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Recently it has been shown that the fidelity of the ground state of a quantum many-body system can be used to
detect its quantum critical points (QCPs). If g denotes the parameter in the Hamiltonian with respect to which the
fidelity is computed, we find that for one-dimensional models with large but finite size, the fidelity susceptibility
xr can detect a QCP provided that the correlation length exponent satisfies v < 2. We then show that xr can be
used to locate a QCP even if v > 2 if we introduce boundary conditions labeled by a twist angle N6, where N
is the system size. If the QCP lies at g = 0, we find that if N is kept constant, xr has a scaling form given by
XxF ~ 072 f(g/0"")if & « 27 /N. We illustrate this both in a tight-binding model of fermions with a spatially
varying chemical potential with amplitude /# and period 2¢g in which v = ¢, and in a XY spin-1/2 chain in which
v = 2. Finally we show that when ¢ is very large, the model has two additional QCPs at 4 = £2 which cannot be
detected by studying the energy spectrum but are clearly detected by xr. The peak value and width of xr seem
to scale as nontrivial powers of ¢ at these QCPs. We argue that these QCPs mark a transition between extended

and localized states at the Fermi energy.
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I. INTRODUCTION

Quantum phase transitions have been studied extensively
for several years. These are transitions which occur in the
ground state of a many-body quantum system as a parameter
g in the Hamiltonian is varied across a critical value;!™ the
ground state typically has different orders on the two sides
of the critical point. Several measures arising in quantum
information theory, such as entanglement,*® entanglement
entropy,9'10 Loschmidt echo,!! decoherence,'? and quantum
discord'*~!7 have been used to detect the location of a quantum
critical point (QCP). A number of reviews have appeared on the
connections between quantum critical systems and quantum
information theory.'8-2!

The concept of quantum fidelity (F) has proved to be
particularly useful for detecting the locations of QCPs.?*>=37 We
consider a one-dimensional system whose Hamiltonian H(g)
contains a parameter g such that the system is at a QCP when
g = 0. Note that a QCP exists only in the thermodynamic limit
in which the number of sites N — oco. Consider now a system
in which N is finite but large (> 1). Given two ground-state
wave functions |Yo(g + dg/2)) and |Yo(g — dg/2)) at two
values of the parameter which are separated by a small amount
dg (we assume that the ground states are nondegenerate), we
define the fidelity as

F(g.dg) = [(Yo(g + dg/D)po(g —dg/2))|. ey
First-order perturbation theory shows that in the limit dg —

0, F—1—0 as (dg)z. We therefore define the fidelity
susceptibility (FS) as

In F(g,dg)
(dg)?

(Note that our definition of the FS differs by a factor of 2 from
the one given in many other papers.*334) The FS measures how
rapidly the ground state changes with g. It turns out that near
the QCP at g = 0, x shows a large peak even for finite values
of N because there are a large number of very low energy states

xr(g) = dgTO (2)

1098-0121/2012/86(24)/245424(11)

245424-1

PACS number(s): 64.70.Tg, 03.67.—a, 75.10.Jm

which mix with each other in a way which changes rapidly with
g. Thus the FS is able to detect the ground-state singularities
associated with a quantum phase transition without making
explicit reference to an order parameter. In the limit g — 0, it
is found that?>+31-33

xr(g) ~ —Nlg|" 2, A3)

where v is the correlation length exponent at the QCP (namely,
for N — oo, the correlation length & diverges as |g|™" as
g — 0). Equation (3) holds only if v < 2; the divergence in
that expression for small g arises from contributions from
the low-energy (critical) modes. However, if v > 2, Eq. (3) is
no longer useful for finding QCPs because, for small g, the
contributions to xr from high-energy modes are of the same
order as (if v = 2) or dominate over (if v > 2) the terms of
order |g|' 2.

We will show in this paper that even if v > 2, we can use
Xxr to locate a QCP by using twisted boundary conditions
labeled by a twist angle N6 and taking the limit & — 0 in a
particular way. The introduction of 6 allows us to bring the
energy of one particular state arbitrarily close to zero; this
state then contributes a term to yp which scales with 6 as
072/V f(g/6'/"). In the limit of & — 0, a plot of xr versus g
clearly shows the divergence due to §~%/" at g ~ 6'/", thereby
pinpointing the location of the QCP.

The paper is organized as follows. In Sec. IT A, we will
present a simple argument to show that the presence of a twist
angle N6, along with a gap proportional to g”, givesrisetoa x g
which exhibits the above scaling form. In Sec. I B, we indicate
how this result may be generalized to higher dimensions.
In Secs. III A-IIIC, we will illustrate how this works in a
tight-binding model of noninteracting spinless fermions with
a periodic chemical potential with amplitude # and period
2q, where ¢ is an integer. This model has a QCP at h =0
where v = g; it therefore allows us to study the scaling of xr
for different values of v. In Sec. III D, we will illustrate the
scaling of yr with 6 in a spin-1/2 chain which has a QCP with
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v = 2. In Sec. IV, we will consider the case of large values
of ¢ and numerically show that xr has a scaling form near
h = £2 with nontrivial power laws. (This study is motivated
by the observation that the Aubry-Andre model, which has a
quasiperiodic chemical potential, has transition from extended
to localized wave functions at & = £2.) In Sec. V, we will
summarize the results presented in this paper.

II. FIDELITY SUSCEPTIBILITY FOR
A TWO-STATE SYSTEM

In this section we will do a simple calculation to determine
the fidelity of a two-state system. The results obtained here
will be used in the following sections.

A. One-dimensional systems

Consider a two-state problem which is governed by a
Hamiltonian of the form

—uk ag'’

This form is motivated as follows. In later sections we will
consider a one-dimensional model in which +k will denote
the momenta of two states close to zero energy (measured with
respect to the Fermi energy), u will denote the Fermi velocity
obtained by linearizing the dispersion near zero energy, g will
denote a parameter in a many-body Hamiltonian such that the
QCP lies at g = 0, and a is some constant. The form in Eq. (4)
will be taken to be valid only for values of k£ much smaller
than some cutoff, i.e., only for low-energy modes. Since the
eigenvalues of H in Eq. (4) are equal to 4=+/u2k? + a2g2", we
see that the excitation spectrum is given by E = Fuk at the
QCP (which would be consistent with the dynamical critical
exponent of a many-body system being given by z = 1), while
E = g¥ for k = 0 is consistent, for z = 1, with the definition
of the correlation length exponent v.

After finding the ground state |Yy(g)) of H in Eq. (4), we
can compute the FS using Egs. (1) and (2); we find

v? 1
8g2 [ag” /(uk) + uk/(ag")]*’
In the limit K — 0, we see that the FS has the scaling form

xr(g.k) = (uk/a)™" f(a'" g/wk)'"),

V2 1

8x2 (xV + 1/x")%

xr(g.k) = &)

where  f(x) = — (6)
We note that f(x) has asingle peakatx = 0ifv = 1.Ifv > 1,
f(x) has two peaks at x = £[(v — 1)/(v + 1)]"/®"), and goes
to 0 as —(v?/8)x>"~D for x — 0 and as —v?/(8x>“+D) for
X — 00.

Next, let us suppose that we are considering a many-body
system with size N, so that the momenta are quantized as
k =60 + 2an/N, where n runs over all integers, and 6 comes
from a twisted boundary condition to be elaborated in later
sections. The presence of the 2zn/N term implies that we
can take 6 to lie in the range [0,27/N]. If the Hamiltonian
of the system can be decomposed into independent two-state
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systems of the form given in Eq. (4), the FS will be given by
2 e 1

v
xr(g) = T 842 Z T u<<9+2rm/N))2'
n==00 \u(6+2nn/N) ag®

@)

We can now consider the value of x g in various limits.

First, if N is held fixed and we consider a regime in which
ag’.uf < 2mu/N and a'/’g/(u6)" is of order 1, the sum
in Eq. (7) will be dominated by the n = 0 term and we will
obtain the scaling form

xr(g) = Wh/a) " f(a'" g/ w6)'"), ®)

where the function f is given in Eq. (6). Second, if g" <«
2u/N but 6 is of order 27t/ N, then we obtain

(e = e !
8u? = O+ 2mn/N)?
_ N2a2v2g20—D .
3202 sin2 (N6 /2)’

As g — 0, Eq. (9) shows that xr has a finite limit if v = 1 but
itgoesto Oif v > 1. [For the models that we will consider later,
Eq. (4) is not a good approximation for |k| >> g" (high-energy
modes), and the contributions to the FS from such modes
generally approaches a nonzero value as g — 0 as we will
show in Eq. (33) for v > 1.] Finally, if 27 /N « g", the sum
in Eq. (7) can be replaced by an integral over k = 2wn/N; if
we further assume that g¥ < 1, the limits of the integral can
be taken to be oo since the contributions from the regions
with |k| > g" will be negligible. We then obtain

Nv?: [ dk 1
xr(g) =

8¢ J o 27 [ag®/(uk) + uk/(ag"))?
Nv2agv72
= —— 10
32u (10)

[The integral in the above equation only gets substantial
contributions from values of |k| lying around g", i.e., from
low-energy modes. The scaling given in Eq. (10) will therefore
be valid as long as Eq. (4) is a good approximation for such
low-energy modes, even if it fails for high-energy modes.] We
thus see from Eq. (10) that as g — 0, the FS will diverge if
v < 2butnotif v > 2. A plot of the FS versus g will therefore
show a divergence at the QCP (g = 0) only if v < 2, but for
v > 2, the FS will not be useful for finding the location of the
QCP.

We conclude that for a large but finite value of the system
size N, the FS can detect a QCP only if v < 2. Note that this
conclusion would not change if we replaced k and g” by k* and
g%, respectively, in Eq. (4), with a dynamical critical exponent
z which is not equal to 1. The exponent which appears in the
second line in Eq. (10) will be v — 2 regardless of the value
of z.

B. Higher dimensional systems

Although the rest of this paper will be only concerned
with one-dimensional systems, let us briefly discuss what
may happen in higher dimensions. We assume that there is a
d-dimensional system in which the modes with momenta +k
are governed by a Hamiltonian of the form given in Eq. (4),
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where the momentum variable in that equation now stands for
k = |k|. Equations (5) and (6) will continue to hold. Next, let
us impose periodic boundary conditions, with a twist angle 6 in
one of the d dimensions and zero twist angle in the remaining
d — 1 dimensions. To be specific, we assume that we have a
hypercubic lattice system which has N sites in each dimension,
so that the different momenta are quantized as k; = 27n; /N;
the twist shifts the first momentum to k; = 6 + 27n;/N.
Equation (7) then gets modified to

2 o0

v 1
xr(g) = T3 Z o

Ry, ng=—00 (W + %)27

an

d 1/2
K = [(9 +2mny /NY + ) Qan /N)2:| .
i=2
As before, we can now consider what happens in three different
cases.

If N is held fixed, ag”,u < 2mu/N and g/(u6)"" is of
order 1, the sum in Eq. (11) will be dominated by the term in
which n; = 0 for all i. Then we will obtain the scaling form
given in Eq. (8) where the function f is given in Eq. (6). Note
that the scaling form does not depend on the dimensionality
d in this case. Next, if g” <« 27u/N but 6 is of order 2 /N,
then we obtain

szzazgz(u—l)
xr(g) = - E—
ind 1
x . (12)
Z:_Oo (NO +2mn1)2 4+ Y0, 2mn;)?

As g — 0, Eq. (12) has a finite limit (which depends on N0) if
v = 1 but goes to 0 if v > 1. Finally, if 27/N < gV, the sum
in Eq. (11) can be replaced by an integral over k; = 27n; /N,
assuming that g” < 1, the limits of the integral can be taken
to be 2=00. We then obtain

( )__Ndv2/°° dk 1
T8 = "2 | @) [ag JulR) + ulk)/(ag") P
~ —Ndadgd"_z. (13)

(A similar scaling relation was found by adiabatic perturbation
theory.?>3%) As ¢ — 0, Eq. (13) diverges if dv < 2 but not if
dv > 2. A plot of xr therefore diverges at the QCP if dv < 2,
but for dv > 2, xr is not useful for locating the QCP.

III. TIGHT-BINDING MODEL WITH VARIABLE v

We will now study fidelity in a one-dimensional tight-
binding model of spinless fermions in which the exponent
v can take any integer value; this will illustrate many of the
points discussed in Sec. II. In Sec. IIT A, we will discuss the
model and its energy spectrum close to zero energy, while in
Sec. III B, we will examine a number of features related to
fidelity.

A. The model

The model that we are interested in was studied recently
from the point of view of quenching dynamics across a
QCP.%* In this section, we will summarize the relevant
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discussion from Ref. 38. The Hamiltonian is given by

N
H=— Z [J(eigcic,l+1 + ef"gcjlﬂcn)

n=1
+hcos (”q—” + ¢) c,tcn] (14)

where ¢ is a positive integer, N is the system size, and we
have imposed periodic boundary conditions so that cy 4+ = c;.
(We will set the hopping amplitude J, % and the lattice
spacing a equal to unity.) Note that one can perform a
unitary transformation on the c,,, namely, ¢, — e¢~"Y¢,, which
removes the phase 6 from all the hopping terms except for the
hopping between the sites at N and 1 where the phase becomes
eTNY; this is called a twisted boundary condition, with N6
being the twist angle. We can assume that 0 < N6 < 2,
namely, that 6 lies in the range [0,27r /N]. The usual periodic
boundary condition corresponds to & = 0. The period of the
chemical potential in Eq. (14) is 2q, and we will assume that N
is amultiple of 2g. A chemical potential of this form appears in
the Azbel-Hofstadter model.**! Since shifting n — n + 1 in
Eq. (14)is equivalent to shifting ¢ — ¢ + /g, we can assume
without loss of generality that ¢ lies in the range [0,7/¢].

The fermionic operators can be Fourier transformed to the
momentum basis,

N
1 ik
= — E cpe (15)
‘ [anl

where the momentum k goes from —m to m in units of
2n/N; these operators satisfy the anticommutation rules

{ck,c,t,} = 0. In momentum space, the first two terms of
the Hamiltonian in Eq. (14) have the tight-binding form

Hy=— Y 2cosk +6)cjer. (16)

k=—m

For the last term in Eq. (14), we use the decomposition
h cos (7‘[_]’! + 45) — %(ei(ml/f/-ﬂlﬁ) + e—i(ﬂn/q+¢))‘ (17)
q

Hence this term couples two fermionic modes with momenta k;
and k; if k; = ky &= /q. This fragments the total Hamiltonian
H into N /(2q) decoupled Hamiltonians H; which are labeled
by amomentum k lying in the range —m to —m + 7 /q; namely,

—n+mn/q

H = Z H,. (18)

k=—m

For each k, H; can be written as a (2¢)-dimensional matrix
involving the momenta k + rm/q, wherer = 1,2, ...,2q. The
matrix elements of Hj are given by

(k +rm/q|Hilk + s7/q)
= —2cos(k + 0 + s /q)d, s
— (h/2)(€8, 541 + €78, 51), (19)
where 1 < r,s < 2¢q, and we have set J = 1. In writing
Eq. (19), we have assumed “periodic boundary conditions”

for the matrix Hy, so that » = 0 and 2¢g 4+ 1 mean r = 2¢g and
1, respectively.
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Before proceeding further, let us point out an interesting
consequence of the decoupling of H into a sum of H; and
then a duality symmetry.*>* Suppose that the system has a
parameter 6 and N = 2gr sites, where r is a positive integer.
Since the momentum £ is quantized in units of 27 /N, and only
momenta differing by integer multiples of 7 /g are coupled to
each other, the form of Hy in Eq. (19) implies that this system
is exactly equivalent to a sum of r different systems, which
have N’ = 24 sites each but have r different values of 6’ given
by 0,0 +27/(2qr),0 + 47 /(2qr), ...,0 +2(r — 1) /(2qr).
Therefore, instead of studying a system with 2gr sites and one
particular value of 6, we can study a system with only 2¢g sites
but several values of 8. Next, we observe that if N = 2¢g, the
Hamiltonians in real and momentum space, Eqs. (14) and (19),
get mapped into each other if we simultaneously interchange
J < h/2 and 6 < ¢; here we have used the fact that a shift
in ¢ or 0 by n/q = 2m /N has no effect on the spectrum. In
particular, the model in Eq. (14) is self-dual if J = k/2 and
0 =¢.

For each of the Hamiltonians Hy in Eq. (19), the 2¢g energy
levels come in g pairs £E. This can be shown by shifting
s — s + g which flips the sign of the first term in Eq. (19),
and changing the sign of the state corresponding to s by
(—1)* which flips the sign of the terms proportional to % in
that equation. Assuming that there are no states at exactly
zero energy, we see that the ground state of each Hy is one in
which the g negative energy states are filled and the g positive
energy states are empty; thus the ground state is half-filled for
each H;.

It will soon become clear that the model defined above
has a QCP at h = 0. We therefore use perturbation theory
to study the region near h = 0.% [We will set # =0 in
Egs. (20)—(23); this is a reasonable approximation if N is
large since we always take 0 < 6 < 27/N.] We will be
particularly interested in states near zero energy which will
contribute the most to the FS. Since the system is at half
filling, these states lie near the momenta k = Lkp, where
the Fermi momentum kr = 7 /2. If the amplitude 2 of the
chemical potential is zero, the system is gapless and the states
at k = +m/2 are degenerate with each other. Assuming that
h is small compared to the bandwidth of 4J, we can use
a perturbative expansion in % to calculate the breaking of
this degeneracy. The regions near k = —n/2 and k = 7/2
regions are coupled through one series of intermediate states
lying at k = —n/2+4+7m/q, —7n/2+4+27/q,..., T/2 —7/q
(with an amplitude equal to —he'? at each step), and through
another series of intermediate states lyingatk = —w /2 — w/q,
—n/2—-2n/q, ..., /2 + m/q (with an amplitude equal
to —he™'® at each step). Each of these series consists of
g — 1 intermediate states. At the gth order in perturbation
theory, we therefore obtain an effective Hamiltonian Heg
which has a matrix element between the states at k = £ /2
given by

A = (/2| Heft| — 70/2) = (—7/2|Hege| 7w /2)*
_ (=h /2yl
12 2cos(=m/2 4 sm/q)]
(—h/2)teia®
172112 cos(—m/2 — st /)]

(20)
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where the denominators come from factors like E_;/; —
E_;)2457/g = 2co8(—m/2 + Esmw/q) corresponding to the
energies in the unperturbed Hamiltonian in Eq. (16). Sim-
plifying Eq. (20) gives

el 4 (—1)1"1e"i99

A=(=Dh/2)! ——— . (21
[T 2 sin(rs /q))
Hence the magnitude of A is given by
hi
Al = —— '_‘ios(q‘/’)' if g is odd,
4971 T2, sin(res /q)
h i
[sin(g9)| if giseven. (22)

47T sinGs /)

We see that ¢ governs the relative phase between the two sets
of intermediate states which connect the states at k = +m /2.
We will assume that ¢ is such that cos(g¢) # 0if ¢ is odd, and
sin(q¢) # 0 if g is even; if these conditions are violated, we
would have to go to higher order perturbation theory to find a
nonzero matrix element connecting the states at k = £ /2.

We can now consider moving slightly away from k =
=47 /2; then the unperturbed energies of the states k = —m /2 +
k’ and 7 /2 + k' are given by —2k’ and 2k’, respectively. The
effective Hamiltonian describing these two states is then given
by the 2 x 2 matrix

=2k"  A*
Hefp o = ( A 2k’) ,

where we assume that A continues to be given by the
expression in Eq. (21) because k' is small. The eigenvalues
of (23) are given by ++/4k”2 + |A|?; this is the dispersion of
a massive relativistic particle whose velocity is equal to the
Fermi velocity u = 2 and mass is proportional to |A| ~ h?
times cos(g¢) or sin(q¢).

Hence, 4 = 0 corresponds to a QCP where the mass gap
vanishes. Given that the energy vanishes as |k’| if & = 0 and as
h? if k¥’ = 0, the dynamical critical exponent and correlation
length exponent are given by z = 1 and v = ¢, respectively.
The correlation length exponent v thus depends in a simple
way on the periodicity of the chemical potential.

Comparing Eq. (4) with Egs. (22) and (23), we identify g =
h, u = 2, and the constant a is given by

(23)

1
a= e q|jos.(q¢)| if ¢ isodd,
Hs:l Sln(ﬂS/CI)
1 | sin(g )|

if g iseven. 24)

47T sinGrs /q)

To summarize, we began with a model whose Hamiltonian
in momentum space consists of a sum of (2¢g)-dimensional
Hamiltonians. Close to the QCP which lies at 7 = 0, we used
perturbation theory to write an effective two-state Hamiltonian
which governs pairs of low-energy states, i.e., states close to
the Fermi energy. In the next section, we will use the results
obtained in Sec. IT A for the FS of two-state systems to obtain
the FS of our model.
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B. Fidelity susceptibility for various v

We begin this section by describing how the FS can be
numerically calculated for the model presented in Sec. III A.
As we have seen, the Hamiltonian decouples into N/(2q)
Hamiltonians Hy. If we can compute the fidelity Fy(h,dh) =
[{Wo.x(h 4 dh)|yo 1 (h))| for each of the Hy, the total fidelity
of the system will be given by the product

—n+7n/q

Q) Fi(h.dh). (25)

k=—m

F(h,dh) =

Next, we know that the ground state is half filled for each of the
H; for every value of . Let v; x(h) denote the first quantized
wave functions of the filled statesi (i = 1,2, ...,q);eachofthe
V¥, x(h) denotes a (2q)-dimensional column which is the space
on which H; acts. Let ;. k(h) denote the rth component of
Yixth)(r =1,2,...,2¢q),and cr « denote the second quantized
creation operator for the fermion corresponding to the rth
component. Then the ith filled state can be written in second

quantized form as 1/A/lT ((W)|vac), where

NOE Z Vira(h)el,,

r=1 (26)

2q
> Ul sk,

r=1

Vix(h) =

and |vac) denotes the vacuum state of the fermions: ¢, x[vac) =
0 for all r and k. The half-filled ground state is therefore given
by the second quantized expression

q

® U (W) |vac). (27)

We can now use Wick’s theorem?? to show that

q
(vac| @) Vi x(h + dh/2)

i=I

Fu(h,dh) =

q

Q) v, (h — dh/2)|vac)

(28)

is given by the magnitude of the determinant of a ¢-
dimensional matrix My (h,dh),

Fi(h,dh) = | det[M(h,dh)]|,
(Mi(h.dh)yj = (vac| b + dh /2 (h — dh/2)lvac)
2q
= Z wi’,‘r,k(h +dh/2)Y; 1 (h —dh/2).
r=1

(29)

Thus the computation of the total fidelity F reduces to finding
the determinants of the matrices M and then multiplying the
determinants over N/(2q) values of k. The FS is then found
as

In F(h,dh)

xr(h) = Jim = (30)
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O o=
2

4t

8+

w

= -10r
12}
14}
-161

-18}

-20
—4

FIG. 1. (Color online) Plot of x versus i forg = 1,¢ =0 (red
solid), ¢ = 2,¢ = /4 (black dashed), g = 3,¢ = 0 (blue dotted),
and g = 4,¢ = /8 (magenta plus), with N =240 and 0 = 7w /N.

We can now use the results obtained in Sec. II to understand
various properties of the FS of the model discussed in
Sec. IIl A; we have seen that v = ¢ for this model. Further,
the parameters in Eq. (4) are given by ¢ = h, u = 2, and a is
given in Eq. (24). If 2n /N « h9 < 1, the FS should indicate
the location of the QCP if ¢ = 1, but notif ¢ > 2.

Figure 1 confirms the above statement for ¢ = 1,2,3, and
4, N =240, and ¢ = r/N. For each value of ¢ in that figure,
we have chosen ¢ so as to maximize the gap |A| which is
proportional to cos(g¢) (sin(g¢)) for g odd (even). At h = 0,
there is a large peak in —xr for ¢ = 1, but not for ¢ = 2,3,
and 4. For g = 1, the peak value of — x is found to be 450 at
h = 0 which lies far outside the range of Fig. 1; we note that
this peak value is consistent with Eq. (9) since v =1,a = 1,
and the Fermi velocity is u = 2.

In producing Fig. 1, we have chosen N to be a multiple
of 4 and 6 = /N for the following reason. As discussed in
Eqg. (23), the momentum k introduced in Sec. Il is actually the
deviation from the momenta + /2 for the model discussed in
Sec. IIT A. To prevent the expression in Eq. (9) from diverging
in our model, we must ensure that &7 /2 4+ 0 + 27n/N does
not vanish for any value of n. This will be true if N is a
multiple of 4 and 6 = w/N. (Alternatively, we could have
chosen N — 2 to be a multiple of 4 and § = 0.)

We observe in Fig. 1 that y r isnotzeroath = Oforg = 2,3,
and 4, in contrast to the result in Eq. (9). We can analytically
compute xr(h = 0) by using the following result from first-
order perturbation theory. If H(A) = Hy + AV is a many-body
Hamiltonian with eigenvalues E,(A) and eigenstates v, (1),
where @ = 0 denotes the ground state, then the FS is given by

(Y o)) I
xr(A) = : (€29}
T2 ; [Ea(h) — Eo(M)?
We now apply this result to our model. At 7 =0 and
0 =m/N, the ground state of the total system is

one in which the N/2 one-particles states with k =
—n/2,—n/2+2n/N,...,n/2 —2n/N are filled and the
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remaining N /2 states are empty. Next, ath = dh, the change in
the ground state to first order in d/ is given by a state in which
a fermion has moved from a filled state at k to an empty state at
k — m/q if k lies in the range [—7 /2, — /2 4 7 /q], or from
k to k + m/q if k lies in the range [7/2 — 7 /q,m/2]. Using
Egs. (29) and (30), we find that the FS at iz = 0 is given by

xr(h =0)
—/2+m/q 1
=- Y 5. (32)
b2 16[cos(k + 6) — cos(k — w/q + 6)]

where k goes in steps of 2/ N, and we have used the fact that
the contribution to x from the range [—7/2, — n/2 4+ 7 /q]
is equal to the contribution from the range [7/2 — 7 /q,7/2].
For large N, we can change the summation in Eq. (32) to an
integral [y, — [ dk(N/27)] and ignore 6 to obtain

N

xr(h =0) = —W-

(33)
Note that this result does not depend on the phase ¢ in
Eq. (14). For N =240 and ¢ =2.,3, and 4, this gives
xr(h =0) =~ 2.39, 2,76, and 3.38, respectively, which agree
well with the values shown in Fig. 1.

Finally we note in Fig. 1 that the FS for ¢ = 2,3, and 4 has
a double-peak structure; however, these peaks are unrelated to
the QCP at & = 0. We notice that as g increases, these peaks
move towards 7 = £2. We will see in Sec. IV that in the limit
g — 00, there are QCPs at 4 = %2 in addition to the QCP at
h = 0, and the double peaks are an indication of those QCPs.

C. Scaling of fidelity susceptibility with 0

In this section, we will show that by varying 6, we can
locate the QCP at & = 0 even for g > 2. Further, the scaling
of the FS with respect to 6 allows us to find the value of the
critical exponent v. At the end we will also discuss the scaling
of the FS with ¢.

-15r-

X

—20f !

-25

FIG. 2. (Color online) Plot of xr versus h for g =2,¢ = /4
(black dashed), ¢ = 3,¢ =0 (blue dotted), and g = 4,¢ = /8
(magenta plus), with N = 240 and 6 = 0.001.
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FIG. 3. (Color online) Plot of x 6 versus #/6'/? for § = 0.0004
(black dashed), & = 0.0002 (blue dotted), and & = 0.0001 (magenta
plus), withg =2, N = 240, and ¢ = /4.

In Fig. 2, we show the FS for ¢ = 2,3, and 4, N = 240, and
6 = 0.001, which is much smaller than the value of 6 = /N
chosen in Fig. 1; the values of ¢ chosen for each g are the
same as in Fig. 1. We now see that additional double peaks
have appeared in the different curves which lie much closer
to h = 0, with the peak values decreasing and their distances
from h = 0 increasing as g increases. We will now see that
these new peaks are related to the QCP at 4 = 0 and that their
peak values and positions scale in accordance with Eq. (8); as
0 — 0, the locations of the peaks approach the QCP.

In Fig. 3, we show xz0%9 versus h/8'4 for q =2,
N = 240,and ¢ = /4, with6 = 0.0004,0.0002, and 0.0001.
We see that the three curves fall on top of each other, thus
confirming the scaling form given in Eq. (8). In Fig. 4, we
show XFGZ/‘J versus h/@l/q for g =3, N =240, and ¢ =0,
with & = 0.0001,0.00003, and 0.00001. Once again the curves
fall on top of each other.
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FIG. 4. (Color online) Plot of xz0** versus h/0'* for 6 =

0.0001 (black dashed), & = 0.00003 (blue dotted), and 6 = 0.00001
(magenta plus), withg = 3, N = 240, and ¢ = 0.
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FIG. 5. (Color online) Plot of x 6 versus i/6'/? for ¢ = 0 (black
dashed), ¢ = /8 (blue dotted), and ¢ = /4 (magenta plus), with
qg =2, N =240, and 6 = 0.0004.

The values of 8 in Figs. 3 and 4 indicate that as g increases
from 2 to 3, we have to go to smaller values of 6 to see
the scaling form. The reason for this is as follows. We saw
below Eq. (6) that the peak in the FS occurs at g/(u)"/4 =
[(g — 1)/(g + 1]"/?D when g¢,0 <« 2mu/N. In our model,
g = h,u = 2,and a is given in Eq. (24). Putting these together,
we find that the peak occurs at @ = (v/3/8)h> for ¢ = 2 and at
6 = (v/2/24)h? for ¢ = 3. We thus see that for a small value
of h, 6 is smaller for ¢ = 3 compared to ¢ = 2. For & = 0.1,
for instance, the peak lies at 6 ~ 0.0022 for ¢ =2 and at
6 ~ 0.000059 for g = 3.

It is interesting to consider the dependence of the FS on the
phase ¢. At h = 0, we saw that xr is given by Eq. (33) and is
independent of ¢. But x does depend on ¢ away from & = 0.
Figure 5 shows x 6 versus h/8'/? for ¢ =2, N = 240, and
6 = 0.0004, with ¢ = 0,7/8, and 7 /4. The three curves look
quite different; in fact, the curve for ¢ = 0 hardly changes with
h/6'/? within the range shown in the figure. Note that ¢ = 0
is the value at which the perturbatively calculated gap A given
by Eq. (22) vanishes for ¢ = 2 and is therefore independent
of h within the perturbative range. Hence xr is essentially
independent of & and is simply given by its value at 2 = 0 if
¢ = 0. Using Eqgs. (6) and (24), we find that for g = v = 2,
xr0 should be a function of A|sin(2¢)|'/2/6'/2. In Fig. 6,
we show 6 versus h|sin(2¢)|'/2/01/? for g = 2, N = 240,
and 8 = 0.0001, with ¢ = w/16,7/8, and /4. We see that
the three curves fall on top of each other thus confirming
the presence of the factor of |sin(2¢)|'/? in the scaling
function.

D. Fidelity susceptibility in another model with v = 2

It turns out that there is another model in one dimension
which has QCPs with v = 2. This is an anisotropic spin-1/2
XY spin chain in which the strength of a transverse field
alternates between i + 8 and i — § at odd and even sites.”>>°
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FIG. 6. (Color online) Plot of x 8 versus 4| sin(2¢)|'/?/0'/? for
¢ = m/16 (black dashed), ¢ = 7/8 (blue dotted), and ¢ = /4
(magenta plus), with ¢ =2, N = 240, and 6 = 0.0001.

The Hamiltonian of the model is given by

H=— Z [W(ajo,ﬁ_l +0)0,.)
¥ x - [h — (=1)"8]
e 020, o) + = o]

(34)

The spectrum of this model can be solved by carrying out
the Jordan-Wigner transformation from spin-1/2’s to spinless
fermions at each site. (The system then decouples into a num-
ber of four-dimensional subsystems. We will not present the
details here and refer the reader to Refs. 53 and 54.) Defining
Jy+Jy,=J and J, — J, =y, we find that the model has
four quantum critical lines given by § = 4./h% + y2 and
h=++/624+J2 If § = +y is held fixed, there are QCPs
at h =0 which lie on the critical lines § = +./h? + y2.
Alternatively, if » = £J is held fixed, there are QCPs at § = 0
which lie on the critical lines h = /8% + J2. All these QCPs
havez =1and v = 2.

We have numerically studied the FS of this model after
introducing a twist 6 in the Jordan-Wigner fermionic Hamil-
tonian. Holding J = 2,y = 1, and h = 2 fixed, we varied § to
go through the QCP lying at § = 0. Figure 7 shows the scaling
of xr0 versus §/6'/2 for N = 240 and 8 = 0.0004, 0.0002,
and 0.0001. The scaling near the QCP at § = 0 is very similar
to what is seen in Fig. 3, just as one would expect from Eq. (8)
for a system with v = 2. This model therefore confirms that
the introduction of a twist angle can enable the FS to detect a
QCP with v = 2.

IV. FIDELITY SUSCEPTIBILITY FOR VERY
LONG PERIODS

If the quantity n /g in Eq. (14) is replaced by 7 times
an irrational number (which can be approximated by rational
numbers with increasingly large denominators), we obtain a
quasiperiodic system.**#83%31 Tt is known that such a system
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FIG. 7. (Color online) Plot of x50 versus 8/6'/> for & = 0.0004
(black dashed), & = 0.0002 (blue dotted), and & = 0.0001 (magenta
plus) for the anisotropic spin-1/2 chain with N = 240.

has a metal-insulator transition at 2 = £2; the nature of the
eigenstate at zero energy changes from extended (metallic) to
localized (insulating) on crossing these QCPs.*34659-31 The FS
has been used to detect QCPs in quasiperiodic systems
well as in disordered systems.>®
In this section, we will study the FS of the model defined
in Eq. (14) as g becomes very large. In that limit, we find
numerically that the FS has increasingly large peaks at h =
+2; we have seen precursors of these peaks in Fig. 1 for
g = 2,3, and 4. As far as we know, these QCPs have not been
reported earlier. Our results indicate that the metal-insulator
transition also seems to occur in our model, although 1/q
approaches zero rather than an irrational number as g — oo.
In Fig. 8, we show the FS for ¢ = 120,240, and 480, with
N =2g,0 =n/N,and ¢ = /N ineach case. (Since N must
be a multiple of 2¢q and ¢ is quite large, we are only presenting
the results for N = 2g here. However, we have checked for
g = 60 that our results do not change if we take N to be a

57 as

= T T T
T, T

-

W

T

WY

o°or

FIG. 8. (Color online) Plot of xr versus h for ¢ = 120 (black
dashed), g = 240 (blue dotted), and g = 480 (magenta solid), with
N =2q,0 =n/N,and ¢ = /N in each case.
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FIG. 9. (Color online) Log-log plot of the peak value (blue solid,
y axis on left) and the full width at half maximum (red dashed, y axis
on right) versus ¢ for the peak in xr at h = 2.

higher multiple of 2¢g. Further, we have fixed the values of
6 and ¢ in terms of N, and will not study here how the FS
varies with them.) We observe prominent peaks in the FS at
h = £2. Figure 9 shows a log-log plot of the peak value and
the full width at half maximum versus g for the peak in xr

at h = 2, for a range of values of ¢ from 30 to 2280. We find
that the peak value of xp scales as g2 while the full width

at half maximum scales as 1/¢%7°. In Fig. 10, we show the

scaling near h = 2 by plotting xr/q>>° versus (h — 2)q""°

for g = 120,240, and 480; the curves fall on top of each other.
Interestingly, we see that the curves are somewhat asymmetric
about h = 2.

We have also studied the energy gap and the nature of the
wave function at zero energy, i.e., the Fermi energy. Upon
extrapolating to the thermodynamic limit N — oo, we find
that the gap is zero even if we are away from h = £2;
hence these QCPs are different from the ones discussed in
the earlier sections where the gap scales as |h — h.|" and
is therefore nonzero for h # h. even if N — oo (here h,
denotes the location of the QCP). The QCPs at & = £2 are

not characterized by the gap going to zero but rather by a
change in the nature of the wave function at zero energy.

5 10 20

0
(h—2) q 0.70

FIG. 10. (Color online) Plot of xy/q>* versus (h —2)q*7"°
for ¢ = 120 (black dashed), ¢ = 240 (blue dotted), and g = 480
(magenta solid), with N = 2¢g,6 = /N, and ¢ = /N in each case.
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We can understand why the behavior of the system changes
at h = £2 by using a continuum theory to study the properties
of Eq. (14) for a state whose energy lies at zero, i.e., at the Fermi
energy. (We will assume here that the limit N — oo has been
taken.) A continuum theory is justified if g is very large since
the chemical potential then varies on a length scale which is
much longer than the lattice spacing a. We can remove the twist
angle A, by performing the phase transformation ¢, — e¢~"?¢c,
in Eq. (14), if we are only interested in the behavior of a state
in a local region of the system. Setting J = 1, the equation of
motion following from Eq. (14) is

_(CnJrl +cn1) — h cos <@ + ¢) ¢ = Ecy (3%
q

for a state with energy E. If ¢, varies slowly with n, we can
write 2¢, — Cp1 — Cn1 = —d?c(x)/dx?, where x = na (we
will set @ = 1). Assuming h > 0, we redefine n as n — nyg
where ny is an integer chosen in such a way that wng/q + ¢ is
as close to 7 as possible; hence —h cos(wng/q + ¢) is close
to its maximum value of 4. (We can choose ng in an infinite
number of ways; the various choices differ from each other by
multiples of 2¢.) We then find that Eq. (35) can be written as
a differential equation for c(x),

d2
__C+ heos (Z2) =2 ¢ = Ee. (36)
dx? q

Equation (36) describes a particle moving in a periodic
potential whose maximum value is 4 — 2. The potential has an
infinite number of wells, each extending from ng to ny + 24.
If h <2, a state with E = 0 lies above the maximum of
the potential; in that case the particle can move classically
between the different wells, and the wave function will be
extended throughout the system. If & > 2, a particle with
E =0 is classically confined to one particular well of the
periodic potential and can only go to other wells by quantum
mechanical tunneling. If 4 is slightly greater than 2, a WKB
approximation shows that the tunneling probability between
two neighboring wells is proportional to exp[—(h — 2)gq]. If
(h —2)g > 1, the tunneling probability is extremely small,
and the wave function is localized within a single well. We
thus see that in the limit ¢ — oo, & = 2 marks a transition
between extended and localized wave functions for the state
with zero energy.

V. CONCLUSIONS

To summarize, we have shown that in a one-dimensional
model which has a QCP with a correlation length exponent
v > 2, the introduction of a twist angle 6 enables us to use
the fidelity susceptibility to determine the location of the QCP.
Namely, if the Hamiltonian has a parameter g such that the
QCP lies at g = 0, the twist allows us to bring the energy of
a particular state close to zero. If 0 < 27 /N, the FS scales as
xF ~ 07" f(g/0'") which makes the QCP clearly visible if
X is plotted versus g. A twisted boundary condition therefore
provides a powerful tool for locating a QCP which may be
difficult to find in any other way. We have argued that this
technique may also be useful for finding QCPs in higher
dimensional models.

PHYSICAL REVIEW B 86, 245424 (2012)

The specific model that we have used to demonstrate this
idea is a tight-binding model of spinless fermions with a
periodic chemical potential with amplitude # and period 24,
where ¢ is an integer. We have studied in detail the QCP
lying at i = 0; at this point, the dynamical critical exponent is
given by z = 1 while v = ¢. This makes this model specially
useful for testing what happens for different values of v.
We have shown analytically, using perturbation theory about
h =0 and the decoupling of the system into a number of
(2g)-dimensional subsystems, that the fidelity susceptibility
scales as xp ~ 072V f(h/0'/") if 0 is sufficiently small; we
have verified this scaling numerically for small values of g.
Although we have not presented the details here, we have
confirmed that a similar scaling relation holds in another model
which has QCPs with v = 2. This is an anisotropic spin-1,/2
XY chain with transverse fields which has alternating strengths
on odd and even sites.

In the last part of the paper, we have considered what
happens in our model when ¢ becomes very large. We find
that some additional QCPs appear at & = £2 in that limit, and
the FS is clearly able to detect these QCPs. To the best of our
knowledge, these QCPs have not been reported before. We
have studied the power laws associated with the peak value
and the width of the FS as a function of ¢; we find nontrivial
powers of 2.25 for the peak value and 0.70 for the width. The
energy gap between the ground state and the first excited state
is zero in the thermodynamic limit N — oo over a finite range
of values of & around these QCPs. This makes it difficult to
define the exponent v at these QCPs (unlike the QCP lying at
h = 0 where we know that v = ¢). Using a continuum theory,
we have argued that these QCPs are characterized by a change
in the nature of the wave function of a particle at the Fermi
energy from extended to localized. In the future it would be
interesting to develop a more detailed understanding of these
QCPs which may shed some light on the nontrivial power laws
that we have found.

The analysis in this paper is expected to be valid for
any one-dimensional system which reduces to a theory of
noninteracting fermions in the low-energy limit, i.e., close
to the Fermi energy. Near a QCP with z = 1 and an arbitrary
value of the correlation length exponent v, the modes near
the critical momenta (= £ /2 for a half-filled system) can be
described by 2 x 2 Hamiltonians as in Egs. (4) and (23). From
this we can deduce the scaling of the fidelity susceptibility
with g and 6. We also argued at the end of Sec. Il A that the
analysis can be generalized to the case of z not equal to 1 and
in Sec. II B to theories of noninteracting fermions in higher
dimensions.

The case of interacting systems is more complicated. In one
dimension, such systems are typically described by Tomonaga-
Luttinger liquid theory which has z = 1. In a recent paper,’?
some of us studied quenching in an interacting system which is
closely related to the model considered in this paper. We argued
there that the effect of interactions is to change the value of v
from g to ¢ /(2 — K) where the parameter K depends on the
strength of the interactions, provided that K lies in the range
1/2 < K < 2. (A noninteracting system has K = 1, and we
then recover the result v = g.) We expect that a similar result
would hold for the fidelity susceptibility of interacting systems;
this may be an interesting question for future investigation.
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Finally, we note that the twisted boundary condition has
been introduced in this paper as a mathematical device to
produce a nontrivial scaling of the fidelity susceptibility which
can provide information about the value of v. However, such a
boundary condition also admits an interesting physical inter-
pretation. A one-dimensional system with periodic boundary
conditions is the same as a circle. Imposing twisted boundary
conditions in such a system is equivalent to assigning a charge
to the particles and passing a magnetic flux through the middle
of the circle so that the Aharonov-Bohm phase (the product

PHYSICAL REVIEW B 86, 245424 (2012)

of the charge and the magnetic flux in some appropriate units)
is equal to the twist angle NO. By introducing a twist we are
therefore effectively studying the effect of a magnetic flux
on the fidelity susceptibility of a system of charged particles
moving on a circle.
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