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Magnetic dipole and electric quadrupole transitions in the trivalent lanthanide series:
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Given growing interest in optical-frequency magnetic dipole transitions, we use intermediate coupling
calculations to identify strong magnetic dipole emission lines that are well suited for experimental study.
The energy levels for all trivalent lanthanide ions in the 4 f" configuration are calculated using a detailed
free ion Hamiltonian, including electrostatic and spin-orbit terms as well as two-body, three-body, spin-spin,
spin-other-orbit, and electrostatically correlated spin-orbit interactions. These free ion energy levels and
eigenstates are then used to calculate the oscillator strengths for all ground-state magnetic dipole absorption
lines and the spontaneous emission rates for all magnetic dipole emission lines including transitions between
excited states. A large number of strong magnetic dipole transitions are predicted throughout the visible and
near-infrared spectrum, including many at longer wavelengths that would be ideal for experimental investigation
of magnetic light-matter interactions with optical metamaterials and plasmonic antennas.
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I. INTRODUCTION

The natural optical-frequency magnetic dipole (MD) tran-
sitions in trivalent lanthanide ions have attracted considerable
attention in recent years for their ability to interact with the
magnetic component of light.!~!" Although most light-matter
interactions are mediated by electric fields through electric
dipole (ED) transitions, the intra-4 f" optical transitions of
the lanthanide series are well-known to include strong MD
contributions.'”?° Spurred by recent advances in optical
metamaterials and nanophotonics, researchers have proposed a
variety of ways to leverage natural MD transitions, e.g., as the
building blocks for homogeneous negative index materials'
and as probes for the local magnetic field.>® Experimental
studies have also demonstrated how the competition between
ED and MD processes can be used to achieve strong enhance-
ment of MD emission’ and to broadly tune emission spectra.®
Numerical investigations have shown how the enhanced mag-
netic field in and around metal and dielectric nanostructures
can promote MD transitions,>”'!>!=2# illustrating how near-
field enhancements can modify optical selection rules to
promote higher-order (ED forbidden) optical processes.*2>~33

Recent studies have focused primarily on the visible
3Dy — "F; MD transition in trivalent Europium (Eu**) and
the near-infrared 3 n— Iis ,2 MD transition in trivalent
Erbium (Er’*).!-33-8 The emphasis on these transitions is
not surprising, because they have a long history of scientific
and technological importance. The Dy — "F; MD transition
in Eu>™ near 588 nm was first characterized in 1941'> and
subsequently used by Drexhage!® and Kunz and Lukosz'# in
their authoritative studies of modified spontaneous emission.
More recently, spontaneous emission from the Eu’t MD
transition has served as a reference standard in studies of
local field effects'”~!7 and ligand environments.>® The Er**
Vi 52— s /2 transition, emitting near 1.5 pm, is widely used
for fiber amplifiers in optical telecommunication. The ED and
MD contributions to this mixed transition were investigated as
early as 1967 by Weber.'®!° More recently, Er** has been used
to demonstrate modifications in the local density of optical
states®’ as well as stimulated emission along surface plasmon
waveguides.®
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From an experimental perspective, though, it would be help-
ful to identify additional MD transitions, especially in the
near-infrared range from 700-1000 nm. As compared to the
588-nm visible transition in Eu’t, optical nanostructures are
much easier to fabricate for longer wavelengths, and at longer
wavelengths, plasmonic resonances also exhibit higher-quality
factors due to lower Ohmic losses. In contrast to the 1.5-um
line in Er3*, transitions at wavelengths shorter than 1000 nm
can be readily observed with high efficiency using standard
silicon photodetectors.

Table I in the canonical paper by Carnall et al.”” has served
as a definitive list of MD absorption lines for over 40 years,
and since its publication, this table has been the basis for iden-
tifying possible MD transitions in various trivalent lanthanide
ions. However, the use of this table to identify MD emission
lines for experimental study suffers from two limitations. First
and foremost, the table restricts itself to transitions involving
ground-state energy levels and, therefore, does not include
potential MD transition lines that occur between excited states.
Second, Ref. 20 limits the free ion Hamiltonian to only the
electrostatic and spin-orbit interactions. More accurate values
of the transition wavelengths, oscillator strengths, and sponta-
neous emission rates can be achieved by including higher-order
terms.

In this paper, we explicitly calculate MD transitions over
all possible excited energy levels in the trivalent lanthanide
series. We also implement a more complex model for the
free ion Hamiltonian, including not only the electrostatic
and spin-orbit interactions but also two-body, three-body,
spin-spin, spin-other-orbit, and electrostatically correlated
spin-orbit interactions. This model is then used to identify
all nonzero MD transitions, highlighting those lines that
are most promising for experimental investigation. Using
these results, we then analyze the effect of various host
materials on the branching ratio of specific MD transitions.
Additionally, calculations of electric quadrupole (EQ) tran-
sition rates and oscillator strengths have been carried out for
completeness and to differentiate MDs from other higher-order
transitions.
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TABLE I. Number of terms, levels, and total transitions for given f” configuration.

Configuration VAKOAS) 2 U FH) 2 AKVA) f7
Number of 1 7 17 47 73 119 119
Terms (LS)
Number of 2 13 41 107 198 295 327
Levels (LSJ)
Number of 1 78 820 5671 19 503 43 365 53 301
Transitions
II. METHOD different LS terms with the same total angular momentum J.

Calculations of MD transitions were made by first con-
structing a Hamiltonian for all 4 f* electron configurations.
The free ion Hamiltonian used is of the form*”

Ha=Ho+ Y. F'fit+¢As
k=0.2,4,6

+ aL(L + 1)+ BG(G2) + yG(Ry)

+ Z Tt + Z M"m,
i=2,3,4,6,7,8 h=0,2,4

+ Y Plpy. (1)

f=2.4.6

This Hamiltonian only considers valence electrons. The first
term, Hy, denotes the central field Hamiltonian that shifts the
absolute values of the energy levels but not their respective
spacings. Given that the scope of this paper concerns transi-
tions between levels, and their respective rates, calculations
do not include Hy. For each subsequent term, the leading
factor represents a radial fit parameter that is determined
from experiment, while the trailing factor is an angular term
that can be calculated explicitly from first principles. For
instance, F*¥ is the radial fit parameter for the electrostatic
interaction, while f; is the calculated angular portion. The
spin-orbit interaction is designated by ¢ and Ay,. o, B, and
y, and their respective angular portions L(L 4 1), G(G2),
and G(R7), are the two-body interaction terms. Three-body
interactions are denoted by 77 and #;. A combination of both the
spin-spin and spin-other-orbit interactions are encompassed in
the M" and m, terms. P/ and p r denote the electrostatically
correlated spin-orbit interaction. Note that this Hamiltonian
does not include terms to account for crystal field effects.
Although such terms are necessary in the calculations of intra-
4 f* ED transitions, they constitute only a small correction
for MD and EQ transitions, which are directly allowed in
intermediate coupling. Therefore, the values calculated here
are representative quantities that can be used to predict and
analyze MD transitions in any host material.

After constructing the angular terms using the methods
outlined in Appendix A, we then used radial fit parameters
tabulated in Ref. 39 to construct the full Hamiltonian matrix.
This matrix was subsequently diagonalized to yield the free
ion energy levels and the | [LS]J) eigenstates. L,S, and J
represent the total orbital, spin, and angular momenta, while we
use ¥ to denote all other quantum numbers necessary to define
each state. Note that we place LS in brackets here to illustrate
that they are no longer good quantum numbers; eigenstates in
intermediate coupling are composed of a linear combination of

Following standard conventions, we label each level in Russell-
Saunders (>*!L ) notation according to their dominant LS
term(s). If no single LS term has a fractional contribution
greater than 50%, then we label the level according to the two
largest LS terms. Using the complete eigenstates, we perform
subsequent calculations of oscillator strengths and transition
rates between all levels. Thus, over the full trivalent lanthanide
series (4 f! — 4 f13), we consider a total of 192,177 possible
transitions; see Table 1.

III. RESULTS AND DISCUSSION

A. Magnetic dipole absorption lines

We first calculate the oscillator strengths for all ground-
state MD absorption lines in the trivalent lanthanide series.
(The formulas used for this calculation are provided in
Appendix B.) Our results found 468 nonzero MD absorption
lines, including 84 transitions between 300 nm and 10 um;
the vacuum oscillator strengths, Py, of these transitions are
plotted in Fig. 1. Table II shows a list of the most promi-
nent ground-state absorption lines, restricted to the energy
bounds and minimum oscillator strengths used in Table I of
Carnall et al.*°

By comparison, we find 13 additional MD transitions
that are not listed in Ref. 20. While most of these new
absorption lines are relatively weak, Py, < 5 x 10719, several
exhibit significant MD oscillator strengths, including the
2F5/2 g 2F7/2 (414 ,um) transition in C63+, 6H5/2 g 4H7/2
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FIG. 1. (Color online) Plot of the magnetic dipole ground-state
absorption lines and corresponding MD oscillator strengths for all
trivalent lanthanide ions between 300 and 10 000 nm.

125102-2



MAGNETIC DIPOLE AND ELECTRIC QUADRUPOLE ...

PHYSICAL REVIEW B 86, 125102 (2012)

TABLE II. Calculated MD vacuum oscillator strengths for trivalent lanthanides.

SLJ*  S'L'J E(cm™)®  A(nm) P}, x 108 SLJ*  S'L'J E(cm™)"  A(nm)  Pj,x 105
Cet 2Fs, R 2266 4414 524 Gd* 85, Dy, 39524 39779 253 004 0.03
POt 3H, 3 Hs 2092 2322 4781 986  9.76 5D, 40647 40712 246 055 039
3F; 6290 6540 1590 0.02  0.02 5Ds;, 40928 40977 244 029 020
3F, 6720 6973 1488 0.0 049 Tb** F, 7Fs 1999 2712 5003 11.90 12.11
1Gy 9734 9885 1027 027 025 5Ge 27004 26425 370 501 5.03
N&* L, oy, 1829 2007 5468 13.75 14.11 5Gs 28252 27795 354 038 036
2Hy, 12167 12738 822 125 112 SLe 30042 29550 333 0.4 0.14
“Fo, 14540 14854 688 0.18 0.0 SH, 31843 31537 314 005 0.06
2G,;, 16892 17333 592 002  0.02 S He 33279 33027 300 037 046
2Go;, 19266 519 0.02 S Hs 34182 33879 293 0.08 0.03
2y 29454 28624 340 045 005 5 Fs 35441 34927 282 211 187
2Hy,, 34646 289 0.05 5Ge 41329 41082 242 026 023
Pm*t I, 2 1462 1577 6841 1623  16.36 (GSK)s 41605 240 0.02
SF, 14432 14562 693 0.07  0.08 5K 44 324 226 0.04
CHSG), 17376 17327 575 123 130 Dy** Hys;,  CHpp 3316 3506 3016 21.73 22.68
5Gy 17896 559 0.02 “Isp 22691 22293 441 548 595
5G, 20038 20181 499 046  0.26 “Kizp 25967 26365 385 0.0 0.09
3G, 24499 23897 408 0.09  0./1 “Isn 26050 25919 384 051 041
3Gs 27022 370 0.02 “Mys, 29534 29244 339 061 0.69
3, 28207 27916 355 049  0.23 ‘My, 29740 30892 336 0.02 0.03
3H, 36380 35473 275 004  0.04 (Kj*M)s, 30846 31795 324 023 0.2
Sm¥ CHs,  °Hy), 1069 1080 9355 18.12 17.51 (K L), 33321 33776 300 020 037
SFy) 6416 6641 1559 0.03  0.02 “Hys, 33924 33471 295 141 0.60
SFs 6883 7131 1453 0.1  0.08 ‘Lisn 36261 276 0.02
“Gs;y 18116 17924 552 173  1.76 CLAK)i3n 36 666 273 0.02
“Fy, 18918 18832 529 003  0.03 CK2L)s, 38434 38811 260 0.15 0.09
4G,y 20172 20014 496 010 005 Ho™t Sl S 5064 5116 1975 29.72 29.47
“Fsp 22177 22098 451 045 045 3Ky 20715 21308 483 646 6.39
“F, 24889 402 0.02 3K, 25636 26117 390 028 0.8
“Hy, 28715 28396 348 004 067 3Lo 28873 29020 346 0.14 0.12
“Gs;, 30079 30232 332 004 003 3Ly 33577 34206 298 021 0.17
“Hyp 42572 235 0.19 3L 37258 38470 268 024 036
“Gs;, 43021 42714 232 019  0.02] EPT *Ls) I13)2 6534 6610 1528 31.14 30.82
Eut  F, F, 399 350 25044 18.68 17.73 2Kisp 27315 27801 366 3.66 3.69
S, 19264 19026 519 1.69  1.62 2Ky3p 32597 33085 307 005 0.1
SF, 33755 33429 296 124 2.6 Ay, 41022 41686 244 003 0.03
3p 38891 257 0.05 Tm’*  3Hg 3 Hs 8205 8390 1219 27.41 27.25
Sp, 41557 241 0.29 27, 34212 3488 292 142 140
Gd* 88, OP;, 32557 32224 307 428  4.13| Yo' 2R, 2Fs) 10248 10400 976 17.76 17.76
SPs, 33169 32766 301 242 233

*Only transitions with vacuum MD oscillator strength Py, ,, > 0.015 are listed.

PTtalic values shown for comparison are taken from Table 1 of Ref 20.

“The MD oscillator strength, Py p, inside a host material with refractive index n, would be: Py p = Py, 1,

(235 nm) transition in Sm>*, and the Fy — °D; (241 nm)
transition in Eu’* that have vacuum oscillator strengths of
524 x 1078, 1.9 x 1072, and 2.9 x 1077, respectively. As
well as finding additional absorption lines, these calculations
provide a more accurate prediction of transition wavelengths.
For example, the Iis 2= i3 /2 transition in Er3t is here
calculated to occur at 1528 nm, closer to the observed
1543-nm center wavelength'® than the 1513-nm value reported
in Ref. 20. However, it is worth noting that the oscillator
strengths are not significantly changed by the inclusion of
higher-order terms in the free ion Hamiltonian, as evidenced

by the side-by-side comparison of Py, values in Table II. As
further validation, our values also compare favorably with the
Hartree-Fock code developed by R.D. Cowan and maintained
at Los Alamos National Laboratory,** which predicts that the
*Iisjo — *I13)> transition in the 4 f!! configuration of Er*"
should occur at 1495.5 nm with an oscillator strength of
31.75% 1078, which is within 2% of our calculated value
of 31.14 x 1078, For reference, a tabulated version of the
all nonzero MD ground-state absorption lines between 300
and 10 um is provided in Table S1 of the Supplemental
Material !
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B. Magnetic dipole emission lines

Beyond ground-state absorption lines, there are MD tran-
sitions that occur solely between two excited states. Some of
these excited transitions, such as the 5Dy — ’F; transition in
Eu’t and D, — 7Fs transition in Tb>t have been identified
experimentally.®'?> However, there have been no exhaustive
studies of MD emission in all trivalent lanthanide ions. Here,
we use calculations to perform such a search. We proceed
to tabulate all nonzero MD emission lines between 300 and
1700 nm. A total of 1927 nonzero MD emission lines were
found throughout the lanthanide series. In Tables S2-S13 of
the Supplemental Material we provide a complete list of all
such transitions, grouping them by originating excited level to
allow for a more convenient comparison in future experimental
studies.*! A more condensed table of strong transitions with
vacuum emission rates, Ay, greater than 5 s~! is shown in
Table II1.

As shown in Fig. 2, there are many strong MD transitions
throughout the ultraviolet, visible, and near-infrared spectra.
In addition to transitions that have been previously identified
through ground-state calculations or experimental characteri-
zation, there are many more MD emission lines that could be
of practical interest.

In the ultraviolet spectrum, MD transitions in Er**, Gd**,
and Tb3* are particularly strong. The © Ps 2= 8s, 2 (301 nm)
and ° P, 52— 8s, /2 (307 nm) transitions in Gd>* have vacuum
emission rates of 23.64 and 30.24 s~!, respectively. Similarly,
the 2K 5 n = Iis /2 (366 nm) transition in Er’* has a vacuum
emission rate of 18.20 s~!. Note that these transitions to the
*I15/2 ground state in Er'™ and the 87, ground state in Gd**
could have been inferred from the absorption lines discussed
in the previous section. However, the strong UV transitions in
Tb3t occur between excited states, such as the *Dy — "F)
(378 nm) and °D; — "F, (381 nm), which have vacuum
emission rates of 29.24 and 20.20 s~!, respectively. These
’D; — "F;,, Tb*" transitions are the higher-level analogues
to the experimentally characterized Dy — "F5 (530 nm)
excited state transition.

Throughout the visible spectrum, there are strong MD
transitions in Eu*t, Ho®*, and Tb?**. Similar to the UV
transitions in Tb>*, many of the visible MD transitions in
Eu** and Tb* are higher-level analogues to the previously
known D; — 7F;,; transitions. In Eu**, the well-known
Dy — 'Fi (584 nm) transition has a calculated vacuum
emission rate of 14.37 s~!'. In addition to this yellow
emission line, there are also higher-energy blue and green
MD transitions in Eu3™, including the D, — "F, (550 nm),
D, — "F3 (505 nm), and D3 — "F; (460 nm) that have
vacuum emission rates near 10 s~!' each. Likewise, in
addition to the green D, — "Fs (530 nm) line and higher
ultraviolet transitions, Tb>t also has several blue-violet MD
transitions, such as D, — "F3 (409 nm) and °D; — "F,4
(420 nm), which have vacuum emission rates greater than 15
s~!. Trivalent Holmium (Ho*") also exhibits several strong
blue MD transitions. Two prominent Ho’* transitions are
the 3Ky — I3 (483 nm) ground-state transition and the
3Hs — 1; (449 nm) excited state transition, which have
vacuum emission rates of 18.48 and 24.71 s™!, respectively.

Most interestingly, from an experimental perspective, there
are also many strong MD transitions in the near-infrared

PHYSICAL REVIEW B 86, 125102 (2012)
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FIG. 2. (Color online) Magnetic dipole emission lines and cor-
responding vacuum emission rates for all trivalent lanthanide ions
between 300 and 1700 nm. Strong emission lines with vacuum rates
greater than 5 s~! located above the dashed line are listed in Table III.

spectrum. At these longer wavelengths, the design and fab-
rication of metamaterials,*”™*® resonant optical antennas,**—2
photonic crystals,>>* and plasmonic waveguides™°! are
more established. Although some transitions in this regime
originate from excited states that would require deep UV
excitation, there are a number of transitions in Dy*, Er’*,
Tm3*+, and Yb3* that can be pumped at visible or near-IR
wavelengths and are thus strong candidates for experimental
use. These include several ground-state transitions that could
be identified from the absorption line calculations in the
previous section, including the 4115/2 — 4113/2 (1528 nm)
transition in Er’*, the 3Hs — 3Hy (1219 nm) transition in
Tm**, and the *Fs;, — ?Fy;, (976 nm) transition in Yb*'.
Here, we calculate the MD vacuum emission rates of these
transitions to be 10.17, 14.55, and 16.59 s~!, respectively.
Our calculations also reveal several promising excited-state
MD transitions. These include the *Fy/, — °Fy1/2 (734 nm)
transition in Dy3+, the 'G4 — °Hs (784 nm) transition in
Tm3t, and the (ZH,4G)11/2 — 4113/2 (832 nm) transition in
Er*t that have vacuum emission rates of 11.72, 22.64, and
14.86 s~!, respectively.

Of the seven strong near-infrared lines identified above, the
four transitions between 700 and 1000 nm are the most promis-
ing candidates for immediate experimental study. Unlike
longer-wavelength transitions such as the 1.5-um transition
in Er’*, these MD transitions occur in a spectral region
where they are still readily observed by silicon photodetectors.
(For example, back-illuminated CCD cameras such as the
Pixis 1024B from Princeton Instruments exhibit greater than
50% quantum efficiency up to 900 nm.) Nevertheless, these
transitions also occur at sufficiently long wavelengths that
resonant plasmonic and nanophotonic structures can be readily
fabricated.

For experimental studies, it will also be important to select
appropriate host materials to maximize MD emission. In par-
ticular, to enhance the MD contribution to mixed transitions, it
will be helpful for lanthanide ions to be substitutionally doped
into centrosymmetric sites where ED transitions are strictly
forbidden. Table IV shows the calculated MD branching
ratios for the Yb*" ?Fs;, — 2F;,, (976 nm) transition in
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TABLE III. Calculated MD vacuum spontaneous emission rates.

SLJ* S'L'J A (nm) Ay (s7HP SLJ* S'L'J A (nm) Alyp (s7HP
Sm3+ Gup SFi1p 477 7.14 Dy3* (*F,*D)s 5F1) 533 5.13
4D3)n Fs) 487 5.44 5Py 0Fs) 555 8.89
4Dij °F3)n 504 5.93 CK.2L)isp sy 635 9.75
Eu’t h TR 304 5.49 PSP 0Fs) 676 5.94
SFy 7Fs 336 5.62 4Fop 6Fy1 )2 734 11.72
SFs 7Fs 339 5.44 4Gy 4Gip 896 6.64
5Dy 7Fs 417 5.47 CK>2L)isp Mis) 1124 8.33
3Gy TFy 418 6.31 “PADY 5ps)n 1170 5.19
3Gs 7Fs 436 8.30 4Gop 4G 1550 6.21
5Ge 7Fs 455 10.51 Ho’t CHJG)s ST 361 12.20
SD; TFy 460 9.02 ('G>H)4 35 411 9.86
3D, TF; 505 11.58 3Fy 3 Fs 422 6.73
>Dy R, 550 12.29 3 He ’h 449 24.71
3P 5D, 583 16.01 (‘G3H) Sy 449 5.05
3Do TF 584 14.37 3Ks 31y 483 18.48
3Py 3Dy 700 24.63 3Fy SFy 486 5.71
C12H)s 3G 776 5.51 3K, ’h 486 8.68
Gd** 5Ps) 857/2 301 23.64 3p, 38, 511 6.61
5P 857/ 307 30.24 3Fy SF; 538 6.47
Tb3*+ SF; TF; 306 6.65 (CGJ3H)s 36 543 8.35
h TF 308 10.07 CF3G) Sy 618 7.72
SF R 310 14.40 3Fy (CG3G)s 653 16.60
SF "Fy 312 8.81 3p 38 661 6.19
3G 7Fs 370 24.35 3Dy SFy 672 12.32
5Dy Fy 378 29.24 3Lg 3Kg 777 11.42
3Gs 7Fs 381 14.54 3P Sh 800 5.00
3Dy R 381 20.20 3L, 3Ky 811 5.60
D, TFo 392 8.21 CHJG)s (CGJ3H)s 1078 6.22
3Gy TFy 393 9.68 CH}G)s 3He 1126 12.12
5Gs F3 399 5.57 CF3G), 5K 1270 6.40
3D, TF; 409 17.88 CDJG) (G H)s 1438 6.48
203 ;F4 427 15.49 Ert zK 15/2 11 15/2 366 18.20
D, Fi 430 7.11 K13 I3 384 5.25
5Dy 7Fs 530 14.32 CHz2G)p i 392 5.34
CD2P), SDs 766 17.49 Gup s 529 12.36
Dy3* (*GAP)s) SHypp 334 5.71 IDs 4Fap 583 5.05
4G7/2 6H9/2 347 8.28 2P1/2 453/2 668 11.31
(G AP)sp SHs ), 348 5.58 IDs) 4F1p 686 20.05
44H7/2 66H5 /2 360 12.78 (jG,;*F)g/z ‘:111 P 733 8.48
G2 Fii2 361 15.99 (“P,"D)3)» S3,2 764 5.55
(“H*G)op 5Fo 362 6.15 CHAGup s 832 14.86
4G SH7p 366 6.84 CH2G)) (2GS F)op 843 11.21
GHAG) 1, SFiip 375 5.74 CH2G)) 4Giip 978 11.87
“P*D)spn 5Fsp 376 6.62 CP2D)y)p 4Fs) 1081 8.19
4Gy 5Fo 386 8.45 CGAF) 4Fy 1101 10.35
4D1p 5Fo 400 9.44 (CP2D)3p 4P 1111 8.56
4Gy SHiip 410 11.35 4Gy CHA*Gp 1276 12.21
4P1/2 6F3/2 412 9.28 4113/2 4115/2 1528 10.17
(G2 SHop 415 8.77 4G 4G 1533 6.43
P 5F ) 421 6.67 Tm*+ GP,'D), 3F 430 22.93
AF2G)s) o1 428 6.72 (GP,'D), 3R 765 13.97
i SHyip 436 5.71 1G4 3 Hs 784 22.64
hap SHysp 440 9.99 GP,'D), 3k 808 9.29
41sp SHispn 441 18.83 ér,'D), ér,'Dy, 983 12.96
(D*G)s) Hs ) 458 5.09 3F; 3Fy 1155 10.88
(D*G)s) 6P 471 8.11 1G4 3Hy 1167 5.60
Giip SHysp 493 19.49 3 Hs He 1219 14.55
4P 6F ) 495 7.27 Yb3+ 2Fsp 2P 976 16.59

¢DAP) 2 F3 530 10.38

2Only transitions between 300—1700 nm with vacuum MD spontaneus emission rate A, ,, > 5 s~ T are listed.
"The MD spontaneous emission rate, A p, inside a host material with refractive index n, would be: Ayp = AQ\,, an.
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TABLE IV. Calculated MD Branching Ratios for Yb** Transition in Different Host Materials

PHYSICAL REVIEW B 86, 125102 (2012)

Host Measured Lifetime?® Refractive Index® MD Emission Rate MD Branching Ratio
T (ms) n, Ayp (s Bup
LiYF, 2.16 1.455 51.10 11.0%
LaF; 2.22 1.597 67.57 15.0%
SrF, 9.72 1.438 49.33 48.0%
BaF, 8.2 1.473 53.02 43.5%
KCaF; 2.7 1.378 43.41 11.7%
KY;F,0 2.08 1.5 55.99 11.6%
Rb,NaYFg 10.84 1.403 45.82 49.7%
BaY,Fg 2.04 1.521 58.38 11.9%
Y,SiOs 1.04 1.79 95.15 9.9%
Y;Al504, 1.08 1.82 100.0 10.8%
YAIO; 0.72 1.956 124.2 8.9%
Cas(PO,)sF 1.08 1.63 71.85 7.8%
LuPO, 0.83 1.83 (est.) 101.7 8.4%
LiYO, 1.13 1.82 (est.) 100.0 11.3%
ScBO;3 4.8 1.84 103.3 49.6%

2From Table III in Ref. 62.
YFrom Table II in Ref. 62.

different host materials. These calculations were performed by
comparing the total decay rate (I'yo = 1/7), as inferred from
experimental lifetime data in the literature,%” with the MD
spontaneous emission rates (Amp = App 72)'>7!7 predicted
from the vacuum rates in Table II1.°> The MD branching
ratio is thus defined as Byp = Amp/ o1 Note that the MD
branching ratio for this Yb’* transition varies significantly
in different host materials. In centrosymmetric hosts such as
SrF;, RbyNaYFg, and ScBOs, it is possible to have ~50% of
all decay processes result in MD emission. In more common
materials, such as yttrium aluminum garnet (YAG, Y3Al50;,),
MD emission still accounts for ~10% of all decay processes.

The relatively simple two-level energy structure of Yb3*
means that MD emission can naturally account for a significant
contribution to the overall decay. Other, more complex energy-
level structures, such as in Dy** and Tm>*, mean that there
are more decay paths from any particular excited state. These
transitions are thus interesting candidates for enhancing MD
emission. For instance, the lifetime of the *Fy /2 excited level
in Dy>* ranges from 300 us in LiNbO3* to 2.36 ms in
Y3Sc¢,Gaz 04, (YSGG)® leading to respective branching ratios
of 0.35% and 2.77% for the associated 4F9/2 — 6F11/2 MD
transition. Similar branching ratios were found by analyzing
the 'G4 — 3Hs transition in Tm3+.66-08

C. Electric quadrupole calculations

In the multipolar expansion of light-matter interactions,
MD terms are generally included in the same order as EQ
terms, because they both scale with spatial derivatives of the
electric field. Thus, a common question is to what extent EQ
transitions compete with MD transitions. For completeness, we
have calculated the oscillators strengths for all EQ ground-state
absorption lines and the spontaneous emission rates for all
EQ emission lines. The EQ oscillator strengths and transition
rates were found to be significantly smaller than those for MD
transitions.

The strongest EQ transition was the (°D,’P), — °Dy
transition in Eu®* with a vacuum emission rate of 0.17 s~
While the emission rate for EQ transitions scales with nf, this
rate is approximately 30 times weaker than the weakest MD
transition presented in Table III. Most transitions mediated
by EQ interactions have an emission rate on the order of
0.01 s~! and would thus require significant enhancement
to even be observed. Figures 3 and 4 show the vacuum
oscillator strengths and emission rates, respectively, for EQ
absorption lines and EQ emission lines. A complete tabulation
of all 236 EQ absorption lines (Table S14) and all 3079 EQ
emission lines (Tables S15— S25) between 300 and 1700 nm is
provided in the Supplemental Material.*! These calculations
confirm that EQ transitions in trivalent lanthanide ions are
negligible in comparison to the MD transitions calculated
above.

x10™"
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g 14r & Ce* OYbH
o U m er OTm”
< 12F A Nd* A Er*
= A 5 5
? M Pm*" [JHo®
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& *Ew' 2 Tb”
§ 8r * Gd**
©
T 6f
e
£ 4F A
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O 2F
o A
D) | S S . rem et . e 1wl
0

500 1000 2000 5000
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FIG. 3. (Color online) Plot of all electric quadruple ground-state
absorption lines and corresponding EQ oscillator strengths for all
trivalent lanthanide ions between 300 and 10 000 nm.
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FIG. 4. (Color online) Plot of all electric quadrupole emission
lines and corresponding EQ vacuum emission rates for all trivalent
lanthanide ions between 300 and 1700 nm.

IV. CONCLUSION

Using a detailed free ion Hamilitonian, we have calculated
all nonzero MD ground-state absorption lines and correspond-
ing oscillator strengths throughout the full trivalent lanthanide
series. These values are well documented in the literature,
and we observed good agreement between our results and
those found in Ref. 20. Using this detailed Hamiltonian, we
then calculated all nonzero MD and EQ emission lines and
their respective emission rates for all trivalent lanthanide
ions. Although the EQ emission rates were found to be
negligible, our calculations revealed vastly more MD emission
lines than previously identified by ground-state calculations or
experimental investigation.

In the specific spectral range from 300-1700 nm, we
identified 1927 MD transitions, including 117 lines with
vacuum spontaneous emission rates A'yp > 5 s~1. Of these
transitions, four were identified as the most promising for
experimental exploration: *Fy/, — ®Fj;/, (734 nm) in Dy*",
1C;4 g 3H5 (784 nm) in Tm3+, (ZH,4G)] 12 = 41]3/2 (832 nm)
in Er**, and ?Fs;, — %F7), (976 nm) in Yb>*. These near-IR
transitions occur at wavelengths for which resonant devices
are easily fabricated, yet still emit within the detection range
of silicon photodetectors.

We subsequently demonstrated how free ion calculations
can be used to analyze and predict MD emission within
a range of host materials. We compared the calculated
emission rates with experimental lifetime data from the
literature to approximate MD branching ratios, and for the
specific case of the *Fs, excited level in Yb*", showed how
MD emission can account for up to ~50% of all decay
processes. These calculations highlighted the importance
of selecting appropriate hosts, especially those with high
centrosymmetry and refractive indices, to maximize MD
contributions.

These results and the associated tables in the Supplemental
Material*! can thus be used to guide the study of magnetic
light-matter interactions in trivalent lanthanide ions. Beyond
the well-known MD emission lines in Eu*t and Er**, there are
many permutations of ions and hosts in which MD emission
can likely be observed. While further study is needed to
find the most practical combinations, these comprehensive
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calculations provide a solid foundation from which to begin
this search, and they provide a firm set of numbers with which
to analyze future experimental data. The tabulated values
may also be helpful in studying the potential role of MD
transitions in more complex processes such as upconversion®
and quantum cutting.” These same calculations can also
help focus the design of optical structures to enhance MD
emission. For example, emission wavelengths, transition rates,
and branching ratios can be used as the starting point for
simulating the effects of optical antennas and metamaterials
on MD transitions. Combining these quantum-mechanical
calculations with experimental measurements and electro-
magnetic simulations can expand the toolkit with which to
access the naturally occurring MD transitions of lanthanide
ions.
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APPENDIX A: FREE ION HAMILTONIAN

Closed form expressions of the interaction terms used
in these calculations are provided below. These expressions
are well defined through many different publications and are
provided here for reference purposes.

1. Coefficients of fractional parentage

When describing a particular term in the /" configuration,
one must realize that there could be multiple ways in which
to arrive at that term from the /"~! configuration. There is
an approach to this problem that was developed by Giulio
Racah,”'~7* which defines the terms of the /" configuration in
terms of ["~'. The terms of /"~ are known as the parents
of the corresponding daughters [". These coefficients of
fractional parentage (CFP) need only be calculated once.
For this paper, the CFP were not calculated directly but an
electronic version of the tables produced by Nielson and
Koster”> was used instead.”® All subsequent calculations were
made using these values. The CFP are denoted by (¢ {|¥).
Due to the fact that a particular state might appear in more
than one configuration, such as in both the 4 " and 4 f"+?
configurations, a method to distinguish when a state appears is
necessary. This is accomplished by using the seniority number,
which can take integer values from 1 to 7, indicating in which
4 f" configuration a state first appears.

2. Electrostatic interaction

The electrostatic interaction occurs between configurations
with two or more electrons. This is a result of the Coulomb
repulsion between the two electrons. It is calculated from two
single electron wavefunctions. The electrostatic interaction is
diagonal in both J and S values and the matrix elements are
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found using the following expression:’’

(I"Y'L'S| fill"y LS)
1 o
= —(|ICPIN?| ——— "y LS|\UP\ 'L S
Suc® 2L+1Z<‘” R y'L'S)
v,L
o (4l +2 —n)
PGLS|UOYLS) — 8,5 -t T
XAV LSIUTIEVLS) =8yy o mar s 1

C™® is the irreducible tensor defined by Racah,”” and U™ is
the irreducible tensor tabulated by Nielson and Koster.” Since
we are concerned with f” configurations, we used / = 3 for
all calculations. Again, we are using the notation in which ¥
represents all other quantum numbers that are not specifically
mentioned.

3. Spin-orbit interaction

The spin-orbit interaction is, in essence, a dipole-dipole
interaction. The spin-orbit interaction is diagonal in J but not
in L or S. We calculated this interaction using the following
formula:

s s J
X ("' LS| VAV L),

(f"Y'L'S| Al f"YLS) = (—1)TE+S {L L }

Here we are using the conventional notation for the Racah
6-j symbols and V! is the irreducible tensor tabulated by
Nielson and Koster.”

4. Two-body interaction

For configurations with two or more valence electrons (or
holes), 4 f% to 4 f'2, two-body interactions are used to help
correct for the use of single electron wavefunctions. The first
term in this correction was discovered by Trees.”® The other
two terms are calculated using the Racah numbers and the
Casimir operator G.”° The eigenvalues of the Casimir operator
on the groups R; and G, can be found in Wybourne.°

5. Three-body interaction

The three-body interaction terms are analogous to the two-
body but exist for only 4 f3 to 4 f11. The form of this operator
- 81
is

("l ")
= L I Tt £n—1.7 141 pn—1.7/
= n_31§(1ﬂ{|1//)(1#{|1ﬂ)(f Vi f" ).

This operator is built up recursively using the values for the
4 f3 states found in Tables I and II of Ref. 82.

6. Spin-spin interaction

The spin-spin interaction is analogous to the spin-orbit but
is the interaction between the spins of two electrons. Hg is
calculated recursively, using the reduced matrix operator 72
T is defined for the 4 f? configuration; these defined values
then permit the calculation for all 4 ", n > 2, configurations
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and using the following equation®3:

FrYITE 1Y) = 85,0 (DS " {ly)
£~

{S’ L J
X

LS 1}(f”‘11ﬁ|T(22)|f”‘llﬁ/).

7. Spin-other-orbit and electrostatically correlated
spin-orbit interactions

The spin-other-orbit interaction is an interaction between
the spin of one electron and the orbit of another. It is only valid
for4 f2 to4 f'? configurations. The electrostatically correlated
spin-orbit interaction is a configuration interaction between
the spin of an electron in one configuration with the orbit of
an electron residing in a different configuration. These terms
were grouped together for calculation by Judd, Crosswhite,
and Crosswhite.®* The following form was used:3*

(FreITt +6 —azis| 1Y)
, S L J
=8, (=) Z(vf{wf){L - }
A%
X (f*PITOD 4100 —azig| 17N,

Both TUY and ¢!V are reduced matrix operators. These
reduced matrix operators in addition to the values a and z;3
are defined for the 4 f2 configuration in Refs. 83 and 84.

APPENDIX B: MAGNETIC DIPOLE TRANSITIONS

1. Oscillator strength

All MD ground-state absorption lines were calculated using

the following equation:®

JSvp

SMmD»

_ 872m, (n,) 1
"~ 3he?c \ A/ 2 +1

where Syp is the magnetic dipole transition line strength. This
line strength is defined as

eh ,
> IW'IL + g SV,
Zmecww/

Smp =

where g, is the gyromagnetic ratio of the electron. A list of
all nonzero absorption lines can be found in the Supplemental
Material.*!

2. Transition rates

All MD emission lines were calculated using the following
equation®:

1 16731 /np\3
Amp —( )SMDv

T 27+1 3n \a

and all nonzero transitions can be found in the Supplemental
Material.*!
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APPENDIX C: ELECTRIC QUADRUPOLE TRANSITIONS

1. Oscillator strength

All EQ ground-state absorption lines were calculated using
86.

the following equation®®:
112 7r3a8 (nr)3 ) SEQ

fee=35— 7)) Wy

where Sk is the electric quadrupole line strength and is defined
as

SEQ — (_1)S+L’+J+2\/(2J + 1)(2]/ + 1)

{J J 2}( 'IU(k)I )
1 s V-
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Calculated values for the expectation value of the radial
wavefunctions for the lanthanide series, (r2), were taken from
Table 21.8 in Ref. 87. A list of all nonzero absorption lines can
be found in the Supplemental Material.*!

2. Transition rates

All EQ emission lines were calculated using the following

equation®:
Ao — 1 813 (n,)5 S
PO 2T +15he \ i) TPY
There are a total of 3079 nonzero EQ transitions between

300 and 1700 nm, all such transitions can be found in the
Supplemental Material.*!
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