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Berry curvature and the phonon Hall effect

Tao Qin,! Jianhui Zhou,' and Junren Shi?
Unstitute of Physics, Chinese Academy of Sciences, Beijing 100190, China
2International Center for Quantum Materials, Peking University, Beijing 100871, China
(Received 6 December 2011; published 13 September 2012)

We show that an effective magnetic field acting on phonons naturally emerges in the phonon dynamics of
magnetic solids, giving rise to the phonon Hall effect. A general formula for the intrinsic phonon Hall conductivity
is derived by using the corrected Kubo formula with the energy magnetization contribution incorporated properly.
We thus establish a direct connection between the phonon Hall effect and the intrinsic phonon band structure,
i.e., the phonon Berry curvature and phonon dispersion. Based on the formalism, we predict that phonons could
also display the quantum Hall effect in certain topological phonon systems. In the low-temperature regime, we
predict that the phonon Hall conductivity is proportional to 73 for ordinary phonon systems, while that for the
topological phonon system has a linear 7 dependence with a quantized temperature coefficient.
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I. INTRODUCTION

The phonon Hall effect (PHE) has been discovered recently
in Tb3Gas0;, (TGG):'? a magnetized solid can give rise to
a temperature difference between two edges of the sample
in the direction transverse to both the magnetization and the
driving thermal flow. The discovery of the Hall effect in
neutral carriers such as phonons has incited great theoretical
interest.>”” Most of the theories relate the effect to Raman
spin-lattice coupling,® and standard linear response theory,
i.e., the Kubo formula®>~ or its equivalent,* is employed to
calculate the thermal Hall coefficient. These investigations,
while all focusing on the intrinsic limit, have not yet revealed
a simple connection between the phonon Hall effect and the
intrinsic phonon band structure for a general system, as has
been done in electron systems.’ There is also a natural and
interesting question: could phonon systems have the quantum
(anomalous) Hall effect as well?%10-11

In this paper, we establish a direct connection between
the PHE and the intrinsic phonon band structure, i.e., the
phonon Berry curvature and phonon dispersion. To do this,
first, we derive the general phonon dynamics applicable for
magnetic solids, incorporating the Mead-Truhlar term in the
Born-Oppenheimer approximation.'? The resulting dynamics
contains an effective magnetic field acting on phonons, which
gives rise to the PHE. It clarifies the microscopic origin of
the spin-lattice coupling, and is readily amendable to first-
principles calculation. Second, we calculate the thermal Hall
coefficient of the system using the corrected Kubo formula, in-
corporating the contribution of the energy magnetization,'>!#
which was overlooked in previous calculations. As a result,
we obtain a general formula for calculating the intrinsic
phonon Hall coefficient. Based on the formalism, we predict
that phonons could also have the quantum (anomalous) Hall
effect in properly defined topological phonon systems. In
the low-temperature regime, we predict that the phonon
Hall conductivity is proportional to T3 for ordinary phonon
systems, while that for topological phonon systems has a linear
T dependence with a quantized temperature coefficient.

This paper is organized as follow. In Sec. II, we discuss the
general phonon dynamics in a magnetic field. In Sec. III, we
present our central formula for the phonon Hall conductivity. In
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Sec. IV, we give the definition for topological phonon systems
and also discussed the possibility of realizing them. In Sec. V,
we show the T'3 law in the low-temperature limit for the phonon
Hall conductivity. In Sec. VI, we have a brief summary. We
also include an Appendix to show details of the derivations.

II. PHONON DYNAMICS OF MAGNETIC SOLIDS

The Hamiltonian for the nuclear motion of a magnetic solid
is determined by the complete form of the Born-Oppenheimer
approximation:'?

; [—ifiVie — A (RDI
"= IZ 2M,

where V. = 3/du;,, and Ver({R}) = E.({R}) + E:({R})
is the effective interaction potential for nuclei, including
the direct Coulomb interaction between nuclei, E;({R}),
as well as the nuclear interaction mediated by elec-
trons: E,((R}) = Eo({R}) + (*/2M,)) 3, [(V 1 Po| V1 Po) —
[{(®0]| Ve Po)|?], where Eo({R}) is the energy of the ground
state |®o({R})) of the electron subsystem at the instantaneous
nuclear positions {R}. For a crystalline solid, the equilibrium
positions of the nuclei form a Bravais lattice, and we use
{RY=(R). +wy,l=1,....N; k =1,...,r} with RY =
R? + d,, where R? is the center equilibrium position of the
Ith unit cell, d, is the equilibrium position of the xth nucleus
(with mass M, ) related to the center, u;, is the corresponding
vibrational displacement, N denotes the total number of unit
cells, and r is the number of atoms in each unit cell.

The most notable feature of Eq. (1) is the presence of the
vector potential A; ({R}) = ih(DPo({R})| Vi Po({R})) (V) =
d/duy,), as first pointed out by Mead and Truhlar.'> In modern
language, the vector potential is related to the Berry phase.'”
The corresponding “physical field” at the limit u;, — 0 is

BION 09 >
auﬂ,l’/(’ 8”&,1/{

+ Verr(R), (1)

. @

u,—0

(R} — R)) = 2hIm <

where «,8 = x,y,z, and the translational symmetry dictates
that it must be a function of R? — R?,.

In an external magnetic field, the ion will experience two
vector potentials:'® one from the real magnetic field and the
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other from the Berry phase. The role of the latter is crucial here.
In a single atom, there is exact cancellation between the two,
or the neutral atom would be deflected in the magnetic field.
Therefore, it is not correct to deal with the ion in the magnetic
field directly by “minimal substitution.”!” In a lattice system,
the cancellation is not exact, and the spin-orbit coupling of the
electron will give rise to nonzero Ggg/(R? — R?,).

To proceed, we adopt the usual harmonic approximation
by expanding V.g({R}) to the second order of the vibrational
displacement u;,.'"® For the periodic lattice, it is more con-
venient to use the Fourier-transformed displacement u,; =
VMJNY, wce~*Ric with k being the quasimomentum, and
the Hamiltonian can be written as

1 o
At N A
A= 5 Xk:(P,ij + i1} Dyily), 3)

where ﬁk and #i; have 3r components with f’m, K=
—ihd /Uy, —k — Axax and feqx, @ = Xx,y,z, respectively,
Ao = ih{(DPo|0DPo/dttyq, k), and Dy is the 3r x 3r dynam-
ical matrix.'8

The momentum 13,(0,, « has the commutation relation at the
limit u;, — 0

[ﬁka,kvﬁ

] = MG eaiop () Sy, @

GKD(,I(’IB (k) GKK R() —lk~(R?+dwr)’ (5)

mz

where do =d, —do. Giop(k) acts like an effective
magnetic field for the phonon dynamics. Using Egs. (2) and
(5), the quantity is readily calculable for real materials using
a first-principles approach.

The general phonon dynamics for a magnetic solid can
now be determined. From Eq. (3), the linearized canonical
equations of motion read

= P, (6)
P = —Dyity + G Py, @)

where Gy is a 3r x 3r matrix with the component G, ,g(k).
The corresponding eigenequation is

0
a)kil//ki = |:_le

where vy, is the ith eigensolution, and wy; is the corresponding
eigenfrequency For the non -Hermitian Hy, we define vy =

le :| wkl ﬁkwki P (8)

1/fk Dy with Dy = [ 0 h . ] and I5,43, is a unit matrix of

dimension 3r x 3r, and v; is normalized by Yy, Yij = 6ij.
Note that the 6r eigensolutions can be divided into two groups
of 3r positive- and negative-energy branches, and the two are
related by a);a. a)(+k)l and w,(a. w(-;)* with 1 <i < 3r.
This is a result of the symmetries G; = G_j and D* = D,k.
In the following we use only the positive-energy branches and
drop the superscript (+) for brevity.
The Hamiltonian Eq. (3) can be dlagonahzed with the basis
Y. By defining the field operator \IJk = (uk,Pk) Eq 3)
can be rewritten as H = (1/2) Dk \Ilk\IJk with \lfk =\l Dk
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Introducing the transformation

@

Vhow Ve + Vho W_kl —ki? )

with [&ki,&j‘j] =&;j, 1,j =1,...,3r, we can recover all the
commutation relations, and diagonalize the Hamiltonian to

3r
L < 1
A=Y hoy (a}”.aki + 5) . (10)

kii=1

Similar to the electronic dynamics in magnetic solids,
the intrinsic phonon band structure is determined not only by
the phonon dispersion, but also by the Berry connections
of the phonon bands. We can define the phonon Berry
connection as Ay; = i, (0y;/9k), and the corresponding
Berry curvature as

Wi OV
Qkiz—lm[ﬂxﬂ}

11
ok ok an

We will show that the phonon Berry curvatures $2;; and the
phonon dispersions wy; will fully determine the intrinsic
phonon Hall conductivity. On the other hand, the interband
Berry curvatures proposed in some previous studies are not
needed in general.®

III. PHONON HALL CONDUCTIVITY

Following the established general procedure,'> we can
calculate the thermal Hall coefficient contributed by phonons.
For a magnetic system, the transport thermal Hall coefficient
includes two contributions: the usual linear response contribu-

tion kX'*° and the contribution from the energy magnetization
M E-
2M:
tr __ , Kubo E
Ky = Ky + TV (12)

where V is the total volume of the system, and 7 is the
temperature. Mg is the circulation of the phonon energy
current, and the reason for the circulation can only be attributed
to our effective magnetic field.

A. Kubo contribution ICK“bo

kS0 is determined by the usual Kubo formula®
1 o X N
Kubo __ —st| 7y .
e = s mlim [ e (7T ), 03

where J £, 18 the Fourier-transformed energy current operator
in the wave vector ¢, and (;) denotes the Kubo canonical
correlation.?! Using the procedure developed by Hardy,?? and
with the harmonic approximation and in the small-q limit, we
find that (see Appendix A 1):

3 e . .
Jeq =73 D WV + Vi) Wkig + (He.g > —q),
k

(14)

where Vj = V H,, and (H.c.,g — —q) denotes the Hermi-
tian conjugation of the first term after replacing ¢ by —q.
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With the phonon current operator J E,4> We have (see
Appendix B)

3r
/) 1
Kubo __ ) S
nyu o _ o7 k§.,-_1Miiwkl (nk, + 2) , (15)
where My, = Im[a'/”” x Hy "‘/”“] and ny; = np(hwy;) is the

Bose-Einstein dlstrlbutlon The presence of the “zero-point”

contribution (the extra % inside the parentheses) is due to
the phonon number nonconserving terms (€.g., akjdg4q; OF

T

ay,; .) in the energy current operator, which were often im-

ak+q J
properly dropped in many previous calculations.’ As a result
of the zero-point contribution, « "™ diverges when T — 0.

B. Phonon energy magnetization M},

The unphysical divergence can be removed by the second
term of Eq. (12). The energy magnetization is determined as
follows:?

. ML
2M: —T BTE = M3, (16)
8 1
b= —— i (h_g; Ji : (17)
E kBT aq) ( q E q) 40

where A, is the Fourier-transformed energy density operator:
A 1 2 .
hy = 5 Zk: Wby (18)

The energy current operator defined in Eq. (14) should satisfy
the scaling law necessary for the applicability'® of Egs. (16)
and (17) (see Appendix A 2).

For the phonon energy magnetization in Egs. (16) and (17),
we have (see Appendix C)

3r
72 2
My = ) Z wki[Q;ciwkin;ci
kii=1
+ M, 2ni + ong; + D], (19)
where n}; = 0ny; /dwy;. M}, is obtained by integrating over the

temperature 7" with the boundary condition that 2M; coincides
with M;, when T = 0.

C. Phonon Hall conductivity

We are in a position to present our central result for the
phonon Hall conductivity.

(wkg)? 1 dn (e)
v = _S—thhT - 7/0?6620” (€) Jc (20)
where
gx},(e):__ > @1
hwméé
and

Zon = Z Q. (22)

kii=1

Equation (20) gives the general formula of the intrinsic phonon
Hall conductivity for a magnetic solid. As expected, the
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intrinsic phonon Hall conductivity is fully determined by the
dispersions and the Berry curvatures.

In the following, we show how the topological term emerges
naturally in Eq. (20). First, we express X, A75™ and

xy
Mg,intra as

1
KxKy“bO = ﬁ/deem?; (e)n(e), (23)
~rz,inter 1 6r
M = —3 deemy’ (e)n (e), 24)
-~ 2 intra 1 6 ,0n(€)
Mi"" Z_Z/ (mu(e)——e o (@ )) e
(25)
where
1 6r
m® (e) = v > M8 (e —how) (26)
ki=1
6r
50 - Q.8 (€ — hog) . 2
oy (€)= o Z (€ —hwy;) (27

So the real energy magnetization M7, is

B
Y / deem® (e)— f dB'B’ <2n (e)+ea';f))
B on (€)
3 ~6r ’al
—i—z/dee o (E)E/ dp'B v (28)

where the boundary condition is that 2M% coincides with M%
when T = 0. There is no indefiniteness in Eq. (28), for the
thermodynamic quantity'> My = M/ T should be zero in the
high-temperature limit. We can change the integration over 8’
into integration over € and we have

2M;

K =k 4 TVE (29)
€
= 7= €6 (€) ( / dxxn (x) + €’n (e)). (30)
~6r doy(e)
We can define o (€) = ——, so we have
k" = 1 o6r (€) /e dxxn (x) + €2n (¢€) h
wo2T o
dn (¢)
6r 2
_ﬁ d ny (6)6 T (31)
The first term in Eq. (31) is zero, for the following reasons:
0% (&) = f X568 (1), (32)
ol (00) =0, (33)
ol (—00) = 0. (34)

We can show Eq. (33) using the properties of the phonon Berry
curvature: Q;) = Q(Jr)l. where 1 <i < 3r, because of the
symmetry properties of ;. Equat1on (34) is zero because of
the integration limit. Therefore,

dn (e)

1
K = =57 | de’ali ()

(35)
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Next, we express k" using the 3r positive-energy bands:

y

0
O'f; (6) = / dx&fyr (x)+/ ~6r (x) (36)
—0oQ
Zph ‘ 6
= —— Gy 37
oh +/ Y (X)) (37)
Using our definition in Eq. (21), we can write Eq. (37) as
;hl +oy(€), €>0,
ol (€) = { P (38)
Z;h + o0y (—€), e<O.
Therefore,
1 (> Zph dn (¢€)
tr _ _ d 2 oy
Fry 2Tf0 “(271 ’()> de

1 [ S ( Zn dn (€)
57 _oodee ( o h~|—axy( E)) T (39)

Finally, after some simple algebra we obtain the phonon
Hall conductivity in Eq. (20) and the topological term emerges
naturally.

IV. TOPOLOGICAL PHONON SYSTEM

The first term in Eq. (20) is of topological nature,
determined by the global phonon band structures. This is
different from the second term which is determined only by
the low-energy sectors of the phonon bands limited by kgT.
For two-dimensional (2D) systems, Z,, is the Chern number,
quantized as an integer. For three-dimensional (3D) systems,
Zoh is quantized® in units of G,/27, where G, is the z
component of the reciprocal lattice vector G. As the result, the
phonon Hall conductivity has a topological contribution with a
quantized linear temperature coefficient in units of (wkz)?/3h
(2D) or 7k%G,/67h (3D).

Not surprisingly, most phonon systems have Zy, = 0. It is
natural to define the topological phonon systems as those with

Zon # 0, (40)

This puts a stringent constraint on the definition of a real
topological phonon system: it requires that the sum of
the Chern numbers of all phonon bands must be nonzero.
Previous theoretical studies have had success in constructing
phonon systems with nonzero Chern numbers of individual
bands.%!%!! However, these models rely on the reorganization
of the phonon bands within the positive-energy branches,
so still have zero Zy,. They are not topological phonon
systems in the stringent sense, nor will they manifest unusual
phonon Hall conductivity. To realize a real topological phonon
system, we need to look for insulating materials with spin-orbit
coupling so strong that the resulting effective magnetic field
can intermix and reorganize the phonon bands between the
positive- and negative-energy branches. A realistic lattice
model for realizing the topological phonon system is an
interesting topic for future investigation.

We note that the value of the topological contribution to
the thermal Hall conductivity is actually the same as the
longitudinal thermal conductivity of a dielectric quantum
wire with Z,, acoustic phonon modes.?*~2® This is because
topological phonon systems have chiral edge phonon modes
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that behave just like the 1D acoustic phonon modes. The
edge-bulk correspondence picture in the topological phonon
system is very similar to that in quantum Hall systems.
On the other hand, unlike the phonons in a quantum wire,
phonons in the chiral edge modes cannot be backscattered
without coupling to the bulk. This will make the topological
phonon Hall effect more robust against imperfections than the
quantized thermal conduction in a 1D quantum wire. The latter
has been observed experimentally.?

V. LOW-TEMPERATURE LIMIT

At low temperatures, only the low-energy phonon modes
are relevant for ordinary systems. It is thus sufficient to
consider the long-wave acoustic phonon modes.

A. Constraint for the effective magnetic field

An important constraint for this case is

> G (RY) =0. 1)

Ik’

This can be verified directly by using the effective magnetic
field in Eq. (2). As we will show, this is still true even when
we explicitly consider the external magnetic field because of
the overall charge neutrality. It is easy to see that

Y G (RY)

lkk’

_ %Im <3®0({R0 + uo}) | 3Po({R° + uo})>
N uy—0

+ Zloteeaﬁy Byv (42)

8140/3 au()a

where ®({R° + uy}) is the ground-state wave function of the
electron subsystem when the whole system is displaced by uy,
and Z is the total charge number of the nuclei in an unit cell.
We have assumed that there is an external magnetic field B.
Since the displacement is equivalent to a redefinition of the
origin, we have

P({R” + uo}.{r}) = exp [—i% (B x uo) - (Z ri>]

-®o({R},{r — uo)), (43)

where {r} = {r,r,, ...,ry,} denotes the coordinates of the

electron. We have

dPo({R” + o}, (r))
Buo

= —%exp [—i%(B X up) - <Xl:rz):|

(b= 5B %) QUR L — w44

1

Substituting Eq. (44) into (42), one can easily verify that the
first and second terms of the right-hand side of Eq. (42) exactly
cancel each other due to the overall charge neutrality.
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B. T3 law

Itis easy to see that the phonon dynamics with the constraint
always has three acoustic modes that have zero energy at
k =0, consistent with the general requirement of global
translational symmetry. This remedies an important issue of
the widely adopted phenomenological model of Raman spin-
lattice coupling, which has nonvanishing coupling constant
even in the long-wave limit, inducing nonzero acoustic phonon
energies at k = (. We will see that the constraint will change
the theoretical expectation of the low-temperature behavior of
the phonon Hall conductivity.

With this constraint in mind, we can write down the
general Hamiltonian for the long-wave acoustic phonons of
an isotropic continuous medium:>’

ﬁ:/dx[P(x) +8vava+ 2. A)z], @5)
20 2

where P(x) = —ihs/8il(x) — A[a], u(x) is the vibrational
displacement, | and pu, are elastic constants, and p is the
mass density. The symmetry dictates that A[@#] =y, VV -
(M x @t) + y,V>(M x it), where M is the magnetization of
the system, and y; and y; are coupling constants characterizing
the spin-lattice coupling. After Fourier transformation, we can
identify Daﬁ(k) = (l/p)(mSaﬁkz + /szakﬂ) and Gaﬁ(k) =
(1/p) Zy eaﬂy[_ylkyk M+ + 2V2)k2My] with k = |k|
and «,B,y = x,y,z. We can then adopt our general formula
for calculating the phonon Hall conductivity.

To the first order in the magnetization M, we obtain the
phonon dispersions wg; = crk and w3y = crk £ yokk - M,
where c7 = /1 /p and ¢ = /(01 + 212)/ p are the trans-
verse and longitudinal phonon velocities, respectively. The
phonon Berry curvatures are

g1(k*M + kk - M)

Q= — 5 (46)
©(°M + ke M)
Qi) = iﬁ + 22 3 (47
where g1 = (y1 +2y2)(1 +38%)/[2c78(8* — 1)), g =

218(3 + 8% /[2(1 +38%)], and § = ¢y /7.
Using Eq. (20), we determine the phonon Hall conductivity:
s 472k, L +21 483+ 82 +85+1
a5’ 2y, 8 +5+ D)

} »M,T?,
(48)

where we assume M is along the z direction and the Debye
energy hwp > kgT. We can see that at low temperature, K)tcr}

is proportional to T3, instead of T as proposed in previous
studies.?

We can obtain insights from the above calculation into
how the phonon would be deflected by the effective magnetic
field. We can see from Egs. (46) and (47) that, on different
branches, the phonon will experience different “reciprocal-
space magnetic fields.” The corresponding anomalous velocity
of the phonon is proportional to 4; x VT, similar to that for
electrons.!” The net deflection direction will be perpendicular
to the directions of both the magnetization and the temperature
gradient.

We make a few comments concerning the disorder effect:*
In analogy to the anomalous Hall effect of electron systems,?’

PHYSICAL REVIEW B 86, 104305 (2012)

we generally expect that the total phonon Hall coefficient can
be decomposed into k', = K)ICI; + ery + Kjl;ew, where /cjf; is the
intrinsic phonon Hall conductivity we calculate in Eq. (20),
and the disorder will introduce the side jump contribution
kyy and the skew scattering contribution /c;l;ew. However,
there is an important difference between the phonon and
electron systems: the mean free path of phonons in TGG
had been determined to be ~1 mm,** much longer than
its electron counterpart. Moreover, in the low-temperature
limit, the dominant contribution to the thermal conductivity
is from the long-wave phonons which are not affected by the
disorder.’! We thus expect that the disorder correction is less
important in phonon systems, and the 7 law of the phonon
Hall conductivity will survive.

VI. SUMMARY

In summary, we establish the general phonon dynamics
for magnetic solids. Based on the dynamics, we propose
a general theory of the PHE. Using the corrected Kubo
formula, we link the intrinsic phonon Hall conductivity to the
phonon Berry curvature. The general formula suggests that
the phonons could also experience the quantum Hall effect,
and our theory presents a rigorous definition of the topological
phonon system. We predict that the phonon Hall conductivity
of the ordinary phonon system is proportional to T at low
temperature, while that for the topological phonon system has a
linear 7' dependence with a quantized temperature coefficient.
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APPENDIX A: PHONON ENERGY CURRENT OPERATOR
AND ITS SCALING LAW

1. Phonon energy current operator

We follow Hardy?” in deriving the phonon energy current
operator. The Hamiltonian density is

A~ 1 A
hx) =2 D (A = Ry) Hy +He),

173

(AD)

and P, = —ihV,. — A, and A(x)
is a localized function near x = 0 with fdxA(x) =1.

a2
A P“
where H), = S

We adopt the harmonic approximation for V,K: V;K =
52 vcrap fica Dl (R) — R))ipop where DS (R) — RD) is

the dynamical matrix. The Hamiltonian is H = f dxfz(x) =
> 1 Hix. The energy current operator is defined by the energy
conservation equation:

h()+V-Je(x) =0,

where Je(x) is the phonon energy current operator, and
h(x) = (1/im)lh(x), H].
We can express [A(x),H] as a divergence. We have

(A2)

[h(x) H] > A(x = Ry) [Hy. Ayl + He. + -

2h lie,l'k’

(A3)
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where “--.” denotes higher-order terms such as [A(x — Doing the Fourier transformation JE =
a2 . . s
Ry), %]Hlk, which will be a cubic product of f, and Pp,. [ dxJe(x)e”'"*, we have
Noting that o i A N
JEeqg = =310 Z[kak (Dx + Dieyq) firyq
A2 A2 . 8
e B ]—[P'K 7 }+[vl PW]+ i ‘
I s 'kl = s Vg o
2M, 2M, | 2M M, . .
Sa B 55 5 — PLViGi+ Giig) Pisy), (A9)
ZGKK R?’) (Pli PZ{}K/ + Pl/’gk’ Pl(lx()’

where Dj is the dynamical matrix with components
’ . 0 ,
(Ad) Dyq i p(k) = \/ﬁ > Dgg (R)e~ik(Ri+du) Tn the small-

. . . g limit, A, — 1. We obtain
and interchanging subscripts [« and I'c’, we have

; X 1 N - - - - A
;;mm, a1 Teq =g 2 OIVaHi+ g+ VilHy + By M.
k
A2
i P A10
=EZ[A(x—Rm—A(x—Rm/)]([Ml; Ve } (A10)
lie,l'k’

ih GKI(/ RO — RO }Saﬁﬁ u A5 USil’l% t~he identities VkI:IkZDkaI:]k and Vk[—N]Tz
+ 2M M, Z "“3( !~ RO PP | +He (AS) (VkH,i)Dk, we obtain Eq. (14).
K K Dtﬂ

Inserting the expansion

2. Scaling law for the energy current operator
A(x —Ry) — A(x — Ryy)

In order to calculate the energy magnetization, we

0 0
A~ l (RO, L RO) 8A(x — Rl’K’) + 8A(x — le) need to verify that the energy current satisfies the scaling
2\l lie ax ax law'?
(A6)
v _ 2 7 2)
into Eq. (AS), we obiain Ji@=0+v@PJr@®+0v@y&) (Al
l' R A R . . . . .
Jhe),Al=V - Jrx), (A7) in the presence of t.he grav1'tat10nal field ¥ (r) which modifies
the local Hamiltonian density by
where ~y 1 N
; R0 = 2 D A0+ 9 (0)A (¥ = Ry) Hi +He ).
Je)= = 3 (Ri — Ry [A (x = R} L
an o (A12)
P 'h . . . . . .
N (x _ RO ) ] e g, |+ l Similar to the derivation in Appendlx Al, we have
2M, 2M M,
N b (x) = [h"’ (x),H] (A13)
Z GLs (R) — RY) P P,‘?K,) +He  (A8)
and
|
—[h"’ (x),H"] = /dx [1+ ()]l + ¥ (x)I(x,x) (A14)
i oY (x
~ Zfdx’[[l + 9 (P Tx,x) + [14 ¥ (0] (' — x) - ﬁi )F(x,x/)
L] Oy (x) ,
ST+ ¥ @]) (), — 1)@, — 1) C(x,x) + O(VIY(x)) (A15)
2 o 0x,,0x,
with
1 A A
Peex) = 2 D7 A = Ru) (AG = Rio). [ Aol + Hoe. 4+ (A16)

Ik, 'k’

In Eq. (A16), we also ignore the terms which will lead to the cubic products of #;, and i’p,(/ in the energy current operator. For
the first term in Eq. (A15), after the integration over x” and repeating the derivation from Eq. (A3) to Eq. (A7), we can show

%/dX' N+y@PTEx)=[1+¢y@PV-Jex). (AL7)
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For the second term in Eq. (A15):

PHYSICAL REVIEW B 86, 104305 (2012)

i Iy (x)
Z/dx’[1+w(x)](x’—x)- 1/5 I'(x,x )— - R, (R}, — R)..[H.Hy 1}
X li,l'k’
Y (x)
—2[1+1ﬁ()]— Je@x). (A18)
For the third term in Eq. (A15), we have
i / / / Y (x) ,
7 / dx'[1 4 ¢ (x)] ;(xﬂ — X)) —x,) 77, 0m, I'(x,x)
i 0%y (x) A oA
- E 9 (ol I ;ﬂv 0x,,0x, A = Ri) (R;)'K'M - RIOKM) (R?’K’v - R?KU) (A, Hy] +Hoc., (A19)
_ b [14 v (x)] Z 7Y (x) [A(x — Ri) — A(x — Rye)] (R, — RY,) (R, — Rivy) [Hie Hyol + Hee . (A20)
471 W= " 8)(:”' axv K" K KV KV
[
Noting the expansion in Eq. (A6), Eq. (A20) does not have a and we obtain
contribution to the current in the long-wave limit.
Combining Egs. (A17) and (A18), we obtain Eq. (A11). 3%1; I 8%” o 31/_/111'
Al D, HD; (BS)
ok, ok, 8k ok,
APPENDIX B: DERIVATION DETAILS FOR lc}fy“"“ IN Eq. (15) n T § ’
, , _ Wy Hfal/fki 31//ki1_~1 Vi
Direct calculation of the Kubo formula leads to ok, * k, ok, k3 k,
6r X ) 4 X
Kubo _ h Z (Vi Vi = Vi Vi) @k 0k awk, gl 9Dy Vi — OV i aD;! W (B6)
YRvVT (ki — wk;)? ’ ok, Bk, TR TR

(BI)

where Vy;; = Z(Wk, 2y Lk + 1//T 3H" ‘/’kj) It is easy to verify
that

_ 0H Wi
Tui o g = (on) — on) g e+ S, (B2)
ky ok, ok,
SO
. _ o oy I
Viij = Bkk 8ij + 2(wkj — wii) (kaz Mo 1/fk, kj) .
(B3)
Note that here i # j, so we have
i V;ijvli_jiwkiwkj
o (01 — o))
T T 71
Wi ~ W Ol . 0WL
— 4a)ki wk Hk wk + wk, HII 1//]“
ok, ok, ok, ok,
Wi i 0 Wi ~ ~_ OV
1;ﬁkz H/IDk 1»ﬁkl wk HkD;l 1ﬂkt , (B4)
T ok, ok, | ok ok,
- -
where we have used i 31//:(, = 3'/’“ TV le%:

w’” 1//,”, and Hy = Zj Wk Ykj ij and its Hermitian conju-
gate “We can further simplify the last two terms in Eq. (B4) us-

Al P 1
3 3‘//1” _ ("/fk, de =19V, _ 8Dk 7
ing D5t = — wk, and Dy =k wkl

The second term in Eq. (B6), 38‘?" g, 3Dk kal

TaD 7 aD aw, -13D 81/r, TaD
ki ok, 1 k wkz “D Hka Wf‘//ki: : Hk o, Vi
and aDk g = 0 for %% = [agx g], and then the two terms

in Eq. (B6) Vamsh. Substituting Eq. (B5) into Eq. (B4), we have

6r X y . .
Z Im(vkijvkji)wklwkj

Jj=1

Wi ~ M OV ~ OV
= 8wy Im Vi i, Vi _ 9V 28 Vi (B7)
Ok, “ ok, ok, " Ok

(ki — wkj)?

Finally, we obtain

6r -
h 0V ~ Oy 3 i~ 0V
Kao — My, Z Yk a, Vi Ui , Vi
Y 2VT Pt ok, dky ok, ok,
X Wik, (B8)
3r -
h 3 i~ 3 1 8 1 7y a 1
_ Im Z Vi a, Vi Vi a, Vi
2VT P ok, ak Bky ok,
X o 2ng; +1). (B9)

From Eq. (B8) to Eq. (B9), we have used the symmetry
properties of wy; and Yg;, so we come to Eq. (15).
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APPENDIX C: DERIVATION DETAILS FOR M: IN Eq. (19)

After a direct calculation of the canonical correlation
function in Eq. (17), we obtain

. 6r
- ih 9
— X%
ME § Sk+q kji (Vk k+qt] k+q,kji)
16 aq)
ki, j=1
Niyqj — Nki
L (&)
Wki — Wk+qj q—0
where Skrq.kji = Vierqj Vi and Viktqgij =

a(H, +H a(H, +H
g Wt isa) yph el gt
Flrst We calculate the 1nterband contrlbutlon from the terms

with i # j in Eq. (C1). When ¢ — 0, we have

A 6Zr Im(a Yk kl]>wkzwkj(nk] %)
-3 .

ki, j=1

~rz inter __
Mg =
Wk — Wgj

(€2

We further have

9 1 9 v,
< wkj Vi klj) :E ( wkj sz kij 1’ﬁkt kJ il);)’

(C3)
Noting that V}; ;= Viji and inserting Eq. (C3) into Eq. (C2),
we obtain
R 3 v
72,1 kj T i X
Mé““er =16 Im |:< L — ‘ﬁ,qﬁ) kiji|
ki, j=1 Y
» wpiwj(Ngj — nki)7 (C4)
Wki — Wkj

where we have interchanged i and j of the second term in
Eq. (C3). Using Eq. (B3), we have

6r y X
Mz,imer _ z m(ijinij)wkiwkj(nkj — M)
P =
32 Pl (WK — wkj)?

6r X y y X X .
h Im(Vkij Viji = Vkijvkji)wkl Wk jNki

EY) SR
32 ki, j=1 (@ri — wij)

(C5)

Comparing Egs. (C5) and (B1), we finally obtain

3r -
~ i h Vi ~ 0V 3%1 ~ 0Vki
Mz,mter — __I H H
E 2 mk,lZ:l ( ok Cok, ok, ok,
X wpi 2ng; + 1) (Co)
h 3r
=—3 > Mo Qi + 1) (C7)
k;i=1
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Second, we calculate the intraband contribution from the
term with i = j in Eq. (C1):

6r
- ho0
z,intra __ ) x Xk
E = _Rﬁy Kiml Im [ kg ki (Vi krgi T Viigni))
» Wk Wk+qi Mitqi — Nii) C8)
Wi — Wkqi g—0
For further simplification, note that
OSksq.ki 3¢k;
a+q ak 1uﬁku
CIy q—0
8(Vl)cc,k-'rqi + VlJcC-T-q,ki)
aqy q—0
gt a7t 2 77
O Hy 9V + OH, 9y, - 0°Hy
2 + 2, t i ;
( Vi, ok, TRk, K, T kK, Tk
. ?H!
T k7t
. 1, c9
+wk! 3kx8ky1/fkl> ( )
Nitqi — Nki — ”;a”
Whk+qi — Wki q—0

One can show that the sum of the last two terms in Eq. (C9) is
real, so it makes no contribution. So we can write

6r

~ i Wi, ok - OHy 0P
Mot Im z ]
E Z |: 1/fk . + Y % D K
kl 1
i
3H 8¢kl
l/sz 3k Bk ]wkl Ny (CIO)

With Im[aa‘/”“ Viil = —Im[ i 5] = Im[a‘”k' w11, we come
to

2. ~ (Hy — wg) 0V
M&,era — _ .
E Z [Wk a ok
kl 1 )
I(H] — o) 09,
T ki | 2
+ I/jkl 8kx Bky wkin/ki' (Cl 1)
USlIlg &,ﬂM — a‘/fk, (Hk — wg) and w| 3(H wk,) _
31#,” (H ! — wgi), We obtam
6r
75 h 81pkl 1ﬁkz
Mz,mtra - __ I H _ l
: 4 k-iZ=1 m|: Ok (= ) dky
8‘(/_/ki 5 8wki 2
- Hy — wg N (CI2
ok, (Hk — wri) ok, | @k (C12)
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Using the definitions for M3, and QF., we have

[=2)
<

Crz.intra
My =

=~
I
-

NSt S

b

1
B

Finally, combining Egs. (C7) and (C14), we come to Eq. (19).
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ki oK Qii)wlzcin/ki (C13)

kit wkiQZi)wlzcin;ci' (C14)
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