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Low-energy effective theory and two distinct critical phases in a spin-% frustrated three-leg spin tube
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Motivated by the crystal structures of [(CuClytachH);C1]Cl, and Ca;Co,0Og, we develop a low-energy effective
theory using the bosonization technique for a spin—% frustrated three-leg spin tube with trigonal prism units in
two limit cases. The features obtained with the effective theory are numerically elucidated by the density matrix
renormalization group method. Three different quantum phases in the ground state of the system, say, one gapped
dimerized phase and two distinct gapless phases, are identified, where the two gapless phases are found to
have the conformal central charge ¢ = 1 and %, respectively. Spin gaps, spin and dimer correlation functions,
and the entanglement entropy are obtained. In particular, it is disclosed that the critical phase with ¢ = % is the
consequence of spin frustrations, which might belong to the SU(2),-, Wess-Zumino-Witten-Novikov universality
class, and is induced by the twist term in the bosonized Hamiltonian density.
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I. INTRODUCTION

With the discovery of several spin tube materials, such
as [(CUC12taChH)3Cl]C12 (Ref. 1), N8.2V307 (Ref. 2), and
Cu,Cly- DgCySO; (Ref. 3), and so on, much effort has been
made to investigate the low-lying excitations,*° long-range
order,'®'!" phase transitions,'> magnetization plateau,'?~'>
and other ground-state properties of spin tubes due to the
interchain frustrated couplings. A spin tube, geometrically, can
be seen as a multileg spin ladder with periodic condition along
the rung direction (see Fig. 1 for the case of three-leg ladders).
Therefore, the antiferromagnetic (AF) interchain couplings
in the odd-leg spin tubes usually give rise to geometrical frus-
trations. For the typical spin tubes* [Fig. 1(a)], the excitation
is gapped when the interchain couplings are identical, and
becomes gapless when the interactions are different to some
certain extent from each other. The opening and closing of
the gap correspond to a dimerized phase and a critical phase
with central charge ¢ = 1, respectively. Recently, a few new
spin tubes with more complex interchain couplings’!'%!%16
[Figs. 1(b) and 1(c)] have attracted much attention, in which
frustrated interchain couplings could generate twist terms that
may lead to unknown quantum phases in the ground state of
the system. The twist operator is first found in the effective
low-energy model of a zigzag spin ladder!” owing to the
frustrated interchain couplings. This parity-breaking operator
is marginal in the renormalization group (RG) sense and has
a conformal spin 1.'® Currently, the twist operator is believed
to be the origin of incommensurate correlations in XXZ
zigzag spin ladders.!”!°=2? For an isotropic zigzag spin ladder,
the twist operator is proposed to cause dimerization'” in the
ferromagnetic interchain coupling region. However, what role
this operator plays in a spin tube is still unclear, which needs
further study.

In this work, by means of the bosonization technique and
the density matrix renormalization group (DMRG) method
we shall study a frustrated three-leg spin tube comprised of
trigonal prism units, which derives from the crystal structures
of [(CuCl,tachH);Cl]Cl, (Ref. 1) and Ca3;Co,0¢ (Ref. 16), as
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shown in Fig. 2(a), where the AF couplings J, and J3 form
helical paths along the tube direction. Such a spin tube can be
transformed to an equivalent spin ladder, as shown in Fig. 2(b).
Owing to the complex zigzag-like interchain couplings, the
twist operator in the bosonized Hamiltonian should depend on
both J, and J3, where we take the coupling J; as an energy
scale. Consequently, we only need to adjust J, and J3 to study
the effect of the twist term on the properties in the ground
state. For the sake of simplicity, we consider the case of spin
S = % Interestingly, we showed that a new critical phase with
central charge ¢ = % appears in this system, which is found
in spin tubes for the first time and reveals a novel physical
effect of the twist operator. In addition, one dimer phase and
one conventional critical phase with central charge ¢ = 1 due
to the competition of the AF couplings J, and J3 are also
identified in the ground state.

II. BOSONIZATION AND LOW-ENERGY
EFFECTIVE THEORY

The Hamiltonian of the present spin tube could be written
as
L3
H = [Ji(S3i-2 - Sait1+ Ssi-1 - S3i42 + S3i - Sa43)
i=1
+J2(S3i-1 - S3i+1 + S3i - Ssi1 + S5 - Szi2)
+J3(S3i-2 - S3i—1 + S3i-1 - S5 + S3i—3 - Szip)], (D)

where S; is the spin operator on the jth site, L is the total
number of sites, and Jy, J,, J3 > 0 are all AF couplings. In
what follows we consider the two limit cases: (i) J, > J3,J1,
and (ii) J3 > J»,J;. In the following DMRG calculations J; is
set to be unity for simplicity.

A, T2 > J3,Jh

This case is quite simple. From Fig. 2, one may note that the
system can be regarded as a single spin chain with next-nearest
and next-next-nearest neighbor interactions. The Hamiltonian
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FIG. 1. Spin ladders and its corresponding spin tubes (the ladder
with periodical condition along the rung direction). (a) shows the
standard spin ladder and the typical spin tube. (b) and (c) are the
ladders with next-nearest couplings and the spin tubes generated by
them.

can be written as

H=J223i'5i+1 +J3ZSi Sit2 +J125i - Siy3,

@

where the last two terms can be viewed as perturbations.
Following the standard bosonization techniques,”® in the
continuum limit, the Hamiltonian density of Eq. (2) can be
written as

H=Ho+Hy;y;, 3)

2,
Ho = 7;” G- Jo i+ Jr-Jr o), )
Hyy =80 Jr, 5)
g=2L+4J, - J, (6)

where J g are the left or right moving SU(2) current operators
representing the smooth magnetization part of spin density
operators,24 vy ~ Jhag is the spin velocity with gy the lattice
constant, and J, >0. Obviously, Eq. (3) has the same form as
the Hamiltonian density for a zigzag spin ladder® except for
the coefficient g of the H;; term. When g > 0, the system is
in the dimer phase with an energy gap

const
A~exp|— . @)
8
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(b)

FIG. 2. (Color online) (a) The structure of the frustrated three-leg
spin tube under investigation. The circles (purple) indicate the sites
with spin § = % The antiferromagnetic couplings J, and J; are
presented by the dashed line (blue) and dotted line (red), respectively.
The solid line (black) indicates the AF interaction along the leg
direction. (b) shows the equivalent spin ladder structure transformed

from (a) by setting J5 bonds as legs.

Itis worth mentioning here that this gap could also survive even
for J; > J,,J3, in which the system can be seen as the three
free spin chains with intrachain couplings J; perturbed by the
relevant perturbations generated by the interchain couplings J,
and J3, as in the case of spin ladders.2*26 Therefore, this case
as well falls into the gapped phase. At last, when g < O itisin
the Luttinger liquid phase with central charge ¢ = 1. The phase
transition between the two phases is of a Kosterlitz-Thouless
transition.>?*

B. J3> J5,Ji

This case is very interesting. In this situation, the model can
be reshaped into a spin ladder structure as shown in Fig. 2(b).
By treating all interchain couplings as perturbations, after
the bosonization procedure, the corresponding Hamiltonian
density can be written as

H=Ho+Hrrg +Hss + Hiwist, (8)
27 v
Ho = 7;U Z(IJj,L'Jj,LZ-l-ZJj,R'Jj,R D, O
j=1,2
Hirg =grrUir - Jir +Jo.r - Jo.r), (10)

Hyy =2+ )T +dir) - o +J2r), (A1)

3 —=J
2

where n; is the staggered part of the spin density operator
with the subscript i the leg index, spin velocity vy ~ Jzag, and
J;j r.r is the left or right current operator of the jth leg. The
coefficient g, g o< —J3, and Hy g, H;; and Hyis are marginal
perturbations with scaling dimension d = 1 (Ref. 17). Hwist
is the twist term that is produced by the frustrated inter-chain

Hiwist = — (n;d,ny; — ny0,My), (12)
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interactions. As pointed out in Refs. 17 and 19, it arouses a
spin nematic phase in the ground state of the X X Z zigzag spin
ladder. Its effect on an isotropic Heisenberg model is still not
very clear and needs further investigations.

In fact, this present case provides a convenient way to
study the effect of the twist term on an isotropic Heisenberg
system since the coefficient of Hyis could be adjusted by
regulating the value of J,. To look at the effect of a group of
marginal operators, we resort to solving the renormalization

group equations'’>> numerically.
First, following the procedure of Refs. 17, 24, and 26, we

can rewrite Hyg, H,s, and Hyig using Majorana fermions

0,1,2,3
SR

Hpern = a1 (ERE1EEEE + CLERERER)
+ax(¢Rcheac +¢Pelelen)
+az(CRCRETEE + CREI R
+ LCICRE + LPCRELSE)
+ b1 (ERCPEREL + CRELCREE + CRELERET)
+ ba(CRCLEREE + CRELEREE + CRELERLL)

as

13)
where a; = —%az = %613 =y(— ”‘2_12), y is a nonzero con-
stant, and by = —%£& — J; — Jp, by = —5£ 4 J; + J,. The
terms with the coefficient a; stem from Hyi and b; from
both H, g and H ;.

Next, we set J, < 3J; to keep the coefficient of Hyig
negative that cannot be achieved in a usual zigzag Heisenberg
spin ladder. Afterwards, choosing the initial values of a; and
b; in the range where J3 > J,,J;, we obtain a new solution
of the renormalization group equations'’ as shown in Fig. 3,
where the RG flows corresponding to Hiwist g0 to the strong
coupling regime first, which suggests a new phase may come
into being. Recall that for a two-leg zigzag spin ladder, the RG
flows corresponding to H,; go to the strong coupling regime
first. In the following we shall examine numerically the results
from the low-energy effective theory.
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FIG. 3. (Color online) The renormalization group (RG) flows for
the three-leg frustrated spin tube under interest with J3 >> J,. The
variable by = bsz‘ is the same as the definition of Ref. 17. The inset
is the enlarged part where the RG flows to the strong coupling limit
can be seen clearly. £ is the logarithmic variable in the renormalization

group equations.
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III. SPIN GAP, CORRELATIONS, AND
ENTANGLEMENT ENTROPY

To substantiate the above bosonization analysis we use
the DMRG method?’ to numerically calculate the spin gap,
spin-spin, and dimer-dimer correlation functions, as well as
entanglement entropy of the model. In the calculations, up to
8000 optimal states are kept, and the truncation errors are of
102 for the ground state and 10~ for the excited states.

A. Spin gap
Figure 4(a) is the coupling dependence of the finite-size
spin gap at L = 180 obtained in open boundary conditions
(OBCs). With increasing J3 for any J,, the spin gap has two
areas with tiny values relatively, between which there is a
raised region of the spin gap. In Fig. 4(b), the J3 dependence

(a) Spin gap at L=180 in OBCs

o) L 4
20.4 ‘
o .
c A
5_03 - v 4
o '\
0.2r k 1
{ ... 0.
L S ~
oi 0. 3sq--=-0-=-:2
01f 1gzo1iiiiel
B:d-é
00 1 1 1 1 1
0 1 2 3 4 5 6
Js
0.6 T T T T T T
(c) --0--4,705,J,=5.0, c=3/2 9 (d)
K --A--0,20.2,J.20.5
o5k "O=0.2,0,75.0, c=32 >
l--9--4,75.0,4,72.0, c=1 ,::¢ --0--J,=0.2,J,=2.0
--8--J,=3.0, J,:=1.0, c=1 Lo --0--J,=0.5, J=0.5
04F--0--9,22.0,4,=10,c=1 .2* -
Q  |-o--J= = =157 e
8., - d=10, 0705, 05100 gapped
3 F 5 L ,A-
c L. -
5 gapless ,,:8 I .
0.2t oW - g i
---0"
o--
e
R N g e e i
O":::e::”'é"' ----------
0.0 . . . . . . . .
0.000 0004 0008 0012 0016 0000  0.004 0008 0012  0.016

FIG. 4. (Color online) (a) Coupling dependence of the spin gap at
L = 180 obtained with OBCs. (b) J5 dependence of the spin gap for
J, = 0.5 and 2.0. Finite-size scaling of spin gap for (c) the gapless
and (d) the gapped phases.
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of the spin gap at J, = 2.0 is shown, where the spin gaps
increase to the maximum value in the raised region and
decrease slowly with growing J3, while those in other regions
diminish fast, probably suggesting a gapped spin excitation in
the middle region and a gapless excitation in other regimes.
As shown in Figs. 4(c) and 4(d), the spin gaps away from
the raised region extrapolate to zero, while those within the
raised region go to finite values in the thermodynamic limit,
therefore indicating two gapless and one gapped phases. These
results are also in accordance with our previous bosonization
analysis that the system will be in the gapless phase for
Jo > J3, Jp and Jp, J; < Js, and is gapped in other parameter
regimes.

B. Spin-spin and dimer-dimer correlation functions

The spin—% one-dimensional (1D) gapless spin systems
usually preserve the translation symmetry and have the
spin correlations with power-law decay, while the gapped
ones should break the translation symmetry and have spin
correlations of exponential decay. Figure 5(a) presents the
spin correlation function |(Sy - S3,)| in different phases. For
J,=2.0, J3=0.2,and J, = 2.0, J5 = 6.0, which are in the
two gapless phases, [(So - S3,)| decays with a power law, while
at J, = J3 = 2.0 that is in the gapped phase, |(Sp - S3,)| has
an exponential decay with a short correlation length § >~ 2.7.
The breaking of translational symmetry is usually detected
by the dimer-dimer correlation function Dy j) &,y = ((S; - S;)
(St - S)) = (Si - S;)(S« - Sy). In Fig. 5(b), |D03),Gr3r+3)| 18
shown for the three phases. In both gapless phases, the dimer
correlations decay with a power law, which is consistent
with the preserved translation symmetry and gapless spin
excitations. In the gapped phase, the dimer correlation builds
a long-range order (LRO).

C. Entanglement entropy

To distinguish the two gapless phases,”® we calculated
the central charge ¢ from the block entanglement entropy
of the system S; = —Trp;Inp;, where p; is the reduced
density matrix of a subsystem of size /. For a gapless system
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FIG. 5. (Color online) (a) The spatial dependence of the spin-spin
correlation function (Sy - S3,-) in the three phases. For J; = 0.2 and
2.0, the spins (Ss,) are assumed along the leg direction as indicated
in Fig. 2(a), while for J;3 = 6.0, the spins along the leg as indicated
in Fig. 2(b). (b) The spatial dependence of the dimer correlation
| D0.3).3.3r+3)| in the three phases. The dimers are supposed along the
leg shown in Fig. 2(a).
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FIG. 6. (Color online) Fitting of the entanglement entropy given
by Eq. (14) to the DMRG results in the two gapless phases. The
central charges from the fitting are obtained to be ¢ =1 and %,
respectively.

with periodic boundary conditions (PBCs), the entanglement
entropy is given by

=S| Main (2 + (14)
1—311 jTSlH N 8PBCs>

where N is the total length of the system, and gppcs is a
nonuniversal constant with PBCs.?’ The central charge is
obtained by fitting the entanglement entropy given by Eq. (14)
to the DMRG results for the system with L up to 360.

As shown in Fig. 6, in the gapless phase with large J,
(for instance, J, = 2.0, J3 = 0.1), both results for S; are fitted
quite well with ¢ = 1, which indicates that this gapless phase
belongs to the same universality class as the spin-% Heisenberg
AF chain. In the gapless phase with large J3 like J, = 0.2,
J3 = 7.0, the central charge is identified as ¢ = % Therefore,
we can label the different phases with its central charge in
Fig. 4(a), which comprises the phase diagram. As the model
preserves the SU(2) symmetry, the transition from the dimer
phase to the gapless phase with ¢ = % might be in the SU(2);—»
Wess-Zumino-Witten-Novikov (WZWN) universality class.??
In combination with the bosonization analysis, it is observed
that for J3 > J, the RG flows of Hiwist g0 to the strong
coupling regime faster than H,, that leads to a dimerized
phase,'”?* and one may judge that such a gapless phase
with nontrivial central charge ¢ = % in the frustrated three-leg
Heisenberg spin tube is probably induced by the twist term
Htwist-

IV. SUMMARY

To summarize, by means of the bosonization technique
we develop a low-energy effective theory for the spin—%
frustrated three-leg spin tube in two limit cases, and also
invoke the DMRG calculations on the spin gap, spin-spin, and
dimer-dimer correlation functions as well as the entanglement
entropy to elucidate the effective analyses. We have discovered
a dimer phase and two distinct critical phases in this system.
The dimer phase is characterized by the finite spin gap,
exponentially decaying spin-spin correlations, and a dimer-
dimer LRO. The critical phases are found to have gapless spin
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excitations, power-law decaying spin, and dimer correlations.
The different central charges 1 and % distinguish the two
critical phases. Based on the bosonization analysis, the novel
critical phase with ¢ = % can be attributed to the negative
sign of Hywist in Eq. (12), which in turn reflects a new effect
of the twist term, and might belong to the SU(2);—, WZWN
universality class. The RG flows in this frustrated three-leg
Heisenberg spin tube with J3 > J, differ from those of the
two-leg zigzag spin ladder.
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