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In this work we present a theoretical study of structural stability of CrVO4-type orthophosphates InPO4 and
TiPO4 at ambient and high pressures. Total energy calculations and lattice dynamics were used to obtain structural
and vibrational properties of these compounds. Also, we have studied at ambient pressure the orthophosphates
TlPO4 and VPO4 in order to compare their structural and vibrational properties with InPO4 and TiPO4. Here
we analyze the variation of the Raman and IR frequencies as functions of the reduced mass. Using the phonon
dispersion relations we have calculated the Gibbs free energy and evaluated the phase transitions at 300 K, at
which most experimental measurements are performed. By taking into consideration the Bastide’s diagram and
previous theoretical and experimental studies in APO4 compounds, we have considered 12 candidate structures
for the high-pressure regime. We found the following sequence for pressure-driven structural transition: CrVO4

type → zircon → scheelite → wolframite, for InPO4 and TiPO4. The equations of state, phonon frequencies,
and their behavior with pressure of the most stable polymorphs are also reported. We also included the phonon
spectrum and the projected phonon density of states of each phase for both compounds. Finally, calculation of
the evolution of magnetic moment is reported for TiPO4.
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I. INTRODUCTION

The crystal structure and physicochemical properties of
CrVO4-type oxides have been studied over the past five
decades.1 These compounds include orthophosphates InPO4,
TiPO4, TlPO4, and VPO4 among others2,3 as well as vanadates4

and silicates, e.g., TiSiO4.5 They have an orthorhombic crystal
structure [space group (SG) Cmcm, No. 63, Z = 4] which is
comprised of nearly regular edge-sharing octahedra of AO6

(A = In, Ti, Tl, or V). In addition, the P atoms occupy the
tetrahedral interstitial sites constructed by cubic close-packed
oxygen atom arrays. Figure 1(a) illustrates the crystalline
structure. There, it can be seen that the TiO6 (InO6) octahedra
form chains that propagate in the c axis, with these chains
linked to one to another by PO4 tetrahedra. These tetrahedra
share corners with the octahedral units of the chains.

In addition to the magnetic properties,6 phosphates crys-
tallizing in the CrVO4-type structure are interesting because
this structure is intermediate between quartz-like structures
with only fourfold-coordinated cations and structures with
both cations in sixfold coordination. In particular, crystal
chemistry arguments7–9 predict that, under compression, these
phosphates will undergo phase transitions to crystal structures
where sixfold coordinated phosphors can be achieved.10

Additional interest in these compounds comes in connection
with Li ion batteries11 since they are delithiated forms of
cathode materials. Finally, some attention has been dedicated
to CrVO4-type phosphates because they can be formed by
oxidation on the surface of phosphide semiconductors.12

Given the close connection of CrVO4-type phosphates
with quartz-like phosphates, a high-pressure study of the
structural and vibrational properties of InPO4 and TiPO4

is quite attractive from the structural systematic point of
view. Unfortunately, in contrast with other binary oxides

such as zircons,13,14 wolframites,15 monazites,16 scheelites,17

barites,18 and berlinites,19 no high-pressure studies have
been performed yet in CrVO4-type oxides. The aim of our
research is to investigate the physical properties of InPO4

and TiPO4 at high pressure. In order to do it, we performed
density-functional theory (DFT) calculations of the crystal
total energy as a function of the volume. Due to the fact
that calculations are performed at 0 K, we used also the
quasiharmonic approximation based on the calculated phonon
frequencies20 in the whole Brillouin zone (BZ) to search
for the minimum Gibbs free energies at a temperature of
300 K.

Upon compression, phase transitions are predicted to take
place to the zircon, scheelite, and wolframite structures. The
low-pressure phases are more compressible than those of
other phosphates, having a bulk-modulus (B0) smaller than
80 GPa, but the high-pressure phases show considerably
smaller compressibilities. For InPO4 (TiPO4), no evidence of
sixfold coordinated phosphors is found up to 47.8 (49.3) GPa,
when the high-pressure scheelite-type phase undergoes a
structural transformation to the wolframite-type phase.

The paper is organized as follows: In the next section, we
give a detailed description of the computational procedure.
The crystal structures from the most representative phases
of InPO4 and TiPO4 are briefly described in Sec. III. The
results from CrVO4-type structures and vibrational frequencies
are presented in Secs. IV A and IV B, respectively. The
high-pressure phases and their lattice dynamics are presented
in Secs. IV C and IV D, respectively. The results from post-
scheelite high-pressure phases are in Sec. IV E. In Sec. IV F we
report the magnetic behavior of TiPO4 under pressure. Finally,
we discuss and summarize the main results of this work in
Sec. V.
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S. LÓPEZ-MORENO AND D. ERRANDONEA PHYSICAL REVIEW B 86, 104112 (2012)

(a) CrVO4-type (b) Zircon (c) Scheelite (d) Wolframite (e) SrUO4-type

FIG. 1. (Color online) CrVO4-type, zircon, scheelite, wolframite, and SrUO4-type structures of APO4 (A = V, Ti, In, Tl) compounds.
Big blue circles: A atoms; medium cyan circles: P atoms; and small yellow circles: O atoms. The structures were drawn using the structural
parameters of TiPO4 at 0 GPa (CrVO4 type), 15.5 GPa (Zircon), 23.5 GPa (Scheelite), 59.9 GPa (Wolframite), and 64 GPa (SrUO4 type). The
coordination numbers for the Ti or In (P) atom for CrVO4-type structures, zircon, scheelite, wolframite, and SrUO4-type structures are 6 (4),
8 (4), 8 (4), 6 (6), and 9 (6), respectively. Arrows indicate the direction of the magnetic moment of Ti atoms for the magnetic state of lowest
energy. a, b, and c are the lattice parameters.

II. COMPUTATIONAL DETAILS

Calculations of the total energy are performed within the
framework of the density functional theory (DFT) and the
projector-augmented wave (PAW)21,22 method as implemented
in the Vienna ab initio simulation package (VASP).23–26 We use
a plane-wave energy cutoff of 520 eV to ensure a high precision
in all our calculations. For the exchange correlation energy,
we have used the generalized gradient approximation (GGA)
in the Perdew-Burke-Ernzerhof (PBE)27,28 prescription. How-
ever, while we found a good agreement with experimental
results for the equilibrium volume, V0, in TiPO4 and VPO4, the
error in the values of V0 for InPO4 and TlPO4 is ≈8%. Hence,
we also made the calculations of V0 for InPO4 and TlPO4 with
AM0529–31 and PBE for solids32,33 (PBEsol) functionals. We
found a better agreement with PBEsol functionals for these
two compounds when comparing the results of V0 obtained
with PBE, PBEsol, and AM05 functionals. Thus, in what
follows, the results reported here for the magnetic (TiPO4

and VPO4) and nonmagnetic (InPO4 and TlPO4) compounds
were obtained with PBE and PBEsol exchange correlation
functionals, respectively.

Due to Ti atoms presenting a magnetic moment, μTi, one
must consider the different magnetic configurations within
the collinear magnetism for CrVO4-type structures and high-
pressure phases. As an example, consider the CrVO4-type
structure in Fig. 1(a). Here there are four Ti atoms in the
unit cell with nonequivalent positions, so that there are one
ferromagnetic (FM: ↑↑↑↑) and three possible antiferromag-
netic (AFM: ↑↑↓↓, ↑↓↑↓, ↑↓↓↑) configurations. Similar
calculations have be done in TiPO4 to study the magnetic
exchange couplings.34

A Monkhorst-Pack scheme is employed to discretize the
Brillouin-zone (BZ) integrations37 with meshes of 4 × 3 × 4,
4 × 4 × 4, 4 × 4 × 2, 4 × 4 × 4, 4 × 3 × 3, 2 × 3 × 4, and
4 × 4 × 1, which correspond to sets of 8, 6, 4, 16, 8, 4, and
8 special k points in the irreducible BZ for Cmcm, zircon
(SG: I41/amd, No. 141, Z = 4), scheelite (SG: I41/a, No. 88,

Z = 4), wolframite (SG: P/2c, No. 13, Z = 2), SrUO4-type
(SG: Pbcn, No. 60, Z = 4), β-InPO4 (SG: Pnma, No. 62,
Z = 4), and monoclinic distorted CrVO4-type structures (SG:
P 21/m, No. 14, Z = 8), respectively. For the additional
structures considered in the high-pressure regime, we use the
mesh most suitable for each case. In the relaxed equilibrium
configuration, the forces are less than 3 meV/Å per atom
in each of the Cartesian directions. The high degree of
convergence for the calculated forces is required for the
calculations of the dynamical matrix using the direct force
constant approach (or supercell method).38 The construction
of the dynamical matrix at the � point is particularly simple
and involves separate calculations of the forces in which a
fixed displacement from the equilibrium configuration of the
atoms within the unit cell is considered. The symmetry aids
by reducing the number of such independent distortions to
24 independent displacements for the orthorhombic Cmcm,
14 for tetragonal zircon (I41/amd), 14 for the tetragonal
scheelite (I41/a), 24 for the monoclinic wolframite, 30 for
the orthorhombic SrUO4 type, 30 for monoclinic β-InPO4

phase, and 108 for monoclinic P 21/m. Diagonalization of
the dynamical matrix provides both the frequencies of the
normal modes and their polarization vectors. It allows us to
identify the irreducible representation and the character of
the phonon modes at the zone center. The phonon dispersion
curves are calculated along several high-symmetry directions
in the BZ. The calculation of the phonon dispersion relation are
done using the supercells 2 × 3 × 2, 2 × 2 × 2, and 2 × 2 × 1
times the conventional unit cell for TiPO4 Cmcm, InPO4 Cmcm
(zircon, scheelite, wolframite, SrUO4 type, and β-InPO4), and
monoclinic P 21/m, respectively. The dynamical matrices are
obtained at the defined q points within the supercell and the
other q points were fitted by using Fourier transform methods.
The phonon dispersion curves are calculated along several
high-symmetry directions in the BZ from the minimal set of
dynamical matrices. The phonon density of states (PDOS) is
obtained by integration of the phonon frequencies with a very
high number of k points.
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FIG. 2. (Color online) Calculated total energy-volume (per f.u.) curves for CrVO4-type, scheelite, zircon, wolframite, and SrUO4-type
structures for (a) InPO4 and (b) TiPO4.

III. CRYSTAL STRUCTURES

For our theoretical study of the structural stability of
InPO4 and TiPO4 at ambient and high pressures, we have
taken into consideration previous results obtained in related
compounds and the packing-efficiency criterion proposed by
Bastide.7 We have studied for each compound the relative
stability of 12 candidate structures using the calculation
method outlined in the previous section. In addition to
the CrVO4-type structure described in the introduction, we
have considered the monoclinic P 21/m distorted CrVO4-
type structure reported for TiPO4

39 and the orthorhombic
β structure for InPO4,40 which is also a high-temperature
phase of MgSO4 and CoSO4.41 Other structures considered

are zircon13,14 and scheelite.42 Both structures have been
proposed as high-pressure phases of TiSiO4.5 They consist
of AO8 bisdisphenoids and PO4 tetrahedra. Monazite (SG:
P 21/n, No. 14, Z = 4), a structure closely related to zircon
and scheelite, has been also considered. These three structures
imply an increase of the A cation coordination, but not change
in P coordination. The wolframite43,44 and high-pressure
rutile-type (SG: Cmmm, No. 65, Z = 2) forms of CrVO4 and
FeVO4

45 were also included in the calculations. In particular,
these structures are interesting since imply a more efficient
atomic packing and potential increase in the coordination
of P. Another structure taken into account is the monoclinic
BaWO4-II-type structure (SG: P 21/n, No. 14, Z = 8), which

TABLE I. Lattice parameters and Wyckoff positions (WPs) of InPO4, TiPO4, VPO4, TlPO4, and TbPO4 at ambient pressure. The WPs of
X, P, O(1), and O(2) atoms for CrVO4-type compounds are 4a (0, 0, 0), 4c (0, y, 1/4), 8g (x, y, 1/4), and 8f (0, y, z), respectively. For TbPO4

in the I41/amd phase the WPs are 4a (0, 3/4, 1/8), 4b (0, 1/4, 3/8), and 16h (0, y, z), for Tb, P, and O, respectively.

InPO4 TiPO4 VPO4 TlPO4 TbPO4

NM Expt.a NM AFM Expt.b AFM Expt.b NM Expt.a NM Theor.d

a (Å) 5.3355 5.308 5.5004 5.4183 5.303 5.3090 5.232 5.4387 5.395 6.9949 6.9913
b (Å) 8.0454 7.851 8.1252 8.0851 7.902 7.9220 7.774 8.1312 8.010
c (Å) 6.8255 6.767 5.9540 6.2317 6.349 6.2913 6.285 7.1455 7.071 6.0823 6.0823
V (Å3) 293.0 282.0 266.1 273.0 266.05 264.60 255.63 316.0 305.56 297.60 297.29
dA-O (Å) 2.0818 1.9707 1.9646 1.950 1.9351 1.928 2.1457

2.2162 2.1170 2.1360 2.119 2.1059 2.080 2.3132
dP-O (Å) 1.5216 1.5304 1.5318 1.5330 1.5309

1.5772 1.5772 1.5743 1.5755 1.5730
μA (μB ) 0.713 0.85c 1.801 1.81c

B0 (GPa) 78.65 100.65 72.93 79.16 53.57 128.87 128
B ′

0 4.05 4.35 4.78 4.68 3.64 5.93 6.1
y(P) 0.3521 0.360 0.3478 0.3473 0.322 0.3484 0.3501 0.3535 0.358
x(O1) 0.2603 0.240 0.2677 0.2630 0.235 0.2581 0.2408 0.2656 0.236
y(O1) 0.4668 0.475 0.4616 0.4600 0.459 0.4636 0.4630 0.4668 0.470
y(O2) 0.2538 0.246 0.2409 0.2402 0.260 0.2414 0.2430 0.2425 0.245 0.0762 0.0761
z(O2) 0.0596 0.062 0.0384 0.0472 0.046 0.0469 0.0509 0.0657 0.070 0.2156 0.2157

aReference 2.
bReference 35.
cReference 3.
dThe TbPO4 is a zircon; Ref. 36.
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has been considered as a post-scheelite phase of some AWO4

compounds.7 Furthermore, we considered the orthorhombic
structures of BaMnF4 type (A21/am, No. 36, Z = 4) and
SrUO4 type. These structures are located in the top of the north-
east of Bastide’s diagram, which makes them candidates for
post-scheelite high-pressure phases. In particular, the SrUO4

type was proposed as the high-pressure phase of YAsO4
46

and TbPO4.36 Finally, the high-pressure (HP) monoclinic
form of AlPO4 has been also contemplated.10 Structures such
as berlinite,19 barite,18 anyhidrite,47 and AgClO4,8 because
they involve a decrease of cation coordination (an unusual
occurrence upon compression) or dramatic change on the
crystal structure, are not expected from the crystal chemistry
point of view.7

IV. RESULTS AND DISCUSSION

A. Ambient pressure structures

In order to study the stability of CrVO4-type orthophos-
phates at ambient pressure, we have considered the structures
mentioned in previous section. Figure 2 shows the energy-
volume curves for the most representative polymorphs of
InPO4 and TiPO4. Our theoretical study indicates that the
CrVO4-type structure has the lowest free energy at ambient
pressure for both compounds, which is in good agreement
with experimental results.2,35 According to the literature,
InPO4 is nonmagnetic (NM), whereas for TiPO4 a magnetic
order was observed by means of experiments3 and ab initio
calculations.34 In order to describe the proper magnetic behav-
ior of the TiPO4 system, we performed collinear calculations
with NM, FM, and AFM spin configurations. We found that
the AFM (↑↑↓↓) configuration has the lowest energy; see
Fig. 1(a). We will further discuss in Sec. IV B the thermody-
namic stability of the NM phase compared to the AFM phase
of TiPO4 in the CrVO4-type structure. The equilibrium lattice
parameters were calculated by minimizing the crystal total en-
ergy obtained for different volumes. These lattice parameters
were used to fit a third-order Birch-Murnaghan equation of
state (EOS).51 The results for the equilibrium volume V0, bulk
modulus B0, bulk modulus pressure derivative B ′

0, magnetic
moment of A cation per f.u., μA, lattice parameters a, b, and
c, interatomic bond distances (dA-O and dP-O), and WPs for
CrVO4-type orthophosphates are summarized in Table I.

To validate the accuracy of our theoretical parameters we
have optimized the zircon phosphate TbPO4, which has been
previously studied by x-ray diffraction experiments and ab
initio calculations.36 We found that our results are in very
good agreement with those from Ref. 36; see Table I.

As is reported in the literature, InPO4 can also occur in
the orthorhombic β phase,40 which is also a high-temperature
phase of MgSO4 and CoSO4,41 whereas TiPO4 can occur in
a monoclinic P 21/m distorted CrVO4-type structure.39 We
found that these phases are energetically nonstable compared
to the CrVO4-type structure of the respective compound. In
the case of TiPO4, we found that P 21/m has negative phonon
modes at the � point.

Besides the experimental studies done in InPO4
2 and

TiPO4
35 at ambient pressure, there is not much information

in the literature about other orthophosphates with CrVO4-
type structure. In order to correlate our results with other
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FIG. 3. (Color online) Pressure dependence of lattice parameters,
axial ratio, and interatomic bond distances for InPO4 and TiPO4 in
the CrVO4-type structure.

compounds with this structure, we also study the orthophos-
phates TlPO4

2 and VPO4
35 at ambient pressure. For those

we found that the TlPO4 (VPO4) is NM (AFM) like InPO4

(TiPO4). As shown in Table I, VPO4 has the largest bulk mod-
ulus, B0, followed by InPO4, TiPO4, and TlPO4. These results
are in good agreement with those for elastic properties.52

According to Table I the equilibrium volume is overes-
timated by ≈2.6% for TiPO4 (≈3.5% for VPO4), as usual
with the GGA approximation,53 which implies that B0 is
underestimated by a similar proportion. For InPO4 and TlPO4,
V0 is overestimated by ≈3.8%. At the equilibrium volume,
there are two interatomic bond distances, dA-O, in the regular
octahedra AO6 [A = Ti, V, In, and Tl]. One distance is between
A and the two axial O atoms, d(A-O)A , and the other is between A
and the four equatorial O atoms, d(A-O)E . The larger interatomic
bond distance belongs to the d(A−O)E ; see Figs. 3(c) and 3(d).
As seen in Table I, our results are in good agreement with the
experimental data. Among the four phosphates, the NM TlPO4

has the larger values of dA-O distances, and in general the NM
phosphates have larger values than the AFM ones. In all the
studied compounds, the octahedral distortion is reduced upon
compression, as can be seen in Fig. 3. Regarding the tetrahedral
PO4, there also two dP-O bond distances. However, in this
case these values are very similar for the four compounds.
This means that lattice parameters and volumes of these
orthophosphates are defined by the A cations and their dA-O

distances with O atoms.

104112-4



AB INITIO PREDICTION OF PRESSURE-INDUCED . . . PHYSICAL REVIEW B 86, 104112 (2012)

TABLE II. Calculated vibrational frequencies for InPO4, TiPO4, TlPO4, and VPO4 at zero pressure in the � point. The subindex AFM refers
to the antiferromagnetic configuration. Frequencies ω are in cm−1 and pressure coefficients, dω/dP , are in cm−1/GPa. The letters T, R, and
νx refer to the translational, rotational, and internal (1: symmetric stretching; 2: symmetric bending; 3: asymmetric stretching; 4: asymmetric
bending) phonon modes,5 respectively.

InPO4 TiPO4 TlPO4 VPO4

ω ωa dω/dp γ ω ωAFM ωb dω/dp γ ω ωAFM

Raman modes
T(B3g) 159.12 1.83 1.05 185.00 170.96 1.80 0.90 142.61 190.11
T(B1g) 181.03 175 0.03 0.02 225.43 220.70 1.59 0.62 133.90 217.09
R(B1g) 238.41 1.00 0.39 279.67 262.49 2.64 0.23 203.62 261.89
T(Ag) 234.27 243 4.37 1.65 296.52 292.18 1.13 0.15 193.94 287.71
R(B2g) 288.08 303 4.85 1.52 307.73 311.70 4.41 1.19 239.81 275.94
R(B3g) 390.42 5.10 1.18 377.01 381.42 3.81 0.86 354.86 409.57
ν2(Ag) 407.40 416 0.45 0.10 434.05 430.99 0.85 0.17 375.04 448.03
ν2(B2g) 448.23 429 4.64 0.94 453.90 452.50 1.46 0.29 412.74 460.84
ν4(B1g) 510.24 1.69 0.30 527.56 527.72 0.23 0.05 479.69 525.76
ν4(Ag) 516.78 548 0.64 0.11 522.85 513.31 1.49 0.24 498.44 520.62
ν4(B3g) 638.97 3.47 0.50 630.10 626.26 1.39 0.20 612.85 648.38
ν3(B1g) 871.15 908 6.28 0.66 867.08 884.89 3.07 0.30 852.87 845.79
ν3(Ag) 912.91 950 5.44 0.55 884.49 891.73 3.23 0.02 887.29 899.47
ν1(Ag) 1007.71 1048 1.49 0.13 994.57 993.60 2.48 1.78 952.34 981.89
ν3(B3g) 1130.50 1164 4.02 0.33 1051.35 1061.25 3.96 2.35 1060.02 1065.36

IR modes

T(B3u) 106.21 −3.27 −3.07 228.27 207.85 2.94 1.80 27.35 211.19
T(B1u) 123.32 0.38 0.29 195.04 182.90 −7.46 −2.21 86.23 197.05
T(B1u) 171.36 3.28 1.72 231.14 225.23 2.60 1.06 134.83 265.70
T(B2u) 221.36 1.33 0.56 −202.95 303.46 285 0.65 0.47 154.35 317.80
R(B3u) 235.81 4.74 1.80 325.74 205.42 1.70 0.16 189.17 285.11
T(B2u) 289.55 0.53 0.16 356.23 362.54 350 −0.78 −0.19 236.68 383.92
R(B1u) 378.71 6.59 1.57 380.65 383.95 397 2.71 0.62 339.95 405.97
ν2(B2u) 447.20 2.69 0.55 461.54 457.01 467 2.44 0.46 413.41 486.79
ν4(B3u) 502.64 2.14 0.39 537.20 530.16 530 0.35 0.06 473.68 522.95
ν4(B2u) 514.61 0.55 0.10 529.99 525.46 559 1.60 0.27 496.97 520.65
ν4(B1u) 616.79 1.97 0.29 626.56 630.83 677 0.97 0.14 589.97 640.71
ν3(B3u) 888.29 6.18 0.64 853.40 868.78 948 3.24 0.32 878.18 866.04
ν1(B2u) 911.54 5.42 0.54 870.71 880.65 948 1.90 0.16 898.67 882.29
ν3(B2u) 1032.10 1.31 0.11 987.90 989.20 1015 2.64 2.48 984.30 968.68
ν3(B1u) 1093.11 3.45 0.29 999.71 994.87 1078 6.08 2.68 1045.11 982.73

Silent modes

Au 86.86 −0.94 −1.03 229.27 207.72 1.52 0.16 39.13 201.32
Au 207.99 2.74 1.20 237.61 234.07 4.46 2.03 175.23 247.65
Au 464.28 6.75 1.32 435.79 423.31 1.88 0.08 432.39 430.75

aReferences 48 and 49.
bReference 50.

Figures 3(a) and 3(b) show the evolution of the lattice
parameters with pressure for CrVO4-type structures of InPO4

and TiPO4, respectively. The pressure behaviors of interatomic
bond distances in InPO4 and TiPO4 are shown in Figs. 3(c)
and 3(d), respectively. According to Figs. 3(a) and 3(b), the c

and b axes are more compressible than the a axis, for both
compounds. However, TiPO4 is more compressible in the
c direction than InPO4. The opposite occurs for the b axis.
The axis a remains almost constant in the pressure range of
Figs. 3(a) and 3(b). The behavior of lattice parameters with
pressure can be explained in terms of the pressure dependence
of interatomic bond distances of Figs. 3(c) and 3(d). First of

all, it seems that only the d(A-O)E bond distance has a significant
change when pressure is applied, i.e., the main transitions in
the CrVO4-type structure are related to the AO6 octahedra.
When pressure is applied in the CrVO4-type structure, the
lattice parameter a remains almost constant due to absence of
changes in the dP-O distances and in the angle α; see Fig. 1(a).
However, the angle β becomes larger as pressure increases,
which makes that AO6 octahedra rotate in the (010) plane
while the b and c lattice parameters becomes smaller due to
the contraction in the d(A-O)E bond distances. This behavior
was observed for InPO4 and TiPO4 up to the pressure of their
first phase transitions; see Sec. IV C.
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B. Vibrational frequencies for ambient pressure structures

Regarding the vibrational properties, group theoretical
considerations lead to the following vibrational representation
at the � point for orthorhombic CrVO4-type orthophosphates
in standard notation:

�O = 5Ag + 4B1g + 6B1u + 3Au

+2B2g + 7B2u + 4B3g + 5B3u,

where there are three acoustic modes (B1u + B2u + B3u), the
three silent modes Au, 15 Raman active modes (5Ag + 4B1g +
2B2g + 4B3g), and 15 IR active modes (5B1u + 6B2u + 4B3u).

0

200

400

600

800

1000

F
re

qu
en

cy
 (

cm
-1

)

Z    Γ      S    R       Z        T   Y       Γ PDOS 

Total
In
P
O

(a)

0

200

400

600

800

1000

F
re

qu
en

cy
 (

cm
-1

)

Z    Γ      S    R       Z        T   Y       Γ PDOS 

Total
Ti
P
O

(b)

(c)

FIG. 4. (Color online) Phonon dispersion relation and phonon
density of states (PDOS, in arbitrary units) of (a) InPO4 and
(b) TiPO4 in the CrVO4-type structure along the path of special
k points Z-�-S-R-Z-T-Y-� at P ≈ 0 GPa. (c) Brillouin zone for
CrVO4-type structure with the special k points used in (a) and (b).

The vibrational spectra can be interpreted in terms of modes
of the PO4 tetrahedra, which can be considered as independent
units in the structures. Thus the modes can be classified either
as internal (the PO4 center of mass does not move) or as exter-
nal (movements of PO4 tetrahedra as rigid units). The transla-
tional modes (T ) and the rotational modes (R) are considered
to be external modes of the PO4 tetrahedra and correspond to
lowest frequencies. The internal modes of the PO4 tetrahedra
are ν1 (symmetric stretching), ν2 (symmetric bending), ν3

(asymmetric stretching), and ν4 (asymmetric bending).
Table II lists the calculated vibrational frequencies in therms

of the previous assignment for the CrVO4-type orthophos-
phates studied here. In the case of InPO4 and TiPO4 we
also calculated the evolution of phonon modes with pressure
to obtain the pressure coefficients (dω/dp) and Grüneisen
parameters, γ = ln(ω)/ ln(V ).

To the best of our knowledge there is only one experimental
report of infrared phonon frequencies for TiPO4

50 and a few
references of Raman phonon frequencies for InPO4,48,49,54

which are listed in Table II. However, the Raman frequencies of
InPO4 were obtained from porous InP (001) samples prepared
by the application of high-voltage spark discharges.49 In this
case, the Raman frequencies corresponding to InPO4 are from
a superficial zone of InP. Also, it is important mention that the
Raman spectrum of InPO4 is sensitive to heat treatment due to
the polymorphism in this material.54

In the previous section it was determined by total energy
calculations that the AFM configuration is lower in energy than
the NM one. In order to support this result, we also calculated
the phonon frequencies for the NM phase of TiPO4. According
to Table II, in the NM phase of TiPO4 there is a B2u IR mode
with a very negative frequency. We followed the behavior of
phonon modes for this phase as a function of pressure and we
found that this mode is negative up to 14 GPa. Thus, also it
was demonstrated that the NM structure is nonstable compared

0.126 0.132 0.138
0

200

400

600

800

1000

Raman Infrared

F
re

qu
en

cy
 (

cm
-1

)

0.176 0.126 0.132 0.138

(1/m
A

 + 1/m
PO

4
)
1/2

 (u
-1/2

)

0.176

Tl                          In  V   Ti Tl                          In  V   Ti

FIG. 5. (Color online) Trivalent-cation reduced-mass dependence
of the Raman [Ag (�), B1g (�) B2g (�), and B3g (•)] and infrared
[B1u (�), B2u (♦), and B3u (◦)] frequencies at the � point for InPO4,
TiPO4, TlPO4, and VPO4 CrVO4-type structures at P ≈ 0.
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to the AFM structure from a thermodynamical point of view.
According to Table II, the IR B3u (106.21 cm−1) and one Au

(6.86 cm−1) from InPO4 have negative pressure coefficients.
For TiPO4 the IR B1u (182.90 cm−1) and B2u (362.54 −1) also
have negative pressure coefficients. As a general trend, the R

and ν3 phonon modes have the largest pressure coefficients
among the the other T , ν1, ν2, and ν4 modes.

The phonon dispersion relation and projected phonon
density of states (PDOS) of InPO4 and TiPO4 in the CrVO4-
type structure along the path of special k points Z-�-S-R-Z-
T-Y-� at P ≈ 0 GPa are plotted in Figs. 4(a) and 4(b). As can
be seen, the systems are dynamically stable with no imaginary
phonon frequencies in the special k points from the Brillouin
zone of Fig. 4(c). In the case of TiPO4, we have to do the
calculations with a 2 × 3 × 2 supercell to get a good description
of the phonon dispersion relation within the supercell
approximation,38 while for InPO4 it was only necessary to use
a 2 × 2 × 2 supercell. This difference could be related to the
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FIG. 6. (Color online) Gibbs free energy (at 300 K) as function of
pressure curves for the most representative polymorphs of (a) InPO4

and (b) TiPO4. The Gibbs free energy is measured with respect to
the Gibbs free energy of the CrVO4-type structure. The inset shows
the enthalpy (at 0 K) as a function of pressure. The enthalpy is also
measured with respect to the enthalpy of the CrVO4-type structure.
According to the �G vs P plots of InPO4 and TiPO4, the phase tran-
sitions induced by pressure at 300 K occur as follows: CrVO4 type →
zircon → scheelite → wolframite, while at 0 K the �H vs P graphics
indicates that transitions are from CrVO4-type to scheelite phase.

long-range magnetic order of TiPO4.34 According to Figs. 4(a)
and 4(b), InPO4 and TiPO4 present two phonon gaps around
600 and 650 cm−1; also TiPO4 has another one at 400 cm−1.
The PDOS of both compounds show that for frequencies
bellow to 500 cm−1 the main vibrations belong to the AO6

octahedra with a smaller contributions from PO4 tetrahedra,
whereas frequencies from 600 to 1150 cm−1 correspond to PO4

tetrahedra.
According to Ref. 43, if we use the harmonic approxima-

tion, we can consider that the frequency of the oscillations
is directly proportional to the inverse square root of the
reduced mass of the cations. As in Ref. 43, we consider
that our system consists of two separate blocks: the cation
A and the polyanion PO4. In order to identify some general
trends of APO4 CrVO4-type phosphates, we plotted the Raman
and IR frequencies of the different vibrational modes of the
phosphates as a function of the inverse of the square root of
the reduced mass μ of the A cation and the PO4 polyanion
(1/μ = 1/mA + 1/mPO4 ) in Fig. 5. In general, we found
that magnetic phosphates (TiPO4 and VPO4) follow a different
behavior than the nonmagnetic ones (InPO4 and TiPO4). While
the nonmagnetic phosphates show an inverse proportional
relationship between the frequencies of the phonon modes
(Raman and IR) and the square root of the reduced mass μ,
the AFM phosphates follows a behavior that depends on the
frequency. With exception of B1g and B2g Raman modes, the
slope of the reduced mass vs frequency changes from negative
to positive at 650 cm−1, which is the location of the phonon
gap. It is worth mentioning that above 650 cm−1 all phonon
modes are internal νx (x = 1,2,3,4), while below 400 cm−1
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TABLE III. Lattice parameters and Wyckoff positions (WPs) of InPO4 and TiPO4 in zircon, scheelite, and wolframite phases, at the pressure
specified for each case.

InPO4 TiPO4

Zircon Scheelite Wolframite Zircon Scheelite Wolframite
P (GPa) 7.41 15.13 56.60 15.5 19.3 59.9
a (Å) 6.5711 4.5820 4.4269 6.3836 4.5394 4.1656
b (Å) 6.5711 4.9367 5.0348
c (Å) 5.8824 10.7167 4.5064 5.6441 9.9971 4.3627
β (deg) 95.68 89.88
V (Å3) 254.0 225.0 98.0 230.0 206.0 91.5
dA-O (Å) 2.154 2.291 2.166 2.285 1.989 1.993 2.111 2.070 2.170 2.125 2.131 1.902 1.926 1.941
dP-O (Å) 1.541 1.544 1.559 1.689 1.742 1.530 1.548 1.583 1.664 1.711
B0 (GPa) 147.82 164.3 212.24 143.0 190.16 234.74
B ′

0 5.92 5.30 4.16 5.40 4.57 4.54
WPs
A (x, y, z) 0 0.75 0.125 0 0.25 0.625 0.5 0.701 0.25 0 0.75 0.125 0 0.25 0.625 0.5 0.636 0.25
P (x, y, z) 0 0.25 0.375 0 0.25 0.125 0 0.159 0.25 0 0.25 0.375 0 0.25 0.125 0 0.140 0.25
O (x, y, z) 0 0.431 0.208 0.248 0.108 0.049 0.204 0.871 0.962 0 0.432 0.199 0.256 0.110 0.045 0.217 0.101 0.933
O (x, y, z) 0.232 0.377 0.379 0.230 0.357 0.392

almost all modes are external. So, between 400 and 650 cm−1

some phonon modes present important changes in the slope of
the trend; see Fig. 5.

C. Pressure-driven transitions

In order to study the structural stability of orthophosphates
InPO4 and TiPO4 at high pressures, we have considered the
structures mentioned in Sec. III: CrVO4 type, zircon, scheelite,
wolframite, β-InPO4, monoclinic distorted CrVO4 type, mon-
azite, rutile, SrUO4 tpe, BaMnF4 type, BaWO4-II type, and
the HP AlPO4 (P 21/c). Besides the importance of studying
those phases based in their occurrence in other CrVO4-type
structures and orthophosphates at high pressures, it is a fact
that are the best candidates which could be considered as
high-pressure phases based on the packing-efficiency criterion
proposed by Bastide.7 In turn we propose that the phase
transitions could be as follows: CrVO4 type → zircon →
scheelite → wolframite (or fergusonite) → orthorhombic
(Pnma, Pbcn, Pbca) or monoclinic phase with space group
number 14 → orthorhombic (Cmca, Pbcm, Pnma).

Figures 2(a) and 2(b) show the most representative energy-
volume curves (per formula unit) for InPO4 and TiPO4,
respectively, for which the relative stability and coexistence
pressures of the phases can be extracted by the common-
tangent construction.53 It is clear that β-InPO4, P 21/m,
monazite, rutile, BaMnF4 type, BaWO4-II type, and HP AlPO4

(P 21/c) are not competitive against the phases from Figs. 2(a)
and 2(b). As shown in Figs. 2(a) and 2(b), the best candidates
for high-pressure phases of InPO4 and TiPO4 are those in
accordance with Bastide’s diagram. Figures 6(a) and 6(b) show
the evolution of Gibbs free energy with pressure for CrVO4

type, zircon, scheelite, and wolframite for both compounds.
The inset shows the enthalpy, �H , as function of pressure.
In the case of InPO4 it was observed in the pressure-enthalpy
(�H vs P ) diagram (at 0 K) that there is no phase transition
from scheelite to wolframite (or SrUO4) phase up to 80 GPa.
In the �G vs P diagram (at 300 K) it was observed that

the transition scheelite → wolframite must occur at a very
high pressure. This implies that the transition wolframite →
SrUO4 could take place at further pressures. A similar behavior
was observed for the TiPO4 compound. The study of phase
transitions at such very high pressures will be discussed in
Sec. IV E. Thus, in what follows we only discuss the first two
transitions.

At this point it is important to mention the general
differences among the calculations done at 0 K by considering
only the enthalpy, �H , and at 300 K with the Gibbs free energy,
�G, obtained with the quasiharmonic approximation from the
phonon dispersion relation in the whole Brillouin zone. At
0 K we found that the phase transition occurs from CrVO4 type
to scheelite phase for both compounds. At 300 K the transition
is CrVO4 type → zircon → scheelite, as it could be according
to Bastide’s diagram. This sequence in transition pressure was
also observed in TiSiO4.5 However, for TiSiO4 both transitions
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(b) TiPO4.
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TABLE IV. Calculated vibrational frequencies for InPO4 and TiPO4 in the zircon (7.41 and 15.5 GPa, respectively) and scheelite (15.13
and 19.3 GPa, respectively) structures at the � point. Frequencies ω are in cm−1 and dω/dP are in cm−1/GPa. The letters T, R, and νx refer
to the translational, rotational, and internal (1: symmetric stretching; 2: symmetric bending; 3: asymmetric stretching; 4: asymmetric bending)
phonon modes,42,55 respectively.

Zircon Scheelite

InPO4 TiPO4 InPO4 TiPO4

ω dω/dp γ ω dω/dp γ ω dω/dp γ ω dω/dp γ

Raman modes
T(Eg) 142.51 −1.16 −1.59 180.80 −0.81 −1.02 T(Eg) 143.81 0.89 1.38 255.59 0.78 0.89
T(B1g) 147.64 0.50 0.64 263.30 1.53 1.32 T(Bg) 163.62 1.52 2.03 261.09 0.85 0.94
T(Eg) 147.68 0.35 0.44 231.04 0.74 0.72 T(Eg) 283.54 1.78 1.38 321.40 2.24 1.99
ν2(B2g) 279.64 −0.48 −0.33 259.09 −1.06 −0.92 T(Bg) 296.59 3.46 2.53 402.23 2.83 2.02
R(Eg) 297.59 5.26 3.22 385.92 4.73 2.78 R(Ag) 300.19 1.25 0.92 352.33 1.34 1.10
T(B1g) 348.56 1.84 0.99 397.23 2.31 1.32 R(Eg) 408.47 2.41 1.30 436.22 2.21 1.46
ν2(A1g) 469.25 0.51 0.20 495.80 0.92 0.42 ν2(Ag) 444.83 1.29 0.65 432.45 1.66 1.12
ν4(Eg) 545.47 1.06 0.37 569.96 1.15 0.46 ν2(Bg) 474.18 1.25 0.59 504.01 1.84 1.06
ν4(B1g) 641.04 1.95 0.57 661.12 1.61 0.55 ν4(Eg) 578.43 2.14 0.82 621.13 1.87 0.88
ν1(A1g) 995.74 5.35 1.01 1051.78 4.39 0.94 ν4(Bg) 597.54 1.64 0.61 617.59 1.85 0.87
ν3(Eg) 1024.83 5.24 0.96 1061.02 4.19 0.89 ν1(Ag) 934.63 3.39 0.80 944.57 2.38 0.73
ν3(B1g) 1048.41 5.27 0.94 1145.75 4.65 0.92 ν3(Eg) 985.53 3.74 0.84 994.60 3.36 0.98

ν3(Bg) 1001.04 3.87 0.86 984.70 2.84 0.84

IR modes

T(Eu) 207.59 2.11 1.90 323.04 1.35 0.95 T(Au) 177.77 4.20 4.92 325.97 3.17 2.75
T(A2u) 266.40 0.97 0.69 352.96 1.68 1.07 T(Eu) 179.47 0.55 0.69 271.70 0.22 0.24
R(Eu) 334.21 3.10 1.73 386.89 3.78 2.21 R(Eu) 337.42 2.14 1.40 395.96 3.29 2.36
ν4(Eu) 469.15 0.64 0.26 465.28 0.31 0.15 ν4(Au) 424.95 −0.02 −0.01 405.07 −0.41 −0.30
ν4(A2u) 616.19 1.64 0.50 642.41 1.70 0.60 ν4(Eu) 536.60 1.03 0.43 543.04 1.09 0.59
ν3(Eu) 963.51 5.68 1.10 1019.66 4.25 0.94 ν2(Au) 610.02 2.53 0.92 654.42 2.34 1.04
ν3(A2u) 1053.71 5.21 0.93 1129.44 4.43 0.89 ν3(Au) 909.57 3.85 0.94 928.82 3.11 0.97

ν3(Eu) 975.16 3.53 0.80 971.35 3.03 0.91

Silent modes

R(B1u) 76.72 −8.64 −35.87 51.10 −7.00 −28.94 R(Bu) 348.19 1.84 1.17 428.95 1.12 0.76
R(A2g) 218.36 −0.33 −0.29 235.97 −0.23 −0.22 ν2(Bu) 557.88 3.69 1.45 625.26 2.97 1.37
ν2(A1u) 384.38 1.05 0.51 403.83 0.78 0.44 ν1(Bu) 922.75 3.17 0.76 939.03 2.70 0.84
ν2(B2u) 528.06 1.84 0.66 581.06 1.77 0.69
ν1(B2u) 970.59 5.42 1.05 1022.09 4.26 0.94

were observed bellow 4 GPa at 0 K by using only the enthalpy,
�H . From this picture it is clear that it is necessary to
use some approximation to obtain the Gibbs free energy to
get a better description of a phase transition at temperatures
	=0 K; for example, the first-principles study done in CeVO4,
where the phase transitions described by experiments were
only observed by considering the effect of temperature with
the quasiharmonic approximation in the calculations.56

According to Fig. 6(a), as pressure increases up to 6.2 GPa
there is a first-order phase transition in InPO4 at 300 K from
CrVO4 type to the zircon phase. This transition involves a
volume reduction, �V , of −6.9%; see Fig. 7(a). Upon further
compression, the second phase transition zircon → scheelite
take place at 7.5 GPa with a �V = −8.3%. We found that
the scheelite phase is stable up to 47.8 GPa. The pressure
dependence of volume for InPO4 and TiPO4 is shown in
Figs. 7(a) and 7(b). For TiPO4 the first and second transitions
are at 11.1 and 18.9 GPa, with a �V of −3.6% and −9.0%,
respectively. It is noteworthy that �V for the first transition in
InPO4 and TiPO4 is smaller than the value of 11.8% observed

in TiSiO4 for the same transition.5 The �V for the second
transition is similar to that of TiSiO4 (8.5%). As can be noted
from Figs. 6(a) and 7(a), in InPO4 the zircon phase is stable
in a very short range of pressure at 300 K. The results from
equations of state (EOS) of zircon and scheelite high-pressure
phases of InPO4 and TiPO4 are listed in Table III. As seen,
zircon and scheelite phases of InPO4 and TiPO4 have B0 values
which are smaller than in other ABO4 phosphates.57 In zircon
and scheelite phases, the A (P) atoms have a coordination of
8 (4). The interatomic bond distances dA-O have larger values
than in CrVO4-type structures. Whereas the P atoms have
only one dP−O distance, which has an intermediate value to
that observed in the CrVO4-type structure of the respective
compound; see Tables II and III.

Figure 8 shows the pressure dependence of the lattice
parameters of CrVO4-type and the high-pressure phases zircon
and scheelite of InPO4 and TiPO4 compounds. As seen,
lattice parameters c (from zircon) and a (from scheelite) are
less compressible than the other a and c lattice parameters,
respectively. A similar trend was observed for TiSiO4.5
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FIG. 9. (Color online) Phonon dispersion relation and PDOS (in arbitrary units) of InPO4 and TiPO4 in the zircon (7.41 and 15.5 GPa for
InPO4 and TiPO4, respectively) and scheelite (15.13 and 19.3 GPa for InPO4 and TiPO4, respectively) structures along the path of special k

points Z-�-X-M-�-N-P-X and M-�-X-M0-�-N-P-X, respectively. The special k points are illustrated in the Brillouin zones of Figs. 10(a)
and 10(b).

Regarding the bulk modulus, InPO4 and TiPO4 have a similar
value for zircon, while the scheelite phase of TiPO4 is much
less compressible than that of InPO4. The values obtained for
scheelite and zircon phases of InPO4 and TiPO4 are smaller
than the values for rare-earth orthophosphates APO4 (La, Nd,
Eu, Gd, Er, Y, Tm)57,58 and TiSiO4.5 However, these values
are similar to those of TbPO4.36

D. Lattice dynamics of the high-pressure phases:
Zircon and scheelite

According to group theory, the tetragonal zircon phase has
the following � phonon modes:

�Z = 2A1g + A1u + A2g + 4A2u + 4B1g + B1u

+B2g + 2B2u + 5Eu + 5Eg.

A and B modes are nondegenerate, whereas the E modes
are doubly degenerate. Among these modes, there are
2 acoustic modes (Au + Eu), 13 Raman active modes
(3Ag + 5Bg + 5 Eg), 7 infrared modes (4Eu + 3A2u), and 5
silent modes (B1u + A2g + A1u + 2B2u).

Group theory predicts the following vibrational representa-
tion for the scheelite phase at the � point:

�S = 3Ag + 5Au + 5Bg + 3Bu + 5Eg + 5Eu,

where there are 2 silent modes (Au + Eu), 13 Raman active
modes (5Eg + 5Bg + 3Ag), 8 infrared modes (4Au + 4Eu),
and 3 silent modes (3Bu). Table IV lists the calculated
vibrational frequencies, pressure coefficients, and Grüneisen
parameters of zircon and scheelite phases from InPO4 and
TiPO4. The phonon modes are described by using the same
convention as for the CrVO4-type structure of Table II.
Unfortunately there is no information in the literature about
Raman or IR phonon modes for high-pressure phases of the
orthophosphates studied here. In the tetragonal zircon phase
of both compounds there are several phonon modes [the
Raman T(Eg) and ν2(B2g), and the silent R(B1u) and R(A2g)]
with negative pressure coefficients and Grüneisen parameters.
The softening of T(Eg) and R(B2g) phonon modes was also
observed in TiSiO4

5 and TbPO4,36 while the softening of
R(B2g) was observed in TmPO4

58 and ScVO4,60 to name a
few.

As is well known, many compounds with scheelite-type
structure present the usual softening of the T(Bg) Raman active
mode, which is related to the soft-mode theory of second-order
phase transitions.61 It is worth mentioning that this behavior
was also reported for TiSiO4,5 TbPO4,36 and ScVO4.60 In
our results, we did not find any phonon mode with negative
pressure coefficient in InPO4 and TiPO4 for the scheelite phase;
see Table IV. As a general trend, it is observed that in the zircon
structure of both compounds the pressure coefficients are larger
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than in scheelite, mainly in the ν1 and ν3 internal modes. In
the zircon phase the R(B1u) silent mode has the larger negative
pressure coefficients: −8.64 for InPO4 and −7.0 for TiPO4.
This is reflected in the large negative value of the Grüneisen
parameter; see Table IV.

The phonon dispersion relations and PDOS of InPO4 and
TiPO4 in the zircon (7.41 and 15.5 GPa for InPO4 and TiPO4,
respectively) and scheelite (15.13 and 19.3 GPa for InPO4 and
TiPO4, respectively) phases along the path of special k points
Z-�-X-M-�-N-P-X and M-�-X-M0-�-N-P-X are plotted in
Fig. 9. The Brillouin zones for zircon and scheelite are in
Figs. 10(a) and 10(b). As is expected from the mass relation
of In and Ti atoms, the branches of acoustic phonon modes
are more dispersive in TiPO4 than in InPO4; see Fig. 9. This
behavior could be understood by looking at the PDOS of both
compounds, where the main states from In (Ti) are below
250 (400) cm−1.

E. Post-scheelite high-pressure phases

According to the Bastide’s diagram and previous high-
pressure studies on ABO4 compounds,7 the wolframite,
BaWO4-II-, BaMnF4-, NaAlF4-, KAlF4-, and SrUO4-type
structures, among others, could be considered as candidates
for post-scheelite highpressure phases. One feature that these
structures have in common is that the B cation has a coordi-
nation of 6; see the wolframite and SrUO4-type structures in
Figs. 1(d) and 1(e), respectively. In our study we have con-
sidered these structures as post-scheelite phases. According
to Fig. 2 the most competitive phases are wolframite and
SrUO4-type phases. In the enthalpy vs pressure, �H vs P ,
graphic of TiPO4 the transition scheelite → SrUO4 type occurs
at 79.1 GPa. However, we calculated the phonon structure of
the SrUO4-type phase at several pressures (from 45 to 82 GPa)
and we found that there are several negative phonon modes
at the � point, a clear indication of instability. On the other
hand, there is no transition scheelite → wolframite in the �H

vs P diagram, but in the �G vs P diagram at 300 K the
transition occurs at 49.3 GPa; see Fig. 6(b). At this pressure
we observed a volume reduction of �V = −0.6%, as shown
in Fig. 7(b). A similar behavior in the �H vs P diagram
is observed for InPO4. However, the transition scheelite →
SrUO4 type occurs at 86.7 GPa. In the �G vs P diagram,
at 300 K, the transition scheelite → wolframite happens at
47.8 GPa with �V = −1.4%; see Figs. 6(a) and 7(a). Note
that a transition to a wolframite-type phase has been recently
reported62 to occur according to preliminary results presented
by Stavrou et al. This result is apparently in agreement with

(a) Zircon (b) Scheelite (c) Wolframite

FIG. 10. (Color online) Brillouin zone from (a) zircon,
(b) scheelite, and (c) wolframite structures.

our calculations, suggesting that sixfold-coordinated phosphor
appears in TiPO4 under extreme compression.

As can be seen in the structure of wolframite from Fig. 1(d),
Ti (In) and P atoms have a coordination of 6. At 56.6 (59.9) GPa
the interatomic bond distance dP-O in InPO4 (TiPO4) ranges
from 1.559 (1.583) to 1.742 (1.711) Å, whereas dIn-O (dTi-O)
range from 1.989 (1.902) to 2.1111 (1.941) Å; see Table
III. As can be deduced from the interatomic bond distances,
the polyhedral TiO6 and PO6 are more irregular than in
CrVO4-type, zircon, and scheelite structures. From Tables
I and III, it seems that this phase has larger values of bulk
modulus than CrVO4-type, zircon, and scheelite phases, due
to the more efficient packing of atoms. Wolframite from
TiPO4 is the less compressible phase with a value of B0 =
234.74 GPa, while in wolframite of InPO4 B0 = 212.24 GPa.
Also, these values are larger than those observed for other

TABLE V. Calculated vibrational frequencies for InPO4 and
TiPO4 in wolframite at 56.6 and 59.9 GPa, respectively, at the �

point. Frequencies ω are in cm−1 and dω/dP are in cm−1/GPa.

InPO4 TiPO4

ω dω/dp γ ω dω/dp γ

Raman modes
Bg 104.48 −0.33 −1.34 216.39 1.14 2.49
Bg 181.60 0.62 1.43 303.16 0.43 0.68
Ag 189.54 0.37 0.81 298.89 3.82 5.82
Bg 286.65 0.83 1.21 321.91 0.75 1.11
Ag 316.17 −0.24 −0.32 397.26 11.57 14.07
Bg 404.67 1.17 1.21 480.66 0.68 0.68
Bg 458.44 1.24 1.13 497.84 1.14 1.09
Ag 468.75 0.32 0.28 562.12 −1.04 −0.88
Ag 529.09 1.04 0.82 600.24 1.81 1.43
Ag* 581.50 1.72 1.23 654.52 1.64 1.23
Bg 638.31 1.47 0.96 612.32 1.81 1.41
Bg 681.24 1.96 1.20 705.16 2.01 1.35
Bg 744.18 1.87 1.05 788.62 1.75 1.06
Ag* 771.61 1.70 0.92 715.53 4.18 2.74
Bg* 994.47 3.09 1.30 913.84 2.59 1.34
Ag* 1018.09 2.21 0.90 947.17 4.53 2.25
Bg* 1071.16 2.50 0.98 1003.01 2.66 1.26
Ag*a 1101.92 2.91 1.10 1143.35 6.29 2.78

IR modes

Bu 123.62 −1.05 −3.56 252.19 −0.25 −0.47
Au 228.84 0.29 0.54 392.89 0.57 0.69
Bu 242.51 0.79 1.35 386.55 0.47 0.59
Au 391.62 0.53 0.57 473.72 0.38 0.38
Bu 417.14 0.71 0.72 450.30 0.66 0.70
Bu 523.85 1.50 1.20 549.97 1.75 1.51
Au 530.06 0.41 0.32 608.72 1.03 0.81
Bu 614.26 1.55 1.06 655.99 1.84 1.33
Au 730.27 1.95 1.11 681.84 1.45 1.01
Bu 741.15 1.81 1.02 728.04 1.97 1.28
Au 788.05 1.72 0.91 779.24 2.11 1.29
Bu 798.16 1.80 0.94 821.68 1.98 1.14
Au 830.25 2.57 1.29 818.64 2.53 1.46
Bu 997.11 3.19 1.33 931.69 3.04 1.55
Au 1022.19 2.90 1.18 1033.77 2.85 1.31

aStretching modes (Ref. 59).
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FIG. 11. (Color online) Phonon dispersion relations and PDOS
(in arbitrary units) of InPO4 and TiPO4 in the wolframite structures
along the path of special k points S-�-X-U-R-Z-�-Y.

AWO4 wolframites (A = Mg, Zn, Mn, Cd),15,63 which have
values of B0 between 130 and 160 GPa.

According to group theory, the monoclinic wolframite
phase has the following � phonon modes:

�V = 8Ag + 10Bg + 8Au + 10Bu.

Here 2Bu and one Au infrared modes are acoustic, 18 are
Raman (8Ag + 10Bg) and 15 are infrared (7Au + 9Bu). The
frequencies, pressure coefficients, and Grüneisen parameters
for both compounds are listed in Table V. In this phase of
InPO4, the modes Bg , Ag , and Bu soften with pressure. This
Bu IR mode also softens in other compounds with wolframite
structure.43,59,64 Figure 11 shows the phonon spectrum along
the path of special k points S-�-X-U-R-Z-�-Y, and the PDOS
(in arbitrary units) of InPO4 and TiPO4. In Fig. 10(c) we
show the Brillouin zone for the wolframite structure. We have
calculated the phonon spectrum of InPO4 in the wolframite
structure from 37 to 66 GPa in intervals of ≈3.5 GPa, and
we found that for all this range of pressure the acoustic B1u

IR mode softens between the C and � points. Below 52 GPa
this mode softens in a site between the � and Z points. In
wolframite TiPO4, the acoustic Au IR mode softens in the
same points as the acoustic B1u IR mode from InPO4. Bellow
48 GPa, the acoustic B1u IR mode from TiPO4 also softens in a
point between C and �. Contrary to the observation in InPO4,
in TiPO4 the phonon spectrum of wolframite has no negative
branches from 59 to 68 GPa, which is the higher pressure
studied for the phonon spectrum. Regarding the PDOS, there
is a small gap in comparison with the other phases around
900 cm−1. There are many more branches due to the low
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FIG. 12. (Color online) Magnetic moment, μTi, vs pressure, P ,
for TiPO4. Experimental data were taken from Ref. 3.

symmetry of the structure, which is reflected in the shape of
the PDOS. In the case of InPO4 the zone which corresponds
to InO6 tetrahedra is well defined, and in general the acoustic
phonon branches have more dispersion in TiPO4 than in InPO4.

F. Magnetism of TiPO4 under compression

Figure 12 shows the pressure evolution of the magnetic
moment of Ti, μTi, for CrVO4-type, zircon, and scheelite
phases of TiPO4. We also have included the experimental
value reported in Ref. 3 for TiPO4 at ambient pressure. As
can be seen, the magnetic moment of Ti from the CrVO4-type
structure is reduced to zero at 13 GPa. The magnetic moments
of scheelite and zircon phases have very small changes in an
interval of 30 GPa. On the other hand, the magnetic moment
of Ti in the wolframite phase is zero.

Unfortunately there are no experimental magnetic studies
performed under compression with which to compare results.
The reduction of the magnetic moment induced by pressure in
the CrVO4-type structure is calling attention for future studies.
In particular, neutron diffraction studies65 could be performed
within the pressure range of stability of the low-pressure phase
to confirm our predictions.

V. SUMMARY AND CONCLUSIONS

In summary, we have studied the structural and vibrational
properties of four orthophosphates, InPO4, TlPO4, TiPO4, and
VPO4, in the CrVO4-type structure. For these the Raman
and IR frequencies were analyzed as functions of reduced
mass. We have demonstrated by total energy calculations and
lattice dynamics that the nonmagnetic phase of TiPO4 is ther-
modynamically nonstable compared to the antiferromagnetic
one.

We also study the high-pressure phase transitions for InPO4

and TiPO4. To do this we have used the quasiharmonic
approximation to study the transitions at a temperature
	=0 K. According to our findings, at 300 K both compounds un-
dergo the sequence phase transition CrVO4 type → zircon →
scheelite → wolframite. However, while the first two transi-
tions occurs at moderate pressures (less than 20 GPa), the
transition scheelite → wolframite occurs around 50 GPa.
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The E vs V curves suggest that both compounds could
have a further phase transition of wolframite → SrUO4

type. However, the results from lattice dynamics shows that
the SrUO4-type phase is thermodynamically nonstable up to
90 GPa. On the other hand, we found that the wolframite
phase of InPO4 has a soft phonon mode between M and �

points up to 66 GPa, which is the higher pressure studied for
this phase. For TiPO4, in the volframite structure, there are
no imaginary phonon modes in the phonon spectrum from 59
to 68 GPa. Also, it was observed that wolframite is the less
compressible phase among the others studied here. In the case
of TiPO4 the magnetic moment of Ti in the wolframite phase is
zero.

The transition pressure, PT , and volume contraction, �V , at
the phase transitions of InPO4 can be summarized as follows:

Cmcm
PT =6.2 GPa−−−−−−−−→
�V =−6.9%

I41/amd
7.5−−→

−8.3
I41/a

47.8−−−→
−1.4

P 2/c,

and for TiPO4

Cmcm
PT =11.1 GPa−−−−−−−−→
�V =−3.6%

I41/amd
18.9−−−→
−9.0

I41/a
49.3−−−→
−0.6

P 2/c.

As seen, the main differences among both compounds (regard-
ing the phase transitions) is the �V for the first transition and
the pressure range of stability for the zircon phase.

We hope the results reported here will trigger experimental
studies of the interesting family of phosphates crystallizing in
the CrVO4-type structure at ambient pressure.
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083506 (2010).

16E. Bandiello, D. Errandonea, D. Martinez-Garcia, D. Santamaria-
Perez, and F. J. Manjón, Phys. Rev. B 85, 024108 (2012).

17D. Errandonea, Phys. Status Solidi B 242, R125 (2005).
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F. J. Manjón, P. Rodrı́guez-Hernandez, A. Muñoz, S. N. Achary,
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