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Geometrical pumping in quantum transport: Quantum master equation approach
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For an open quantum system, we investigate the pumped current induced by a slow modulation of control
parameters on the basis of the quantum master equation and full counting statistics. We find that the average and
the cumulant generating function of the pumped quantity are characterized by the geometrical Berry-phase-like
quantities in the parameter space, which is associated with the generator of the master equation. From our
formulation, we can discuss the geometrical pumping under the control of the chemical potentials and temperatures
of reservoirs. We demonstrate the formulation by spinless electrons in coupled quantum dots. We show that the
geometrical pumping is prohibited for the case of noninteracting electrons if we modulate only temperatures
and chemical potentials of reservoirs, while the geometrical pumping occurs in the presence of an interaction

between electrons.
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I. INTRODUCTION

When a quantum system is slowly and periodically modu-
lated by two or more control parameters such as gate voltages,
a net number of particles can be transported per period of the
modulation even in the absence of dc driving force (e.g., bias
voltage). This phenomenon is known as an adiabatic pumping.
The adiabatic pumping has received much attention because
of its possibilities for quantized charge transport,'~!! spin
pumping,'>~'® and qubit manipulation,'” which are difficult
to achieve in conventional stationary transport. The original
idea of the adiabatic pumping was proposed by Thouless,'
where a pumped current of a closed quantum system is related
to the Berry phase?” of the ground state of the Hamiltonian.'~

Since then, the idea of the adiabatic pumping has been
applied to mesoscopic quantum systems. Experimentally, the
pumping in the Coulomb blockade regime*®!821:22 and in
open quantum systems’*?* has been developed. Theoreti-
cally, the formulation based on the time-dependent scattering
theory® has been established.”!%12:13:26-33 According to this
formulation, the average pumped current can be expressed
by the Berry phase associated with the scattering matrix.>’
The cumulant generating function of the pumped current
can also be described by geometrical quantities.'® For this
reason, the adiabatic pumping is referred to as the geometrical
pumping. This scattering matrix approach is applicable to
systems where the interaction can be neglected or treated in
the mean-field level. A recent theoretical interest in this field
is to understand the effects of interaction in the system on the
adiabatic pumping,'!-14-17:19:34-47

Similar phenomena have been studied in stochastic systems
described by the classical master equation,*®>® which is
referred to as the adiabatic stochastic pumping. The pumped
current in the classical stochastic pumping has also geometrical
properties; the cumulant generating function of the pumped
current is expressed by a Berry-phase-like quantity that is as-
sociated with the generator of the classical master equation. We
shall refer to this quantity as the Berry-Sinitsyn-Nemenman
(BSN) phase.>!?

1098-0121/2012/86(23)/235308(10)

235308-1

PACS number(s): 05.60.Gg, 72.10.Bg, 73.23.—b, 73.63.Kv

There have also been several works on the adiabatic
pumping for quantum open systems described by the quantum
master equation (QME).'#16:1944-47 Although the results for
pumped charge or spin in specific models were provided
in those works, the geometrical formulas for the adiabatic
pumping described by QME have not been discussed so far.

In this paper, we investigate the quantum adiabatic pumping
on the basis of QME, and derive general formulas of the
cumulant generating function and average of the pumped
quantity. These formulas are geometrical and expressed by
a quantum analogy of the BSN phase which is associated
with the generator of the QME. In the QME approach, we
can treat interaction between particles beyond the mean-field
level in any of perturbative, nonperturbative, or exact methods,
depending on the model and analysis. In any methods, we can
apply these formulas as long as we employ the QME, since
our theoretical framework is independent of the details of the
system. Therefore these are useful for analyzing a variety of
applications of the adiabatic pumping such as a qubit rotation
in quantum dots'® and a spin pumping.'#'® We note that the
QME approach is also suitable to analyze systems that include
dissipations and decoherences. '’

This paper is organized as follows. In Sec. I A, the QME
approach for an open system is described. The full counting
statistics in the QME approach is discussed in Sec. II B.
For the adiabatic pumping, the geometrical formulas (BSN
phase expressions) for the cumulant generating function and
average of the pumped quantity are derived in Sec. II C. In
this formulation, the temperatures and chemical potentials of
reservoirs are parts of the control parameters. This is in contrast
to most of the conventional studies on the adiabatic pumping,
where only the parameters in the system Hamiltonian or in
the coupling with the reservoirs are considered (for scattering
matrix approach in the presence of ac voltage, see Ref. 33).
In Sec. I1I, we demonstrate our theory by the spinless electron
transport in quantum dot systems. For noninteracting cases
with (Sec. III A) and without (Sec. III B) the rotating wave
approximation (RWA), we find that no geometrical pumping
occurs if we control only the temperatures and chemical
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potentials of reservoirs. In contrast, the geometrical pumping
occurs for an interacting electron system even when we control
only the reservoir parameters (Sec. III C). Section IV is devoted
to the discussion and conclusion. In Appendix A, we describe
the details of the QME in the framework of the full counting
statistics. In Appendix B, we show the detailed derivation
of the result for the noninteracting case with the RWA. In
Appendix C, we verify the equivalence between without and
within the RWA concerning the unit-time generating function
of the current between the system and reservoirs in a steady
state. In Appendix D, we investigate the consistency of the
results calculated in our scheme with the results in Ref. 16.

II. GENERAL RESULTS
A. Setup

We consider a quantum system S that is weakly coupled
to reservoirs {R,}, where b is an index of reservoirs (see
Fig. 1 for a schematic). The total Hamiltonian of the coupled
system is I:Ilot = I:Is + Zb(ﬁb + I:ISb), where FIS is the system
Hamiltonian, fI;, is the Hamiltonian of the bth reservoir Ry,
and Hs,, is the interaction Hamiltonian between S and Ry,. If the
interaction between the system S and the reservoirs is weak,
the dynamics of S can be described by a QME for the reduced
density matrix of S, which is denoted as p. Suppose that the
initial state of the system S is decoupled with the reservoirs.
Then, up to the second order in the system-reservoir coupling
(Born approximation) with the Markov approximation,>® the
QME for the system S reads

dp(r)
=Kp@), 1
7 o) (1)
where
1 .
Kp= —[Hs,p Dyp,
p ih[ s,0]+Z b0

b

2
1 o0 N .«
Dyp = —77/ dt'Try[Hsp,[Hsp(—1"),p @ ppl].
0

Here the symbol “~” stands for the interaction picture with
respect to ﬁs +) b 1-7;,, Tr;, represents the trace over the bth
reservoir, and gy, = e Pr(H=18) /7, is the grand-canonical
distribution with the inverse temperature §;, chemical potential
s, and particle number operator N, of the bth reservoir. The
time-evolution generator K of the QME depends on several
parameters: the system parameters in Hs and Hs, such as the
energy levels of quantum dots and the tunnel barriers between
them, and the reservoir parameters {8} and {1,}. We write
the set of these parameters as . The right eigenvalue equation

- /
Vo

Reservoir L System S Reservoir R
FIG. 1. (Color online) Illustration of our setup with two reservoirs

(L and R).
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for KC is written as

K pn(e) = 1y (0t) o (), 3

where A,(o) is an eigenvalue of /C, n is a label of the
eigenvalues, and f, (o) is the corresponding right eigenvector.

By introducing the Hilbert-Schmidt inner product of linear
operators A and B of the system S as Trs(A B), where Trs is
the trace over S, we define the adjoint /C' of the QME generator
such that Trs[(KTA)f B] = Trs(ATK B) holds for any A, B.We
then have the left eigenvalue equation for K:

K'2,(@) = 15 (@), (a), (4)

where £,(et) is the left eigenvector corresponding to the
eigenvalue A, (). In the following, we assume that /C has the
zero eigenvalue Ay = 0 without degeneracy, so that gy = 0
and K¢y = 0 hold. This implies that the QME has a unique
steady solution pgo(e) for fixed . We note that Po(e) =1
(identity operator) holds for any a.

B. Full counting statistics

We consider the statistics of a quantity Ag transferred from
the reservoirs to the system S during a time interval 7. The
measurement scheme of Agq is as follows. First, at 1 = 0 we
perform a projection measurement of a reservoir variable Q
to obtain a measurement outcome gy. We assume [Q,Nb] =0
and [Q,H,] = 0 for any b. For t > 0, the system S undergoes
the time evolution with interacting with the reservoirs. At
t = T we again perform a projection measurement of O to
obtain another measurement outcome ¢.. Then Agq is defined
as Aq = g — qo.

The cumulant generating function of the statistics is
given by S;(x) =In [ P.(Aq)e'**1dAq, where P.(Aq) is
the probability of Ag during 7. x is called the counting
field, and the derivatives of S;(x) give the cumulantsA of
P.(Aq); e.g., (Ag): = 30S5:(x)/9( x)|y=0. Note that if Q is
the bth reservoir’s particle number N, (Hamiltonian H,), then
(Aq). /7 is the average of the particle (energy) current from
the bth reservoir into the system S.

For calculating S;(x), we employ a method developed in
the context of the full counting statistics.* In this method
S7(x) is obtained from the solution of the modified equation
of motion which is governed by the x -dependent Hamiltonian.
In the QME approach, this reads S;(x) = In Trsp*(t), where
0% (1) is a solution of the generalized QME (GQME):

dpr(y .
= Kb o). ®)

Here the modified generator KC, is given by

1 .
K, p* = —[Hs,p" DIp*,
x P ih[ S, 0 ]+Xb: b P
. ©)
Dp=o / Ty Hsp [ Hsp(—1), ® Pyl 1
0

where [0, P], = OXP — PO~ and 0% = e~ X012 eix0/2,
See Appendix A for details.

We denote the left and right eigenvectors of C, (for fixed
o) corresponding to the eigenvalue A () as £ () and p (ax),
respectively. They are normalized as Trs(£%! 5}) = Spn. We
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assign the label for the eigenvalue with maximum real part
to n = 0. Then p*(t) ~ &M for large 7, which results in
lim; .o Sz (x)/T = A{. Thus A{(«) is the unit-time cumulant
generating function of the steady state for fixed o.%" Note that
if we set x = 0, the GQME reduces to the original QME, and
€% and pf to £y = 1 and the steady state fo, respectively.

C. Geometrical pumping

We slowly modulate the parameters & along a curve C in
the parameter space during a time interval t. If the system is
in the instantaneous steady state for the value of a, at each
time ¢ in the whole of the process, the cumulant generating
function for Ag for this process is equal to the time integral
of the unit-time cumulant generating function )»6‘ (a;) of the
instantaneous steady state. In general, however, there exists an
additional (pumped) contribution:

S.(0) = /0 A (@) + S (0). ™)

We call the latter contribution the excess part. The excess part
is intrinsic in the transitions between the steady states, and is
of our interest.

We here derive the geometrical expression of the excess
part of the generating function by using the method similar to
those in Refs. 51 and 61. First, to solve the GQME for a given
curve C of a, we expand p* () as

PE) =D en()e™ W pk (o), ®)

where A (t) Efot dt'A¥(et,). Inserting this equation into
Eq. (5) and taking the Hilbert-Schmidt inner product with
£} («t;), we obtain

)- )

AX
dc:{)t(l) _ ; ey ()M O=AEO Ty (eéT(at)dp*;E“f)

Now we assume the adiabatic condition; i.e., the modulation
of the parameters « is sufficiently slower than all the
characteristic time scales of the system S. In many cases,
the relaxation time t,x, which is determined by the coupling
with the reservoirs, is the longest time scale of S, so that the
adiabatic condition should read (modulation time scale) > t,x.
[We will numerically confirm the necessity of this condition in
Fig. 2(d).] Under this condition, we can approximate the sum
on the right-hand side of Eq. (9) by the contribution only from
the term with n = 0. By solving this adiabatic approximation
equation we obtain

co(t) = co(0) exp [ - /CTrs(fST(d)dﬁg(a))} (10)

where dpf (o) = da - 9p{ ()/dx. If the initial state of the
system S is the steady state with g, p*(0) = po(etp), then
co(0) = Trg [lﬁgf(ao)ﬁo(ao)]. We again use the adiabatic ap-
proximation to obtain

PA(T) = co(r)e™ @ pl(ar)

= MO pl (e, )Trs (£ (o) po(eto))

X exp[— /CTrs(fg)‘T(a)dﬁg(u))}. (11)
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Thus we obtain the excess cumulant generating function
SZ(x) = S:(x) — Aé (t) for the slow modulation:

S = — /C Trs (85 (@)d p (@) + In Trs (85 (eto) ol eto)

+ InTrspf (o). (12)

This implies that ST*(x ) depends not on time t but only on the
curve C along which the parameters are varied. The right-hand
side of Eq. (12) is analogous to the Berry phase in quantum
mechanics, where £, and p, are both replaced by the eigen
wave function of the Schrodinger equation. We also note that
A{(7) corresponds to the dynamical phase.

By differentiating Eq. (12) with respect to i x, we obtain a
geometrical expression of the average excess in the quantity
Ag:

(Ag) = — / Trs(ég(m@(a)) cde,  (13)
C da
where £ = 80} /3(i x)|,=o- Equations (12) and (13) are re-
garded as quantum versions of the Berry-Sinitsyn-Nemenman
(BSN) phases for the cumulant generating function and
average, respectively, in slow parametric modulation.’'->® We
denote the integrand in Eq. (13) as
Ae) = Trs (é;j (oc)%(oc)) (14)
do
and refer to as the BSN vector potential for the average excess
quantity.

Equality (13) implies that a finite net quantity of Ag can be
transferred to the system S for a slow cyclic modulation of the
parameters (i.e., for the case where the curve C is a closed loop)
even if there is no dc driving force such as temperature and
chemical potential differences. This is an adiabatic pumping.
For a cyclic process, by the Stokes theorem, Eq. (13) is
rewritten as
> %Fama”do{m Aday,, (15)

m,n

(Aq)7 = —
Se

where A is the wedge product, S¢ is a surface enclosed by C,
and

Y N VA 8/30> a6

F, =Tr —
Uy S < o, 0o, 0w, 0aly,

We refer to Eq. (16) as the BSN curvature for average pumped
quantity.

For some cyclic processes, the excess (pumped) quantity
(Aq)3" vanishes. A sufficient condition for the “no-pumping”
is that F,, o, = 0 holds in S¢ for all («,,,o,). We note that if
the whole of a curve C (not necessarily closed) lies in a region
of the no-pumping condition, then the average excess quantity
does not depend on the whole of C but depends on only the
initial and final points of C.

III. APPLICATION TO SPINLESS ELECTRON
TRANSPORT IN QUANTUM DOT

In this section, we apply the general framework obtained
in the previous section to the transport of spinless electrons in
systems of coupled quantum dots with single levels which
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are connected to two electron reservoirs (b = L,R). The
assumption of spinless electrons can be employed at least in the
following two cases. One is that the intradot electron-electron
interaction is quite large, so that each dot is at most singly
occupied. In this case, if the system S and the reservoirs are
spin-rotationally invariant, the spin degrees of freedom are
irrelevant. The other case is that a strong magnetic field is
applied to the dots, so that the Zeeman energy of the electron
spin is sufficiently large. In this case, since only the lower
energy spin state for each dot is at most occupied and only
the lower energy states are involved in the dynamics, the spin
degrees of freedom is effectively negligible.

We assume that the reservoir Hamiltonian is given by
I-?b = Zk thkélkébk. Here 712y, is the kth mode energy of the
electron in the bth reservoir, and ézk (Cpr) s the corresponding
creation (annihilation) operator, which satisfies {é;k,ébrk/} =
Sex S and {&),.2h,} = {Cor.Eyu} = 0. We here take the
quantity to be counted as the electron number transferred from
the reservoir L to the system S;ie., 0 = Ny =Y, 6TLk€Lk.

A. Noninteracting electron model with RWA

First we consider a model of noninteracting spinless
electrons in a series of N single-level quantum dots coupled
to two reservoirs (b = L,R). The Hamiltonian of the system S
in this model is

std +Z(v,,/dd +H.c.), A7)

i’

where ¢; is the level energy of the ith dot, dj (d;) is the creation
(annihilation) operator of the electron in the ith dot, and v;;s
is the transfer probability amplitude between the ith and i’th
dots. Note that we can use this Hamiltonian also for many-level
quantum dots (with no electron-electron interaction) if we add
the label of the intradot level to the label i of the dot site,
since it is always possible to rearrange the pairs of the labels
of the site and level to be a single label. Therefore we can
also apply the results in this subsection to the noninteracting
electron system in a series of the many-level quantum dots.
This Hamiltonian can be diagonalized by a unitary trans-

formation as Hg = Zj hwj&;&j. Here Ziw; is the jth mode

energy of the electron in the system S, and fzj. (a;) is the
corresponding creation (annihilation) operator of the electron,
which satisfies the canonical antlcommutatlon relations of
the fermion: {a ,aj} =46 and {a }_{a],aj}_O The
coupling Hamlltoman between the system S and the bth
reservoir is given by Hg, = Zj’k Vbjk&}@bk + H.c.

To derive the GQME for this system we use the Born (up
to the second order in ﬁSb) and the Markov ::1pproximations.59
Furthermore, we adopt the RWA, which is a coarse graining
of the time evolution on the time scale longer than that of the
system evolution without the coupling with the reservoirs.>*
For x = 0 the RWA leads a Lindblad form of the QME and
guarantees the complete positivity of the time evolution. We
carry out the RWA by averaging over the rapidly oscillating
terms in the Born-Markov GQME in the interaction picture
(see Appendix A for details). Then we obtain the generator
Ky of the GQME in the form of K, =3, K, ;. Here the
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GQME generator K, ; for the jth mode is given by®

a

Ky.ip

%[ha)ja aj + HLamb ,5]
—2¢70a;pat}
+(Dbj(wj){aj :0+:OaJAT' _zeleATM })’ (18)

Zh{\ll (w; )a

Hamlltoman,

where ALam = — W (wpajaty/2n is the
Lamb Shlft CD ](a)) =27 Y, Vi *8(w —
Qi) fbi(a)) is the power spectrum of the bth reser-
voir, Wy (@) = P [* (de'/m) P () /(@ — w),and x =
xr = 0. Here, P means the principal value, fb (w)y=1/(1+
e Pro=1)y is the Fermi distribution function with 8, i, and
fp () =1~ f,,+(w). The control parameters & in this model
can be both the system parameters, i.e., the levels {¢;} of the
dots and the transfer {v;;:} between the dots, and the reservoir
parameters {fp, ip}-

In this model within the RWA, we analytically obtain the
BSN vector potential (see Appendix B for the derivation):

e CHR NS th(wj)fb+(a)j)>
A(“)_Z Ti(w)) 8a< T'(w;) - 19

where Tj(@;) =Y, Tpj(w;), and Tpj(w)) = &y (w;) +
<I>;j (w;) is the spectral function of the bth reservoir. We can
also calculate the BSN curvature as

_ZL<FLJ(@/)> 9 (Zbrbj(wj)fb+(w.f))
o F 80ém Fj(a)j) 30[,1 Fj(a)j) '

(20)

F O p

From Eq. (20), we find that no net excess number of electrons
flow per cycle if only the reservoir parameters (8L, 4L, Br, UR)
are modulated with the system parameters fixed. This
is because the spectral function is written as I'yj(w;) =
27 3, | Vijr|*8(@; — Q) so that T ;/T; in Eq. (20) is
independent of (BL,uL,Br,Mr), and that Eq. (19) can be
written as the gradient of a scalar function of (8L, ur,Br,UR)-
We note that this result is characteristic of fermion systems.
Indeed, in a model of a single two-level system connected
to two bosonic heat reservoirs, there exists heat pumping by
cyclic modulations of the temperatures of the two reservoirs.>
This difference between the results for the fermion and boson
reservoirs comes from the particle statistics, which leads that
(ctc + ccty, is independent of (dependent on) the reservoir
parameters for fermion (boson) reservoir. Because <I>b+j and @,

are respectively proportional to (cc);, and (cc'),, the particle
statistics determines whether I'y; = <I>;jj + ®,; depends on the
reservoir parameters.

Before closing this subsection, we make a remark on the
validity of the RWA on the transport systems. The GQME
gives the same result either with or without the RWA, as far as
the transport between the system and the reservoirs is studied,
whereas it is known that the internal current in the system
vanishes in nonequilibrium steady states under the RWA.? In
Appendix C, we analytically show that the unit-time cumulant
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FIG. 2. (Color online) (a) Quantum double dot coupled to
reservoirs. (b) Excess electron transfer (Ag)S* when the reservoir
parameters S, up, and ug are slowly varied along the curves (A,
B, and C) shown in the inset, where Sr and the system parameters
are fixed (Bg = 1 K71, 6y = &, = 0.5 meV, and v = 0.2 meV). The
initial values of the parameters are A" = 1 K~! and pi" = piii =
0.2 meV. The dependence on the final value pf" is plotted, where

in — gint and ufi" = win. The calculations are performed by RWA
and NonRWA1. (c) BSN curvature F; ., as a function of &, and
&, calculated by NonRWAI1. The reservoir parameters are set to
B =Pr =1K" and u; = ur =0.2meV. (d) Excess electron
transfer (Ag);: for a cyclic process along the circle depicted in
(c). The horizontal axis is the period 7, of the cyclic process. The
calculations are performed by RWA, NonRWA1, and NonRWA2. The
results by NonRWA?2 are plotted for various values of the amplitude
I" of the reservoir spectral function, while it is fixed to 0.001 meV for
the other methods.

generating function AJ(a) of the quantity transferred from
the reservoirs to the system in the steady state for fixed o«
is equivalent between the GQMEs within and without the
RWA. We also confirm numerically that the results of the
adiabatic pumping within the RWA quantitatively agree with
those without the RWA in the next subsection.

B. Noninteracting electron in double quantum
dot without RWA

Next we consider a noninteracting double quantum dot
system coupled to two reservoirs, as illustrated in Fig. 2(a)
(the transfer probability amplitude between the dot 1 and
2 is denoted by v). Here we assume the wide band limit,
I'yj(w) = I'j, = const. (b = L,R), and the symmetric coupling,
I', = I'r = I'. In this subsection we use three different meth-
ods for calculating (Ag)$* under modulations of the control
parameters of the model. In the first method (denoted by RWA),
we apply our results within the RWA [Egs. (19) and (20)].
In the second one (denoted by NonRWA1), we numerically
solve the eigenvalue problem of the GQME generator C,
without RWA, and use the geometrical formula (13). In the
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third method (denoted by NonRWA?2), we numerically solve
the time evolution differential equation of the GQME without
RWA, and use S;(x) = Trsp* (7).

In Fig. 2(b), we plot the excess electron number (Ag)$*
transferred from the reservoir L to the system for noncyclic
modulations of fi,ur, and ur along the curves illustrated in
the inset of Fig. 2(b). We plot the dependence of (Ag)S* on
the final value of the right reservoir chemical potential pf"
of the modulations. We see that all the results agree within
the numerical precision. This implies that the no-pumping
condition described below Eq. (20) within the RWA still holds
without the RWA. We have also confirmed that the absolute
value of the BSN curvature computed without the RWA is less
than 107 in the space of the reservoir parameters, which is
zero within the numerical precision.

In Fig. 2(c), we plot the BSN curvature F;, ., calculated
by the method of NonRWAI as a function of ¢; and &,. We
see that the curvature takes the nonzero values in this case.
Therefore we have a finite geometrical pumping for the slow
periodic modulation of the dot levels (system parameters). We
note that this result of the BSN curvature also agrees with
the RWA result given by Eq. (20), although not shown in the
figure.

We also calculate (Ag)7* for the cyclic process depicted in
Fig. 2(c). InFig. 2(d), we plot (Ag)7" calculated by NonRWA2
as a function of the cycle period 7, for various values of the
amplitude I' of the spectral function. We see that for large
7. the asymptotic results by NonRWA?2 agree with the results
by RWA and NonRWAI1. This supports the validity of the
adiabatic approximation used in deriving Eq. (13) for slow
modulations. We also see that the characteristic time for the
validity of the adiabatic approximation becomes shorter as I'
increases. This implies that 7. > 14x =/ " is the adiabatic
condition, as is mentioned below Eq. (9) in the previous
section.

We note that all the results by RWA and NonRWA1 agree
with each other not only qualitatively but also quantitatively.
This implies that the rotating wave approximation is valid in
discussing transport between the system and the reservoirs
under slow modulations of the parameters.

C. Interacting electron model

We next consider an interacting spinless electron system
in a double quantum dot. As is mentioned at the beginning
of this section, we can use the single-level dot model under
certain conditions. Even in this case, the interdot interaction
exists, and in some situations (e.g., short interdot distance) it
is not negligible. We here consider such a situation, where the
system Hamiltonian is given by
I:Is = Z 8,'6?;6;',' + U(C?Ié?z + dAgdAl) + UcileAldjdAg (21)

i=1,2

In this model, an electron in one dot interacts with an electron
in the other dot. We investigate the excess electron transfer
(Aq)7 under the modulation of the chemical potentials (ur
and pg). We also assume the wide band limit and symmetric
coupling: I'y;(w) = I' (b = L,R). This model is essentially the
same as that considered in Sec. III of Ref. 16. In Appendix D,
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FIG. 3. (Color online) (a)-(c) BSN curvature F, ,. for the
interacting electron system in the double dot, as a function of
pL and ur. The interaction strength is U = 0.25 meV for (a),
U = 0.5 meV for(b),and U = 1.0 meV for (c). The other parameters
are f=Pr=1K ', g, =6 =05meV,v=02meV, and I =
0.001 meV. (d) Positions of the peaks of the BSN curvature, as
a function of U. The position (u"", uy ") of the positive peak
with uf™ > uf™ and that ("%, ug®") of the negative peaks with
Ui E > g are shown. The solid lines are iw, + U and hiwp + U,
and the dashed lines are the mode energies, hiw, and hwp, of
the system Hamiltonian (hws > hwp). (e) Excess electron transfer
(Aq)3: for cyclic processes along the circles (1 and 2) depicted in (c).
The horizontal axis is the interaction strength U. The direction of the

cycle 2 is opposite to that of the cycle 1.

we will check the consistency of the results calculated in our
scheme with the results in Ref. 16.

In Figs. 3(a)-3(c), we plot the BSN curvature F, ,. for
various values of the interaction strength U obtained from
the numerical diagonalization method without the RWA. We
find that there exist two positive and two negative peaks.
In Fig. 3(d), we plot the position of one of the positive
peaks and that of one of the negative peaks. We see that
the positions of the negative peaks move as U increases,
whereas those of the positive ones do not. Moreover we find
that these peak positions are located around at the energies
necessary to add one electron; the positions of the positive
peaks are (ur,ur) = (iwa,hwp) and (hwp,hwys), and those
of the negative ones are (up,ur) = (hwa + U,hwp 4+ U) and
(hwp + U,hws + U), where the mode energies are given by
hwa p = (1/2){e1 + &2 £ /(&1 — €2)? + 4v2} (the subscripts
A and B stand for the antibonding and bonding modes,
respectively). This implies that the positive and negative peaks
merge for the noninteracting system (U = 0), and thus the
curvature F,, ,. becomes zero in (x4, (ir) sSpace to achieve the
no-pumping condition mentioned below Eq. (20). This result
also implies that, for U > 0, an adiabatic pumping can occur
even if only the reservoir parameters are modulated.

Indeed, Fig. 3(e) shows the U dependence of the excess
electron transfer (Ag)7* for cyclic processes [cycle 1 and 2
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depicted in Fig. 3(c)], where (Ag)7* is nonzero for U > 0.
Note that the direction of the cycle 2 is opposite to that of
the cycle 1. We observe that (Ag)$* for the cycle 1 becomes
a constant for U 2 1 meV. In contrast, (Ag)$* for the cycle
2 has a peak at U ~ 0.5 meV and becomes nearly zero for
U 2 1 meV. These results are consistent with the behaviors
of the peak positions of the BSN curvature F,, ,, shown in
Figs. 3(a)-3(c) and 3(d): As U increases, the positive peak
positions of F,, ,. stay around the location of the cycle 1
whereas the negative peak positions of F), ,. pass across the
location of the cycle 2.

Qualitatively, these results are understood as follows.
The pumped current resonantly flows when the chemical
potential of the reservoirs agrees with the energy necessary
to add (or remove) one electron.’> In the present model,
these energies are hiwp for the transition |0) <> |B), hiwy
for |0) < |A), hwp + U for |A) <> |D), and hwy + U for
|B) <> |D). Here |0), |A), |B), and | D) are the eigenstates of
Hs (the empty, antibonding, bonding, and doubly occupied
states, respectively). The transitions |0) <> |B) and |A) <
|D) (or |0) <> |A) and |B) <> | D)) have oppositely directed
contribution to the pumping. For U = 0, since these two
resonant points locate at the same position, the contribution
from these two cancels out. The interdot interaction breaks this
degeneracy of the resonant points; for U # 0, the locations
of the resonant points separate and thus nonzero pumped
current can flow. The nonmonotonic behavior for the cycle
2 in Fig. 3(e) can be also understood as follows. In the smaller
U region, the resonant points come into the cycle 2 as U
increases, which results in the increase of (Ag)?* in this region.
In the larger U region, on the other hand, the resonant points go
out of the cycle 2 as U increases, which results in the decrease
of (Ag)$ in this region.

LHUR

IV. DISCUSSION AND CONCLUSION

By using a QME approach, we have derived a geometrical
expressions of the cumulant generating function and average
of the pumped (excess) quantity transferred from reservoirs
to the system under slow modulation of control parameters,
where the BSN phases, vector potential, and curvature of the
QME play crucial roles.

For noninteracting electrons in quantum dot systems, there
is no pumped current when only the temperatures and chemical
potentials of the reservoirs are modulated. In contrast, for an
interacting system, the pumped current can be observed even in
this situation. We note that the modulations of only the chemi-
cal potentials of the reservoirs are required for the pumping (in
the interacting system). This has an advantage for the control of
the pumping in experiments, since the modulation of chemical
potential is easier than that of the temperatures. As shown in
Fig. 3(e), for a cyclic modulation of the chemical potentials,
the pumped current depends not only on the difference of the
chemical potentials but also on their average. This implies
that the average number of electrons in the system S is
important for the pumping. For example, when we modulate
the chemical potentials as py (1) = ¢ + frag cOs(2t/7,) and
UR() = e + Praa SIN2rt /T,), 1 affects the quantity of the
pumping. This fact may be applicable for switching the
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pumping by the change of . or the electron density, which
can be controlled by a gate voltage.

Since we have employed the method of the full counting
statistics, we can also calculate the fluctuation (noise) of
the pumped quantity. It is a future issue to analyze the
detailed properties of the fluctuation in the adiabatic pumping.
Although we have applied our formulation only to the
examples of spinless systems in this paper, we can apply
it also to the QME description of spin pumping.'*+'3 It is
also interesting to investigate the relation between the present
geometrical expression of the adiabatic pumping based on
the QME and the conventional geometrical expressions based
on the scattering theory,”*?27 and to clarify the condition
for quantized charge pumping (topological effect) as in the
case of the classical master equation.”’>® The investigations
of nonadiabatic pumping, non-Markovian situation, and spin
effect are also future issues. For example, it is important to
consider the electron system with spin in a single dot with the
on-site Hubbard Hamiltonian (Anderson model),3>37434¢ and
to compare with our results of the spinless case.%
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APPENDIX A: GENERALIZED QUANTUM MASTER
EQUATION WITHOUT AND WITHIN THE RWA

We here derive the concrete form of the GQME (5) and
(6) without and within the RWA. We start from the total
Hamiltonian (system plus reservoirs) given as

Ao =Hs+ Y Hy,+u)_ Hs. (A1)
b b
|

d 1) = [b? Axt]—
E/O() E 5,07 (1)

b wswg

lxq(wg)( T(ws) AX(I)&((DG) + a (wﬂ) AX(I)A(H)S))} + q) (a)s){AT(ws) (wg) AX(t) + p\x (t)c/\lT(wg) A (ws)

_ eflxq(ws)( 5(@s) o (t)al](ws) +a A(“’G) AX(t)aT(ws))} + l‘lf+(a)s){

+i0 (@ 0] —a ™ p (r)A““’S)

2 A ~ NEY)
+il, (g 0] - aJ,,”“pX(r)afs

where we used

© ! it . P
dt'e' =nd(w)+i—.
0 w

Here, q(£21) = qpi, and
¥, (w) =

B (w) = 2ZP|ka| fbk

(“’s)AX(Z)AT(wS)}_i_l\I, (a) ){

AT(wg) A ~
+ai|;,ws pX(t)al-(:)S)}],

Z 21 8(Q2pr — @) Vir |2 [,
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Here, for simplicity, we assume that the reservoir Hamilto-
nian Hj and the coupling Hamiltonian Hs;, between the system
and the reservoir are respectively written as

Ay =" hQuchln, (A2)
k

Hgp, = Z(ka&};ébk + Vi, Cpp)s (A3)
k

where @; is a single-particle mode annihilation operator in the
system S, i, is the index of the system mode that couples
to the bth reservoir, and ¢, is the kth mode annihilation
operator in the bth reservoir. We denote the eigenenergy of the
system Hamiltonian Hs as E,, and the corresponding energy
eigenstate as |E,). We also assume that all the eigenenergies
of Hs are nondegenerate. We consider the quantity Q =
Dok qhkézkéhk to be counted, and define the current of O
from the reservoirs to the system S as positive.

For the derivation of the GQME, it is convenient to
introduce the eigenoperators® from @;,:

4" = " |E, — hos)(E, — hos|ay, | Ex)(Ey|. (A4)

E

al = 3" |E, + has)(E, +hos|a) |E)(E.|. (AS)
Ey
Then the modified coupling Hamiltonian in the interaction
picture is written as

HEL (1) = e7x 0P o=t/ [y (st i ix 012
— Z Z Vird] (‘“S)@bkelXLIhk/Zei(ws—Qbk)t

V* A(ws) z 71X4bk/26*"(w579”")t). (A6)

We assume that the 1n1t1a1 state of the total system is written
as Oio(0) = Po ® Pres, Where py is an initi;ll state of the system
S, Bres = ®, p, and PP = e PrtHo=1oNo) /7, is the grand-
canonical state of the bth reservoir. Then substituting Eq. (A6)
into Eq. (5), we obtain the GQME

Y Y (G al P @) + il

lb

A(ws) (“’9) AX(I)_’_pX(t)A(‘US)AI(wﬁ)}

b

A]L(ws) (ws) L (t) + p* (I)AT(ws) (ws)}

(A7)
(A8)
(A9)

(A10)
Qpr —
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V,
=2 Y p G e, .
bk —
1
+ _ Al Ay
Sk = be{,Obekak} = m, (A12)
for = Topl Doty = 1 — fif. (A13)

Equation (A7) is the concrete form of the GQME without the
RWA.

When we transform Eq. (A7) in the interaction picture, we
see that rapidly oscillating terms proportional to exp[=£i(ws —
wg)t] appear. In the RWA we neglect these terms.” Thus we
obtain the GQME with the RWA by leaving only the terms
with wg = ws in Eq. (A7).

For the noninteracting models in Secs. III A and III B,
because the eigenoperators are the mode operators themselves;
the GQME:s for these models, in particular Eq. (18) for the
RWA case, are derived.

APPENDIX B: DERIVATION OF EQUATION (19)

In the model in Sec. III A within the RWA, the eigenvalues
and the eigenvectors of K, can be decomposed into those
of ICXJ That is, A{ _Z A b =@, €5, and pf =
(F j ,00, j» Where AX’ 0,; is the eigenvalue of K, ; with maximum
real part, and 56(’ ; and ,6(’{ ; are respectively the corresponding
left and right eigenvectors, which are operators on the jth
mode Hilbert space.

When we represent the left and right eigenvectors in the
basis of the number states (denoted by [0;) and |1;)) of &;

such that 4;[0;) =0 and |1;) = &;|OJ-), we can show that

<mj|f§,,~|(1 —m);) = (m;|pg ;|(1 —m);) =0(m = 0,1),and
12X 10
w"é‘x”f'()f) :( 1 ) (B1)
(1;1€5,;115) v;i(x)
(0;155;10,) ( 1 )
=C; , B2
(<1 1551 ) = N w00 2
where
Zb(¢> (a)j) CD;]((’UJ))—’_\/*/
vi(x) = )

2(d) (a)j)e’X—i—@ (a)J))

iy = 2 O5©@) =@ )+ D,
i 2Py (w))e " + P (@)
D, =T} —4(1 = )07 (@))07, @)

—4(1 - eflx)qDLj(wj)qDRj(w-")’

I =Y, Ty, and Ty = &} (@) + CDbj(a)j) From the nor-
malization condition for y = O Trsp ,001] = 1, wehave C;(0) =
> ®,;(w;)/ T'j. Thus we obtain the BSN vector potential:

_y duto
—~ 3(ix)

A(C,;(Ow;(0))

Aa)
$=0 oa

(B3)

which becomes the desired result after straightforward calcu-
lation.

APPENDIX C: EQUIVALENCE OF THE UNIT-TIME
CUMULANT GENERATING FUNCTIONS WITHOUT AND
WITHIN THE RWA

1. Matrix representation of GQME generator

To show the equivalence, we introduce the matrix rep-
resentation of K, by using the eigenstates |E,) of Hg:
The (y'y,x'x) matrix element is given as (K))yy vy =
Trs[(|Eyr)(Ey|)T(ICX |E){E\])], where x'x (y'y) is the index
for the column (row) of the matrix.

In this representation we can show that within the RWA
(ICR )”xx—(lC Ayyxx =0 if X’ # x and y' # y. This
implies that ICI;WA is a block diagonal matrix that is composed
of {(ICEWA)},},,”} and {(IC?WA)y/y,X/X} with x’ # x and y’ #
y. We also note that a relation holds between the matrices
of the generators without and with the RWA: (ICl;WA)yyM =
(ch)yy,xx-

2. Equivalence of A} without and within RWA

As is mentioned in Sec. II B, the unit-time cumulant
generating function in a steady state is given by the eigenvalue
A{ of the generator K, with maximum real part.

Within the RWA, A} is determined from the eigenvalues of
{(ICEWA)_V_V,XX}, one of the blocks of {(ICI;WA)),),/,”/}.

Without the RWA, the eigenvalues of C, are deter-
mined by a perturbation theory with respect to v = u?.
From Eq. (A7), we see that the unperturbed part of I, is
—{(E, — Exf)/ih}(SE‘_,Ex(SEy,,EX,, and is diagonal. Therefore the
unperturbed eigenvalue is —(E, — E,/)/ih. This implies that
the eigenvalue of zero has d-fold degeneracy, where d is
the dimension of the Hilbert space of the system S. Thus
by the perturbation theory for degenerate case, the first-order
eigenvalue is determined by the eigenvalue equation for the
matrix in the degenerate subspace, i.e., {(Ky)yy «x}. Further-
more, since the relation (KCy)yy x = (ICl;WA)yy,“ holds, the
first-order eigenvalues are equivalent to those of {(ICRVA) 1.}

Therefore A without the RWA is equivalent to AJ within the
RWA in O(v). This verification of the equivalence is sufficient
since the master equation is valid up to O(v).

APPENDIX D: COMPARISON WITH RESULT IN
ANOTHER SCHEME

Here we check the consistency of the results in our
scheme with those in Ref. 16. We again consider the model
of interacting double quantum dot in Sec. IIIC. Under the
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FIG. 4. Electron transfer (Aq)$ normalized by AT 2 per cycle of
modulation of the dot levels, where A is the cycle area in the parameter
space (AT ™2 = 7 x 1072 is used in the main plot). The horizontal
axis is the cycle center £ multiplied by the inverse temperature 8 of
the reservoirs. The results for various values of the interdot interaction
U are plotted. The inset shows (Ag)5/ AT 2 at the negative peak
for BU = 10 (indicated by the arrow in the main) as a function of
AT 2. The values of the parameters are as follows: i = fr = 8 =
50 meV~!, Bur = Bur =0, Bv =1/2,and BT = 1/2.

PHYSICAL REVIEW B 86, 235308 (2012)

condition of the symmetric reservoirs (8L = Br = B, UL =
ur =0, and I' =T'r =T'), we perform a cycle operation
where the levels of the dot 1 and 2 are modulated as

e1(t) = E + epaq cos(2mt /T,), (D1)

89(t) = E + &poq sin(2mt/1.). (D2)

For a slow modulation of this cycle, we calculate the pumped
electron transfer (Ag)7* from the left reservoir to the double
dot system by using the formula (13).

In Fig. 4, we show the numerical results of (Ag)7* for
various values of U as a function of the cycle center E. The
vertical axis is normalized by AT' 72, where A = mg,q” is the
cycle area in the parameter space. In Ref. 16, it was shown
that the positive resonant peaks appear around £ = v and the
negative resonant peaks appear around £ = —v — U in our
notation. We can see that our numerical results are consistent
with these at this point.®*

In Ref. 16, it was also shown that the normalized electron
transfer approaches A-independent values for small A. We
observe this behavior in the inset of Fig. 4, where we plot
the normalized electron transfer (Agq)$"/ AT 2 at the negative
peak for BU = 10 (indicated by the arrow) as a function of A.

From these observations, we conclude that our scheme
works well and provides consistent results with those in
Ref. 16.
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