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Calculations of isothermal elastic constants in the phase-field crystal model
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The phase-field crystal (PFC) method is an emerging coarse-grained atomistic model that can be used to
predict material properties. In this work, we describe procedures for calculating isothermal elastic constants
using the PFC method. We find that the conventional procedures used in the PFC method for calculating the
elastic constants are inconsistent with those defined from a theory of thermoelasticity of stressed materials.
Therefore we present an alternative procedure for calculating the elastic constants that are consistent with the
definitions from the thermoelasticity theory, and show that the two procedures result in different predictions.
Furthermore, we employ a thermodynamic formulation of stressed solids to quantify the differences between the
elastic constants obtained from the two procedures in terms of thermodynamic quantities such as the pressure

evaluated at the undeformed state.
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I. INTRODUCTION

The phase-field crystal (PFC) method' is an emerging
model that has been employed to simulate many nonequilib-
rium processes such as nucleation,” phase transformation,*-
thin film growth,”? elastic and plastic deformation,” !> and
glass formation.!>~!> There are two main advantages of this
method that make it attractive for materials modeling. One
is that it can simulate crystalline solids without a restriction
on their lattices and orientations, just as molecular dynamics
(MD) can, but at diffusive time scales that can be several
orders of magnitude larger than those associated with MD.
The other reason is the fact that the PFC method provides
a unified and thermodynamically consistent framework that
naturally incorporates elastic and crystalline symmetry effects.
As a result, the method can be used to model a wide
variety of phenomena including spinodal decomposition,'®
grain-boundary premelting,'”'® dislocation dynamics,'® and
the Kirkendall effect.?”

These aforementioned benefits suggest that the PFC method
can potentially be used to predict nonequilibrium behaviors of
amaterial system over experimentally relevant time and length
scales. However, before the PFC method can be applied to
predict the nonequilibrium behaviors of the material system, it
must be parameterized with the known equilibrium properties
of the materials of interest and be verified that the model accu-
rately predicts the thermodynamic properties of the system at
equilibrium beyond those used in parametrization. Therefore,
in this paper, we focus on how equilibrium properties should
be calculated within the PFC framework.

The equilibrium properties considered in this work are
isothermal elastic constants, which were calculated from the
PFC approach in Refs. 1, 21, and 22. These elastic constants,
which will be referred to as the PFC elastic constants, are
calculated from variations in the free energy density (total free
energy per actual volume) associated with various types of
quasistatic deformation at a constant average number density.
However, we have found that this procedure is inconsistent
with the definitions from the thermodynamics of elastically
stressed solids”>> (hereafter, referred to as the theory of
thermoelasticity), which are widely adopted. Therefore, we
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propose an alternative procedure for calculating the elastic
constants as defined by the thermoelasticity theory, which
will be referred to as the TE elastic constants. The TE
elastic constants are instead calculated from variations in
the total free energy per undeformed volume associated with
quasistatic deformations at a constant number of particles
in the system. To give numerical examples, we use an
existing PFC model for iron (Fe) to show that the PFC and
TE elastic constants can be significantly different from one
another. Therefore we conclude that the conventional and
the proposed procedures are not interchangeable and, more
importantly, one should calculate the elastic constants using
the proposed procedure in order to make fair comparisons
with values from other approaches such as classical density
functional theory,26‘28 Monte Carlo,? MD,*® and ab initio
density functional theory.?!=33

Furthermore, by comparing the conventional and the
proposed procedures, we identify two differences in the
calculation procedures that contribute to the discrepancies
between the PFC and TE elastic constants. The first is due
to the frame in which the free energy density is calculated;
the PFC elastic constants are calculated from the free energy
density measured with respect to the deformed frame of
reference while the TE elastic constants are calculated from the
free energy density measured with respect to the undeformed
frame. The difference arises due to the different volumes in
these two frames. The second difference is due to the constraint
imposed on the quasistatic deformations; the constraint for the
PFC elastic constants is a constant average number density,
whereas the constraint for the TE elastic constant is a constant
number of particles.

Finally, we employ a thermodynamic theory of stressed
solids*3¢ to systematically define the PFC and TE elastic
constants in the same framework. This formulation allows us
to obtain the relationships between the PFC and TE elastic
constants. These relationships not only facilitate conversions
between the PFC and TE elastic constants but also provide
quantitative measures of the differences between the PFC and
TE elastic constants in terms of thermodynamic quantities such
as the pressure of the undeformed state. For a cubic material,

©2013 American Physical Society


http://dx.doi.org/10.1103/PhysRevB.87.014103

PISUTHA-ARNOND, CHAN, ELDER, AND THORNTON

our current technique only yields the correct relationships
between 11- and 12-type elastic constants due to a restriction in
defining a volume ratio as a function of the elements of a strain
tensor. We will address the relationships between 44-type elas-
tic constants as well as general relationships, in a future work.

The paper is organized as follows. In Sec. II, we provide
background material on the PFC method, continuum mechan-
ics, and the theory of thermoelasticity of stressed materials.
Next, we review the conventional procedure for calculating
the PFC elastic constants in Sec. III A and propose the
alternative procedure for calculating the TE elastic constants
using the PFC method in Sec. III B. We then present numerical
comparisons between the PFC and TE elastic constants, and
present further discussions in Sec. IIIC. Furthermore, we
present a more general procedure for calculating the PFC
elastic constants and propose formal definitions of the PFC
elastic constants in Sec. IV. We then derive the relationships
between the PFC and TE elastic constants of a system with
cubic symmetry using the thermodynamic theory of stressed
solids in Sec. V. Lastly, we conclude this paper with a short
summary in Sec. VI.

II. BACKGROUND

This section provides the background necessary in devel-
oping the analyses presented in the remainder of the paper.
In Sec. IT A, the PFC free energy functional and its one-mode
approximation are introduced. We introduce the definitions
of strain tensors in Sec. II B, and then introduce the elastic
constants derived from the thermoelasticity theory in Sec. II C.
In Sec. II D, we present three types of deformation that will be
used to extract three values of the elastic constants of a cubic
material.

A. PFC method

We consider the following free energy for the PFC
method:?!

4
f=/w(¢>dR, w(g) = %[ t+x(q§+v2)2]¢+g,‘%,
()

where w(¢) is the free energy density, and a;, g;, A, and ¢qo
are fitting parameters. The number density field, ¢, can be
expressed in a Fourier expansion of the form:

PR, Pave) = Puve + »_ Aie' ¥R tcc., )

where A; is the amplitude, ¢,y is the average number density,
R is the real-space position vector (R = Rji + Ryj + R3k,
where i, j, and K constitute an orthonormal Cartesian basis), G;
is the reciprocal lattice vector (RLV) that is constructed from
the reciprocal basis of a periodic structure, and c.c. denotes
the complex conjugate. We define the following dimensionless

parameters:21
a; 7 81
R=¢R, e=——, ¢= [0,
rq; A
3
= & > 8t
F=—ah h=sh
A*qq 9
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where d is the dimensionality of the problem. The PFC free
energy can then be written in a simpler form:

¢
2

74
f:/w@ dR, ()= —[—e+(1+V>)’1p+ %.
4)

In this work, we will consider a body-centered-cubic (bcc)
crystal, of which the set of smallest RLVs has the magnitude of
272 /L., where L, is the side length of a cubic unit cell. We
will therefore set gy = 27 ﬁ/ L, in order to make the PFC
free energy functional favor the bee structure. The simplest
analytical expression for the bcc structure, the so-called one-
mode approximation, can be obtained by keeping only the
terms with |G;| = 27 \/5/ L, in the expansion of Eq. (2):

Pone R, Pave) = Pave + A lcos(qi Ry) cos(qi Rz) + cos(qi Ry)
x cos(qi R3) + cos(q1 Ry) cos(q1 R)],  (5)

where A, is the nondimensionalized amplitude and g, =
1/+/2. Henceforth, we will omit the tilde notation for the
nondimensionalized quantities.

B. Measure of deformation

We denote the undeformed state of a material as the state
prior to the deformations of the material. In other words,
the material is subjected to zero strain, but not necessarily
zero stress. We use (R;,R,R3) to denote the undeformed
coordinates of the position of a volume element in the material
while using (r1,73,73) to denote the deformed coordinates of
the position. Since we assume that both coordinates share
the same basis, the deformation gradient tensor «;; and the
displacement gradient tensor u;; are written as

ar, i

=T 6
Qij OR; (6)

and
a(ri — R;)
Uijj = ————>

oR;

where the subscripts i and j vary from 1 to 3, and it follows
that u;; = o;; — §;;. The symbol §;; is the Kronecker § and
the Einstein summation notation is used throughout the paper
unless stated otherwise. The deformation considered in this
work is the affine or homogeneous deformation, and thus we

can write?’8

@)

rizainj:(u,-j—l—&j)Rj. (8)
Conversely, we can write R; in terms of 7;:
Ri =a'r;, ©)

where a;l = 0R;/dr;. For brevity, we write the above

transformation in tensor notation: R = a~!-r, where r =

rii + rpj + r3k. The Lagrangian strain tensor is expressed as
E;; = %(akiakj —8;j) = %(”ij + uji + ugiug;), (10)

and is employed in a nonlinear elasticity theory. In a linear
elasticity theory, one assumes infinitesimal deformations and
defines the symmetric small-strain tensor,

€ = 5(uij +ujp), (11)
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and the antisymmetric small-strain tensor,
wij = 5(uij — uji). (12)
Equations (11) and (12) can be used to calculate u;; from

uij = 5(€ij + €ji + wij — wji). (13

C. Definitions of isothermal elastic constants from
the thermoelasticity theory

The definitions of the isothermal elastic constants from the
theory of thermoelasticity of stressed materials?>~>> depend on
the choice of the independent variables of the Helmholtz free
energy, F (not necessarily identical to F introduced earlier).
The Helmbholtz free energy of a nonhydrostatically stressed
system can be written in the form

F(Gaa[j7N9Ri)’ (14)

where 6 is temperature, a;; denotes either E;; or €;, N is
the number of atoms or particles, and R; is the reference or
undeformed coordinates. Since we consider R; as constant, we
will omit this dependence subsequently.

The elastic constants, as well as other thermodynamic
quantities, can be defined from the Taylor expansion of the free
energy around the undeformed state and we refer to Appendix
A for more details. The coefficients of the first-order terms with
respect to the elements of the strain tensors give the following
definitions: >3’

u

" 1 0F

0 1 0F _
0.Ex,.N V 0€;)

| it , 15
Y VBE,»j ( )

6,ex, N

mn

where V is the volume of the system at the undeformed
state and T;} is an element of the symmetric second Piola-

Kirchhoff stress tensor®’ evaluated at the undeformed state.

The subscripts E;, and €, indicate that the elements of the
strain tensors other than those involved in the partial derivative
are held constant, and the superscript u indicates that the partial
derivatives are evaluated at the undeformed state.

The coefficients of the second-order terms with respect to
the elements of the strain tensors yield the definitions of elastic

constants: >3’
Ciju = laz—F ' (16)
VOE 9Ew g 5.
and
Kijn = lBZ—F ' , a7
V 0€;j0€y b1 N

in the nonlinear and linear elasticity theories, respectively.
The elastic constants C;ji; and K jx;, both referred to as the TE
elastic constants, are fourth-order tensors with complete Voigt
symmetry for the il’ldiCCS, i.e., Cijkl = Cjikla Cijkl = Cijlk’ and
Cijii = Cyij, and similarly for K;jy. For a cubic material,
each set of C;j; and K;ji reduces to three independent
values, which are (no summation) C; = Cyjii, Ci2 = Cyyjj,
and Cy4 = C;j;; = C;j;; with the other elements being zero.
Similar notation applies to the elastic constants K.

For a cubic material under hydrostatic pressure, P,, of
the undeformed state, which is considered in this work, the
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relationships between Cpg and K,g are®

Ci=Kiu+P, Cp=Kp, C44=K44+%, (18)
where the details of the derivation are shown in Appendix A.
The above relationships reveal the fact that the elastic
constants defined by the linear and nonlinear elasticity theories
are not, in general, equal to one another even at the limit of
zero strain (undeformed state). Only when the pressure of the
undeformed state is zero do these two set of elastic constants
become identical. For simulations of materials under ambient
pressure, the magnitude of the pressure is typically much
smaller than that of the elastic constants, and therefore, the two
sets of elastic constants are approximately equal. However, for
simulations of materials under high pressure,’*-*# the two
sets of the elastic constants can differ significantly. We find
that, for the parameterized PFC model used in this work, the
magnitude of the pressure is not negligible compared with that
of the elastic constants.

D. Deformation types

In this work, we will calculate both the PFC and TE elastic
constants using the PFC approach. Since the PFC free energy
is not an explicit function of the elements of a strain tensor,
one cannot directly calculate the elastic constants by taking
the second derivatives of the free energy with respect to the
element of the strain tensors, as shown in Egs. (16) and
(17). Instead, one extracts the values of the elastic constants
from variations in the free energy density with respect to
various types of quasistatic deformations, as will be shown
in Sec. III. For the elastic constants of a cubic material,
we need three deformation types in order to obtain a set of
linearly independent equations to solve for three unknowns.
We choose to consider the following types of deformation:
(1) isotropic deformation characterized by u;; = §;;§, where
& is a parameter quantifying the amount of deformation
(hereafter referred to as the “small deformation parameter”),
(2) biaxial deformation where the nonzero elements are 1| =
& and uyy = —£, and (3) simple-shear deformation where the
nonzero element is u1; = —&. These deformations are chosen
because we are aiming to make a direct comparison with the
previous PFC studies.>’> We note that we could use any
other type of affine deformation to extract the elastic constants
as long as they give three linearly independent equations.
For example, we could use a volume-conserving biaxial
deformation, where the nonzero elements are #;; = 1 4+ £ and
uyp = 1/(1 + &), instead of the biaxial deformation presented
above. If the volume-conserving biaxial deformation were
used along with the isotropic and simple-shear deformations,
we would obtain a different set of three linearly independent
equations; nevertheless, the solution to the system of equations
would be the same, yielding the same values of the elastic
constants.

III. CALCULATIONS OF ISOTHERMAL ELASTIC
CONSTANTS USING PFC FREE ENERGY

In this section, we review the conventional procedure
for calculating the PFC elastic constants and propose the
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TABLE I. A list of (i) types of deformation, (ii) functional forms of density profiles in terms of the deformed coordinates, ¢(a~' - r),
(iii) expressions for the integration over the deformed unit cell, and (iv) the deformed volume of the unit cell, V,,(§). The unit cell is cubic with

a side length of L, in the undeformed state.

(i) Deformation (i) p(a~" - 1) (iii) f,, ¢, dr (iv) V, (£)
Isotropic (n = 1) ¢(“—1 )= ¢(er1§’]rT2§,]rT3§) /-OLa(lJrE) /OLa(l+€) /OLa(l+E) dridrydrs Lz(l +E)3
Biaxial (n = 2) d)(a—l 1) = ¢(er1€’1rf2€’r3) OLa fOLa(lff) fOLa(PrE) dridrdrs LZ(] _ EZ)
Simple Shear (n = 3) dla r)=¢(r +Errars) Jo Jye [re E dridradrs L}

alternative procedure for calculating the TE elastic constants
using the PFC free energy. We present numerical results from
an existing PFC model for bec Fe to show that the PFC and
TE elastic constants can be significantly different, and then
discuss the implications of the results.

A. PFC elastic constants

We describe the procedure for obtaining the PFC elastic
constants of a bec crystal using the PFC free energy and
the one-mode approximation as a density profile.”> We first
write @one(R,@ave) in terms of the deformed coordinates,
OF @one(@ ™! - T,¢ue), and then obtain the total energy by
integrating w(¢one) over the deformed unit cell at a constant
average density @qye:

Fu(E Pave) = f W[Pone(@ ™" - T, ue)l dr,  (19)

V(&)

where the limit of the integration is shown in Table I and the
variable V,,(£) is the deformed volume. We have assumed an
isothermal condition and thus omitted the dependence of the
free energy on 6. The subscript n(=1,2,3) denotes the types of
deformation shown in Table I, and we evaluate the quantities
with the subscript n separately for each deformation type.
The PFC elastic constants are obtained from calculating the
following quantities:

_ FulE.dave)  Fu(0,¢ave)
Ahn(s,gbave) = Vn@_) - Vn(O)

= hn(‘i‘-’(ﬁave) - hn(ovd)ave)v (20)

where 7, (£,¢a.y.) can be interpreted as the “bulk” free energy
density because it is spatially independent. The second-order
coefficient of the Taylor expansion of Ah,(&,@ave) around & =
0 is related to the cubic elastic constants, H,g, as follows:

Ahl($a¢ave) =--- 4 %(SH“ —+ 6H12)§'2 4+,
Ahy(§,Pave) = "'+%(2H11 —2H12)§‘2+... , 2D
Ah3(§,Pave) = -+ + %(H44)%‘2 4+

where we use the subscript o to denote 11, 12, or 44. We note
that H,g are functions of ¢, which is not explicitly indicated
for brevity. To put the above calculation in the same context
as that in the next section, we note that the method in finding
the elastic constants in Eq. (21) is equivalent to calculating the
second-order partial derivative of the free energy density with
respect to the small deformation parameter,

82 fn(évd’ave))
PFC _
Qo) = 355 (—Vn &

£=0
, (22)

9 ’ ¢ave

and solving for the elastic constants from

QI;FC((ﬁave) = 3I'Ill + 611129
Q5 (puve) = 2H11 — 2Ha, (23)
QgFC(¢ave) = Hyg.

We emphasize that the partial derivatives in Eq. (22) are
performed at constant ¢y, as indicated in the subscript at the
vertical line. We also note that the two procedures described
above are only valid for the density profiles that minimize
(or maximize) the bulk free energy density with respect to
deformations at a constant average number density. For these
density profiles, the first derivative of the free energy density
with respect to a small deformation variable at a constant
average number density is zero. In the context of this work
where the density profiles are described by the one-mode
approximation, the two procedures above are only valid for
the density profiles that minimize 4,,(§,¢.v) With respect to &
at constant ¢,,.. However, in Sec. IV, we will present a more
general procedure to calculate the PFC elastic constants that
applies to a density profile that does not necessarily minimize
h, (§,¢ave) With respect to £ at constant @,ye.

B. TE elastic constants

‘We now propose the alternative procedure for obtaining the
TE elastic constants defined in Eqgs. (16) and (17) from the
PFC free energy. We evaluate the integral similar to that from
Eq. (19), but with a condition that the total number of particles,

NT Z/V(Pone(Ra(ﬁave)dR’ (24)

remains constant during the deformations. This means that the
average density ¢, Will no longer remain constant and we
write

NT _ NT/V — ¢z/1ve , (25)
Vi) Va@®)/V  Ju@)

where J,(§) = V,(£)/V and ¢, is the total number of parti-
cles per undeformed volume. Because the undeformed volume
YV is constant, holding ¢ constant during the deformations is

equivalent to holding Ny constant. The integration of the PFC
free energy with respect to the deformed coordinates is then

FuEpl.) = one | @71 - —>:|d 26
&-Fue) /vn(g)w[d) (oc rJn(S) no (9

QPave = ¢ave,n(§) =
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where we have assumed that F,, is the total Helmholtz free
energy. We then proceed to calculate

Fu(§.bie) ]
1%

£=0
, (27
0'¢c/nve

OrE(¢le) = 8—2[
n ave 8%.2

where we emphasize that F,,(§,¢,,.) is obtained from the de-
formations with constant ¢, .. We note that in the limit of £ =
0, we have V = V and, therefore, .. = ¢,,.. Using the chain

rule, one can write the second derivative with respect to £ as
92 _ 82E,»j 0 0E;; 0Ey 92
082 Q&2 JE;  0E 9 IE; ;OEy

(28)
where the derivative is performed with constant 6 and ¢/..
Using the transformation in Eq. (28) with Eq. (27), one arrives

at a system of equations to solve for the elastic constants Ceg
(see Refs. 26 and 29):

O (¢.,.) = 3C1y +6C1y — 3P,
QE(@le) = 2C11 —2C12 — 2Py, (29)
QgE(¢;ve) = C44 - Pu»

where it is assumed that the material has cubic symmetry and is
under the hydrostatic pressure, P,, of the undeformed state.*!
The elastic constants C,g are functions of ¢/, or, equivalently,
¢Pave because they are evaluated at the undeformed state. The
pressure can be calculated from the isotropic deformation
(n=1)

£=0

(30)

li(fl(é»(pz/we))
Vv

“T T30\ vV

0. Pue

After obtaining C,g, we can simply calculate K,g from
Eq. (18). We emphasize that we do not calculate K,g from
the procedure similar to the one used to obtain C,g because
the procedure will yield values of K,g that are inconsistent
with the definition in Eq. (17). We discuss this issue in
Appendix B.

C. Numerical comparison between PFC and
TE elastic constants

To elucidate the implications of the above analysis, we
proceed to numerically compare the PFC and TE elastic
constants. We use a PFC model for bce Fe since it has been
more extensively studied. There have been two studies of bcc
Fe using the PFC method; one study was performed by Jaatinen
et al.** and the other study was conducted by Wu et al.*> We do
not examine the PFC model from the former study here because
the corresponding free energy is the energy difference from
that of the reference liquid state. As a result, we would need to
consider the quantities pertaining to the reference liquid state,
which is beyond the scope of the present work. On the other
hand, the PFC free energy used by Wu et al.*® (described in
Sec. ITA) is based on a phenomenological model' and can
be considered as the total energy of the system. Therefore
we will use the parametrization of the PFC method presented
in the study by Wu et al.** The values of the PFC fitting
parameters used in this work are as follows:* gy = 2.985 A1,
A =0.291eVA7, e =0.0923, and g, = 9.703 eVA® (see also
Ref. 44).

PHYSICAL REVIEW B 87, 014103 (2013)

Figure 1 shows the plots of the PFC elastic constants,
the TE elastic constants, and the pressure at the undeformed
state as functions of ¢,.; the values of these elastic constants
at the liquid-solid coexistence density (¢ge. = —0.201) are
reported in Table II in rows (i) to (iii). In row (iv), we
tabulate the PFC elastic constants calculated in Ref. 22 for
comparison with those calculated in the present study [row
(1)]. The small differences in values of the two sets of the
elastic constants are due to the slight difference in the values
of g,. The values of the elastic constants calculated from MD
simulations®? are also tabulated in row (v) of Table II. The
procedure for obtaining these MD results is similar to that
used in Ref. 45 to obtain the elastic constants of Ni.*® Lastly,
we find that this parametrization of the PFC method yields the
pressure at the solid-liquid coexistence of P, = 184.5 GPa =
1.821 x 10% atm.

We note that H,g can be directly compared with both Cgg
and K,g only because the density profile used in this work is
constructed so that /1, (£ ,@ay.) is minimized with respect to £ at
constant ¢,y.. This construction makes the values of the PFC
elastic constants, defined by the linear and nonlinear elasticity
theories, identical; this justifies our comparisons between H,g
and C,p and between H,g and K.g. For a general form of
a density profile, however, we can only directly compare the
elastic constants that are defined from the same measure of
deformation; in this work, the measure of deformation is
either the Lagragian strain tensor or the small-strain tensor.
Therefore, in the next section, we will propose a general
procedure for calculating the two sets of PFC elastic constants:
one defined by the linear elasticity theory and the other one
defined by the nonlinear elasticity theory.

By comparing the PFC and TE elastic constants, we find that
the PFC elastic constants, H,g, are equivalent to neither Cyg
nor Kgg; both sets of the TE elastic constants are significantly
larger than H,g, especially for the 11-type constants. Therefore
we find that the PFC and TE elastic constants cannot be
used interchangeably. Consequently, since the thermoelasticity
theory is widely adopted, one should only use the TE elastic
constants to make consistent comparisons of the elastic
constants from the PFC method with those from other theories
such as classical density functional theory,?*>8 Monte Carlo,*
MD,* and ab initio density functional theory.>'3

The reasons for the discrepancies between the PFC and TE
elastic constants can be understood by comparing Egs. (22) and
(27). The first difference is the frame in which the free energy
density is measured. The difference leads to the different
volume that divides the total free energy. The PFC elastic
constants are derived from the free energy per unit deformed
volume, while the TE elastic constants are obtained from the
free energy per unit undeformed volume.

The second difference is whether or not ¢ue or ¢,
is held constant when taking the second derivative of the
free energy density with respect to the small deformation
parameter. The constant-¢,,. condition, which is used to obtain
the PFC elastic constants, causes the number of particles
in the system to change when the volume of the system
is changing during the quasistatic deformations. However,
the constant-¢,,, condition, which is used to obtain the TE
elastic constants, is equivalent to keeping the total number
of particles in the system constant during the deformations.
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FIG. 1. (Color online) The plots of different sets of elastic constants and hydrostatic pressure as functions of ¢, or equivalently ¢
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theory. (d) The hydrostatic pressure of the undeformed state.

Therefore we find that the choices of the frame of reference
and the different constraints imposed upon the quasistatic
deformations contribute to the different values between the
PFC and TE elastic constants.

TABLE II. The elastic constants of bcc Fe at the melting point.
The unit of the elastic constants is GPa. (i) The PFC elastic constants
calculated in this work using slightly different parameters from those
in Ref. 22 (see also Ref. 44). (ii) The TE elastic constants in the
nonlinear elasticity theory. (iii) The TE elastic constants in the linear
elasticity theory. (iv) The PFC elastic constants reported in Ref. 22.
(v) The elastic constants predicted by the MD simulations.?? For (i)

to (iv), the elastic constants are evaluated at ¢,y = —0.201.

Elastic Constants 11-Type 12-Type 44-Type
@) Hyp 89.8 44.9 44.9
(ii) Cyp 542.0 128.1 229.4
(iii) Kap 357.5 128.1 137.2
(iv) PFC-WAK 90.0 45.0 45.0
W) MD 128.0 103.4 63.9

Since H,yp cannot be compared with the elastic constants
calculated using other theories, we will instead compare the
TE elastic constants with those from the MD simulations.?> We
find that the values of 11- and 44-type constants for both Cgg
and K are significantly larger than those of the MD results.
This discrepancy is not unexpected considering the fact that the
model predicts a large pressure at the liquid-solid coexistence
density (1.821 x 10° atm),*’ while the potential in the MD
simulations is constructed so that the predicted pressure is
close to zero to model normal experimental conditions.*®
This indicates that the systems described by the PFC and
MD simulations are in very different thermodynamic states.
Therefore a different set of PFC parameters that yields a
reasonable value of pressure should be obtained to improve
the prediction of the elastic constants.

IV. A GENERAL PROCEDURE TO OBTAIN THE PFC
ELASTIC CONSTANTS

Up to this point, we have introduced the TE elastic constants
defined by the linear and nonlinear elasticity theories, which
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are Cjjiy and K;jy, respectively. However, we have not
specified whether H;jy, is defined by the linear or nonlinear
elasticity theory. As we have mentioned in the previous section,
this specification is not necessary for the particular form of
the density profile used in this work because it minimizes
h,(&,¢ae) With respect to &€ at constant ¢,v.. However, for
a general form of a density profile, we need to be able to
calculate the PFC elastic constants defined by both the linear
and nonlinear elasticity theories. Therefore a more general
procedure than those presented in Sec. III A is needed.

We first propose formal definitions of the PFC elastic
constants from the second derivatives of the free energy
density with respect to the elements of the strain tensors; these
definitions are analogous to how the TE elastic constants are
defined. By considering the procedure in Sec. III A, the two
possible choices are

2 (F
OE;0Ey \V

? (F
Be,jaek, \%

The elastic constants Hifkl (Hfjkl) are analogous to C;jx (Kjju)
in the sense that they are defined by the nonlinear (linear)
elasticity theory.

We then outline the procedure for calculating H 053 and Hgy.
Using a procedure similar to that used to obtain C,g, we can
obtain H,j; from

EHﬁl 31)

0. bave. E;

mn

and

ikt (32)

"
0. Pave €

Q¢ =3H[} + 6H{;, — 3P},
Q¢ =2HE —2HE —2P8, (33)
Q' = Hjy — Pf

u>’

where
£=0

P8 _li(]:](évqbave)) (34)

- Vl (é ) 0, Pave

" 30&
We emphasize that the partial derivative is performed with
constant ¢,.. Finally, similar to how Kz is related to Cyp
from Eq. (18), we can relate Hjg to Hoff8 from the following
relationships:

Pg
HE = H s HE= o HE=HL+ T 03)
When P$ =0, Hoﬁ, = Hg,, which is the case for the choice of

the density profile used in this work. The term Py is analogous
to P, in that it is proportional to the first derivative of the
free energy density with respect to the deformation variable.
However, the deformation process to obtain P; is performed
with constant ¢,y instead of ¢/, .. Furthermore, the free energy
density to obtain P; is measured with respect to the deformed
frame instead of the undeformed frame. For the PFC free
energy and the one-mode approximation given in Eq. (5), the
value of P¢ is equal to zero for all values of ¢,y because the
form of the density profile minimizes %, (£,¢,.) With respect
to £ at constant ¢,,.. However, P§ = 0 does not correspond to
P, = 0 as we have shown in Fig. 1(d).
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V. THERMODYNAMICS OF STRESSED SOLIDS

In this section, we use a thermodynamic formulation to
define the PFC and TE elastic constants in a systematic
manner. We then derive the relationships between the PFC
and TE elastic constants as well as those among other
thermodynamic quantities resulting from Taylor expansions of
thermodynamic energy functions. We discuss the implications
of the relationships among the thermodynamic quantities
and then present numerical verifications of the relationships
between the PFC and TE elastic constants.

A. Formulation

In addition to the thermoelasticity theory,”>~>> we employ

a thermodynamic theory of stressed solids by Larche and
Cahn®*33 that considers the solid as a network of lattices and
allows a description of vacancies. In this work, we consider
only substitutional lattices which can be occupied by atomic
species A and vacancies. The Helmholtz free energy of such a
system can be written in the following form:

FS = FS(Q’NAvaisti)v (36)

where N4 is the number of lattice sites occupied by atomic
species A (not to be confused with the Avogadro’s number),
and the subscript s denotes that the material is a crystalline
solid. The fact that F; depends on only N4 and not the
number of lattice sites occupied by vacancies comes from the
assumption that the total number of lattice sites are conserved
in all thermodynamic states. This assumption applies when
there is no consideration of defects such as surfaces, grain
boundaries, and dislocations that can alter the total number of
lattice sites by acting as sources or sinks of vacancies.>* Again,
since we consider R; as constant, we will omit this dependence
subsequently.

From the form of F;, we now redefine the stress and elastic
constants in Egs. (15)—(17):

.L{ = l—aFS ! :laFS '
i VaE;, 6.5 Ny V 0¢;; e.e,ﬁnqNA’ 37)
R o Ky = - 5[
= s , ikl = — ’
ij VOEijEu g, g ! Y dieitlov, i,

where the subscript N has been replaced by N4 and F has
been replaced by F;.

The next step is to formulate thermodynamic energy
functions that allow different sets of elastic constants to be
defined in a systematic manner. The energy function that can
be used to define Hf,; or Hf, is

_ Fs(evaijva)

8 = v , (38)
where py = N4/ V is the number of the lattice sites occupied
by atomic species A divided by the volume of the deformed
system. On the other hand, the energy function that can be
used to calculate Cjjz; and Ky is

; Fs(e,aij’p,/q)
f&‘ - V 4

where p), = Na/V = Jpa is the number of lattice sites
occupied by atomic species A divided by the volume of the

(39)
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undeformed system. The reason for defining o/, is that the
condition of constant pg is the same as constant N4 because
V is constant.

For completeness, one could define the other two energy
functions:

r_ FS(eva[jva)

g = _ Fs(9,aij,pg)

v . fi= v ; (40
which can be used to define the other two sets of elastic
constants that are different from the PFC and TE elastic
constants. We will not address these additional two sets of
elastic constants in this work.

Regarding the notation, we use the letters g and f to
indicate that the energy functions depend on ps and p},
respectively. The use of a prime in f/, g/, and p/, indicates
that the corresponding variables are quantities per unit volume
of the undeformed system. Without the prime, f, g; and p4
are quantities per unit volume of the deformed system.

Lastly, we define the quantities at the undeformed state as
follows:

6 — 0,,

/ /
aij_)oa IOA_)pAua

(@1
5= fos

prA —> quw &8s = 8su>

/
su*

where g;, =
B. Taylor expansions of energy functions

We are now in the position to define the elastic constants
as well as other thermodynamic quantities from the Taylor
expansions of the energy functions. We expand the energy
functions around the undeformed state with respect to a;; and
pa or p,. For f!, we write the expansion as follows:

[ Busaij Py, + APY)
= fou U A0l + P aij + DI Apyai;
LA Ao+ Ll aian, 42)

where Ap/, = py — p/;,» and

8f/ u
/ 7 , ‘
fvu = fY(eu’O’pAu)7 uvfp - 0 /Y )
La 0,ai;j
TR
T aileg, T 04l g, \ P Lo,
2 ! 2 01 (U
oo S o O )
S 00, 0.aij N daijdai |g g o

The superscript u# denotes that the partial derivatives are
evaluated at the undeformed state, and the superscript fp
denotes that the quantity is obtained from the Taylor expansion
of f,. For the Taylor expansion of g, we write

gs(euaaijap;lu +Apy) = 8su +U§A’0A +P§iaij +D;€] ApAaij
+ A (DAY + 3L aian, (44
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where Apy = pa — p/y,» and

0gs “ 0gs "
8su = 85(0u.0,0),). U = 87; P = e ’
0.a; ij 10,0704
oo 5 | (ags ) ¢ _ azgs !
Y aaij 0,040}, a,OA 6,ay 7 ’ a(pA)2 9*“!’/’
02 “
L8, = —5 . (45)
J ..
Ba,JBakl 6,a%,.04

The superscript g indicates that the corresponding quantity
is from the Taylor expansion of g,. Furthermore, whether a;;
refers to E;; or €; does not affect the values of U, 77,’;
A3, and Dfi, where the superscript x denotes either g or fp.
However, the choice of E;; or €;; affects the values of L},
for a given x. Therefore we define C7;, = Li}y, for a;; = Ejj,
and Iijkl = Ej‘jkl for a;; = €;;. As will be evident later, the
quantities £, are the elastic constants.

We can relate the coefficients of the Taylor expansions
to some of the quantities introduced previously. First, if we
substitute ¢,,. = p4 and F = F; in Egs. (31) and (32), it is
clear from Eq. (45) and the definition of g, in Eq. (38) that

Chw =Hly, and Ky = HS,,. (46)
In other words, the quantities £{, (i.e., C,, and Kf;;,) are the
PFC elastic constants.

Second, we show that ’P,r’;p is equal to the stress tensor
evaluated at the undeformed state by considering Eqgs. (37),
(39), and (43):

u

u _19F,
/ o Vaaij

LR

u
=T},
6,a%,,Na

PP — B_fs’

= 47
= 2a @7)

where we emphasize that constant p’, is identical to constant
N4. However, Pf;- # Tl‘]‘ because the constant-p, condition
does not equal to the constant-N,4 condition and because
gs is the free energy density measured with respect to the
deformed frame whereas f; is the free energy measured with
respect to the undeformed frame. For isotropic pressure at the
undeformed state, or Tl’; = —4;; P,, the rotational invariance
of the free energy requires the quantities P, and D;. to be
represented by scalar matrices (scalar multiples of the identity
matrix) and we denote the value of their diagonal entries to be
‘PS and Dy, respectively.

Third, from Eq. (43) and the definition of f; in Eq. (39),
we can write

fro_
ikl =

a2f | 1 92F, |
O s . 48)

daijdai |g e oV 0aij0au g 4o,

Comparing the above expression to that in Eq. (37), we obtain
Clkr = Ciju, and K[}, = Kyju, (49)

which means that the quantities Efj',’d (i.e., C;;Zl and Ki‘};iz) are
the TE elastic constants.

For a cubic material under isotropic pressure at the
undeformed state, the relationships between C;ﬁ and ICél3 is
analogous to those in Eq. (18):

X

P
X __ X X X _ X X X K
n =K -7y, =Ky, Cu=Ky- B (50)
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where we note that the sign of P is the opposite of the sign of
P,. These relationships are derived from the same procedure
described from Eqs. (A1) to (A6) in Appendix A.

C. Relationships between the coefficients of Taylor expansions

We can now derive the relationships between the coeffi-
cients of the Taylor expansions. In particular, we are interested
in the relationships between Hfﬂ (H(jﬁ) and Cog (Kgp), which
are essentially the relationships between £§§ and [,iﬂ. This
is obtained by substituting ps = p/,/J and g, = f;/J into
Eq. (44), using the following expressions for J:3

J = (1 + e + €)1 + €33) (5D

or

J = V(A +2E1)(1 +2En)(1 + 2E33), (52)

depending on whether E;; or ¢;; is considered. We then expand
the resulting expression around the undeformed state and
equate the coefficients of the Taylor expansion with those from

[EC) N ) Z——C
St i )

= 5007
a
<}
175}
£ 400+
s
W
g
S 3007
.9
2
E 200'
100-\ T T T T
-0.20 -0.15 -0.10 -0.05 0
q)ave
(a)
— BN (7Y F—
R
4004
=
[aW}
S
w
+= 300
g
w)
==}
[}
@]
-2 200
E
58]
1004
-0.20 -0.15 -0.10 -0.05 0
0
(C) ave

FIG. 2. (Color online) The plots of elastic constants as functions of ¢,., or equivalently ¢
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Eq. (42). We obtain the following relationships:
Ur =ut, PP =P —Usply, + g
DIP — D8 — A8py, AP = AS.

When we consider a;; = E;;, we have

(53)

Clt = C}, + A0y, ) — 2D8ply, + 2PE + UEpl, — Saus
ClY = Cfy + A8(0)y, ) — 2D8 ply, + 2PE —US pl, + Zou
(54)
and when g;; = ¢;;, we obtain
K{! = K, + A% (p)y,)? — 2D%ply, + 2P,
KfY = K%, + A8(0y,)* — 2D8 ply, + 2PE —US ), + 8o
(55)

The relationships in Egs. (54) and (55) above not only
facilitate conversions between the PFC and TE elastic con-
stants, but also quantify the difference between the PFC and
TE elastic constants in terms of thermodynamic quantities.

Y/ By 2] o,
i S

200
=
=¥
9 1
@ 1501
= )
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w
=}
o
O )
.o 1001
2 )
=
m
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q)ave
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The elastic constants ;' and K/;' are

’
ave*

calculated from the procedure described in Sec. III B, which is similar to how the TE elastic constants are obtained. The elastic constants ng ?

and ICD{SZ are obtained from Egs. (54) and (55), which in turn employ the values of Cfﬁ and K¢ s calculated from the procedure in Sec. IV.

(7
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These thermodynamic quantities are the coefficients of the
Taylor expansion in Eq. (44), which can be related to
the thermodynamic quantities from the Taylor expansion in
Eq. (42) through the relationships in Eq. (53). For example,
the quantity P¥ in the above equation can be related to P;”,
which is in turn equal to the negative of the pressure evaluated
at the undeformed state (— P,).

The thermodynamic quantities that quantify the difference
between the PFC and TE elastic constants depend on the spe-
cific parametrization of the model and in general are nonzero.
Furthermore, these quantities pertain to the undeformed state
that is characterized by the limit of strain approaching zero (or
the limit of £ approaching zero). Therefore we conclude that
these quantities do not generally vanish at the zero-strain limit,
which also implies that the PFC and TE elastic constants are
not generally identical at this limit.

We now present verifications of Eqgs. (54) and (55) from
numerical calculations. Specifically, we compare the values of
Cofg and K({g calculated from two different procedures. The
first procedure is described in Sec. III B, which is how we
obtained the TE elastic constants. We denote the resulting

quantities cjg ' and Ing '. The second procedure is to use

Egs. (54) and (55), and we denote the resulting values CO’:EZ and

IC('L?Z. To use the second procedure, we calculate Cj; and K,
from the procedure in Sec. IV, which is the general procedure
to calculate the PFC elastic constants. We also need to calculate
the values of P5, D5, Us , A5, g, and p/,, from the following
equations:

£=0

P§ _ lil:fl(gs(ﬁave)} ’ (56)
3 35 Vl (S) 0,Pave

pe_ Lo { d [ﬂ(s,qbave)} } &N

: 385 0, Pave a(bave VI(E) 0, '

3 fn(g,qsave)] §=0

Us = —— | 12 , 58

8 a%[ Va®) e 68
9? ﬂ(&d)ave)} =0

A8 = InS:Pave) 1 59

; a¢>§ve[ Va®) o ©9)

Sou = Fu(E ) F=0, (60)

p;m = ¢ave|5=0 = ¢;ve- (61)

We note that since Cj, and Kj; and the quantities from
Egs. (56) to (60) are evaluated at the undeformed state,
they can be equivalently expressed as functions of ¢, or
¢, Also, Egs. (56) and (57) only apply to the isotropic
deformation (n = 1), whereas Eqs. (58) to (61) is valid for
all types of deformation. We verify that C/7' = C/7* and
c/P' = /P from Figs. 2(a) and 2(b), respectively. We also
show that K{f’l = IC{IP2 and IC{;I = IC{;Z from Figs. 2(c) and
2(d), respectively. These results validate the relationships in
Egs. (54) and (55).

We do not report the relationship between £ and L£,
from the method used to obtain Eqs. (54) and (55) because
the method does not yield a correct result. The reason is
that the definitions of J in Egs. (51) and (52) only apply
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to the deformations where the angles of the cubic unit cell
are not distorted,’® which is apparent from the fact that no
off-diagonal elements of the strain tensors are present in either
Eq. (51) or Eq. (52). Unfortunately, there is no general form
of J in terms of E;; and ¢;; that would apply to all types of
affine deformation. Therefore we can only obtain the correct
relationships for the elastic constants that are defined from
the second derivatives of the diagonal elements of the strain
tensors. We will address this issue in a future work.

VI. SUMMARY

We have investigated the methods for calculating the
isothermal elastic constants using the PFC method and found
that the procedure outlined in Refs. 1, 21, and 22 is not con-
sistent with the definitions from the theory of thermoelasticity
of stressed materials.?>2° The PFC elastic constants (from the
procedure outlined in Refs. 1, 21, and 22) are calculated from
variations in the free energy density associated with various
types of quasistatic deformations at a constant average number
density. In this work, we proposed an alternative procedure
for calculating the elastic constants (termed the TE elastic
constants in this article) that are consistent with the definitions
from the thermoelasticity theory. The TE elastic constants
are calculated from variations in the total free energy per
undeformed volume associated with quasistatic deformations
at a constant number of particles in the system. Comparing
the conventional and the proposed procedures, we found that
the discrepancies between the PFC and TE elastic constants
result from the choices of the frame of reference used to
calculate the free energy density and the different constraints
imposed upon the quasistatic deformations. The numerical
results using an existing PFC model for bec Fe show that the
two procedures can yield significantly different values of the
elastic constants. Therefore the TE elastic constants should be
used when parameterizing the PFC model.

Furthermore, we derived the relationships between the
PFC and the TE elastic constants using the energy func-
tions formulated from the thermodynamic theory of stressed
solids.3*3® These relationships were obtained by performing
Taylor expansions of and changes of variables to the energy
functions. From the relationships, we have quantified the
differences between the PFC and TE elastic constants in
terms of thermodynamic quantities such as the pressure of
the undeformed state.

In the present work, we have only derived the relationships
between the 11- and 12-type constants due to the restriction
in defining a volume ratio as a function of the elements of the
strain tensor. The relationship between the 44-type constants,
as well as general relationships, will be addressed in a future
work.
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APPENDIX A: TAYLOR EXPANSION OF THE
HELMHOLTZ FREE ENERGY

In this section, the Taylor expansion of the Helmholtz free
energy in Eq. (14) is performed in order to derive the definitions
shown in Egs. (15)—(17). The expansion of F(0,E;;,N) with
respect to E;; around the undeformed state gives®’

v
F(0,E;j,N) = F(©,0,N) + VT E;; + EcijklEijEkl +,
(A1)

where Tl‘]‘ and C;jy are the coefficients of expansions written
as

1 oF u
1o (A2)
7 VOEijlgp N

and
ikl — T ’
j VOEjdEu | g N

respectively. These are the definitions in Eqgs. (15) and (16).

From the expansion in Eq. (Al), one can change the
variables from E;; to u;; using Eq. (10), and subsequently
change the variables from u;; to €;; and w;; by using Eq. (13).
The resulting expansion is

F(Q’G[J‘,N) == F(0,0,N)
1
+VT,L; I:Gij + E(emi + Cl)mi)(emj + wm/)j|

+ gcijkleijékl + (A4)
where we omit the higher-order terms in ¢;; and w;; for
brevity, and we also use the symmetric property of ¢;;
and antisymmetric property of w;; to simplify the above
expression. Despite the fact that the above expression contains
both ¢;; and w;;j, the free energy must still be dependent on
only €; and not on w;; due to the requirement that the free
energy be rotationally invariant.”> By rearranging the above
expression and omitting terms with w;;, we obtain

F®.6.N) = F0.0.N) + VTjiey + Ky + -+
(AS)
where
Kijiw = Cijie + 3 (T}t + T8 + T b + Tj”,&‘k). (A6)

For a cubic material under isotropic pressure, P,, where T, =
—P,5;;, Eq. (A6) simplifies to Eq. (18). '
From Eq. (AS5), we can write an alternative definition of Tl;‘,

1 oF |"
E “
and define another set of elastic constants,
Kiju = 1 ) . (A8)
V 0€;j0€y b1 N

These are the definitions in Egs. (15) and (17).
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APPENDIX B: CALCULATIONS OF K,z

In this section, we discuss two issues that arise when the
elastic constants K, are calculated from the procedure similar
to the one used to obtain C,g in Sec. III B. We illustrate the
first issue by using this procedure to calculate K,g. We first
calculate QTE(¢! ) from Eq. (27) and then use the chain rule
to transform the partial derivative as follows:

82 826,‘j 0

86,‘j 86k1 82
dEZ T AE2 deyj

3%' E 36,‘j3€k1 '

B

Using the above equation to transform the partial derivative in
Eq. (27), we obtain

OTE(@l.) = 3K11 + 6K 12 = 3C11 + 6C1p — 3P,
QEE(qﬁ;ve) = 2I(ll - 21(12 = 2C11 - 2C12 — 2Pu,
QSFE(qb;ve) = K44 = Cyy — Py,

where the second equality in each line is taken from Eq. (29)
for comparison. From Eq. (B2), we find that the relationship
between K44 and Cyy is different from that given in Eq. (18),
which indicates that K44 calculated from the procedure above
is inconsistent with the definition given by the thermoelasticity
theory in Eq. (17). The second issue when using the above
procedure to calculate K,z is that the resulting value of K,g
will depend on the choice of deformation, which contradicts
the fact that elastic constants are material properties.

In order to understand the cause of these issues, we first
consider why the procedure from Egs. (26) to (29) can be
used to calculate Cqg. The reason is that the Taylor expansion
of Fn(§,¢.,.) from Eq. (26) with respect to & around the
undeformed state,

(B2)

OFn(§, Pve)

]:" ’z/tve =‘7:"07 e/lve+
(€. Paye) (0,¢4c) 0F .

£

+ L OIE@LIE 83)
is equivalent to the Taylor expansion,
Fa(Eij (). = Fu(0.900) + VT Eij(€)
+ gcijklEij(%_)Ekl(%_) +---, (B4)

for all deformation types up to the second-order terms in &.
This equality is the underlying assumption in Eq. (29) and we
confirm this equality by the fact that we obtain the same values
of C;jy; for all types of deformation.

However, we find that, due to the small-strain approxima-
tion, the expansion in Eq. (B3) is not equivalent to the Taylor
expansion,

fn(fij(é)@;ve) = fn(07¢;ve) + V]}jeij(%_)

+ ;KUMGU(&)EM@) +--,
for all deformation types up to the second-order terms in .
Therefore the equality in Eq. (B2) will not be valid in general,
and we have to instead calculate K from Eq. (18). With this
alternative method, we confirm that the same values of Kqg
are obtained regardless of the choice of deformation types.

(B5)
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