by a generic K matrix is given by the
action®’8

1
Sedge = E/.dth[Kljat(bLlax(bLJ — Vij0:PLi0xrsl,
(21)

where in our case

K:("; ,f1>~

¢r; denotes left-moving chiral bosons for 7 =1, ...,dim K
(Ref. 59). Here and below the repeated indices I,J are
summed. The field ¢,; is a compact boson field with radius
R=1:

¢ ~ ¢rr +2m. (22)
Quantizing the theory in momentum space yields'
[0:ps (X), s (] = —i27 K} 8(x — y). (23)
Integrating the above equation gives
[pL1(x),pLs (0] = —im K[/ sgn(x — y). (24)

The electric charge density associated with ¢, ; is given by

1
pLr = z—0xdL1, (25)
2

and the Ith electron operator is described by the vertex
operator

W, = eKidLs (26)
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Note that normal ordering is left implicit (i.e., e'X1/9r/ =:
e'K1s9Ls 1) If we consider the FQH state on a cylinder, we
will have a left-moving chiral theory on one edge, and a right-
moving chiral theory on the other edge. For the right-moving
theory, the edge action is

1
Sedge = E/dth[_KIJat(pRlax(ﬁRJ — Vij0x@r10:Prs1,

27
so that
[$r1(x).¢rs (] = im K7 sgn(x — y), (28)
the charge is
1
PRI = == 0x PRI, (29)
2
and the electron operator is
W,p; = e iKiidrs 30)

When m is odd, the electron operators are fermionic, so we
need to ensure that W, (X)W,y 5 (v) = K W, ()W, 51 (x).
This can be done by introducing commutation relations:

[r1(x),prs (V)] = in K. 31)

Now suppose we have n pairs of genons, such that going
around each genon exchanges the two layers. Each pair of
genons is separated by a branch cut. Let us align all the
genons, and denote the regions without a branch cut as
A;, and the regions with a branch cut as B; [Fig. 6(A)].
Now imagine cutting the system along this line, introducing

(b)
A, B, A, B, A,
LY L LY L LY
L |y L L3 LY
p (LUITTITEITITILT g p ILITITITIITTLT)
r 14 [ ) 2
2 2 2 [2 [2

FIG. 6. (Color online) The edge-state understanding of the
topological degeneracy. (a) The genons are oriented along a single
line, and then the system is cut along the line, yielding gapless coun-
terpropagating edge states along the line. The original topological
state is obtained from gluing the the system back together by turning
on appropriate interedge tunneling terms. (b) Depiction of the two
branches (red and blue) of counterpropagating edge excitations. The
arrows between the edge states indicate the kinds of electron tunneling
terms that are added. Away from the genons, in the A regions, the
usual electron tunneling terms involving tunneling between the same
layers, \IIIR ;VYerr +H.c., are added. In the regions including the
branch cuts separating the genons, twisted tunneling terms are added:
\D:RI\I”ELZ + ‘I/:Rz‘l’eu +H.c.
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counterpropagating chiral edge states. The gapped system with
the genons can be understood by introducing different electron
tunneling terms in the A and B regions [Fig. 6(B)]:

s _ & {xpj“wem F W,V +He if x €A,
t = 3
2 (W), Wy + W/, Wk +He if x€B;.
(32)
Introducing the variables
é1 = dr1 + Pri,
sz = ¢r2 + Pr2, (33)
¢1 = ér1 + Pras
¢2 = 12+ Pr1.
we rewrite Eq. (32) as
cos(K ) if  x € A;,
$H, = g | 2 SN KisP0) (34)
Z[COS(K1J¢J) if  x EB,’.
It is helpful to rewrite the above as
! cos (%Lp ) if xeA,
§H, = g cos <’" - ¢+> { 7o)
2 cos (T¢,) if xe€B;,
(35)

where ¢ = ¢ £ ¢, and q}i = ¢~)1 + (f)z. One way to under-
stand the topological degeneracy was explained in Ref. 9. In
the absence of the twist defects, there are |(m + [)(m — )|
states, associated with the distinct eigenvalues of ¢/(®1£#2)
which are given by e?7iP</ED_for p, integers. Physically,
e'?" corresponds to a quasiparticle tunneling process, where
a quasiparticle from the /th layer is annihilated at one edge,
tunnels around the torus, and is created at the other edge. In
the presence of the n pairs of twist defects, the eigenvalue of
¢'%+ is globally pinned everywhere [see Eq. (35)] while e~
can take [m — [| different values in each of the A; regions. The
operator ¢!® ~%2) is unphysical and not gauge-invariant,” so we
cannot label the states by its eigenvalues in the B regions. This
yields a total of |(m + [)(m — [)"| states and agrees with the
bulk calculation of Sec. III A, with the extra factor of |m? — [?|
due to the fact that in this case the defects were placed on a
torus instead of a sphere.

Now we can use the 1 4 1D edge theory to understand
the braiding statistics of the defects. In order to calculate
the braiding and to understand the connection to zero modes
localized at the defects, we consider quasiparticle tunneling
operators near each genon:

i$1(x4;) p=idh1 (x5,)

Q1 =¢€
Boii = ei¢2(XA,)e*i¢2(xB,-)’
’ ~ . (36)
oy = el¢2(XB,-)e_l¢2(xA,-+])’
Bri = eiél(XBi)e—i@(XA,-H)’
fori =1,...,n, where x4, and xp, are the midpoints of the

A; and B; regions, respectively. Physically, these operators are
quasiparticle tunneling operators, projected onto the ground-
state subspace where the fields are constant within each
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YY
e

X2i+1 X2i+2

Ui { XJ----- -fx I Bii.a

FIG. 7. (Color online) Physical meaning of the zero-mode opera-
tors ¢; and B;. In subsequent figures, we use the bottom figure, which
is more precisely described by the top figure.

region. Figure 7 displays the quasiparticle tunneling process
described by these operators. The operators «; and j; are zero
modes:

[H,0;] =[H,Bi] =0, (37

where H is the edge Hamiltonian including the tunneling
terms (32). In the ground-state subspace, as discussed above,
the value of ¢/®+%2) is pinned everywhere. Thus,

B = el (38)

Therefore, there is a single independent zero-mode operator,
a;, which satisfies an algebra:

Qi1 Boiy1 =1,

Qi = Oy pgtpe 2D (39)

where k > 0. For [m — | = 2, o; are Majorana fermions. For
[m — 1| > 2, this can be viewed as a generalization of the
Majorana fermion algebra, which is usually referred to as a
Z|;u—1| parafermion algebra.5

Alone, the zero-mode operators «; are not physical gauge
invariant operators, as they correspond to the quasiparticle
motion along an open path. However, proper combina-
tions of them are physical gauge-invariant operators. For
example,

Wiais1) = Brtidaisa,  (40)

describe quasiparticles from layers 1 and 2, respectively,
tunneling around the pair of genons 2i + 1, 2i + 2. Similarly,

W/ (b)) = anifoivi, Wibip) = Boicaiyr,  (41)

where a; and b; are as shown in Fig. 3. Using the alge-
bra of these quasiparticle tunneling operators in the edge
theory, we can obtain the algebra of the quasiparticle loop
operators

Wf(ai+1) = a2i11P2i+2,

Wi(a)Wi(b;) = Wi (b)) Wy(a;)e*™ /=D, (42)

Note that from Eq. (38), it follows that W;(C) WJ(C). Itis
useful to note that

=1, o= (=1 (43)
so that

W@y = Wby = 1. (44)
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B, B,

FIG. 8. (Color online) Effect of a clockwise braid on the zero
modes «; and op. (2) oy — an. (b) «y gets transformed to a
combination of two loop, ﬂlﬂ;, and o,. Therefore, oy — ozzozfozz,
where recall that 8; = aj . As explained in the text, there is an ordering
ambiguity between o, and aIaz that is fixed with an additional
constraint.

The irreducible representation of this algebra contains |m —
1|"~" states. This is simply the 1 + 1D edge CFT understanding
of the bulk geometric construction described in Sec. IIT A.
Using the zero-mode operators «;, we candevelopa 1 4+ 1D

CFT understanding of the braiding of the twist defects. First,
consider how the quasiparticle loop operators are transformed
under a clockwise exchange of the defects 1 and 2, which we
denote by the unitary operator BIZ. The result can be inferred
simply by the diagrams; we draw the physical processes
associated with oy and o, and then we consider the effect of
the clockwise braid, keeping the open ends fixed. From Fig. 8,
we can see that BszoclBlz = ¢, and BlT2a2B12 = e‘(’agataz
We can fix the relative phase ¢'¢ = ¢/’ by using the fact that
the braiding of 1 and 2 should keep invariant the eigenvalues
of the loop operator Wi(a) = aiaz that encircles the pair. We
can partially fix the remaining phase by observing that the
22 layer exchange symmetry implies B;[Z,BlBlz = ¢'YB, and

12,32812 =e “‘,82,3 B>. Using Eq. (38), we can then determine
that e'2¢ = ¢=27/m=D_Thus, we find

BIZ(X]B]2 — eiﬂk_iﬂ/(m_l)()lz,

iﬂkfirr/(m71)01204052

T 45)
BlzazBlz =€

where the integer k = 0 or 1 indicates a remaining ambiguity
in the phase ¢'? that we have not yet fixed. This implies that
the physical loop operators transform as

Bl,Wi(a))B1y = Wi(ay),

T imk4im/(m—1)yrt (46)
B,Wi(b1)B; = e Wi(a)Wi(by).

Using the fact that W}"~ lay) = wr!
constraint

(by) = 1, we can use the

[Bio. W (b)) =0 (47)

to fix k = 1 in the case when m — [ is odd.
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From the above transformation, we can find the braid
matrix, Bi,. First, we pick a basis of the |m — [| states:

Wib)|n) = |n 4 1 mod |m —11),

A (48)
Wian)ln) = ™/ =Djn).
Then consider
B12|n> — eiGeinkn+inn/(m—[)(WlT(al)Wl(bl))n|0>
— eiﬁeinkn—innz/(m—l)ln% (49)

where the overall phase ¢’ depends on details and is not
topological. Recall that k = 1 whenm — [ is odd. Whenm — [
is even, we cannot fix k using this approach; the two different
choices of k =0 or 1 are related by a basis transformation
[n) — |n + (m —1)/2). Alternatively, note that Bj;(k = 0) =
W, "2 b)) Bk = HW (b)) when m — I is even.

When m — [ is odd, we see that the braid matrix Bjy
computed in this way agrees precisely with that obtained
through the bulk geometric approach of Sec. IIIA [see
Eq. (13)]. When m — [ is even, we see that the case k =0
agrees with Eq. (13).

D. An alternative approach: Braiding without
moving the defects

Now, instead of carrying out the braiding by a continuous
counterclockwise motion of the twist defects, we consider
a somewhat different protocol that can be implemented by
considering a path purely in the 1D Hamiltonian of the
CFT.12 This protocol may be more readily realizable in
a physical system by, for example, gating. It also helps us
compare more directly with the braiding statistics of related
defects obtained in Refs. 28-31.

First, let us define the following Hamiltonian:

Hyy = —|tl(e” 20/ Dty + He), (50)

which couples the zero modes located at the a and b defects.
This has the effect of generating an energy gap in the
degenerate subspace formed by the a and b defects. The phases
0,» determine the eigenvalue of oelab on the ground state.
Now we can consider the following two-step process:

Ho) Hy_.3 = (1 — 1)H34 + T Hg, T € [0,1],
T) =
Hi4s=Q2—-1)Hy+(t—1DH, 1tell2]
(5D

As is shown in Fig. 9, in the first half of the process 7 € [0,1],
the Hamiltonian H,_,; moves the zero mode at defect 2 to
defect 3. In the second half, the Hamiltonian H;_,4 moves the
zero mode at defect 1 to defect 4. We set 0, = 634 so that
up to a translation, this is a closed path in the Hamiltonian
projected onto the low-energy subspace, which exchanges
the zero modes «; and 5. It is therefore a one-dimensional
protocol for braiding the defects that does not require motion
in both directions and, depending on the realization of the twist
defects, can be realized physically by gating.°
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X, X, X, X, X, X,
& ®  Beee & --e-

- cl | =
(X------kx)) ®-----
X3 X4 X5 X, X X

X X, X, X,
|
" |- | i =
i
@ ----- kx) ®----- ®
X3 Xy Xy X,

FIG. 9. (Color online) Ilustration of 1D protocol for carrying
out an effective braiding process. This protocol does not require a
continuous motion in both directions and may be easier to implement
in many physical realizations, for instance through gating.

In order to understand the effect of these processes on the
ground-state subspace, we first observe that the operators

O = a2a§a4,

T T (52)
O = a;may,
commute with the two processes,”®?’ respectively:
[H23,01] =0,
23,01 (53)
[Hi—4,0:] = 0.

Using this, we can now obtain the effect of this process on the
zero modes o and «p. We let P,_,,(7) be the projector onto
the ground-state sector of H,_,,(7). First, we define integers
ki, ko, and k3 such that

034 € (ky — 1/2,ky +1/2),
Oha € —(ka — 1/2,ka + 1/2) — (m — 1 + 1)/2.
We find
Pr-3(0)01 Pr3(0) = /" Dy,

Prs ()0, Pyya(l) = e HnGha=/mn=Dy ylgy

(54)

(55)

Here, the projection P,_.3(7)O; P2 3(7) keeps track of the
evolution of the zero mode while we increase T from O to
1. When t = 0, that is, when o3 and o4 are coupled, we see
from the first equation that «; is a zero mode of the system.
When 7 reaches 1, namely when o, and a4 are coupled, the
second equation indicates that the zero-mode operator evolves
to oc4oz§(x4 with an additional U(1) phase. Similarly, for the
second half of the process (r increases from 1 to 2), we use
another projection P;_, 4(t)O,P;_.4(7) to follow the change
of the zero mode:

Proa(DOPiLs(l) = e Hr@ha=D/m=Dg

A (56)
Pi4(2)OrP1-4(2) = elznk'/(m_l)al.

Thus, in the second half of the process, the zero mode evolves

from ocI to ai with a additional U(1) phase factor. Also, we note

that a4a§a4 commutes with the second process, H,_,3(t), and
so is unchanged. After the process is over, the configuration of
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the defects is actually equivalent to the starting point and we
can relabel o4 as «, and a3 as «;. Therefore, we conclude, in
terms of the braid matrix,

_ei”’;—f[(Zkz—Zk]—l) T

1
B12052BIZ = K0 0,

T i 2 (2ky—2k;—1) 67
Blzolelz = —¢'ma'2 Va,.

From this, and following the same steps as in the previous
section, we find that the 1D braiding protocol gives

BlZ'”) — eiQeiT[(nf(szkl))z/(mfl)|n). (58)

Comparing with Eq. (49), we see that this 1D braiding protocol
yields an extra integer degree of freedom, (k, — k;), which
depends on the phases 6,4 and 634. We can interpret these
braidings as the pure braiding of Eq. (49), combined with the
action of the Wilson loop operators W;(by).

IV. Z, CHARGE CONJUGATION TWIST DEFECTS IN
SINGLE-COMPONENT ABELIAN STATES

A. Charge conjugation twist defects

References 28-31 considered another type of extrinsic
defect created by the coupling between a superconductor and
the edge states of a FQH state or a fractional quantum spin Hall
state. In a FQH state, the defect occurs between the normal
interedge tunneling region and the superconducting pairing
region. In a fractional quantum spin Hall state, the defect
occurs between superconducting and ferromagnetic regions
along the edge. In both systems, the role of the superconductor
is to break charge conservation. In the following we do not
review their proposals in more detail, but we discuss the
understanding of this defect as a twist defect, and its relation
to the Z, twist defect discussed in the previous section.

To begin with, we consider Abelian topological states that
are described by U(1)y CS theory, namely the 1/N-Laughlin
FQH states:

N
L= Ee“”lau&,ax. (59)

These states have N quasiparticles, {y;} fori =1, ..., N, with
topological spin 6, and fractional charge g,

7'[612

ea = >

N
6, is defined modulo v when N is odd (fermions) and modulo
27 when N is even (bosons), while g, is defined modulo 1. The

mutual statistics between quasiparticles y, and y,, is given by

Ou = 27ab/N, (61)

9a = a/N. (60)

which is defined modulo 27.
We see that when charge conservation is broken, this theory
has a Z, symmetry associated with

Ya = YN—-a- (62)
In the CS field theory, this symmetry is implemented as
a— —a. (63)

This implies that we can consider twist defects associated
with this Z, symmetry. As in the previous section, we align all
the twist defects, and we cut the system along a line to obtain
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counterpropagating edge states. The electron operator on each
edge is
W, =N, W = e N, (64)

Now, in the untwisted A regions, we consider the usual

hopping, \IJETL\IJeR + H.c. &< cos(N¢). In the twisted regions,
we apply the Z, action to one of the chiral edge states: ¢ —

—¢g, to get the tunneling term \IJJL\IJZR + H.c. o< cos(NO),
where

¢ = ¢r + Pr, ©65)
0 =¢L — Pr.

Thus, we have
5, — g {(\IIT\IQ +H.c) if

2 |(Wlw, +He) if xeB,

cos(NO) if
{cos(NqS) if

XGA[,

X € Ai, (66)
-8 X € B,‘.

This is precisely what has been considered in Refs. 28-30
and 33, where it was observed that the defects have quantum

dimension v/2N.

B. Relation to genons in two-component states

Now let us consider the Z, genons in the two-component
theories with K matrix

Kz("; i)-

In this theory, the two kinds of tunneling terms that we add are
[see Eq. (35)]

[ cos (Lgp_) if x e A;,
5H,=gcos(m+ ¢+> ( 2_143 ) .
2 cos (“Hg_) if xe€B.
(67)
Now observe that if we define
br+ = Pr1 £ P2,
(68)
Pr+ = Pr1 = Pro2,
and further define
0-=¢r— — pr— = ¢_, (69)
then
m+1 cos (tp-) if xe A,
8H; = gcos 70
=8 < 2 ¢+){c03(”‘7—l@_) if xeB (70)

Since both tunneling terms contain cos(mT“qur), ¢ is pinned
everywhere and in the low-energy sector can be replaced
by a constant. Now we see that in the Luttinger liquid
theory, the two different tunneling terms are identical to the
superconductor-ferromagnetic terms in the FQSH edge [see
Eq. (66)]. This explains the agreement between the braiding
matrices computed from the Dehn twists of the high-genus
surface (Sec. III) and that computed in Refs. 28-30.

In Eq. (66), the defects have quantum dimension d =
V2N, while in the two-component case, they have quantum
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dimension d = +/[m — |. Therefore, d? is not restricted to be
even in the latter case. The reason is that in the two-component
case, the coefficient of the boson fields in the cos terms can
have half-integer values [see Eq. (70)], while it is restricted to
be integer in the FQSH setup (66). This can be traced to the fact
that the boson fields 6_ and ¢_ are compactified on a circle:
©O_,0p_) ~ (O_ 4+ 2m,¢_ 4+ 2m). Therefore, cos(mT_le_) and
cos(mT_ld)_) are not individually invariant under such a gauge
transformation if m — [ is odd. However, in the two-component
case, this is allowed, because whenever one of ¢;; or ¢g,
are advanced by 2w, both 6_ and ¢, or ¢_ and ¢, will
change by 2, so that the products cos(mTHqu) cos(’"T_IG_)
and cos(’"T*Z(er) cos(mT_lqb_) are invariant.

In light of this, we note that even in the n-layer FQH states,
one can introduce superconductivity in addition to twisted
tunnelings in order to create zero modes. We expect then that
one can always map such situations onto a 2n-layer system
without superconductivity but with twisted tunnelings.

V. Z, GENONS IN TWO-COMPONENT NON-ABELIAN
STATES AND UNIVERSAL QUANTUM COMPUTING

A large part of the analysis in the last section can be
generalized to non-Abelian states. In this section we briefly
comment on the somewhat more exotic possibility of twist
defects in non-Abelian states. Let G denote any non-Abelian
topological state, and let us consider two independent copies
of such a state, which we label G x G. For example, we may
take G to be an Ising topologically ordered state. The G x G
state has a Z, symmetry in its topological quantum numbers
associated with exchanging the two copies. n pairs of genons
on a sphere will therefore lead to a single copy of G, on a
genus g = n — 1 surface. The ground-state degeneracy S, is
then given by the general formula

Ngp
S, = D*&—b Zdl_—ﬂg—l)’ a1
i=1

where d; is the quantum dimension of the ith quasiparticle,

N, is the number of quasiparticles in G, and D = 4/ ZlN:qq d?
is the total quantum dimension of G. In the limit of large g,
we see that S, ~ D?", which shows that the genons have a
quantum dimension

dz, = D. (72)

In the case of genons in the Ising x Ising theory, we see
that dz, = 2, and can effectively yield a single Ising theory
on a high-genus surface. The braiding of the twist defects
corresponds to Dehn twists of the Ising theory on the high-
genus surface. While the Ising theory by itself is known to
be nonuniversal for TQC, it is known that it can be made
universal if it were possible to add handles in the space and
carry out Dehn twists.>® The Z, genons provide a physical
realization of such a possibility and therefore can be used to
render universal for TQC a state that without the twist defects
is nonuniversal for TQC.

Here we briefly describe how to use the genons to imple-
ment the necessary computational gates in the Ising x Ising
state, adapting the basic ideas of Refs. 38 and 39. For more
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comprehensive reviews of the Ising topological state, we refer
the readers to books and review articles.>®® The Ising x Ising
state contains nine distinct quasiparticles, of the form a x b,
where a,b = 1,v,0 are the three quasiparticles of the Ising
state, which have spins hy =0, hy = 1/2,and h, = 1/16.In
the presence of genons, the noncontractible loops surrounding
the genons can be mapped to noncontractible loops of a
single Ising theory on a high-genus surface; therefore, each
noncontractible loop surrounding the genons can be labeled
by one of three topological charges: 1, i, or o.

A universal set of gates for quantum computing is obtained

in terms of the single-qubit “z/8” phase gate,**-
1 0
G = (0 ezm/8> ; (73)
and two-qubit gates,
100 0 10 0 i
010 O 1 0 1 —i O
“2=loo1 o] “=HFlo - 1 0
000 -1 - 0 0 1
(74)

G, is, after a basis transformation, the controlled-NOT (CNOT)
gate.’ Each pair of o quasiparticles in the Ising state can fuse
to either 1 or ¥, and thus these two possible states form the two
states of a qubit. Therefore, n qubits require 2n o particles.
While G3 can be implemented by braiding the quasiparticles in
the Ising theory, G| and G, cannot be implemented by braiding
quasiparticles alone. However, they can be implemented by
creating genons and braiding them around the quasiparticles.

In order to implement G|, we consider two quasiparticles of
type o x 1, which we label 1 and 2. The pair (1,2) fuses to the
channel x x 1, where x can be 1 or ¥. The two channels form
the two states of a qubit that can be measured by interferometry
around a loop surrounding the two quasiparticles, which we
denote as Cy.

We implement the following processes (see Fig. 10).

(1) Create two pairs of genons out of the vacuum inside the
loop Cp, which we label gy, ...,g4. Let Cg, .., label the loop
surrounding g; and g; . After creating the genons, ensure that
the topological charges around the loops Cg, ,, and Cy, o, are
trivial, which can be done by performing a measurement.

(2) Braid quasiparticle 2 around Cy, ..

(3) Check with an interferometry measurement that the
charge around C| is 1. If not, then reannihilate the genons
and restart from step (1) until we find the unit charge
around Cj.

(4) Perform a double-exchange of g, and g3.

(5) Undo step (2) by taking quasiparticle 2 around C,,,,
in the opposite direction as compared with step (2), and then
annihilate the genons.

This procedure implements G. In step (1), we ensure that
the loops Cg, ., and C,, ., carry trivial charges so that the
charge of Cj is unchanged before and after the genon-pair
creation. By the high-genus surface mapping, the region inside
the loop Cy can be understood as a single layer of the Ising
theory on a torus with a puncture, denoted by Cy, and two
quasiparticles on it (see Fig. 11). We denote the topological
charge through a loop C, in this mapping to a single Ising
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7/8 phase gate:
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FIG. 10. (Color online) Illustration of operations (1), (2), (3), (4), and (4’), described in the main text for performing the CNOT and /8
phase gates. The black dots are (o,1) topological quasiparticles. The red circles indicate that the topological charge of the two twist defects
enclosed in each circle is trivial. The black loops with arrows stand for quasiparticle paths. The shaded region enclosed by a blue circle C
stands for a measurement which projects the state in loop C; to the trivial sector (1,1).

theory on a torus, as W(C). Therefore, W(C) will in general
be some superposition of 1, v, and o. The charge of the
puncture is W(Cy) = x, the state of qubit. Let us consider the
topological charge through C|, and C,,,,, which we denote
as W(C) ® W(C,,,,). After step (1), this is x ® %(1 +v+
ﬁa). This follows from the fact that W(Cy,,4,) = 1, combined
with the properties of the modular S matrix:

e V2 1
SZE V20 =2, (75)
1 —v2 1

which determines W(C,,,,) in terms of W(Cy,,,). After step
(2), W(C,,s,) changes to o, while W(C)) @ W(Cg,g,) = x @
%(1 —¥)+ %(wx) ® o. This is simply because the fusion
channel of two o particles is flipped when one of them is
braided around a third o particle, which in this case is the o
state of W(Cy,,,,). Therefore, step (3), which projects onto the
sector where W(C()) = 1, projects W(Cl,,,) tobe %(1 —yY)if
x = 1,oro if x = 1. Another way to see the above result is as
follows. Since step (3) projects onto the sector where W (Cy) =
1, we can fill in the interior of C 6 with vacuum, leaving us with
a torus with a single puncture, denoted by the loop Cy, which
encodes the state of the qubit. If the initial state of the 1,2 pair

FIG. 11. Mapping Fig. 10 to single Ising theory on a torus. The
loops Cy, C), C and C,,,, are depicted.

8182 8283

is x = 1, then the fact that all punctures of the torus are filled
in with vacuum, and W(Cy,,,) = o, together with S, implies
that W(C,,,) is (1 — 9) /ﬁ. In contrast, if the initial state
is x =, we are left with a torus with a single puncture with
charge W(Cy) = v and with W(Cy,,,,) = 0. Using the fact that

the S-matrix in the presence of such a puncture is S, = 8,353
fori =1, o, or v, then it follows that W(C,, ,,) = 0. In step
(4), the double exchange, g, and g3, which implements the
double Dehn twist in the geometrical picture, has an eigenvalue
of 1 for the state W(Cy,,) = (1 — %) /+/2, because 237 =
e?2mih) = 1 and (e*/16)* = ¢2™1/8 for the state W(Cl,g,) =
o. In step (5), undoing step (2) restores the original state of
the 1,2 pair and unentangles it with the state of the genons,
so that annihilating the genons afterwards does not affect the
qubit state.

In order to implement G, consider two pairs of quasiparti-
cles, all of type o x 1, which we label 1,2,3,4. Then, perform
the same steps (1), (2), (3), and (5) as above, replacing (4) with
@):

(4") Braid the pair (3,4) around the loop C,, ,,.

Based on the previous discussion, the step (4) gives a +1,
unless (3,4) is in the state ¥ x 1 and W(Cy, ;) =0 [i.e., if
W(Cp) = ], in which case step (4') gives —1.

VI. Z; TWIST DEFECTS AND BRAIDING IN
THREE-COMPONENT ABELIAN FQH STATES

To understand more generic behavior of twist defects, here
we extend the analysis of quantum dimensions and braiding of
twist defects to Zs twist defects in three-component Abelian
states, which are described by U(1) x U(1) x U(1) CS theory:

K
£=="a"9a’, (76)
4
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FIG. 12. (Color online) Orienting all of the defects along a line
and cutting yields three counterpropagating edge modes. Since the
defects are Zj, there are now three different regions, A;, B;, and C;,
where we introduce different twisted tunneling terms.

for a rank-3 K matrix. Here the Z3 nature of the twist defects
we consider is associated with the Z; cyclic permutation
symmetry among the three components. Such Z3 defects can
be realized by the lattice dislocations in the Chern number 3
topological nematic states.” In principle, it can also be realized
in triple-layer quantum Hall states, which have also been
realized experimentally.**%> Imposing a Z3 layer symmetry
implies that the K matrix depends on two integers:

m 1 1
K=\|1l m 1]. a7
I I m

As we will see, this case requires a more general analysis
with features that do not show up in the case of the simpler Z,
twist defects. Since the bulk geometric picture and mapping
to higher-genus surface is harder to visualize than the Z, case,
we first carry out our analysis based on the 1 + 1D edge CFT
picture and then present the bulk geometric picture.

A. 1+ 1D edge CFT picture of the Z; defects

In this case, the Z3 twist defects come in groups of three.
As before, we align them on a torus and cut the system along
the line to obtain counterpropagating edge states. Similar to
the Z, case, the actions of the edge theory on the two sides
of the cut are given by Eqgs. (21) and (27), respectively. As
shown before, we can obtain the commutator (24) and (28)
by quantizing the theory. However, instead of using Eq. (31),
here we choose a different scheme to take care of the correct
statistics between electrons on different layers. We write the

electron operators as
Wepy = npe*o,
(78)

W,ry = nrre Ko

where 1 ; and ng; are Klein factors that satisfy

i =ngr =1, TIL =nL1, Mgy =TRIs
(ernesl=[Mrinrs1=[L1,nrs1=0, for m — I even,
{neemest={nrrnrst={nLr,nrs}=0, for m —1 odd.
(79)
When we glue the edges back together, we now have three
different regions where we introduce different tunneling
operators (see Fig. 12):
K COS(K]J¢J) if xeA;,
SHun =g Y {1 Kjcos(K1;¢)) if x€Bi, (80)
! ’C/I/ COS(K]j(f)/J/) if xe C,‘,
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where now

@) = L1 + Pru+1%3
Ki=i""nemer, Ky =" "nomra+yms, (81)

1 = L1 + OrU+2)%3+

17 m—I
IC, =1 NLIMR(I4+2)%3-

The factor i”~ helps keep the Hermiticity of the operators
K, K, and K]. In the absence of the twist defects, we
only consider a single A region, and the minima of the
cosine potential give |Det K| = |(m + 21)(m — [)?| different
states. These states can be labeled by integer vectors p =
(p+,P1,-2,1,P1,0,-1), such that

. N 2mip. N
e 1) = e |p),
id N 2np, -2,
e N20|p) = e T ), (82)

[2%12(].0171)

v |p) = e ),

where we have defined ¢ ) = adi + b + cp3 and ¢, =
da.11)-

Now consider the system with n > O triplets of twist
defects. While formally the tunneling Hamiltonian in the
different regions differ only by a cyclic permutation of the
layers, there is an important difference between the regions.
Since all physical operators can only be built out of electron
operators, there is a gauge symmetry in the values of ¢, ; and
¢ ;. The transformation

b1 — b1+ 27K} ny,

2 (83)
Or1 — Grr — 2w K ;ny,

with ny, ny, n3 € Z, preserves all physical operators and are
thus considered gauge symmetries of the theory. All physical
operators must be gauge invariant. In the A regions, the quasi-
particle tunneling operators ¢/ *4:) are all gauge invariant. In
contrast, in the B and C regions, ¢/%! and /%! are unphys-
ical. However, the operators ¢'®+(5) = i¢+(5)  oi#i(xc;) —
elP+ic) ei¢{1,0,,1)(xg,)+¢(L1,1_0)(Xc,-)’ and e?11.0@B)F0 1) gre
also physical, gauge-invariant operators. The cosine potentials
pin the eigenvalues of these operators. Due to the commutation
relations,

(61 (0,05 = i7 (K} {y1yas — K7 j)sgnlx — y),
[¢1(0). 07N = im0 (K] (1203 — Kiy)senx —y),  (84)
(6 (x).¢7 ()] = im (K 4103 — Kjy)sen(x — ),

we see that the largest set of independent commut-
ing physical operators is e/?1(a) @l9+0m) = oid+(c) - and
08B 1006

Minimizing the cosine potential in the A regions, we get
|(m + 21)(m — I)?| states for each A region, as in the case with
no twist defects. In the B and C regions, the operator e+ is
pinned to one of (m + 2I) values in each region. Finally, for
each triplet of defects, the operator ¢/?t.0-n(8)F¢C1100¢e) jg
pinned to one of |m — [| values. In Appendix A, we provide
a more detailed treatment which explicitly includes the Klein
factors.

The above counting gives a total of |(m + 21)**(m — 1)*"|
states. However, there are additional constraints:® The electric
charge is a local observable, and therefore states with different
charges at the defects are not topologically degenerate. This
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FIG. 13. (Color online) Physical meaning of the zero-mode
operators «;, fB;, and y; for the Z; twist defect case. In subsequent
figures, we use the bottom figure, which is more precisely described
by the top figure.

gives 3n — 1 constraints on each of the eigenvalues of
¢'%+ in the different regions. The total number of states is
therefore |(m + 21)(m — 1)*"|. Each Z3 twist defect therefore
has quantum dimension

dz, = |m —1|. (85)

Writing the ground-state degeneracy as |Det K ||m — [|32,
the factor |Det K| can be understood from the fact that
we started on a torus, while the factor |m —I|**~% can
be understood as due to the appearance of a nontrivial
quasiparticle loop algebra, which forms 3n — 2 copies of a
magnetic algebra. The degeneracy |m — [|*"~2 is equivalent to
what would be obtained in a U(1),,_; CS theory on a genus
g = 3n — 2 surface (the explicit mapping to the high-genus
surface is explained in Sec. VIB). Below, we calculate the

i2m
m—l

i2r
UpCpii = pyitpent,  ByBuir = BuyiPre

’
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braiding of these Z3 genons, which can also be related to
Dehn twists of U(1),,—; CS theory.

To compute the braiding, as before, we can construct zero
modes localized to each domain wall, which correspond to
quasiparticle tunneling around the defects:

NirNage P 4)e™105) - imod 3 =1,
o = { nignage e 90c)  imod3 =2, (86)
Nrmge 2E)e™ 20400 i mod 3 = 0.
Similarly, we define g;,
MrN3ge #2040 - imod3 =1,
Bi = 1 mrnage' e 91c)  imod3 =2, (87)
MrM3re 3 E)e 340 i mod 3 = 0,

and similarly for y;. Figure 13 displays the quasiparticle
tunneling process described by these operators. For example,
«a; describes the process in which a layer 2 quasiparticle tunnels
around a twist defect and goes to layer 1. The Klein factors are
added so that these operators are zero modes:

[6 Hun,o;] = [§ Hun, Bi] = [6Hun, yi1 = 0. (88)

Since ¢4 = ¢ + ¢ + ¢3 is fixed everywhere, there is a local
constraint between the three zero modes similar to that in the
Z, case [cf. Eq. (38)]:
Py = enie %, (89)
where Q) = %(dbr(xk) — ¢4 (xg—1)) is the charge on the kth
defect, where here x; refers to the region between the (k — 1)th
and the kth defect. In what follows, for simplicity we set Q; =
0, as this does not affect the topological properties of the
defects.

Using the definition of the zero modes, we obtain the
following algebra:

i2n
m—l

VnVn+k = Vn+kVn€",

o /3 _ _1 m—l % — _1 m—I % — _1 m—I %
wBnrk = (=1) Brviane,  ByYurk = (—1) Yotk Bne™ T, Valyirr = (—1) Vn+kO®p€m,

(90)

—I —im I —in _l —in
U Vnik = (D" yppkomeni,  Buo i = (=D Buaneni,  YuBurk = (=" Bupkynen,

_J T
B, = =" lgnanel m=l,

where k > 0. The first line shows the algebra between the same
zero-mode operators located on different defects. The algebra
of different operators on different sites is shown on the second
and the third lines, while in the last line, we write down the
algebra between different operators on the same defect. The
zero modes can be used to construct the quasiparticle Wilson
loop operators:

W(asi41) = o311 B3k+2Y3k+3,

W(bsk+1) = V3k+303k+4B3k+5,

W(ask2) = Bak+1V3k+203k43, ©1)
W(b3ki2) = 313B3k+4V3k+5,

in
W(asiy3) = —en= a;[k+2a3k+37

W(b3ky3) = —e %ﬂ;k+2lg3k+3,

Buvu = (—1)Y" "y, Bue'n,

_J =
VnOn = =n" anVnel m=l,

where we have chosen the overall phases so that (see
Appendix B)
Wa)"™ = Wb)" ™" =1. 92)
Figure 14 displays the loops a; and b; along which the
quasiparticle tunnels by the action of the Wilson loop operators
W(a;) or W(b;). These operators satisfy
W (@sis)W (b3t j) = W (bsics YW (aseg)e™ >0 (93)
which leads to |m —[|*" states forming the irreducible
representation of this algebra. Adding an extra factor of

|m + 21| for the possible values of ¢/@1+9:793) we get a total
of |(m 4+ 21)(m — [)*"| topologically degenerate states. This
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FIG. 14. (Color online) Physical meaning of the quasiparticle
Wilson loop operators.

confirms again that the quantum dimension of each Z3 defect
isdyz, =|m—1|.

In order to calculate the braiding matrices, we need to
understand how the zero-mode operators transform under a
braiding process. From Fig. 15, we see that under a clockwise
braiding of 2 and 3, By Bl, = ¢®as and ByasBl, =

eiey; yra3, where Bys is the braid matrix. The Z; layer

cyclic symmetry implies that By3 ,62323 = e'?B3, B3B3 BZT3 =
eieaiazﬂg, 323)/2323 = e/®y3,and y3BzT3 = eieﬂgﬂzy}We can
fix ¢'® = ¢~ by using the fact that the braiding operation
should commute with the loop operator W(a;) and W(a,)
that encircle these two defects. Using Eq. (89), we then have
¢3? = 1. Thus, we find

2wk

+ —iwk 4
B23062823 =e 3 o3,

3230l3B§3 =e 3 Y3)03,

i2mk k

BzaﬂzB; =e B, 323,33ng =e s aiazﬂ& (94)

P am P ek g
By3ysByy =e 3 y3, BuysByy=e ¢ Bifoys,

where the integer k = 0,1,2 is a phase ambiguity that is not
yet fixed. Further, considering Eq. (92), we obtain £ = 0 when
m — [ is not a multiple of 3. For m — [ being a multiple of 3,
we still have three different choices of k, which is similar to
the Z, case.
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Now we choose a basis for the |m — [|*" different states,
{n;}), forn; = 1,...,|m —[| so that
Wanln,}) = e/ Dlin;)),
Wob)I{n;}) = {(n; + 8;;)%|m —1]}).
Note that we can ignore the extra degeneracy of |m + 2/|
associated with the possible eigenvalues of e?+, as they are

independent of the braiding. In this basis, we find that the braid
matrix is

95)

an’lnl ‘Sn’znz
—l

lm — 1]

ko) 7 ~2n3ny—(m—Dny)
L 3 e n—1)

({n:}|Basl{n;}) =

(96)

The braid matrix B,3 can be viewed as an element of the
mapping class group in the U(1),,—; CS theory on a high-genus
surface. Observe that B,3 only has a non-trivial action on an
|m — I|-dimensional subspace of the ground states, associated
with the states that form the |m — [|-dimensional irreducible
representation of W(az) and W(b3). Now consider the Dehn
twists U, and Uy, around the a and b cycles of the torus for
U(1),,—; CS theory [see Egs. (13), (14), and (17)]. Whenm — [
is odd, the action of Bj3 in this relevant subspace is

By = (U, U, (97)

where the phase ¢’? depends on details of the path. When m — [
is even,

By = "' W(b3)" V2(U,Up) (W(bs)" 2. (98)

Therefore, within this subspace, B3 coincides with a sequence
of Dehn twists in U(1),,—; CS. When B, is not projected onto
this subspace, it can be viewed as a sequence of Dehn twists
in U(1),,—; CS theory on a high-genus surface. We also see
this result via the geometric construction of the subsequent
section.

Similar to the Z, case, we can also realize the braiding
through a purely 1D protocol, without continuously moving
the defects in both dimensions. First, we define the following

Hamiltonian:
—i276,p 210,

Hupe = —|[|(€ m=l ot Bpye + 37 =t B yp0le
—i2n0pe  _in
—e ml eml alab + H.c.), 99)

which couples the zero modes located at the a, b, and ¢
defects. Here, we assume that a < b < c¢. In fact, all terms
in this Hamiltonian commute with each other. The states in
the subspace formed by the a, b, and ¢ defects are labeled by
the discrete eigenvalues of the three operators a, By V., Ba Ve,

FIG. 15. (Color online) Effect of a clockwise braid on the zero modes on the second and third dislocation. (a) e — a3; (b) a3 gets
transformed into the combination of y; ¥2 and 3. Therefore, a3 — ;3 y23. Similar to the Z; case, the ordering ambiguity or additional phase

factor can be fixed with additional constraints.
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FIG. 16. (Color online) Illustration of the 1D protocol for carrying out an effective braiding process of the Z; twist defects. The purple,
orange and, gray circles mark up the zero modes located on the corresponding defects.

and oziozb. So the ground state should take the eigenvalues
that minimize each term (plus its Hermitian conjugate) in the
Hamiltonian. For a generic 6,;., the degeneracy of Hilbert
space associated with defect a, b, and c is usually completely
lifted. Although a finite set of values of ,;. that will lead to
accidental degeneracy in this Hilbert space exists, this set of
values is carefully excluded in the following discussion.
Now, we can consider the following processes:

He) = H;_5s = (1 — 1)Hys6 + T H3gs, T € [0,1],
Hy 6 =2 —1)Hue+ (t — 1)Hy, 1 €[l,2].
(100)

Asis shown in Fig. 16, in the first half of the process 7 € [0, 1],
the Hamiltonian Hj_,s5 takes the zero modes on defect 3 to
defect 5. In the second half € [1,2], the Hamiltonian H,_,¢
takes the zero modes on defect 2 to 6. We set 6456 = 0234 SO
that up to a translation, this is a closed path in the Hamiltonian
projected to the low-energy subspace. This process effectively
exchanges the zero modes at defects 2 and 3.

In order to understand the effect of these processes on the
ground-state subspace, we first observe that operators

Oy = a3faysas, O = y3a4Bsy6,

, (101)
Oy = wafsyaae, Oy = y2a3faye,
commute with the two processes, respectively:
[H3-5,01] = [H3-5,071 =0, (102)

[Hy-6,02] = [Ha6,05] = 0.

Using this, we can obtain the effect of these processes on
the zero modes. We let P,_.,(t) be the projector onto the
ground-state sector of H,_, ;. First, we define integers k; and
ko such that

Osse € (ky — 1/2,ky +1/2),
O6 € (ky — 1/2,ky 4+ 1/2),

where 6O4s6,0346 # Z + 1/2 is assumed to avoid accidental
degeneracy in the Hilbert space associated with these defects.

(103)

Then, following the same logic as the 1D protocol for the Z,
twist defect, we can use the projection P3_5(7)O1P3_5(7)
and P;_,5(t)O|P;3_5(7) to study the evolution of zero modes
in the first half of the process (r from O to 1) and consider
P3-5(1)O2P3-,5(t) and Ps_,5(1)O,P3_5(7) for the second
half (z from 1 to 2). We find that
i2mk
Pi5(0)O0, P35(0) = e nt a3,

i2mky

PS—)S(O)O/{P3_>5(0) = e m-1 V3,

orty (104)
Pis(D)O1P3s5(1) = e yg ysae,
—idmk
Psos(DO Psss(1) = e 1" Bl Bsve.
where we have wused the ‘relations (oe3,34y6)m‘l =

(Bayvaee)" ' =1 and o; By = enti (assuming the charge on
each dislocation is 0). Also, we have

27k
Prs6(1)O2Prs6(l) = e T g,
Prs(1)OSPas6(l) = e%yz’
P2—>6(2)02P2_>6(2) = e%aﬁ’

—idrk|

Pr6(2)O5Pa6(2) = e T .

(105)

Notice that, in the second half of the process, o and y4
commute with the Hamiltonian and thus remain unchanged.
Similar to the Z, case, after the process is over, we can relabel
defect 5 as defect 2 and defect 6 as defect 3. Therefore,
with the relations «;B;y; = e%, we can write down these
transformations of the zero modes in terms of the braid matrix:

i i27 (k) —k2)
323()[2323 =e nl o3,

t 27 (ky—ky)
Bya3By; = ¢ Y3y,
t 27 (ky +2ky)
By3frByy = e n T s,

ek ) 4

; (106)
Byf3Byy; = e 1 azafs,

—i2n(2k) +hkp)

323)/23;326 Y3,

—i2nlhy+2kg) k

323)/33;3 =e T B3Bys.
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FIG. 17. (Color online) Illustration of the equivalence between a sphere with three Z; twist defects and a torus. Panels (a) and (b) shows
the sphere with twist defects cut along the branch-cut line connecting defects 1,2,3. The red, blue, and green lines denote the edge states of the

three layers along the cut. After the cutting, the system in (b) is equivalent
three layers are glued along the branch-cut line after a twist. Along line 1

to three decoupled systems of the three layers shown in (c). Then the
-2 the three layers are glued in the pattern of red to blue (rb), blue to

green (bg), and green to red (gr), in which the first and second colors are the layer index of the lower and upper edges, respectively. The result
of this gluing is shown in (d), which is equivalent to (e). Then the green and blue layers are glued along the 2-3 line, shown in panels (f) and

(g). Finally, the rest of the edge states in (g) are glued following the rule
and (i).

This result is slightly different from Eq. (94). The reason
is that when we restrict the discussion to the same charge

sector, in which the relations «; 8; y; = enti hold for any i [see
Eq. (89)], the Hamiltonian (100) of this 1D protocol breaks
the Z3 cyclic layer symmetry for generic k; and k. If m — [
is not a multiple of 3, only when k; = k, = 0 is the Z3 layer
symmetry restored. If m — [ is a multiple of 3, the condition
of the symmetry is k; = 0 and k, = 0, & (m — [)/3. Once the
symmetry is restored, this result agrees with Eq. (94). On the
other hand, if we choose to loosen the charge constraints but
insist on the Z3 layer symmetry of Eq. (100) [by adding other
terms related to the original terms by cyclic permutation into
the definition of Eq. (99)], then the charge on each dislocation
changes generically during the “braiding” process dictated by
the 1D protocol Hamiltonian (100).

B. Bulk geometric picture

When ! = 0in the K matrix in Eq. (77), the three layers are
decoupled and it is possible to understand the Z3 twist defects
by directly mapping the trilayer system with twist defects
to a high-genus surface, similar to the bilayer Z, case. The
mapping is probably too complicated for practical purposes,
and we only discuss it in the simplest case of a sphere with
three Z3 defects, as an illustration of the general situation (as
in the Z, case, we expect the mapping to also be possible when
[ # 0, though this is even more complicated). Illustration of
the mapping is given in Fig. 17. We consider a cut-and-glue
procedure to describe the defects. Cutting the sphere along a
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of red to green, green to blue, which leads to the torus shown in (h)

line connecting the defects 1,2,3 leads to chiral edge states of
the three layers around the cut, as is shown in Fig. 17(a), where
the three layers are labeled by red, blue, and green lines. As is
illustrated in Fig. 17(b), the system with the cut is equivalent
to three decoupled layers, each of which is topologically a
disk. Then the twist defects are created by gluing different
layers shifted by a Z3 operation. Along the branch cut between
defects 1 and 2 the left movers on the lower edge in the red
(r), blue (b), and green (g) layers are glued with the right
movers on the upper edge in the b,g,r layers, respectively.
Along the branch cut between 2 and 3, the layers are glued
in the opposite fashion so that r,b,g left movers are glued
to g,r,b right movers, respectively. This gluing can be done
in three steps. First, the layers are glued along the branch
cut between 1 and 2, which glues the three disks into one
disk, as is shown in Figs. 17(d) and 17(e). Second, along the
branch cut between 2 and 3 the green left mover was glued
to the blue right mover, which leads to a sphere with two
punctures shown in Fig. 17(g). Third, the remaining red and
blue left-moving edge states are glued to green and red right
movers, respectively, which glues the punctured sphere to a
torus.

We can also see from the geometric picture that the Wilson
loop operators indeed correspond to nontrivial loops on the
torus. For example, the loop corresponding to the operator
)/2T y3 is shown in Fig. 18(a). In the mapping this loop is mapped
to a nontrivial loop on the torus, as is illustrated in Figs. 18(b)
and 18(c). The braiding of the defect 2 and 3 will deform this
loop to another nontrivial loop on the torus. Thus, we know
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(a)

FIG. 18. (Color online) A loop around two Z5 twist defects 2 and
3 (the dotted lines) on the sphere (a) is topologically equivalent to a
nontrivial loop on the torus shown in (c). This is the same loop that
appears in Fig. 15(b). The color of the dotted line indicates the layer
indices. This equivalence is obtained by following the steps shown
in Fig. 17. Panel (b) shows an intermediate steps of the topological
deformation which corresponds to Fig. 17(d). Other intermediate
steps are omitted.

that the braiding of the defects corresponds to a nontrivial
element of the mapping class group.

VII. DECONFINING THE GENONS: ORBIFOLD STATES

So far, we have considered twist defects (genons), labeled
by asymmetry groupelement g € G, where G is asymmetry of
the topological quantum numbers of a topological phase. These
genons are extrinsic defects of the system, and separating
them costs energy that grows with the distance between them,
similar to vortices in a superfluid. It is possible to deconfine
these defects to turn them into intrinsic quasiparticles of a
neighboring topological phase. One way to do this is by finding
a way to gauge the symmetry G. Such a gauging process
corresponds to orbifolding in the edge CFT.% In this section
we discuss the relation between the braiding statistics of the
genons in the confined (ungauged) and deconfined (gauged)
states. The difference between confined and deconfined genons
shown below will also further clarify the intrinsic difference
between projective and linear representations of the braid
group.

In the case of Z, twist defects studied in Sec. III, one
can gauge the Z, symmetry associated with exchanging the
two U(1) gauge fields. Physically, we expect that this can
be done either by proliferating double-twist defects®’” or by
condensing anyons.%® This leads to the U(1) x U(1) x Z, CS
theory studied in Ref. 32, which describes a set of orbifold FQH
states*? and “twisted” Z, topological states.*! There, the Z,
twist defects simply become finite-energy Z, vortices, which
carry quantum dimension +/|m — [|. These states contain an
Abelian quasiparticle that carries the Z, gauge charge; when
it condenses, the system undergoes a Z, Higgs transition in
the 3D Ising universality class, and we obtain the Abelian
U(1) x U(1) theories.

There is a close relation between the braiding of the Z,
vortices in the orbifold states and the braiding of the extrinsic
defects in the Abelian states. To understand this, let us briefly
review the properties of the orbifold states. We recall that in
the U(1) x U(1) CS theory, for n pairs of Z, twist defects on
a sphere, the ground-state degeneracy is |m — [|"~'. When the
Z, symmetry is gauged, «, of these states are Z, invariant,
while B, are Z, noninvariant, where o, + 8, = |m — I|*7!,
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and it was found*? that

_J(m — =+ 2”’1)/2 for |m — 1| even,

o = { (m—1"1+1)/2 for |m—1Iodd, 107
_fdm =17t =272 for |m —I| even,

P = { (m—1""'=1)/2  for |m—1odd. 108

Therefore, in the orbifold/twisted states, where we gauge
the Z,, the number of ground states in the presence of n pairs
of Z, vortices is «,,. This result allows us to deduce the fusion
rules242

(yxp)' =l + B+, (109)

where ¢ is the Abelian quasiparticle that carries the Z, gauge
charge, y represents the Z, vortex, and 7 is its conjugate.
Therefore, the braid matrix for the Z, vortices in this case
will have dimension «, instead of |m —I|*~'. Thus, for
|m — 1| > 2, the braid matrices for genons in the confined and
deconfined states are not the same, and even have a different
dimension.

As we found in Sec. III, the braiding of the genons
corresponds to Dehn twists of the U(1),,—; CS theory. Under
the action of the Dehn twists, Z, invariant states are mapped
to Z, invariant states, and similarly for the Z, noninvariant
states. Therefore, the |m — [|"~! dimensional braid matrix of
the genons, when restricted to the Z, invariant subspace, will
be equivalent to the «,-dimensional braid matrix of the Z,
vortices.

In the single-component case, described by U(1)y CS
theory, we considered Z, twist defects associated with a —
—a, which give defects with quantum dimension ~/2N. We
can consider gauging the Z, symmetry in this theory, to obtain
a CS theory with disconnected gauge group U(1) x Z, = O(2)
(Refs. 32 and 69). The edge CFT of such a CS theory is the
U(1)y/Z, orbifold theory.5%% When N is even, the Z, vortices
in this theory have quantum dimension /N /2, while when N
is odd, they have quantum dimension +/N. This provides an
example where gauging the symmetry associated with the twist
defect appears to also change its quantum dimension.

Let us briefly explain the reason for this change in quantum
dimension. When the genons are confined and have quantum
dimension /2N, part of this quantum dimension in this
context is actually protected by a particle number symmetry.
When N is odd (i.e., for fermionic states), the /2 factor is
protected by the fermion parity symmetry. When N is even,
then we can think of the quantum dimension as \/2_ =
2,/N/2; the factor of 2 in this quantum dimension can be
shown to be protected by a boson parity number symmetry.
Notice that in the edge theory (see Sec. IV), only boson pairing
terms are added, so boson parity is still a symmetry of the
problem. When these symmetries are completely broken (by,
e.g., coupling the system to an external particle reservoir), then
we see that the fermionic case gives a quantum dimension v/N,
while the bosonic case gives a quantum dimension /N /2,
which coincides with the result obtained by considering the
O(2) CS theory, discussed above, where the genons are
deconfined.

In the Z; case, gauging the Z3 symmetry leads to [U(1) x
U(1) x U(1)] x Z35 CS theory. We expect the relation between
the Zs vortices in that theory and the Z3 twist defects in the
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U(1) x U(1) x U(1) theory to be similar to the case of the
two-component Abelian states.

VIII. DISCUSSION

In this paper, we have studied the possibility of extrinsic
twist defects, associated with a symmetry of the topological
quantum numbers of a topologically ordered state. We have
explicitly studied several different examples, including various
kinds of Z, and Z; twist defects in Abelian and non-Abelian
topological states. In all of the cases we have studied, we found
that the projective braiding statistics of the twist defects are
related to adiabatic modular transformations of a topological
state on a high-genus surface, and we have developed several
different ways of explicitly computing the braiding of the twist
defects. The close and precise relation of the twist defects to
topological states on a high-genus surface leads us to refer to
them as genons.

From a mathematical point of view, the mapping we found
from braiding operations of Z, twist defects to Dehn twists
defines a group homomorphism between the braid group
B;, and the mapping class group of genus n — 1 surfaces.
(More generally, for each m > 2, a different homomorphism
is defined from the braid group to the mapping class group by
the braiding of Z,, twist defects.) The relation between braid
groups and mapping class groups has been studied extensively
in the mathematics literature (see, e.g., Refs. 70 and 71), but
as far as we can understand, the homomorphism we discuss
seems to be different from the existing ones in the literature.

Most importantly, the braiding statistics of the genons
are projective, meaning that they are only well defined up
to an overall phase. The reason for this is that the genons
are not intrinsic dynamical quasiparticles of the system. This
fact allows the possibility of fundamentally novel behavior,
because the projective non-Abelian braiding statistics are not
subject to the same stringent constraints as true non-Abelian
quasiparticles. In this paper, we have found several examples
of this. The simplest case of Z, twist defects in Abelian states
have quantum dimension +/n for integer n. For n = 2, these
defects are Majorana fermions and their braiding is the same as
the braiding of Ising anyons, up to an overall phase. However,
as we discussed in Sec. VII, the braiding of the confined defects
for n > 2 is inequivalent to the braiding that is obtained when
the genons are deconfined, because the dimensions of the braid
matrices are different in the two cases. In some cases, we even
found that after the symmetry is gauged in the theory so that
the genons become deconfined, it appears that their quantum
dimension can also change.

While the non-Abelian genons in Abelian states have been
argued to be insufficient for universal TQC,?® we have found
that Z, genons introduced into non-Abelian states can be used
for universal TQC, even when the host non-Abelian state is
nonuniversal for TQC.

In this work, the twist defects are point defects in the
sense that far away from the defects, no local operation can
distinguish the presence of the defect, because the defects
are associated with symmetries of the topological order. It is
possible to consider a more general class of defects, which are
different kinds of domain walls between different topological
states. Then, junctions between different kinds of domain walls
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may induce some nontrivial topological degeneracy and cannot
be viewed as point defects at all. We leave the detailed study
of such more general possibilities for future work.
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APPENDIX A: GROUND-STATE DEGENERACY
WITH Z; TWIST DEFECTS VIA MINIMA OF
TUNNELING OPERATORS

Similar to the Z, case, we obtain the ground-state degen-
eracy of the system by considering the degenerate minima of
the tunneling operators in Eq. (80). Since the Klein factors are
defined differently with m — [ even and odd, we separate the
discussion into two pieces. We assume g < 0 throughout the
discussion.

1. m — [ even

In the absence of twist defects, the whole 1 + 1D edge is
effectively in the region A. The operators K, K, and K3,
which have eigenvalues +1, commute with each other. We
project the Hilbert space onto the sector where KC;, K5, and
IC5 take specific values, since states with different values of
KC1.2.3 are not topologically degenerate. For our convenience,
we choose the sector where K » 3 = 1. Then the conditions of
minimizing § Hy, in Eq. (80) are

mey + Iy + I3 = 27nf,
g1 + mey + 1y = 27n?,
g1 + 1y + mepy = 27ns,

(AD)

where n, ;. € Z. These equations can be put into a diagonal
form:

(m + 204 = 27‘[(7’!'14 +nf + n?) =2mpy,
(m — D21y = 2 (n} — 205 +nf) =27pa.—21), (A2)
(m - l)¢(1$0’_1) = 27‘[(1’!;1 — n?) = 27‘[1?(1’(),_1).

Different values that ¢,’s are pinned to represent different
degenerate ground states. Since ¢;’s are subject to the peri-
odicity ¢; ~ ¢; + 2, we should actually use e'%+, e!®1.-20,
and e'%1.0-1 to label the ground states, as shown in Sec. VI A.
From Eq. (A2), we obtain Eq. (82):
¢ p) = en | ),
27p(1,-2,1)

e p) = T ),

2Tpa0-1)

) = e |p).

We find that %+ can take m + 2! different values, while each
of e'®a21 and e'%00-v has m — [ different choices. Thus, in
the absence of twist defects, the ground-state degeneracy of
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the system on a torus is |(m + 2[)(m — 1?2, as expected from
the U(1) x U(1) x U(1) CS theory.

Now we consider the case with n triplets of twist defects.
First of all, by the same reasoning above, we can project
the Hilbert space onto the sector where K;, K}, and KY
take specific values, since they commute with each other.
We choose the sector where K; = K} = K} = 1. The ground
states are labeled by the maximally commuting set of gauge
invariant operators:

{ei¢+(xAi)’€i¢(l.—2,l)(XA;)’ei¢(l,0,—l)(xAi)7ei¢+(x8,>)’

ei¢+(xCi)’ ei‘p(,]‘o,f])(xﬂi )+i¢(”,1_1,0)(xc,‘ )} (A3)

For all operators in region A, the analysis above follows
straightforwardly leading to the conclusion that each of
e P+ () can be pinned to one of m + 21 different values, while
each of e!®10-00a) and e/%0.-20%4) can be pinned to one of
|m — 1| values. To determine the possible values of e/®+(5),
€9+ and P00 1100 we need to write down
the conditions minimizing § Hy, in Eq. (80) in regions B
and C:
me; + 1) +1¢; = 2mn?,
I§) + mepy + 1§y = 27n?,
1§] + 1) + me = 2mn?,
me| +1¢) + 19} = 2mn§,
¢ + me + 19} = 2mn§,
1¢] + 19y + mgy = 2mn§,

(A4)

which can be rewritten in the diagonal form (including the
position index):

(m + 2D)p4(xp,) = 2 (n} +nl +nY),

(m — Dl _51)(xp,) =27 (n}" =205 +n¥),

(m — l)qﬁ(1 0.-1n(xB) = 271(11?’ — nf"), (A5)
(m + 2D)p4(xc,) = 2 (0§ +nS' +nS'),

(m — D¢y _o1)(xc) = 271(11? — 2n2Ci + ngi),

(m — Dy o._1)(xc,) = 27 (nf" — n§").

Here, n{, ;,n{’, 5 € Z. Thus, we find each of '*+¢#) and
¢!9+(¢)) can be pinned to one of m + 21 different values, while
€' P0.0-0 (B )HSC 100 g pinned to one of |m —I| values.
This counting gives a total of |(m + 20)(m — I)|*" states.
Considering the charge constraint on each defect, which man-
ifests itself in the difference between ¢ in different regions
(see Sec. VIA), the topological ground-state degeneracy is
[(m + 2D)(m — 1)*"].

2. m—1odd

In the absence of the twist defects, the analysis of ground-
state degeneracy is similar to the case above. Since the
operators Kj 3 commute with each other, we can restrict
the system to be in the sector where ;3 = 1. Thus, the
condition for minimizing § Hy,, is the same as Eq. (A1). In the
same fashion, we use the operators ¢/%+, e/®0.-20 and e!®1.0-n
to distinguish the degenerate ground states. The ground-state
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degeneracy on torus without twist defects is, therefore, given
by the same formula |(m + 21)(m — 1)?|.

Now we consider the case with n triplets of twist defects.
The treatment will be slightly more subtle than the m — [ even
case. We still make the projection IC; 5 3 = 1 and identify the
maximally commuting set of operators as Eq. (A3). Thus, all
the analysis within region A stays the same. Each of e!#+(4))
can be pinned to one of m + 2/ different values, while each of

/900004 and ¢f®0.-20%4) is pinned to one of |m — I| values.
However, inregions B and C, K} , 5 and KT , ; cannot be fixed
because they anticommute with K 1.2.3- With different K, and
K7 values, the cosine potentials in Eq. (80) will pin the ¢ ﬁelds
to different phases which can be written in a compact form:

1=K
m¢i(xB")+l¢é(x3i)+l¢g(x3i) :27”1?1 + 2 I7T,
1-K,
l¢i(x3i)+m¢é(x3i)+l¢g(x3i) =27‘[n§i + 2 27T»
1=K
l¢i ('XB[) + l¢é(x3[) + m¢é ()CB/_) = 271]/1?’ + 37.[’
v 4 " . 1-K"
m¢1 (‘xC[)+l¢2('xC,')+l¢3(Xc/,) :27‘[]/11’ + 3 17.[’
4 4 7 . 1 — IC”
¢ (xc,.) + me) (Xc,.) +1¢5 (fo) =2mn$ + . 2,
] 1 _ ,C//
1] (xc,) + 185 (xc,) + me (xc,) = 27n§’ + P
(A6)
The sum of the first three equations in Eq. (A6) yields
(m + 2D (x5,)
— !/ r 7
— 2 (n® a4 2T T, )

2

Since, by definition, K| KCLK, = KK, Mrr must
be a multiple of 27 in the sector K; 53 = 1. Hence, we can
package the right-hand side of this equation above into a single
integer pf" times 27w. Also, we can conclude that each of
e'?+@n) is pinned to one of m + 21 different values. The same
argument applies for e/%+*¢), From Eq. (A6), we can also have

(m — l)(ﬁbél,o,—l)(x&) + ¢E/—1,1,0)(XC1»))
= 2n{alt =l — i n)
+4—IC/1 +IC/3+IC/{—IC/2’7T
2

Due to the fact that KK = —KK, and KK = -G, Ks,
we have K + K5 = 0 and K} + K7 = 0 in the sector where
K123 = 1. So we can rewrite the equation as

(m — l)(qbél,o,fl)(sz) + ¢EL1,1,0)(XCI»))

= 27'[(nf}" —nf" —nlc’ +n2C' + l).

(A8)

(A9)

Therefore, e!#t.0.-n@8) o 11006) jg pinned to one of [m — |
different values, just like that in the case with m — [ even.
Then, this counting will give us in total of |(m + 2[)(m — [)|*"
states. Considering the charge constraints on each defect, we

conclude the topological ground-state degeneracy is |(m +
20)(m — 1)*"].
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APPENDIX B: IDENTITIES OF WILSON
LOOP OPERATORS

The definition of the Wilson loop operators are given in
Eq. (91). Now we prove Eq. (92). To simplify notation, we
consider the case with k = 0 in Eq. (91). The Wilson loop
operators are written as

W(ay) = aiBoys, W(b) = yzasBs,w
W(ax) = Biyvaas, W(by) = a3Bays, (B1)
Was) = —eniajas, W(bs) = —en ps.

Expressed in terms of boson fields, we rewrite W(a;)
as

W(ay) = el91xa) p=id1(xay) (B2)

With the assumption that the charge on each dislocation is 0,
¢ is pinned to the one single value globally. From Eq. (A1),
we can obtain

(m — D1 (xa,) — (m — Dy (xa,) = 2 (n}" —n}2).  (B3)
Thus,
W(al)m—l = plm=Dd1(xp,) p=ilm=Dd1(xa)) — 1. (B4)

The proof for W(b;)"~ = W(ax)" ™! = W(by)"~! = 1is par-
allel. Now, we focus the discussion on W(a3). First, we
write

0‘;“3 — ei¢;’(x(<l)e—ilﬁ;(xﬂl)eiqﬁg(xcl)e—i¢2(XA2)
— ol i g i95xn) i B3 (e i (X)) p—idha(ray)

— e im0y B (xe)) pida(xay) pide (B5)

Notice that the four operators in this expression commute with
each other. Thus,

(edaa)™ ! = (—1)e= =I5 Gn) g=ilm=D{ (xc,)
e~ im=Dda(xay) pim =Dy (B6)
Rewriting the second formula in Eq. (Al) as (m — )¢, +
¢, = 27n4, we have
e im=Dd2(xay) _ ,ile+ (B7)
For the operator e~/ (" —#3(s)g=im=D#{(xc)) the even/oddness
of m — [ matters. For m — [ even, we obtain from Eq. (A4) that

(m — D(¢5(x5,) + @] (xc,)) + 2l = 2w Z, where Z means
an integer, which leads to

e im=Dd3(xp)) ,—ilm—=D¢{(xc) _ ,i2ys (B8)
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For m — [ odd,
(m — 1) (5 (x5,) + &7 (xc,)) + 2l =27 Z + 7 — %
(B9)
Since KK = —K3K; = —1, we have K + K{ = 0. So, in
this case,
=i m=D930m,) p—i =D} (xc,) — _ 42l (B10)
Thus, for general m — [,
DO =i =Dg(xe)) — (_ 1yl i (B1])
Now, we have
(a;aS)m—l — (_1)m—l+lei(m+21)¢+ — (_l)m—l—l‘ (B12)

Considering the phase factor in the definition of W(as), we
have proven that W(a3)"~' = 1. Also, by cyclic symmetry of
the layer index, we also have W(b3)"~! = 1. Besides the the
Wilson loop operators defined in Eq. (91), we derive similar
identities for the Wilson loop operators a3B4ys and Biysas
which is useful in the 1D protocol. Written in terms of the
boson fields,

a3 Bave = eill)é’(xcl)e*i%(xﬂz)ei¢1'(xcz)e*i¢1(XA3)

— ol 1Py i3 (ke ] () i (¥ay)

(B13)

Thus, by taking the m — [th power of this expression and
rearranging the operators while taking all possible commutator
in account, we have

(053}34)/6)’"71 — (_1)mfle*l’(m*1)¢§(XB2)ei(mfl)(qﬁé’(xc] )+¢7(xc,))
x g~ m=Ddi(xay).
= (-1 )m—le—i(m—l)¢£(x32)ei(m—l)((lﬁé’(xcz )+¢7 (xc,))
X e_i(m_l)¢](XA3)ei(m_l)(¢£/(XC])_¢£/(XC2))7
= (= 1yl D3 xmy) i n—DS (xcy)
< e~ 1=DP1(xay) i (=) (xc, )=} (xcy) i (m—D)hs.
(B14)
In this derivation, we have used the fact that
Qm=D@c)=95G)  commute  with e~ im—D#hxs,)
e m=Ddixa3) - and ¢/"~D?+ From Eq. (Al) or Eq. (A6),
we have /("D@:0c))=$:(c)) = 1 Following a parallel
discussion of W(as), we obtain e " =D#:(8,) =i =D5(xcy) —
(=1)y"te!2¢+ and e imDe1a3) — ilds  Therefore, we
conclude

(a3Baye)™ ™ = ™2 = 1. (B15)

By cyclic symmetry of layers, we also obtain (83 y406)™ ™ = 1.
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