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We analyze in detail the fermionic self-energy X(w,T) in a Fermi liquid (FL) at finite temperature 7" and
frequency w. We consider both canonical FLs, i.e., systems in spatial dimension D > 2, where the leading term
in the fermionic self-energy is analytic [the retarded Im%®(w,T) = C(w? + 72T?)], and noncanonical FLs in
1 < D < 2, where the leading term in InX®(w, T) scales as T? or w?. We relate the w* +m?T* formtoa special
property of the self-energy, “the first-Matsubara-frequency rule,” which stipulates that % (i7 T, T') in a canonical
FL contains an O(T) but no T2 term. We show that in any D > 1, the next term after O(T) in ZR(in T,T) is of
order TP (T3 1InT in D = 3). This T term comes from only forward and backward scattering, and is expressed
in terms of fully renormalized amplitudes for these processes. The overall prefactor of the TP term vanishes
in the “local approximation,” when the interaction can be approximated by its value for the initial and final
fermionic states right on the Fermi surface. The local approximation is justified near a Pomeranchuk instability,
even if the vertex corrections are non-negligible. We show that the strength of the first-Matsubara-frequency
rule is amplified in the local approximation, where it states that not only the 72 term vanishes, but also that
SR(inx T, T) does not contain any terms beyond O(T). This rule imposes two constraints on the scaling form of
the self-energy: upon replacing by in T, Im% % (w, T) must vanish and Re X *(w,T) must reduce to O(T). These
two constraints should be taken into consideration in extracting scaling forms of ®(w,T) from experimental

and numerical data.
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I. INTRODUCTION

Properties of single-particle and collective excitations
in strongly interacting electron systems continue to attract
substantial interest of the condensed-matter community. This
interest is stimulated by the avalanche of discoveries of new
materials, many of which fall into a category of strongly
correlated electron systems, and by advances in experimental
techniques, which allow one to extract, with good accuracy, the
single-particle self-energy from angle-resolved photoemission
spectroscopy (ARPES) data and the two-particle or “optical”
self-energy from the real and imaginary parts of the optical
conductivity.

One of the most actively explored directions in the study of
strongly correlated electron systems is a search for non-Fermi
liquids (non-FLs), i.e., systems in which electrons interact so
strongly that they completely lose coherence. Many newly
discovered systems were classified as non-FLs because their
electron spectral functions, extracted from ARPES, are quite
broad. However, a broad spectral function is an indication,
but not the proof, that the system in question is a non-
FL, as the Landau criterion for the FL only requires that
the spectral function must be sharp for fermions in the
immediate vicinity of the Fermi surface (FS). A mathematical
formulation of this requirement is that the imaginary part of
the retarded self-energy Im ¥ % (w) must be much smaller than
® + ReXR(w) at the smallest w. This does not preclude that
at higher frequencies ImX%(w) can become comparable to
o + ReX X (w) or even exceed it.

To satisfy the Landau criterion, Im%*(w) has to scale as
't with a > 0. The original argument by Landau, based on
the Pauli principle and the assumption of analyticity, yields
ImE®(w) x «?, ie., a =1. Microscopic calculations show
that ImX ®(w) does indeed scale as w? in a three-dimensional

1098-0121/2012/86(15)/155136(19)

155136-1

PACS number(s): 71.10.Ay, 71.10.Pm

(3D) FL. The same holds for all “fractional” dimensions D >
2. For D < 2, the analyticity is, however, broken: ImX R (w)
scales as @’ In|w| in D =2 and as |w|? in D < 2. Still, by
Landau criterion, these systems are FLs, as long as D > 1.
Hereafter, we refer to systems in which Im% % (w) o ®?* as
“canonical FLs,” and to systems in which ImZ®(w) oc w!*¢
with 0 < a < 1 as “noncanonical FLs.”

The goal of this paper is to analyze the form of the
self-energy in both conventional and nonconventional FLs at
finite frequency w and temperature 7. We will be particularly
interested in how general is a certain property of the self-
energy, which we will be referring to as the “first-Matsubara-
frequency rule” or, for brevity, as the “first-Matsubara rule.”
This rule states that the self-energy X(w,,,T), evaluated
at discrete Matsubara points w,, = 7T (2m + 1), exhibits a
special behavior at the first fermionic Matsubara frequency
wo = T, namely, X(xT,T) does not contain terms higher
than 7. (The same happens at w_; = —n T.) This rule was
proven in the past for particular cases of the electron-phonon'-?
and screened Coulomb®* interactions. In the former case,
this rule is sometimes being referred to as a “Fowler-Prange
theorem.”

Although the first-Matsubara rule operates on the imaginary
frequency axis, it is relevant to properties of physical fermions
with real frequencies: it requires that the retarded self-energy
>R (w,T), with w replaced by i T, should not contain terms
beyond O(T'), and thus imposes a constraint on the interplay
between the w and T terms in X% (w,T).

A 3D FL provides a simple example of how the first-
Matsubara rule works. To order w? and 7’2, we have in this
case ReX®(w,T) = Aw, withno wT term, and ImX % (w,T) =
C(w? 4+ m2T?), with a factor of exactly 7 in front of T2. At
w=inT, ImE® vanishes and ReXZ® becomes of order T,
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hence the total £%(in T, T) contains only an O(T') term but no
T? term.

In this paper, we analyze the validity of the first-Matsubara
rule beyond the conventional FL paradigm. The proof of
this rule in prior work'™ was based on demonstrating the
nullification of the leading term in the imaginary part of the
self-energy at w = imw T. We show here that the first-Matsubara
rule does not hold beyond the leading order for conventional
FLs, and does not hold at all for unconventional FLs. Our
primary finding is that R (i T, T) scales as T in all D (with
an extra In T factor in D = 3); however, the consequences of
this finding are different for conventional and unconventional
FLs. For conventional FLs, i.e.,for2 < D < 3, the TP term s
still subleading to T2, and thus the first-Matsubara rule holds to
order T?. For unconventional FLs, i.e., for | < D < 2,the T?
term is of the same order as the leading terms in ImX®(w, T),
and thus the first-Matsubara rule is violated. In D = 2, which
is a marginal case between conventional and unconventional
FLs, ImX®(0,T) « (w* + 7*T?) In |o| + O(w?,T?). While
the logarithmic term vanishes at w = in T, the T? term
does not. As a result, the first-Matsubara rule is satisfied to
logarithmic accuracy but not beyond.

We find that for 1 < D < 3, the T? term in XR(inT,T)
is universal, i.e., independent of the upper cutoff of the
theory. Furthermore, its prefactor is expressed via exact
spin and charge components of the forward-scattering and
backscattering amplitudes.

At the same time, we find that the first-Matsubara rule holds
to all orders in T in both conventional and nonconventional
FLs, if the effective interaction between fermions, which in-
cludes dynamic screening by particle-hole bubbles, is assumed
to connect only the states right on the Fermi surface. Hereafter,
we refer to this approximation as the “local approximation,”
as it is generally valid when bosons which mediate interaction
between fermions are slow compared to fermions.®®

We show that, within the local approximation, the
first-Matsubara rule relies only on the analytic properties of the
local susceptibility. For the electron-phonon interaction, this
approximation is a key ingredient of the Eliashberg theory,’
and the small parameter which controls this approximation is
the ratio of the Debye frequency to Fermi energy. We consider
here the case of an electron-electron interaction. In certain
limits, it can be approximated by an effective interaction
mediated by collective modes of fermions in the spin or charge
channel. The collective modes are generally not slow com-
pared to fermions themselves (their velocity is of order of the
Fermi velocity), but they do become slow near a Pomeranchuk
instability, when the correlation length for critical collective
modes diverges. As a result of this divergence, the system
generates a low-energy scale, below which near-critical
collective modes become overdamped and slow down.”!”
The local approximation for collective modes is a necessary
but not sufficient condition for the Eliashberg theory, as the
latter also requires vertex corrections to be small. In the case
of collective modes, vertex corrections are not controlled by
the same parameter which makes the local approximation
valid,'>"> and are not necessarily small.'>!%1%-18 We show
that the smallness of vertex corrections is not required for
the first-Matsubara rule to work: the local approximation is
sufficient.
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We analyze the local approximation in more detail and
show that the first-Matsubara rule imposes two conditions:
(1) ImER@GnT,T) vanishes to all orders in T, and (2)
ReX®(inT,T) contains an O(T) term, but all higher-order
terms in 7 vanish. These two conditions are nontrivial
because, beyond the conventional FL paradigm, %% (w,T) can
not be obtained from the 7" = 0 result by a simple replacement
@ — v @? + m2T2. This is true for the subleading 73
terms in a 3D FL, and also for the leading o?, TP
terms in nonconventional FLs. In particular, InX%(w,T)
in nonconventional FLs has a complex form which is
very different from (w? + 72T?)?/2, and ReXR(w,T) also
contains a complex dependence on w and T at order w”,
in addition to the Aw term. Nevertheless, as long as the
local approximation is applicable, ImX®(w,T) vanishes at
w=inT,and ReXR(inT,T) reduces to iwAT.

Finally, we show that the first-Matsubara rule holds within
the local approximation even for a non-FL, e.g., for a system
in D < 3 right at a Pomeranchuk instability, except that in
this case the coefficient A in XR(inxT,T) = inTX diverges
as T — 0. In particular, the first-Matsubara rule holds for a
marginal FL and for an itinerant two-dimensional (2D) system
at a nematic quantum critical point (QCP).

The rest of the paper is organized as follows. In Sec. II,
we review the derivation of the single-particle self-energy to
order T2 and »? in a conventional FL, and show where the
relation between the w? and T2 terms comes from. In Sec. 111,
we discuss the self-energy outside of the conventional FL
paradigm. We show that, in general, the self-energy contains
terms of order T?, which do not vanish when w is replaced
by inT. The case of D = 2 is marginal, and we consider it
separately. In Sec. IV, we discuss the self-energy within the
local approximation. We show that, at order 7”, X ®(w, T) has
quite a complex dependence on the ratio w/ T, yet the prefactor
of the TP term vanishes at @ = im T. We consider in detail 2D
and 3D FLs, a 2D system at a nematic QCP, and also a marginal
FL. We discuss under what conditions the local approximation
is valid in all these cases. We also discuss in this section
how one should properly construct the self-energy along real
frequency axis to make sure that a replacement of w by in T
agrees with the analytical continuation of the self-energy into
the upper half-plane. We present our conclusions in Sec V.

In the subsequent paper,’® we discuss the constraints
imposed by the first-Matsubara rule on the /T scaling, the
optical conductivity o (€2,7T) of a FL, and the consequences of
these constraints for the experiment.

Throughout the paper, we denote the retarded self-energy
along the real frequency axis as 2{5 (w,T) and the self-energy
along the Matsubara axis as Xk (w,,,T ), where Kk is the electron
(quasi)momentum. We set the overall sign of the retarded self-
energy via

1
o+ TR, T) — e’

GRw,T) = (1.1)

where ¢ is the electron dispersion, and define the Matsubara
self-energy in such a way that it is real on the Fermi surface, i.e.,

1
Gk(wm’T) = .
l[wm + Ek(wm»T)] — &k

(1.2)
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II. SINGLE-PARTICLE SELF-ENERGY: CANONICAL
FERMI LIQUID

In this section, we briefly review the derivation of the
scaling forms for the self-energy in a conventional FL to
order w? and T?: ImX®(w,T) x @? + 7272, ReZR(w,T) =
Aw with no O(wT) terms in either of these quantities. We
first show how these forms are obtained in the perturbation
theory, then use the Eliashberg’s argument’ to generalize the
derivation to an arbitrary order in the interaction, and finally
relate these forms to the first-Matsubara rule, a special property
of the self-energy at the first fermionic Matsubara frequency
Wn=0.—1 = £ T (Sec. IIC).

A. Perturbation theory

We consider a system of fermions on a lattice with single-
particle dispersion ex. We assume that the Fermi surface
does not have nested parts and is away from the van Hove
singularities but otherwise arbitrary. Near the FS, ¢ can be
approximated as gx = v, - (k — kp), where kg is a vector
pointing in the direction of k and residing on the FS, and
vk = Viex. We will see that w? and T2 terms in InZf (w,T)
come from low energies where the linear approximation is
valid. Having this in mind, we follow a conventional reasoning
of a FL theory, set the upper cutoff of the theory with the
linearized dispersion at some energy A (generally comparable
to the bandwidth W), and absorb all renormalizations from
energies between A and W into nonsingular renormalizations
of the effective mass and quasiparticle residue Z. The bare
Green’s function of low-energy fermions is then given by

GR(w) = Zx, /(0 — ex + i8), 2.1

where 6 > 0 is infinitesimally small and Z,, in general,
varies along the FS. We further assume that fermion-fermion
interaction Uy is static and nonsingular for all q connecting
points on the FS, including ¢ = 0. This is the case for, e.g., a
screened Coulomb interaction.

The lowest-order diagrams which contribute to the imag-
inary part of the fermionic self-energy are shown in Fig. 1.
The imaginary part of the fermionic self-energy arises from
the convolutions of two Green’s functions marked by slanted

K'+Q
(@) (b)

FIG. 1. (Color online) Diagrams for the self-energy. K = (w,,k),
K' = (L()m’,k/), Q = (qu)-
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dashes in Fig. 1. In Fig. 1(a), such a convolution is just
a particle-hole bubble, the imaginary part of which scales
linearly with the bosonic frequency 2. In Fig. 1(b), this
convolution involves the momentum-dependent interaction,
but the result still scales linearly with €.

To see this in more detail, we write down a Matsubara
form of the self-energy from diagram Fig. 1(a) and obtain
S Rk(w,T) by analytic continuation. With our definition for
the self-energy (1.2), we have

EE(CU,,,,T) =—iT Z/ U(q)sz+q(wm + Qn)nq(gn)v
Q, “4

(2.2)

where

Mg(2,) =2T Z/ G (wn)Gryq(@m + ) (2.3)
Wyt K

with Q, = 27nT and |, = [ d”1/(27)P. Performing analytic
continuation in both (2.2) and (2.3), we obtain the retarded
self-energy along the real frequency axis

2w, T)
:/szd—g[cothEGR (w+ ) Im IR Q)
« 4 2n 27 Kt a
Q

to R A
+ tanh 7 Im Gy (0 + DTT () |, (2.4a)

Mg(€)
do' o' ,
=2 /k / e |:tanh 7 Im Glf,(w’)Glfurq(w +Q)
o' +Q Ac 7 R /
+ tanh TGk,(w )Im Gy (@ + )| (2.4b)
Extracting the imaginary parts of Egs. (2.4a) and (2.4b) and
using the relations tanh(x/2) = 1 — 2np(x) and coth(x/2) =

2np(x) + 1, where np(x) and ng(x) are the Fermi and Bose
functions, correspondingly, we obtain

R.a 2 ds2
Imzk (w,T):/Uq/7[n3(§2)+nF(w+Q)]
q

x ImGy, (0 + QImII(Q),  (2.52)

R dw/ / /
ImI{(Q) = 2/ f —[np(@ + Q) —np@)]
»

x ImG()ImG, (o' + Q). (2.5b)

Equation (2.5b) can be rewritten as

Imng(g):/ /dw’[np(a)’—i-{l)—nF(a)/)]
.

?g dAy, 7.7 / dewd(@’ )
x v, (27)? Ky £kp+q Ewolw — &k
X 8(0' + Q2 — €xiq), (2.6)

where d Ay, is the element of the (D — 1)-dimensional FS.
The integral over &y gives §(@" 4+ Q — €y 4q)le, =o- The role
of this § function is to impose a constraint on the angle
between k' and q. Since this angle is not, in general, small,
it suffices to resolve this constraint at " = = 0 because,
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as subsequent integration will show, o’ ~ Q ~ max{w,T}.
The § function thus reduces to §(ex, +q)le, =0, Which means
that both the initial and final states are on the FS. (Notice
that this approximation corresponds to expanding the §
functions in max{w,T}/EF rather than in w/¢k.) The integral
over @' now gives ffooo do'[np(@) — np(0 + Q)] = Q, and
ImIT ff (£2) reduces to 2 multiplied by a function of q, averaged
over the FS:

. Q [ dAx,
ImITg (€2) = ~ o) o, Zx, Zx, +q8 (€K, +q) ey =0-

2.7)

For small g, the prefactor of 2 behaves as 1/g. Substituting
ImIT § (R2) o Qinto (2.5a), and applying the same procedure as
above to integrate over the momentum, we obtain, for k = kp,

o0

ImElf;a(a),T) =2C, f dQ Qnp(Q) +np(w + Q)]

—00

(2.8)

with

T dAk’F
Ca= 2(2m)P-1 /(1.(7£ UK, ZhrraZiy Ziiva
x8(ex; +q)8(€x; +q)Ug - (2.9)

[A factor of 2 in Eq. (2.8) is introduced for future convenience. ]
The frequency integral in Eq. (2.8) is readily evaluated as

f dQSZ[nB(Q)+nF(a)+Q)]=%(a)2+n2T2), (2.10)

oo

hence

M2 (0,T) = Co(0* + 7°T?). (2.11)

We can now specify what actually makes the analysis above
applicable only to conventional FLs rather than to all FLs: it
is an assumption that the integral in Eq. (2.9) is convergent in
the infrared. Power counting shows that the integrand behaves
as 1/q> for ¢ — 0; the integral over d°~'¢ then converges for
D > 2 and diverges for D < 2. Infrared divergence for D < 2
will modify the w and T dependences of ZlfF (w,T) compared
to the canonical form valid for D > 2.

Figure 1(b) is analyzed in a similar way with the only
difference that the quantity U,ImII g(Q) in Eq. (2.52) is
replaced by

d /
ImPgi(2) = f , / - [np(@ + Q) = np(©Uik

x ImG(OImGy , (€ + Q). (2.12)

Still, ImP(ﬁk(Q) scales as 2 for Q2 — 0. Evaluating the
integrals in the same way as above, we find

M= (0,T) = Cp(e? + 7°T?), (2.13)
where
Cp=— z /% i Zkp+q 2K, 2K+
4(27)P-1 ; v, rHq ek £k +q
X 8(ek+q)8(€x, +q)Uq Uk, —k, - (2.14)

As before, the integral in Eq. (2.14) is convergent for D > 2.

Comparing ImEfg”(a), T) and ImEfF’b (w,T), we see that they
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both have the same scaling form w? 4 7272 and differ only in
prefactors which, in the general case, depend on kp, i.e., on
position along the FS.

The real part of the self-energy can be obtained either
directly, e.g., from Eq. (2.4a) for Fig. 1(a), or via a Kramers-
Kronig (KK) transformation of ImElf(a), T):

ImEf (o', T)
2 w2 ’

R 20 * /
ReZf (0.T)= —P | do (2.15)
vs 0

w

where P stands for the principal part. The integral is ultraviolet
divergentif Eq. (2.11) or (2.13) is used for IlefF (w,T), which
implies that, to get the correct form of ReXk, (w,T) from the
KK transformation, one has to use the full form of IlefF (w,T)
rather than its low-energy approximation. Nevertheless, one
can easily make sure that, to quadratic order, ReZy, (w,T) =
k@ (Where Ak, varies, in general, along the FS) with no wT
term.

A comment is in order here. By applying (2.15) to (2.11)
or (2.13), we can only show that there is no “universal”
cutoff-independent w7 term in ReElf (w,T), and hence no
T? term in ReZ} (i T, T). There is still a possibility thata 72
term in ReX}(i7 T, T) may come from internal frequencies in
Eq. (2.15) comparable to the upper cutoff of the low-energy
theory. We show later, in Sec. II C, that this is not the case, and
that only a 72 term emerges from high energies.

B. Arbitrary order in the interaction

We now follow the argument by Eliashberg’ who showed
that the w? + 272 form of the self-energy at finite T holds to
all orders in the interaction [a similar reasoning was also em-
ployed by Luttinger* to show that InE,% (&,T = 0) o« ’].

The argument is as follows. In the second-order diagrams,
the w? + 7%T? form comes from the region where all three
intermediate fermions are located within the window of width
of order w or T near the FS. Accordingly, the interactions Uq
can be approximated by their values evaluated for the case
when when the initial and final states are on the FS, i.e., q =
lp — 1.

In a self-energy diagram of any order, one can select a
cross section with three low-energy fermions, and sum over
all other fermions without assuming that they are near the FS.
The diagrams of this kind can be cast in the form of Fig. 1(c).
The three selected fermions are near the FS and the shaded
squares are the full vertex functions. Because integration over
the fermionic lines already gives a function quadratic in w
or T, one can set T =0 in the remainder of the diagram
and project all momenta onto the FS. As long as the full
vertex functions do not diverge, they do not affect integration
over dispersions and frequencies of intermediate fermions.
Self-energy corrections to fermionic lines are also irrelevant
because the dressed Green’s function still has the form of
Eq. (2.1) at the lowest energies; adding one-loop self-energy
to Eq. (2.1) simply replaces i8 by i C(w? + m>T?), which has
an extra power of energy compared to w and hence does
not affect the w? and T? terms in the full self-energy. As a
result, the w? + 7272 form survives to an arbitrary order in
the interaction: self-energy and vertex renormalizations only
affect the overall factor in ImZ,’fF(w,T). We then have for a
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conventional FL and to order w?, T2

ImEfp(a),T) = C(a)2 + 7T2T2), (2.16)

The prefactor C depends on model parameters, including the
cutoff A, and is thus nonuniversal. Substituting this form into
the KK formula (2.15), and using the same arguments as in the
previous section, we find

ReZR (0,T) = hoo(1 +0 x T) (2.17)

[we spelled out the 0 x T combination to emphasize that there
ReX ®(w,T) does not contain an wT term]. The prefactor A is
again nonuniversal.

C. Self-energy along the imaginary axis:
The first-Matsubara-frequency rule

We now show that the scaling form of ImZ (@,T) in

Eq. (2.16) and the absence of the T term in ReXg (w,T)
are related to a particular behavior of the self-energy at the
first fermionic Matsubara frequency w,,—9 = 7T (the same
behavior holds at w,,,—_; = —n T).

1. Analytic continuation

Let us first analytically continue ImZf(w,T) and
ReElf(a),T) in Eqs. (2.16) and (2.17) into the upper-half
plane of the complex variable w — z =z’ +iz”. Because
ImZf(w,T) and ReZf(w,T) are analytic, their analytic
continuation reduces to just a replacement of w by z. The
complex function ImX%(z,T) o z2 4+ 7w 2T? then vanishes at
z=1inT and ReXR(z,T) becomes iwAT, so that the full
self-energy reduces to i TA and does not contain a 72 term.
This is only true, however, if z is replaced by the first Matsubara
frequency. For any other w,, # 7T, the function ZX(iw,,,T)
contains a T2 term. As we said in the Introduction, we will
refer to this property as the first-Matsubara-frequency rule
(first-Matsubara rule).

It is worth stressing that the rule formulated above applies
only to the first Matsubara frequency. This may not seem to
be the case if we replace w by iw(2m + 1)T with arbitrary
m in IlefF(a),T) given by Eq. (2.5a), before integrating
over the bosonic frequency 2. Doing so, and using the
identity np(Q2 4 iw,) = —np(2), we seemingly find that
ImX>®(iw,,, T) vanishes not only at w = i T, but also at any
Matsubara frequency in T (2m + 1).

This result is, however, false because the complex function,
obtained by analytic continuation of, e.g., Eq. (2.5a), into
the complex plane before the integral over €2 is performed,
contains a sequence of branch cuts that run parallel to the
real axis and intersect the imaginary axis at the Matsubara
frequencies (see Fig. 2). As a result, the imaginary part of the
function

F(z)=/dQQ[nB(Q)+np(Q+Z)] (2.18)

changes discontinuously at z = 7’ + i (2m + 1)T . For exam-
ple, a discontinuity of ImF(z) atz = 7' +in T is
{ImF[Z +iT(w +8/2)] — ImF[z' +iT(mw — 8/2)1}|5-0

Q
sinh” 4%+ §2
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5inT

3inT

ﬂ\iﬂ'T

A 4

L~

o Ve
j—iﬂ:T

=3inT

FIG. 2. (Color online) Analytic structure of the function
ImEfF (z,T) in the complex z plane. Analytic continuation from the
real axis is possible to any point within the shaded region, including
the points iz 7', but not beyond this region.

This implies that the substitution @ — z = z’ + iz” into the
integral form of Ile’fF (w,T) [Eq. (2.8)] gives the same result
for I} (z,T) as the actual analytical continuation only in
the region bounded by two branch cuts at z = 7' + in T and
7/ —inT, but not outside this region. In other words, the
substitution w = iw,, into (2.8) gives the correct result for
only for the first, but not for all Matsubara frequencies.

2. Direct proof of the first-Matsubara-frequency rule

The first-Matsubara rule can be also proven directly by
computing the self-energy for a conventional FL in Matsubara
frequencies. For the electron-electron interaction, this was
done in Refs. 3 and 4; however, the proofs presented in these
two papers are valid under two additional assumptions, namely,
of small-angle scattering and of a quadratic dispersion gx =
k2 — k%) /2m*, where m* is the renormalized effective mass.
In fact, neither of these two assumptions is necessary. In what
follows, we first consider the case of arbitrary-angle scattering
but still keep an assumption of a quadratic dispersion, and then
generalize the argument for an arbitrary dispersion.

Quadratic dispersion. To be specific, we consider the 3D
case; other dimensions can be considered in a similar way. The
clamshell self-energy diagram [Fig. 1(c)] reads as

&k [ dPp
EkF(wm,T)=—iz3TZTZ/—3 —
— ) @nr) @n
X Gk’(wm + Qn)Gp(wm’)Gerkfk’(wm’ + Qn)

X FszPF;k'F,PF-‘rkF—k'F Fk,[-“va"FkF_k/[:;szpF H

(2.20)

where I'y p. p is the renormalized vertex [a filled diamond in
Fig. 1(c)]. Since we have already assumed that the dispersion
is isotropic, the Z factor is assumed to be isotropic as well. The
momentum transfers can be arbitrary, but all three intermediate
momenta are assumed to be near the FS; this assumption has
already been used in Eq. (2.20).

To evaluate the momentum integrals, the dispersion €p ki
needs to be expanded in ¢, &, and ep. For a quadratic
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dispersion, we obtain after some algebra

2k% | Oy O
F gin XK (sin L + cos Hp,kkr>

€p+k—k =
P m* 2 2

O 1/
+é&p <1 + 2 sin % cos Gp,k_k/) + (ex + &x’)

O

9 /
X <2 sin® % + sin - cos Gp,k_k/> , (221

where 6, y, is the angle between momenta 1 and m. A similar
analysis can be carried out for any isotropic but not necessarily
quadratic dispersion. For small-angle scattering 6 < 1,
Eq. (2.21) reduces to a familiar form €pq = €p + Vrq cos Gp 4
with ¢ = 2kF sin(6x x /2). For the momentum p + k — K’ to be
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on the FS, the first term in Eq. (2.21) must be small; for generic
values of 6 i, this condition amounts to a geometric constraint
O

cos 6 k—k = — sin -

or Opk—k = £(r + O )/2. We expand the first term in
Eq. (2.21) around this value as Op x_x = (7 + O )/2 — @
with @ < 1, and set « = 0 in the remaining two terms. This
gives

(2.22)

€prk—k = Vpkpo siny i + &p cos? Ok x
O 1/
. 2 Ykk
+ (ex + éx) sin -

where v = kp/m*. Substituting the last result into (2.21), we
obtain

(2.23)

.3 k%- 2 dEkr . Qk K’ d&‘p 1 1
Sk (. T) = =22°T Y Ty (£ — | 4By Sin O o cOS —= dot- :
— = \vr @2n)? ’ ' 2 ) @) i(Q + op) — ek IO — &

n m

1

X

(W + 2,) — vpkpo sin Oy — g5 c08% O  — (e + €x) sin

Constraint (2.22) is assumed to be imposed on the momenta
entering both vertices in the last equation. The integral over o
gives

sgn(wm + £2,), (2.25)

" vk sin
while the integral over g, gives —im sgnw,,. Summing the
product of the two sign functions over w,, , we obtain a “local,”
i.e., integrated over the momentum, polarization bubble as a
sum of two terms: —|€2,,| /7 and a constant, proportional to the
ultraviolet cutoff of the theory. The constant contributes only
to the O(T) term in Xy, (7 T,T), and we consider it separately
later. The |€2,| term is the one relevant to our purposes as
we need to verify that Xy, (w7,T) does not contain a T?
contribution. The prefactor of the |€2,| term is given by

m*Z\> O 1
2C = ( 7 ) /d@k,k' cos —= Ty priky pretkr—K)

(2.26)

X Fk/p,PFvaF*k’F;kFaPF'

The remaining integral over gy gives sgn(w,, + €2,), and the
self-energy becomes

Sk (@, T) = =2CTT Y sgn(@n + )Rl + -+,
Q,

(2.27)

where the ellipsis stands for O(T) terms. Summation over €2,
is straightforward, and we obtain
k(@ T) = C(n°T* —wp,) + -

m

(2.28)

The T? term in the Matsubara self-energy obviously vanishes
for w, = +nT.

2 Ok Fkl"’l’l-';k/p,Pl«‘JFklv‘*k/p Fk/,rap[-"‘rkl-'7k/p;kl"~,p[-' .
2

(2.24)

Arbitrary dispersion. Equation (2.28) is also valid for an
arbitrary fermionic dispersion, with the only difference that
the prefactor C now depends on the position on the FS. To see
how this works, we expand €pk—x near a FS. Knowing that
ex and g drop out anyway, we set them to zero and expand
€p+k—k’ around pr as

I
vPF+QF

vII ’
Pr

Eptar = Ep—prtpr+ar = €prtar T Ep (2.29)

where qr = kp — K/, vl” =V, -Pr, Pr =pr/pr, and we
suppressed the * symbol in vy for brevity.

Substituting this expansion into (2.20) and replacing inte-
grals over 3D momenta by integrals over the FS and over the
electron energy, we obtain

dAy dA,, -~
Tk, (@, T) = —iT Y T 2 A
kF((l) ) l ; Z% (27[)3Uk’,, (277:)3va

fd fd 1 1
X Ex’ &
TP QA+ om) — e i), — &

1

X

o) Yoptap
i, + ) = Epptar — Ep
F

X FkF,PF;k’pPF'HlF Fk’pPF+QF;kF~,PF’ (230)

where 73 = Zx, Zy, Zpy+kp—K,,- The condition that all three
internal fermions are located near the FS implies that, at
fixed qp, the angle between pr and qr must be such
that the first term in &p,1q, is small. Suppose that, at

fixed qp, the constraint Eplisqy = 0 is satisfied for a set

of symmetry-related points on the FS, p(;i. The vector pr
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spans a narrow solid angle around each of p?,’i ; therefore, we
can expand the dispersion as &p,4q, = (Pr — p%i) -V, where
V = Vpoiqq,. Since qr is still fixed, it can be chosen as the
polar axis of a local spherical system, in which a point on
the FS is described by an equation pp = r(6,¢). Vectors
p(l);’i are parametrized as pr = r(6%,¢%"); correspondingly,
pr =r@% —a,¢% — B) ~ p%’i — arg — Bry where ry and
ry are the partial derivatives of r with respect to 6 and ¢,
respectively, evaluated at the point (9*7,¢%%). Suppose that
v makes angle y with the polar axis and, without a loss
of generality, assume that the x axis belongs to the plane

formed by vectors ¥ and qr. Then, cos 6. ; = cos %' cos y

and cos 0. ; ~ (cos 6% + asin@%") cos y to linear order in
a. Substituting all of the results above into Eq. (2.29), we
obtain
vl\m
Pr t4r
I ’
Oy

2.31)

(0 0. 0.
eprqr = @(pp' sin0”" —rgcos0”)cosy +¢p

which generalizes Eq. (2.23) for the arbitrary dispersion case.
The measure of integration over the area d Ay, reduces to

0,i\2

dAPF ~ (pF)
Vo Il
Pr U g,
P

sin0% do dp. (2.32)

The rest of the calculations proceed in the same way as for
the quadratic-dispersion case, namely, integrating first over «,
then ¢p, and, finally, over gy, we reproduce the same product
of the three sign factors as before. The final expression for
the self-energy reduces to that in Eq. (2.27) with a different
prefactor, which varies over the FS.

Interestingly, we found that the seemingly obvious result
that frequency summation in Eq. (2.27) yields (2.28) can be
reproduced only with a considerable effort if one uses the
Euler-Maclaurin formula to sum over €2,,. Namely, one has
to keep not only the “conventional” terms with the integral
over n and derivatives of the summand at n = 0, but also the
“remainder” term, which is often neglected when the Euler-
Maclaurin formula is applied in practice. We discuss this issue
in Appendix A.

3. Linear-in-T term in the Matsubara self-energy

Finally, we consider in more detail the O(T") contribution
to X, (T, T). For definiteness, we focus on the 3D case and
restrict to quadratic dispersion. If we integrate in Eq. (2.20)
over &, and ¢y ininfinite limits, as we did earlier in this section,
and retain a constant term [denoted as T1(0)] instead of the ||
term in the local polarization bubble, we obtain

Sk (rT.T) =T Y sgn(wT + Q). (2.33)

Qn

where A o I1(0). Because only the n = 0 term contributes to
the sum, Xy, (7 T,T) = AT.

This result holds only if we integrate over ¢, and g in
infinite limits. Since, however, we have set the cutoff of our
low-energy theory to A, integrations over &, and & should,
strictly speaking, be performed between —A and A. The
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magnitude of A then depends on the ratio A/Er and reduces
to the previous result only for A 3> Er. In the opposite limit
of A « Ef, which is more appropriate for systems in which
Er is of the same order as the bandwidth, A is much smaller,
namely, A ~ (A/Er)In(Er/A). We show this in Appendix B.
We also checked if there is a T2 contribution to Xy ST, T)at
finite A, but found no such term. The next term after the AT is
of order T3/ AZ. This one is irrelevant to our purposes, as later
in the text we show, that in a generic 3D FL, there are universal
terms of order (T3/ E%)ln Er/T, which are parametrically
larger than a nonuniversal 7 term.

III. SINGLE-PARTICLE SELF-ENERGY: NONCANONICAL
FERMI LIQUIDS AND HIGHER-ORDER TERMS IN
CANONICAL FERMI LIQUIDS

We remind the reader that the analysis in the previous
section relied on the assumption that the momentum inte-
grals, incorporated into the prefactor C in Eq. (2.16) for
ImElfF (w,T), are free from singularities. These integrals
include quasiparticle renormalization factors, the effective
interaction between the quasiparticles, and the prefactor of
the €2 term in the imaginary part of the polarization operator
[see Egs. (2.9) and (2.14)]. The quasiparticle renormalization
factors and the effective interaction are nonsingular at small
q, but the prefactor of the €2 term scales as 1/g and may give
rise to infrared divergencies. The momentum integral in the
expression for C is over the D — 1 components of q lying
in a plane tangential to the D-dimensional FS. This integral
converges for D > 2, i.e., in a conventional FL, but diverges
for D < 2, i.e., in a nonconventional FL.

The issue we discuss in this section is whether the first-
Matsubara rule holds in a nonconventional FL and in a
conventional FL beyond the T2 order. We will show that the
next after the O(T') term in (7 T,T) scales as T for any
D,ie., Sk, (nT,T) = AT +dTP.

The TP term is subleading to the 72 one in a conventional
FL (D > 2), and thus the first-Matsubara rule holds to order 72
in this case. However, the leading terms in a nonconventional
FL (1 < D < 2) are also of the T? order, and thus the first-
Matsubara rule does not hold in this case. In the next section,
we show that the first-Matsubara rule holds to all orders in T
for any D near a QCP, when the local approximation becomes
valid.

We consider first the marginal case of D =2, and then
discuss the casesof 2 < D <3, D=3,and1 < D < 2.

A. D=2

In D = 2, the self-energy is nonanalytic: IrnZlfF (w,T) x
o’Injw| at T =0and T?>InT at w = 0,>'2* while the first
subleading term in ReZlfF (w,T) scales as w|w| at T = 0 and

as T?sgnw for w <« T.'2 To logarithmic accuracy, the scaling
form of InE (w,T) is given by>*+30

R 2 272 A
ImZ¢ (0,T) = Co(w” +7°T7)In ﬁ, 3.D
w
where C; is a constant. By the KK relation,
C
ReZ (0.T) = Ao — %sgna)(wz + 72T, (32)

155136-7



ANDREY V. CHUBUKOV AND DMITRII L. MASLOV

At this level, the first-Matsubara rule is obviously satisfied. Be-
yond logarithmic accuracy, however, the situation is different,
as we will now see.

Let us first calculate the self-energy in Matsubara fre-
quencies. Consider diagram (a) in Fig. 1. The corresponding
formula for the self-energy is given by Eq. (2.2). We explore
an earlier observation'>?°-3! that the nonanalytic contributions
to the fermionic self-energy come from forward scattering and
backscattering rather than from scattering by an arbitrary an-
gle. The internal structures of diagrams with forward scattering
and backscattering are the same, i.e., it is sufficient to analyze
only one of these two contributions. We consider forward
scattering, i.e., focus on small momentum transfers g, and
also assume that the FS is isotropic (a circle). Consequently,
the self-energy does not depend on the position on the FS,
but we will still keep the subscript kr which indicates that
the self-energy is evaluated on the FS, as opposed to the
self-energy evaluated away from the FS also considered in
this section.

At small g, the polarization bubble behaves as

m €2, |
My(@)=——|1-

—_— . 33
VQ;%‘HUFQ)Z) G

The constant term in IT gives rise to the O(T) term in
Yk, (inT,T). We neglect it for now but will reinstate it in
the final result for X, (7 7,T). Keeping the dynamic part
in Eq. (3.3) and introducing polar coordinates for momentum
integration, we obtain for the forward-scattering contribution
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of Fig. 1(a) to the self-energy at arbitrary momentum k

2k(wmvT)

dgd 1
=—iA2TZ/q 949
Q (27[)2 l(a)m + Qn) — &k — VUFq COS¢
€2,
X —F—,
V2 4 (vrg)?
where A, = 47u?(0)/m and u(0) = mUq—o/27 is the

dimensionless coupling constant for forward scattering.
Integrating over 6, we obtain

Ek(wm s T)

A TZ/ dqq sgn(wy, + $2,)
=—-A;
o ) 27 (0w + Qi) + (vpq)?

34

€2,

X —.
V2 4 (vrg)?

First, we discuss the self-energy on the FS. Substituting ex = 0
into Eq. (3.5) and integrating over g up to A /vr, we obtain

(3.5)

TA;
Sk (0, T) = =25 3 1Qulsgn(on + @)
TVE =y
o | YA 4 VA + (@0 + Q)
X n .
|20+ o + 2l
(3.6)

For w,, = n'T, the last result reduces to

S, (1T, T) = ——

F o op=1

where A = A/(27T) > 1. To evaluate the frequency sum, we
notice that the second fraction under the logarithm is close to
unity in both regions of m that are relevant for the sum, namely,
forn <« A and for m ~ A, when n < n?. In either case,

([\2 +l’l2)]/2 + [[\2 + (n + 1/2)2]1/2 ~ n
([\2 +n2)1/2 + [[\2 + - 1/2)2]1/2 ~ 2([\2 +n2)'
3.8)

In

With this simplification, the sum over n can be evaluated
exactly. Performing summation, and adding the O(T') contri-
bution from the static part of the polarization bubble, we obtain

A,T? K+nln2 (3.9)
2mv? 4 ) '

F

Sk, (@ T, T)=nTh—

where A ~ (AzA)/U%; is a nonuniversal constant and
K = 0.9160is the Catalan’s constant (K + 7 In2/4 = 1.460).
We see that X(w7,T) does contain a universal, i.e.,
cutoff-independent 7% term. We recall that there is no such
term in D > 2, when the self-energy is analytic to order T2.

T i 2122+ )2 4[R2 4 (04 1/20)
20+ 1/2 (A2 + )2 + [A2 + (n — 1/2)2]'2

i| ) 3.7

The presence of such a term in D = 2 implies that the first-
Matsubara rule breaks down once the self-energy becomes
nonanalytic.

For completeness, we also reproduced Eq. (3.9) by evalu-
ating first IlefF(a),T) and then evaluating Xy, (7 7,T) using
the general KK relation between the Matsubara self-energy
and InXZ2 (w,T):

S (. T) 2w, [ ImEfF(a),T) (3.10)

kr @m s = = A @ w2+w%l .
Applying spectral representation to Eq. (3.4) and integrating
over the momentum, we obtain for w > 0

A A—w
Wl .7) = o / R8I + (@ + o)
2 |
AT =@+ A — (@t PP
X In

3

wlo + 22|
3.11)

if w <2A and ImElfF (w,T) = 0 otherwise. To logarithmic
accuracy, this expression reduces to Eq. (3.1).
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Substituting (3.11) into (3.10) and setting w,, = & T, we
find that the main logarithmic term in ImEfF (w,T) contributes
only to the O(T) termin X, (7w T, T). The violation of the first-
Matsubara rule comes from the subleading O(w?) and O(T?)
terms. We obtained the first term in Eq. (3.9) analytically and
reproduced the second term by integrating over w in Eq. (3.10)
numerically.

A complete expression for Xk, (w7T,T) to second order
in the interaction contains contributions from diagrams in
Figs. 1(a) and 1(b). Each of these diagrams contains con-
tributions from the interaction with momentum transfers
equal to zero and to 2ky with amplitudes U(0) and U (2kF),
correspondingly. Collecting all these contributions, we obtain
a complete result for Xy, (w7T,T) to second order in the
interaction as'>3°

T2
Y4, (T, T) = nTh — ——[3u(0) 4+ 2u*(2kr)
2Ep

wln2

—2u(0)u(2kr)] <K + > , (B.12)

where u(q) = mUq/(2m). The combination of the coupling
constants in Eq. (3.12) can be expressed via the spin and charge
components of the forward scattering ( f) and backscattering
(b) amplitudes I'/ and I'?, defined by

T s =Tl8,48,5 + T0us -0y, (3.13)

ay;pé
where subscripts ¢ and s stand for “charge” and “spin,”

respectively. To first order in Ug,

I/ =-T/ =u0), T°=2u0)—u@kr), T?=—ukr).

(3.14)

Using these relations, one can reexpress Eq. (3.12) as

S T.T) = 2T — Lo (K 4 T2
kF(n s )—JT _SEF( + 4 )
<[2{(r?)* +3(r?)*} + (1) +3(r!)’].
(3.15)

Equation (3.15) can be extended to a FL with an arbitrary
interaction. One can show, using the same arguments as
in Refs. 12 and 32, that the self-energy still contains the
same combination of forward-scattering and backscattering
amplitudes, except for in a general case I‘f’s and FC{ s are
expressed not via u(0) and u(2kr), but rather via fully renor-
malized four-fermion vertices I'(k,k; k,k), I'(k, —k; k, —K),
and I'(k, —k, —k,k), which may depend on both transferred
and total momenta. Explicitly, we have

Z2 * ) 2. %
r/ = 2% rkkkk):  TY — 22 Tkk kk)
27 27
b _ Z*m* . .
;= [2T'(k.k, —k; Kk, —k) — T'(k, —k; —k,K)],
T
Z2 *
rt = -2 ri, —k; —k k). (3.16)
2
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A complete expression for the self-energy at the first Matsubara
frequency is

ST T) = 7Th — o (K 4 T2\ ™
ke =T T e, 4 )mz
x[2{(r?)* +3(r?)’} + ()" +3(r!)7].

(3.17)

There is one additional complication: The result in Eq. (3.17)
is actually based on the expansion of the polarization bubble in
frequency: for free fermions, this amounts to replacing (3.3) by
Mg(R2,) = —(m/m) (1 — |2,]/vrq). The static part of [14(€2,,)
produces the T term in Eq. (3.17), while the (smaller) dynamic
part produces the T2 term. At weak coupling, one can safely
set the lower limit of integration over ¢ to zero because
the contribution from the region ¢ < Q/vg ~ T /vr produces
only higher than T2 terms. In a generic FL, an expansion of the
polarization bubble is possible for [['Q2,|/vrg < 1, where T’
is the largest of the scattering amplitudes in Eq. (3.15). When
I" > 1, which happens either when the interaction is strong
or when the system is near a Pomeranchuk instability,'> the
condition vpqg > |I'Q2,| sets a new lower cutoff for integration
over g. We consider the case of large I' in Sec. IV, where we
show that the existence of this cutoff affects the prefactor for
the T2 term in Eq. (3.17), which gets smaller as I" increases.
The consequences of the first-Matsubara rule for the de
Haas—van Alphen (dHvA) oscillations in a 2D FL were ana-
lyzed in Refs. 3 and 4, where it was shown that the amplitude of
these oscillations contains neither a 72In T nor a T2 term re-
sulting from the self-energy of quasiparticles. This result seems
to contradict Eq. (3.17), which shows that the self-energy eval-
vated at w,, = 7 T does have a T? term. In fact, there is no con-
tradiction because Eq. (3.17) refers to the self-energy evaluated
on the FS, i.e., for ex = 0, while the dHVA amplitude contains
the self-energy evaluated at the “Matsubara mass shell,”
defined by a solution of the equation G Y(@m) = 0.Tt turns out
that these two self-energies do have different 7 dependences.
The amplitude of dHVA oscillations in any thermodynamic
quantity contains the following dimensionless combination:*

iT €
Ao = 3—— 3 /dska(a)m)exp <2mw—"), (3.18)

wp >0

where o, is the cyclotron frequency. For simplicity, we omit
O(ex) and O(w,,) terms in Xy, which only renormalize the
effective mass entering the cyclotron frequency, and focus
on terms of order 721InT and higher. We also focus on the
weak-coupling regime, when the Matsubara mass shell can be
determined perturbatively; to lowest order in the interaction,
the mass shell simply coincides with the pole of the Matsubara
Green’s function gy = iw,,. Substituting the self-energy (3.15)
evaluated at ex = iw,, into Eq. (3.18) and integrating over ¢,
we obtain

T m f: m
Adhva = o Z exp (—ZNL(Q))) , (3.19)

. w,
¢ wpy, >0 ¢

where

. A, T [ Avr 212
2 d ngn(w )l |.

$(w,) = — 225
(@n) o (vrq)? + 2

Qy
(3.20)
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For high enough temperatures, i.e., for T = w., one needs
to keep only the w, = 7T term in the sum of Eq. (3.19).
This is where the first-Matsubara rule becomes useful because
the Matsubara sum in Eq. (3.20) vanishes for w,, = =T, and
Agnva reduces to the free-electron result (modulo renormalized
effective mass) with no extra T-dependent terms.

A related point is the difference in the behavior of the
self-energy at finite T and at T = 0. At T = 0, the perturbation
theory in 2D for the self-energy diverges near the mass shell,
and needs to be resummed to eliminate these divergences.'>%
The mass-shell singularity shows up already in the second-
order self-energy at 7' = 0, which is obtained by replacing
the Matsubara sum in Eq. (3.5) by an integral over €2,. To
logarithmic accuracy, this yields

2:k(wmv T = O)
Ay

1 A
= — wr2n + —(wm + i&‘k)2 In ——
87121)% 4 Wy gk

1 A
+ (wi — —(om + isk)z) In —} . (32D
4 Wy — 18

The mass-shell singularity in this equation is manifested as a
divergence of the first logarithmic term at ¢x = iw,,. However,
if we keep T in Eq. (3.5) finite, integrate over ¢ at finite &y,
and then rearrange the resulting Matsubara sum, we obtain
to logarithmic accuracy and for Matsubara frequencies with
m = O(1)

A, T
Sk 1) = =22 3 Il
TVF opr
A2
x In - —. (3.22)
(ZQn — Wy — lsk) (wm + lsk)

The limit of 7 — 0 in this equation reproduces Eq. (3.21)
with the same mass-shell singularity at ex = iw,,. However, at
w, = T, the sum in Eq. (3.22) contains no terms and thus
the mass-shell singularity in Xy (7w T,T) is absent. This is the
reason why the mass-shell singularity does not show up in the
dHvA amplitude.
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B. Higher-order terms in canonical Fermi liquids (2 < D < 3)

In canonical FLs, the first-Matsubara rule holds to order
T?. Let us now verify whether it also holds to higher orders
in T. To obtain Xy (7 T,T) beyond the T2 order, we need to
go beyond the approximation we used in Sec. II, where we
assumed that the interaction connects only the points right on
the FS.

We verified that, as in 2D, the terms relevant to our analysis
come both from small momentum transfers and momentum
transfers near 2k . Consider for definiteness a small momen-
tum contribution to in Fig. 1(a). The corresponding formula
for the self-energy is given by Eq. (2.2). To single out potential
terms in Xy, (7 T,T) beyond the T2 order, we subtract from
the integrand in Eq. (2.2) its expression for the case when the
effective interaction connects the points right on the FS. We
parametrize the measure of the D-dimensional integral over
qasdP~'q,dgqy, where a (D — 1)-dimensional vector q lies
in the plane tangential to the FS and ¢ is along the normal
to the FS, and replace the integral over g by that over the
fermionic dispersion in the final state €y, q ~ vrg) = €. As
before, we neglect the static part of I14(£2,), which contributes
only to the O(T) term in X, and approximate the dynamic
part of I14(S2,) by the |2,1/g = |Q,|/v ¢} + gj form. Using
these simplifications, we express the part of the self-energy
not captured in Sec. II as

§S(nT,T)

D-2
dg,d 1
= —iADTZ|Qn|qu L0€
Q,

Qm)P  ixT +Q,) —¢€

1 1
Jid et g+

where Ap = 2vDrr%/F[(D — l)/2]U§=0, ['[x] is the
gamma function, and vp is the density of states per spin
projection in D dimensions. Because X, (7w 7,T) obtained
in Sec. II contains only linear-in-7 terms and thus satisfies the
first-Matsubara rule, potential deviations from this rule are due
to X (wT,T). Integrating over g, and € in (3.23), we find that
8X(wT,T) contains a contribution

X

. (323)

T Q,
SE(T.T) = Ap—p 3 I1QIGT + QI T + 1"~ Qb (—)

Foq,

T + 2,

_ rP D—1 A D—2 n D2 n
—ADE(ZH) Zn[(n+l/2) Op (n+1/2>_(n_1/2) Op (n_1/2>j|, (3.24)

n=I

where A = A/2n T, and

0p(z)
_ 2/A/A dx xP2dy  Jx24+y2 422 —Vx2 422 '
o Jo QM (24 DV 2/x2 2422
(3.25)

The sum in Eq. (3.24) contains a contribution from the
upper limit, which just adds an extra piece to the O(T)
term, but it also contains a A-independent contribution from
n = O(1), which yields 8X(n T,T) « T?. We see therefore
that the full ¥y, (7 T,T) = O(T) 4+ 6X(xT,T) contains a TP
term, i.e., the first-Matsubara rule breaks down at order 7°
in conventional FLs. Still, ¥k, (w7,T) and X, (wy,,T) for
|wn| # T are qualitatively different: the next term after 7 in
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Sk (wm #7T,T)is T2, while in 2k, (T, T)itis TP, which
for D > 2 is much smaller than 72. We verified that in the
limit D — 2, the result matches the second term in (3.9). For
arbitrary 2 < D < 3, the sum has to be evaluated numerically.

The case D = 3 is special because Q3 diverges logarithmi-
cally. In this case, we have, after integrating over x in Eq. (3.25)
and neglecting nonlogarithmic terms,

SL(T.T)
4713 A 422

= A3— +1/2 / dy——, 3.26

Snv% En In|(n+1/2) A y V11 (3.26)

where z = n/(n + 1/2). By power counting, 6 (T, T') scales
as T3, but there is an additional logarithm, which can be
captured by expanding the integral in Eq. (3.26) in 1/n to
order 1/n3. The prefactor of the universal T3 term is 1/|n],
and the sum T3/|n| yields a T*In A/ T term in Xy, (nT,T).
Expanding the integrand of Eq. (3.26) in 1/n, integrating over
y, and collecting the prefactors for the T3In A/T term, we
obtain
3

SS(nT,T) = As In=.

157vy T

(3.27)

The complete result in 3D again contains the contributions
from Figs. 1(a) and 1(b) and includes terms coming from both
forward scattering and backscattering.

Note that the signs of § X (x T, T) are different in 2D and 3D
[cf. Egs. (3.9) and (3.27)], i.e., the prefactor of the T? term
vanishes at some D in-between 2 and 3.

C. Noncanonical Fermi liquids: 1 < D <2

The analysis for 1 < D < 2 parallels that in the previous
section. The extra term in the self-energy at w,, = T, given
by (3.24), is still of order TP, and its prefactor is expressed via
forward-scattering and backscattering amplitudes. The only
difference between the D < 2 and D > 2 cases is that, for
D < 2, the TP term is larger than the T? one, and the first-
Matsubara rule breaks down completely, i.e., the next term
after T in Xk, (wn,T) is of order TP for all w,, including
w, =*xnT.

IV. THE FIRST-MATSUBARA-FREQUENCY RULE
NEAR QUANTUM CRITICALITY

A. Local approximation

So far, we found that in a generic FL, either conventional or
unconventional, the terms of order T'” in the self-energy do not
distinguish between the first and other Matsubara frequencies,
i.e., the prefactor of the 7 term in X, (w,,) is nonzero for
all m.

We now show that a different situation emerges when the
system is tuned to the vicinity of a Pomeranchuk transition,
at which a FL becomes unstable towards condensation of
particle-hole excitations with zero-momentum transfer. A
Pomeranchuk instability can occur in either the spin or
charge channel. A magnetic (spin) instability is likely to
trigger preemptive transitions**** and, to keep the discussion
focused on the first-Matsubara rule, we only consider here
a Pomeranchuk instability in the charge channel. In the
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bulk of this section, we focus on long-wavelength (¢ = 0)
Pomeranchuk instability (a quantum phase transition with
dynamical exponent z = 3). At the end of this section, we
briefly discuss the first-Matsubara rule near an instability at
finite g in a system on lattice (a quantum phase transition with
dynamical exponent z = 2).

Near a Pomeranchuk instability, interactions generate a
large length scale £ (the correlation length) which diverges
at the transition. In D < 3, a divergence in £ brings the upper
boundary of FL behavior down from O(Ef) to wg, « & 315
At large enough &, wp becomes smaller than A, and the
low-energy theory with the upper cutoff A describes now
both the FL and non-FL regimes. We first consider the case
of 2,7 < wrr, and then discuss the first-Matsubara rule at
energies above wg .

The observation, which is most relevant to our analysis,
concerns the low-energy cutoff in the integration over bosonic
momentum ¢ in the formula for the self-energy, once we cast
it into the form of Eq. (3.4). As we mentioned in Sec. IIT A, the
TP term in Xy, (w,,) with a prefactor that does not show any
special features at m = 0,—1 is obtained by setting the lower
momentum cutoff to zero. This approximation can be justified
at £ = O(1) ~ k', at least at weak coupling, but not at large
&. To show this, we follow earlier work® and assume that,
near a Pomeranchuk instability with some angular momentum
£, the fermionic self-energy given in Eq. (3.4) can be viewed
as resulting from an exchange of low-energy and overdamped
collective excitations. The propagator of these excitations at
small ¢ is given by

X0
Xq(§2,) =

GE+E2+yTg(Q)’

where y depends on the original fermion-fermion interaction
and fermionic dispersion and, in general, is different for
different . As before, we keep only the dynamic part in
Mg(2,).

The one-loop self-energy is given by

4.1)

| d"
By 00 1) =T Y [ 556 alon + 2120
Q2

4.2)

An order-of-magnitude estimate for X, (w,,,T) can be ob-
tained by expanding x4(£2,) as

Xa(20) = Xq(0) — X0V E* ().

Substituting this expansion into Eq. (4.2) and comparing the
result to (3.4) in Sec. IIT A, and to its extension for an arbitrary
interaction in Eq. (3.15), we see that oy &4 plays the same role
as the combination of the '? terms in Eq. (3.15),1.e., the overall
prefactor of the dynamic part of Xy, (w,,,T) scales as g4,

Let us now look more carefully at the limits of integration
over ¢, which need to be imposed to ensure self-consistency
expansion (4.3) for xq. Because IT,(£2,) scales as |Q2,]/q
at the smallest €2,, the expansion in I14(€2,) in Eq. (4.3)
holds only for g > y|,|&2, which sets the lower limit in
the integral over ¢. The upper limit is set by £~!. Now, we
expand the dispersion as ek, +q = Vrq + g3 /2m* and express
q| as q| = Eky4+q/VF — g% /(2upm*). Consider momentarily a
free-fermion propagator in Eq. (4.2). Typical €x,4q are then

(4.3)
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of order w, + 2,, i.e., of order T for Matsubara indices
m,n ~ 1. Since we expect the T2 term to come from the
region when both typical g and g, are also proportional to 7',
the g /2m* term is of order 72 and can be neglected compared
t0 €x,4+q. Hence, typical g ~ &x,1q/vF, and typical g ~
V@? + [(@n + Q,)/vr]. For large £ and n,m ~ 1, (w, +
Q,)/vrp ~ Q,/vF is then smaller than the lower limit for ¢,
which is y|Q,|£2. For yvr£? > 1, one can approximate ¢ by
q. . This is equivalent to factorizing the momentum integral
in (4.2) as [ dex,1qGk,+q(@m + ) [ dP7q1 xq, (2,). In
this approximation, the dynamic part of the self-energy in
Eq. (4.2) reduces to

T
i 0n, T) = 5= sgn@n + Q)xe(@),  (44)
Fa

where
D-1
q.1

W Xa. (§25).
Because x; (£2,,) is an even function of €2,,, the right-hand side
of (4.4) vanishes at |w,,| = 7w T, i.e., the first-Matsubara rule
holds. For all other frequencies, such that |w,,| # 7 T but still
|wn| ~ T, Sk, (wn,T) behaves as TP£2P in nonconventional
FLs, and as

Tk, (0, T) = T?E7P{1 + O(TEH)P )}

xL(§2,) = 4.5)

(4.6)

in conventional FLs.

We refer to an approximation, in which the momentum
integral is factorized, as the local approximation. The name
reflects the fact that the fermionic self-energy in this ap-
proximation is a convolution of the density of states (the
Green’s function integrated over fermionic dispersion) and
the local susceptibility, obtained by integrating the nonlocal
susceptibility over D — 1 components of .

If we keep w,,, + €2, in ¢ and compute X, (w,,,T) without
making any approximations, we find that the T? term in
Yk, (wm,T) is present for all w,,; however, its prefactor has
different dependences on & for |w,,| = T and all other w,,.
For |wy,| # nT, the TP term in Yk, (wm,T) is present even
in the local approximation, and the prefactor of this term
scales as £2P. For |w,,| = n T, the prefactor is zero in the
local approximation, and scales as £2P~2 if we compute
3k, (wT,T) in (4.2) using a free-fermion propagator. Using
a free-fermion propagator at large £ is, however, not justified
because the mass renormalization term Aw,, in Xk, is also
proportional to & [this term involves a static susceptibility
x2(0)]. Including this term into the Green’s function affects
the estimate for a typical e, 4, which now becomes of order
(1 4 V)|@pm + Qnl/ve. Accordingly, the prefactor of the 7P
term scales as A2£2P~2 at |w,,| = 7 T. At one-loop order,
r o E3P (cIn& in D = 3) and, hence, the self-energy at
the first Matsubara frequency scales as X, (n T,T) oc TP&2.
Still, for all D > 1, this is parametrically smaller than the
self-energy at larger Matsubara frequencies, which, we remind,
scales as 72£°°? in conventional FLs, and as TP&2P in
nonconventional FLs.

The main outcome of this analysis is that, near a Pomer-
anchuk instability, the first-Matsubara rule approximately
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holds, even if far from the instability this rule is broken, as it
happens in nonconventional FLs. The distinction between the
prefactors of 72 terms in X, (w,,, T) likely persists to higher
orders in the loop expansion, even if higher-order corrections
are not small. To verify this, we analyzed two- and three-loop
contributions to the self-energy near a charge Pomeranchuk
transition in D = 2. We recall that in D = 2, the self-energy
at a generic w,, scales as T2£*. In 2D, a two-loop self-energy
is small compared to the one-loop one [Eq. (4.2)], only if one
extends the theory to N fermionic flavors and takes the N > 1
limit.!%!" The three-loop self-energy is not small even in the
large-N limit (Refs. 13, 14, and 17), and higher-order terms
even bring in additional logarithmic singularities.'*!73¢ We
computed two- and three-loop contributions to the self-energy
along the Matsubara axis, and found that in both contributions
the prefactor for the 72 term still vanishes at w,, = =7 T
if the local approximation is imposed, and scales as &2
beyond this approximation. Higher-order corrections may,
in principle, generate additional logarithms and eventually
change the scaling of X, (7r,T) with & from &2 to &7 with
B < 2. However, because the one-loop results for X, (7w 7T,T)
and Xy, (wn,T) with |w,| # 7T differ substantially (by a
factor of £2 in D = 2), it is likely that the difference between
the prefactors of T2 terms in X, (77, T) and in Ty, (|w,| #
7 T,T) holds to infinite order in the loop expansion.

The difference between Xi,(w7,T) and X, (|on| #
nT,T) becomes particularly pronounced right at the Pomer-
anchuk instability. Now wg, = 0, and the self-energy exhibits
a non-FL behavior at any finite @ or T. The self-energy for
generic w,, # £ T can be divided into two parts: dynamic
4 and static ¥°*. The dynamic part comes from processes
with nonzero energy transfers, corresponding to €2, # 0 in
the Matsubara sum of Eq. (4.2). The critical form of the
dynamic part is obtained by replacing £ in Eq. (4.6) by
T, which gives Eﬁp(wm,T) ~ TP/3, The static part comes
from scattering of static critical fluctuations, corresponding
to a single term with 2, = 0 in Eq. (4.2). At finite &, this
contribution behaves as ¥y (T) o T§ 3D At £ - o0, the
static contribution diverges for D < 3.%37 This divergence is
usually regularized by introducing a temperature-dependent
correlation length £(7T), which remains finite at 7 > 0 even
right at criticality. On general grounds, one can postulate that
£(T) o TP with Br > 0, and hence X} (T) o T'~FrG=D),
At the one-loop level, By = 1/2 (modulo logarithms) for 2D
quantum critical systems with dynamical exponents Z = 2 and
3,%7 but higher-order corrections may change the exponent. We
will treat 7 as a phenomenological parameter of the theory.
Comparing the exponents of the dynamic and static parts of
the self-energy, we see that, for any D < 3, the leading T
dependence of the self-energy is given by the dynamic part if
Br < 1/3 and by the static part if 87 > 1/3.

For the first Matsubara frequency, the static part of the
self-energy is the same as for all other w,,, but the dynamic
part is different. To obtain EﬁF(n T,T) at criticality, we
reevaluate the self-energy diagram in (4.2) by replacing the
frequency in the denominator of the Green’s function by
the self-energy at the same frequency. Now, typical gy, q ~
Sk (@0m + 24, wp+0~T = 3(T). Expanding the bosonic
propagator to leading (second) order in &, 4 and performing
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power counting, we obtain

D=2 — TD_2/3, if ,BT < 1/3

S @T T 22 oc] L.,
TS5 726-D)if By >1/3
4.7)

where we replaced ¥ by X¢ and X° for By < 1/3 and
Br > 1/3, correspondingly. We see that EEF(JT T,T) re-
mains smaller than Eﬁ,,(wm # nT,T): the ratio of the two
behaves as Ty, (7 T,T)/ X9 o« THP=D/3 for B < 1/3, and
Tk, (T, T)/ 29 o« TPHD/3=PrG3=D) for B, > 1/3. The expo-
nent is positive for any D > 1 in the first expression and for
1/3 < Br < (D +1)/3(3 — D) in the second one. In both
cases, the ratio of the self-energy at the first Matsubara
frequency to that at a generic frequency scales to zero as T goes
to zero. This smallness is a manifestation of the first-Matsubara
rule at criticality.

B. Scaling form of the self-energy in the local approximation

A nontrivial aspect of the first-Matsubara rule near a
Pomeranchuk instability shows up when we consider the
self-energy along the real frequency axis. At order 72, both the
real and imaginary parts of Elﬁ (w,T) are rather complicated
functions of w and T, and the extension of ZfF(a),T =0)
to finite 7 by no means implies that @ is replaced by
v @?* 4+ w2T2. Still, within the local approximation, we obtain,
analytically continuing (4.4) to real frequencies,

1
ImElfF(w,T)szdQImxf(Q) [15(Q)+np(Q+w)].
(4.8)

The right-hand side of Eq. (4.8) is an analytic function of
complex variable @ — z = z’ + iz” within the stripe [Imz| <
T (see Fig. 2). Within this stripe, one can then analytically
continue ImE]fF (w,T) into the complex plane by just replacing
w — z. Aa a result, ImEfF(irrT,T) is still given by (4.8),
but with iwT instead of w in the right-hand side of this
equation. Because ng(2) +np(Q+inT) =0, ImE]fF (w =
i T,T) vanishes. The full Efﬁ,(i 7w T,T) vanishes by the first-
Matsubara rule, hence, ReE,’fF (w,T) must also vanish [up to a
O(T) term], if we replace w by i T. These two requirements
then set nontrivial constraints on the scaling functions of
o/T inImEE (0,T) o || fip(lw]/T) and ReZg (0,T) o
wlo|P~! frp(w|/T): both fip(x) and frp(x) must vanish at
X =im.

In the next two sections, we obtain explicit forms of
fip(lw|/T) and frp(Jw|/T) for near-critical FLs in D =2
and 3 and show that they satisfy the constraint.

1. D=2
We again use (4.1) for x,(€2,). In D = 2, we have

X0V§4 QIn WFL

Imy /() = p— TR

(4.9)
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where wpp ~ 1/(y£3) is the upper boundary of the FL
behavior. The imaginary part of the self-energy is given by
WFL

7 [mB(82) +np(Q2 + w)],

ImE (0.T) = BO/dQan Q

(4.10)

where By = xoy&*/(2n%v2). The real part of the self-energy
is obtained via the KK relation. We skip the details of
calculations and show only the final results. It turns out that
the real part of the self-energy (the one which does not contain
logarithms) can be computed exactly, up to the term of order
o which we omit below. The real part of the self-energy is an
odd function of the frequency at k = k. For w > 0, we find

B 2
ReElfl,(a),T) = —To[nwz +4nT2<71t—2 +Liz[—e_"’/T])i|,
“4.11)

where

Lis(y) = =

k=1

4.12)

is a polylogarithmic function. This expression can be cast into
the scaling form ReZlfF(a),T) = w|w| frao(lw|/T). For w =
inT,—e /T =1andLiy(1) = 7?/6. Substituting these rela-
tions into (4.11), we find that ReZlfF (inT,T) = 0, as expected.

The imaginary part of the self-energy is given by Eq. (4.10)
in the form of a one-dimensional integral. The formula for
IlefF (w,T) can be simplified if we extract from it the leading
logarithmic term. Combining the remainder of ImEfF (w,T)
with ReEIfF (w,T), we obtain

e(wpL)?
w272

+,Bo 2+712T2 | 7’1
— n
o \® 3 —w?

B
R (@,T) = iTO(wz + 72T In

o0
+2iByT? / x Lig(—e™™)
0

1 i
x <x2 (/TR 2+ 1)’ “.13)

where In(—w?) = Inw? — im sgnw. In Eq. (4.13), we singled
out the leading, logarithmic term in ImElfF (w,T), and the rest
has the form w? f;5(|w|/T). The scaling function is rather
nontrivial, yet we see from (4.13) that ElfF (ix T,T) vanishes,
as it should.

In Appendix C, we discuss several subtle issues related to
analytic continuation of the self-energy to the complex w plane
in a situation when either ReEl’fF(a), T)orIm ZIfF (w,T) can not
be evaluated explicitly and has to be kept in an integral form,
as in Eq. (4.10).

2. Subleading termsin D = 3

A very similar situation emerges in 3D systems if we go
beyond the leading w? + 7272 term in the self-energy and
consider the subleading terms of order 73 and 3. At T =0,
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the real part of the self-energy scales as w’In|w| and the
imaginary part scales as |w|*. At finite T, both parts contain
scaling functions of |w|/T. The situation is somewhat similar
to that in D = 2 in a sense that the behavior is marginal due
to logarithms.

Using xq(€2,) from Eq. (4.1), we obtain

xr& o xor’E°

ImXLR(Q) - Svp 47 v?
F

4.14)

QR+ - .

Substituting this form into Eq. (4.8), we obtain after some
algebra an explicit expression for InLf (w,T)to order »?,T?:

ImEf (0,T)
= Co(w® + 72T + Do{ '%'(wz +7°T?)

+4T3(Lig(—e /Ty — §(3))}, (4.15)

 Rexf©0) 1
2w vp 3n2up

ReZ! (0,T) =

xw? n 4w /‘OOI R(oyx d /°°
- my; (x)x dx
3(x2 — w?)? 72vr Jo XL 0 e

2 w 1
(a) + 72T )/ Imx (x)( 5 )2+7T2UF./0 Imy, (x)dx|:2—ln T »
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where Cy = X0y53/(32nv%), Dy = X0y$6/(24nzv;), and
¢ (x) is the zeta function. Using that Lis(1) = ¢(3), one can
immediately verify that ImEfF (inT,T) = 0, as it should. This
happens despite that the functional form ImElfF (w,T)is rather
complicated at order w3, T3 e.g., the prefactor of the @3 term
is not the same as the prefactor of the 73 term.

The real part of the self-energy contains logarithms and has
to be left in an integral form. The calculation of ReEfF (w,T)
using the KK formula, Eq. (2.15), requires some care as the
integral is formally infrared divergent, if we use Eq. (4.15)
for ImE{fF(a),T). The recipe is to (i) start with the general
expression for ImEIfF(w,T) in Eq. (4.8); (i) substitute it
into the KK formula and obtain ReER (0,T) in the form
of a double integral; (iii) keep the full form of Imx ()
(without expanding it) at intermediate stages of the calculation,
and change the order of integrations when it is convenient;
(iv) use the fact that Imy; (2) vanishes in the infrared and
also that RexX(0) = (2/m) [;° dQImy f(Q)/ Q. Evaluating
ReX RF (w,T) this way, we obtain

dx X+ w 1

ydy 1 1
— , (4.16)
x/T + 1 (x2 + y2 _ w2)2 _ 4x2y2 (xz _ 0)2)2

where all integrals are to be understood as principal values. The last two integrals are ultraviolet convergent for Imy *(x) given
by (4.14). The second term in Eq. (4.16) is singular, but only logarithmically, and accounts for the »’ In |w| term in ReERF

Substituting x ' R(w) from Eq. (4.14) and combining ImZR (w,T) and ReXg, (w,T), we obtain from (4.16)

eXL( )
TTVF
4Dy

=R (@, T) =

T

Equation (4.17) is a complete expression for the self-energy in
a 3D FL within the local approximation.

One can easily make sure that ZlfF (w,T)in Eq. (4.17) is an
analytic function of w in the upper half-plane, hence, it can be
straightforwardly continued from the real axis into the upper
half-plane just by replacing @ by a complex z. At z =inT,
the second and third terms vanish, while the last two terms
cancel each other, i.e., at the first Matsubara frequency, the
self-energy contains a linear-in-7 term but no terms of higher
power of 7', in agreement with the first-Matsubara rule.

C. Marginal FL

As another illustration, we consider the self-energy in
a marginal FL (MFL).’® The term marginal FL refers to
a situation when the imaginary part of the self-energy is
comparable to w, hence by the Landau criterion, the system is
at the boundary between FLs and non-FLs. By the KK relation,
if ImX(w,T = 0) « ||, then ReX(w,T = 0) x wIn(A/|w]|).

wz
+iCo(w? +71T)+ a)(a) +71T)ln|: FL]+

* 4
— —w/ %[x(x2 + 72T%) + 6T3(Lis(—e*'T) — Lis(1)].
0o X*+tow

SDQCU‘
3

—ew?

4.17)

Because in a generic nonconventional FL Im%*(w,T) o
P fip(|w|/T), the MFL behavior formally emerges when
D approaches one. This limit is, however, special, and we
follow earlier work®® and assume that the MFL behavior is
associated with some sort of quantum criticality rather than
with D = 1. Speciﬁcally, the MFL behavior emerges if one
assumes Imy f(€2,7T) to be a scaling function of Q/ 7T such that
Imx (2,T = 0) = const x sgn(£2) and Imx (Q,T)x2/T
for @ « T.%° A simple model form of Imy (2, T) satisfying
these conditions is

ImX (Q,7) = XLotanh— (4.18)

This expression is valid for 2 smaller than some cutoff energy
E*. At larger Q, Imy[(,7T) must decrease. To simplify
calculations, we impose a hard cutoff, i.e., set ImX («,7)
to be given by (4.18) for |Q2| < E* and Imxf(Q T) =0 for
|2| > E*.
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FIG. 3. (Color online) Red line: exact scaling function f(x)
in InZ®(w,T) for the marginal FL model [Eq. (4.20)]. Blue line:
a scaling function obtained by replacing w — +w? + 72T? in
ImXZ®(w,T = 0). Square-root approximation (4.21) is practically
indistinguishable from exact f;)(x) in the interval of x shown in
the figure.

The first-Matsubara rule states that the self-energy
at the first Matsubara frequency must be Xk, (n7,T) =
T x.(0,T)/(2rvr). In all examples considered so far, we
assumed that D > 1 and hence dropped this term, as it was
of different order than the T term, which was our primary
interest. Now, ImEIfF (w ~ T,T) = O(T), and we should keep
all O(T) terms.

Substituting Eq. (4.18) into Eq. (4.8), we obtain

XLO

ImE (0,T) = .
F

/dQ tanh % [np(2) +np(R2+ w)].
4.19)

Because the integral converges at large €2, and we are interested
inw, T < E*, we can safely extend integration over 2 to the
whole real axis. At T = 0, we have from (4.19) ImEfF (w,0) =
xrow/2mvp, and at o =0, ImEf (0,T) = xpon T /27 vp.
When w and T are both finite, integration in Eq. (4.19) yields

T x w
ImE&umT)=2n$9ﬁM<7>,
F

(4.20)
(r/2)(e* + 1> + x(e** — 1)
e + 1 '
Function f7,,(x) is plotted in Fig. 3.
Expanding (4.20) in /T and casting the result into the
form of a square root, we obtain, approximately,

4_
ﬂ\/nsz_i_wzu. 4.21)
2mvE 2

This form is obviously different from /7272 + w? obtained
by by replacing @ by +/7?T? + w? in the T =0 result.
Nevertheless, by substituting x = iz into (4.20), we find that
fim(im) vanishes, as it should by the first-Matsubara rule.
The analysis of ReZ,\ (@,T) = @frm(w/T) requires more
effort as one has to take care of the upper cutoff of the theory.
The calculation is similar to the one we did for D =3 in
the previous section. We use IlefF(a),T) in the form of
Eq. (4.19), but keep the limits of the integration over 2 as —E*
and E* and set E* to infinity only at the end of calculation.
Without that, we would not reproduce the first-Matsubara rule
for ReXy, (w,T). Substituting ImEfF(w,T) from Eq. (4.19)

fin(x) =

ImEf (0,T) ~
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into the KK formula, we obtain after some algebra

_ay

y2 — x2
(4.22)

2 (% dy 2 [
Jfru(x) = —/ ﬁ[fuw(}’)—)’]—i-—/
T Jo Y —X T Jo

x (y —In[1 4 e~ E]),

where E* = E*/T. Both integrals are convergent and are
easily evaluated numerically.

At x =im, the first integral yields (2/m) x 0.96351,
while the second integral gives (2/m)(InE* 4+ 1 —Inm) ~
2/m) (ln E* —0.144 73), up to terms exponentially small in
E*, which we neglect. Combining the two last expressions, we
obtain

fru(im) =~ %(ln E* +0.81878). (4.23)
According to the first-Matsubara rule, the result in
Eq. (4.23) should be exactly the same as Rexf(O,T)
[then ReZR(inT,T) = i(T /2vr) frm(im) becomes equal to
i(T/2vp)Rexf(0,T)]. The static local susceptibility is ob-
tained by applying the KK transformation to Imy *(w,T) in
Eq. (4.18):

X

. * dxIlnx
—|InE* — 5
T o cosh”x

2
~ Z(In E* +0.81878),
T

2 (F tanh
Rex(0.T) = ;f Y i
0
2

%

(4.24)

again, up to terms exponentially small in E*. Comparing
Egs. (4.23) and (4.24), we see that they are equal, as it should
be, according to the first-Matsubara rule.

D. Finite-q instability

The discussion above is valid for a Pomeranchuk instability
at ¢ = 0, when the dynamical exponent z is equal to 3. In
lattice systems, an instability may also occur at finite ¢, in
which case z = 2, up to fluctuation corrections from multiloop
diagrams.%1%40 Such an instability is often called either spin-
density wave (SDW) or charge-density wave (CDW), depend-
ing on whether it occurs in the spin or charge channel. The
z = 2 case is more involved because typical g along the FS now
scale as ¢ o |$2,|'/?, while g still scale as X(wy, + 2,,T).
The one-loop self-energy for z = 2 problem scales as P ~D/2,
hence for 2, ~ w,,, typical ¢, are of order |$2,,|*°~D/2. Local
approximation is valid if typical ¢; < ¢, and is only justified
for D >2. At D=2, g, and g are of the same [©2,|'/?
order. The local approximation in this case can be imposed
by extending the system to a large number of fermionic flavors
N, and the analysis up to two loops indeed shows that the
local approximation, and the first-Matsubara rule associated
with it, become exact at N = oo. For a z = 2 transition,
the first-Matsubara rule implies that X(w,,,T) evaluated at
a generic ,, # =T contains a T'/? term ( or a T?£ term
in the FL regime), but the prefactor of this term vanishes at
wy, = £ T. The vanishing is not exact, however, because
some of the higher-order contributions to ¥(w,,,T) can be
viewed as coming from processes with small momentum
transfers, mediated by small-g collective excitations of critical
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z = 2 modes, and higher-order contributions to X(w,,,T) from
such processes do not vanish at N = oo (Refs. 13, 14, 16,
and 17). Still, in D = 2, a local propagator of the collective
mode made of two z = 2 excitations scales as yz(€2,) «
[dqdq'dS,x(q . 2)x(q +q .2 +2,) xIn|Q,| and is
weaker than x7(€2,) o« 1/4/]€2,]. As a result, the prefactor of
the 712 term in T(w,,,T), although does not vanish exactly at
w,, = £7T,isnevertheless reduced by a factorof | In 7|/ T''/2.
Contributions to this prefactor from even higher orders form
series in |InT|"/T'/? and may potentially give rise to an
additional anomalous power T"/T'/2. The first-Matsubara
rule then remains meaningful as long as n < 1/2.

V. SUMMARY

In this paper, we analyzed in detail the fermionic self-energy
Y(w,T) in a FL at finite temperature 7 and frequency w.
Our main goal was to understand how general is a certain
property of the self-energy, the first-Matsubara-frequency
rule. This rule states that the self-energy ¥(w,,,T), evaluated
at discrete Matsubara points w,, = 7T(2m + 1), exhibits a
special behavior at the first fermionic Matsubara frequency:
namely, X(7 T,T) does not contain terms higher than OT. As
a particular manifestation of this rule, the imaginary part of
the self-energy on the FS in a conventional 3D FL behaves
as ImX(w,T) « w? + 7272, with exactly a 72 factor in front
of the T2 term, and ReX(w,T) contains an @ term but no
oT term. We found that the rule is not an exact one, i.e.,
¥(xT,T) in a generic FL does contain higher than linear
terms in 7. Still, the first term after O(T) in X(xT,T) in
any dimension 1 < D < 3 is of order T” (T?InT in 3D).
In D > 2, this term is parametrically smaller than the 72
term which is present in X(w,,,T) for |w,,| # = T. We found
that the TP term comes from only forward and backward
scattering, and is expressed in terms of fully renormalized
amplitudes for these processes. We further showed that the
first-Matsubara-frequency rule becomes exact in the local
approximation, when the interaction can be approximated by
its value for the initial and final fermionic states right on the
Fermi surface. In this approximation, which is justified, e.g.,
near a Pomeranchuk instability even if the vertex corrections
are non-negligible, the T2 term and all higher-order terms
in X(T,T) vanish, and only the O(T) term survives. The
first-Matsubara-frequency rule then imposes two constraints
on the scaling form of the self-energy: upon replacing w by
inT, ImE®(w,T) must vanish and ReX®(w,T) must reduce
to an O(T) form. We considered several examples of the
first-Matsubara rule, and argued that these two constraints
should be taken into consideration in extracting scaling forms
of 2®(w, T) from experimental and numerical data.
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APPENDIX A: EVALUATION OF THE MATSUBARA
SELF-ENERGY USING THE EULER-MACLAURIN
SUMMATION FORMULA

In this Appendix, we show how to reproduce the first-
Matsubara rule for the fermionic self-energy by using the
Euler-Maclaurin (EM) formula for summation over the Mat-
subara frequencies. Unexpectedly, the calculations involving
the EM formula turn out to be quite involved, and to
reproduce the first-Matsubara rule, one has to keep not only
the “conventional” terms in the EM formula, with the integral
over a bosonic Matsubara frequency €2, and the sum over the
derivatives of the summand at n = 0, but also the remainder
term, which is often neglected when the EM formula is applied
in practice.

To be specific, we consider Eq. (4.2) for the self-energy
2k, (wm,T) and set w,, = T, which gives

2k, (xT,T)

. dgyd°'q. 1
=iT Q,
! Z/ Q0P ixT@n+ 1) —vrgy ™ )

(AD)

with q = (g),q.1). We assume that the local approximation is
valid, i.e., that typical ¢ are small compared to typical g,
and the dependence of the bosonic propagator on g can be
neglected. Within this approximation, Eq. (A1) simplifies to

Xk, (T, T) = r ) + T E 27 Tn)
nlT,T)= — e T
93 207 XL 2up 2 XL n

x [sgn(2n + 1) — sgn(2n — 1)], (A2)

where
xL(2nTn) = / dP71q1 xq, @unT)/ Q)P (A3)

The first term in Eq. (A3) is proportional to 7', and the second
term vanishes identically because for any n > 1, sgn(2n +
1) =sgn(2n — 1) = 1. Hence, X, (7w T,T) does not contain
terms beyond O(T), in accordance with the first-Matsubara
rule.

An unexpected complication arises when one attempts to
reproduce the vanishing of the second term in Eq. (A2) by
applying the EM formula to the sum over n. Under the
condition that y (x) and its derivatives vanish at x — oo, which
we assume to hold in our case, the EM formula reads as*!

N

- Y £(0) £er=H(0)
;f(n)_/o f(x)dX—T—pZ::Bma(z—p)!—RN,

(A4)
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where By are the Bernoulli coefficients, f™ is the nth
derivative of f, and Ry is the Poisson remainder term

Ry = / ) By rvpar, (A5)
0

N!
where By (x) is Bernoulli polynomial, and {1 — x} denotes the
fractional part of 1 — x.

In applications of this formula, it is often assumed that the
remainder term Ry tends to zero in the limit N — oo and is
thus dropped. We show that in our case the remainder term
can not be neglected and one should use the full EM formula
[Egs. (A4) and (A5)] instead of the truncated one.

Indeed, in our case,

fx)= %m(ZnTx)[sgn@x + 1) —sgn(2x — 1)].

The first term in the right-hand side of (A4) is the integral
fooo f(x)dx. By integrating f(x) from (A6) over x, we obtain

(A6)

00 T 2
/ f)dx = —/ dx x1 2w Tx)
0 VF Jo

2

T nT* ,
= 5 X O+ T —x O+ -

A7
2UF Vf ( )

where the ellipsis stands for the terms of higher order in
T. Combining (A7) with the boundary term — f(0)/2 =
—(T /2vF)x1(0), we see that the linear-in-T' term cancels, but
the quadratic term contributes
% = T2 (0~ (A8)
) F
to Xk, (7 T,T).

This 72 term would violate the first-Matsubara rule and
must be canceled by the terms with the derivatives f(0).
Because the derivatives of sgn(2x + 1) and of sgn(2x — 1)
vanish at x = 0, one has to differentiate only x; (27 7Tx). A
T? contribution to X, (7w T,T) comes from the first derivative
of f(x), i.e., from the p = 1 term in the sum over p in the
right-hand side of (A4). Terms with p > 1 contribute higher
powers of T. Using that B, = 1/6, we find the 7 contribution
from the infinite sum with the derivatives £ (0) as

Sy = — T2y, (0)——. (A9)
6UF
The sum X, + X5 = T?x; (0)7/(12vF) is nonzero.

The sum over p in Eq. (A4) can be safely extended
to infinity as only the p = 1 term contributes a T2 to the
self-energy. If we used the truncated EM formula without the
remainder term, we would have then obtained an incorrect
result that Xy, (w7T,T) does contain a T? term. In fact,
the counterterm canceling the parasitic ¥; + X, contribution
comes from the remainder term Ry in Eq. (AS), even if we
take the N = oo limit. Indeed, let us focus on the 72 term
in the self-energy and replace x; (27 Tx) by 27 T x; (0)x. We
then have

T2
f(x) = m—x[1 —sign(2x — 1)]. (A10)
2v F
One can easily make sure that f(x) and its derivatives are
nonzero only in the interval 0 < x < 1/2, where the fractional
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part of 1 — x in the argument of the Bernoulli polynomial in
Eq. (AS) is equal to just 1 — x. Furthermore, the derivatives
f™(x) with n > 2 vanish at the boundaries of the integral in
Eqg. (AS), hence, one can integrate by parts N — 2 times and
the boundary terms vanish. Using the property of Bernoulli
polynomials By, (x) = N By_;(x) and applying it N — 2 times,
we rewrite Ry as

T2 1 d2
Ry = 2—X£(0)/ By (1 —)c)—2 {x[1 —sign(2x — 1)]}.
VF 0 X

d
(Al1)

Using that d/dx[1 — sgn(2x — 1)] = —28(x — 1/2) and also
that B;(1/2) =0 and B,(1/2) = —1/12, we obtain after
integrating in Eq. (A11) by parts

T , T
T3 = —Ry = —x,(0)By(1/2) = =Tx, (0)—. (A12)
VF 121}]:

Combining the three contributions, we see that X; + X, +
Y3 = 0, as it should.

An alternative way to compute the sum over bosonic
Matsubara frequencies using the EM formula would be to
“smear” the discontinuity in f(x) by integrating over g in
Eq. (Al) in finite limits —Q < g < Q and take the limit
Q — oo only at the last stage. In this scheme, the remainder
term R., does not contribute, but terms with p ~nT/Q
become relevant in the sum over p in Eq. (A4). This calculation
is, however, more involved than the one we presented above,
and we did not find a clear proof that the contribution from
p ~ nT/Q exactly cancels X; + X,.

APPENDIX B: DEPENDENCE OF THE SELF-ENERGY ON
THE UPPER CUTOFF OF LOW-ENERGY THEORY

In this Appendix, we show that the prefactor of the linear-
in-T term in the fermionic self-energy at the first Matsubara
frequency X, (wT,T) = AT depends on the ratio of the Fermi
energy Er = vpkp/2 to the upper cutoff of the low-energy
theory denoted as A. The result shown in Eq. (2.33) with
the “mass renormalization factor” A o I1(0) corresponds to
the situation of A <« Er, when integration over intermediate
energies in the expression for the self-energy [Eq. (2.30)] can
be extended to infinity. In the opposite limit of A < Ef, A
is much smaller. To see this, we note that typical momentum
transfers ¢ = |k — K’| are of order kr, hence, typical internal
energies in the self-energy diagram are of order Er. The
integration over g in Eq. (2.30) in finite limits changes
the factor of sgn(w,, + 2,) to (2/m)arctan [A/(w, + 2u)],
which becomes small when typical €2,, ~ Er is much larger
than A. The polarization operator also changes, but the IT(0)
term remains the same because it comes from the smallest
frequencies. To simplify the computations, we keep I14(£2,)
in the same form as before, but replace vpg by Ep, i.e., we
set [g(82,) = —T1(0)(1 — |£2,]/+ Qﬁ + E%). Substituting this
expression along with the result of integration over gy into the
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self-energy, we obtain

Sk, (0T, T)
2 Q, A
= AT — Z 1— L arctan m
T s n
Q, 2+ EZ

AT | aret 2[\+i 1 "
= AT — | arctan e —
T n=1 Vn2+EF

A A
x | arctan ——— — arctan —— |} |, (B1)
n+1/2 n—1/2

where A oc [TTp| is the same as in Eq. (2.33), A = A/2x T, and
Er = Erp/27xT. For A > EF, the term (1 —n/vn? 4+ E2)
decreases rapidly for n > E, when the difference between
two arctangent functions is still small, of order Er /A. Then,
the first term in the last line in Eq. (B1) is the dominant one, and
using that arctan 2A =~ /2, one recovers X, (nT,T) = AT
with A = T1(0). In the opposite limit of £ >> A, the first term
can be approximated by unity for all n up to n ~ Er > A.
Because the difference of the two arctangents scales as 1/n>
forn > A, and

> A A _
Z arctan ———— — arctan ———— | = —arctan 2A,
o n+1/2 n—1/2

(B2)

the contribution to the sum from positive n almost cancels that
fromn = 0. A straightforward analysis shows that in this limit,
X is small and scales as A ~ (A/Ep)In Ep/A.

APPENDIX C: ANALYTIC CONTINUATION OF THE
SELF-ENERGY IN THE LOCAL APPROXIMATION IN 2D

In this Appendix, we discuss some subtleties of analytic
continuation of the self-energy into the complex w plane in a
situation when either ReX % (w,T) or InX X (w,T) cannot be
evaluated explicitly and have to be kept in an integral form, as
in Eq. (4.10). One can use the fact that the integral converges
in the ultraviolet and modify the integrand by shifting the
variable. By doing so, one can obtain several different formulas
for Im%®(w,T), which all nevertheless yield the same result
along the real frequency axis. The danger of this trick is that, by
shifting variables, one imposes the dependence on the external
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w onto Imy f which, in D < 2, is a nonanalytic function of
its argument. As a consequence, if one now performs analytic
continuation just by replacing w — z, one obtains a branch cut
which stretches down to Imz — 0, and the self-energy will not
obey the first-Matsubara rule at z = iw 7. To make sure that
this rule is satisfied, one has to use the Cauchy formula for
analytical continuation which, in this case, is not equivalent to
justreplacing w by a complex z. As an illustration, we consider
Eq. (4.10) in the form it was presented in Ref. 29:

ImE*(w,T)

eA? , . wT?
jTZTz—i-a)ln 5

1)
22 o 1 x—w\’
+1.12177°T* + 2 ——— | wln
o /T +1 X+ o

_
(x? —w2>2“’

Along the real frequency axis, this formula yields exactly
the same result as Eq. (4.13). However, if we formally
replace w by in T + &, with infinitesimally small § > 0, before
integrating over x in the last term in Eq. (Cl), we obtain
(By®T?/4)(0.17 + im), which obviously does not satisfy the
first-Matsubara rule. The reason is that the @ dependence is
under the logarithm in the last, integral term of (Cl1), and
each of the two logarithms there has a branch cut. Let us
set w = wTe'® and vary ¢ between zero (the real axis) and
/2 (the first Matsubara frequency along the imaginary axis).
To understand what is going on, it is enough to move only
a little off the real axis, i.e., to consider only small ¢. The
branch cuts in the first and second logarithms in the integral
term of Eq. (Cl) are at x = 1 and cos 2¢, correspondingly.
Each of them gives rise to a discontinuity in the imaginary
part (Inz = In|z| + iw argz, and the argument of z changes
discontinuously at the branch cut). At ¢ = 0, the discontinu-
ities coming from the two logarithms cancel each other, but
at finite ¢ there is a range of x in-between 1 — ¢?/4 and 1,
where the arguments add up to almost 27. This additional
contribution makes InX % (7,7 T¢'?) to be different from the
one obtained by analytical continuation of Eq. (C1). For
small ¢, the difference is (n2T2/8) X (271i)(¢2/4)/(e” + 1).
We verified numerically that this expression is exactly the
difference between the analytical continuation of (C1) and the
brute-force replacement w — 7 T exp(i¢) in Eq. (C1).
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