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Topological quantum phase transitions and topological flat bands on the star lattice
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We study a tight-binding model on the two-dimensional star lattice (also called the decorated honeycomb

lattice) with short-range hoppings modulated by staggered fluxes. We observe a series of topological quantum
phase transitions when tuning the hopping parameters, and find nontrivial topological bands with high Chern
numbers. We also find in some parameter regions, the system exhibits the interesting topological flat bands with
large flatness ratios of the band gaps over the bandwidths. We further illustrate the 1/2 fractional quantum Hall
effect of interacting hard-core bosons filled in a lowest topological flat band of the star lattice.
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I. INTRODUCTION

In the past several years, topological quantum states of
matter have shed new light on the forefront of condensed
matter physics. Haldane was pioneering to introduce a
two-band tight-binding model on the two-dimensional (2D)
honeycomb lattice with hopping integrals modulated by
staggered magnetic fluxes,' and this simple two-band model
is considered as the prototype example of topological band
insulators.>® There are two types of insulating states in the
Haldane model when the lower band is fully filled and the
upper band is empty, and the distinction between them is
the topological property of the occupied lower band which is
encoded into the Chern number:* A trivial Chern number C =
0 corresponds to a normal band insulator, while a nontrivial
Chern number C = %1 corresponds to a topological band
insulator.

Topological bands with nonzero Chern numbers have also
been found in some other two-dimensional lattice models
which are the natural extensions of the original Haldane model,
e.g., the checkerboard lattice,’”’ the kagome lattice,®° the Lieb
lattice,'? and the square-octagon lattice.!' Recently, a series
of lattice models with the nontrivial topological flat bands
(TFBs)'?71® have been proposed in some two-dimensional
lattice systems. Proposals of TFBs have provided a possible
route to realize the intriguing fractional quantum Hall effect
(FQHE) without Landau levels (LLs) as demonstrated in the
recent systematic numerical works.'”?!

Here, we study a tight-binding model on the star lat-
tice (also called the decorated honeycomb lattice or the
triangle-honeycomb lattice) with staggered fluxes and short-
range hoppings.?>>* We discuss topological quantum phase
transitions (TQPTs) when tuning the next-nearest-neighbor
parameter f, with the others being fixed, and observe some
topological bands with high Chern numbers. Besides, we
find that in some parameter regions, the system exhibits
the interesting TFBs with a Chern number C = —1 and a
large gap above them, and the flatness ratio of the band
gap over the bandwidth can be as high as 85. Such a TFB
has also been demonstrated to be another ideal platform
for realizing a robust 1/2 FQHE of interacting hard-core
bosons without LLs'® by the exact diagonalization (ED)
method.
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PACS number(s): 73.43.Cd, 71.10.Ca, 73.43.Nq, 71.10.Fd

II. MODEL AND FORMULATION

Consider a star lattice with three different hopping integrals
and staggered magnetic fluxes. For the neighbor triangular
lattices, the magnetic fluxes are the same with the value —3¢;,
and the neighbor dodecagon lattices have the opposite sign
with the value +6¢,, but the total magnetic fluxes of the whole
star lattice are zero as shown in Fig. 1. This model is similar
to the spinless (or spin-polarized) version of the star-lattice
model with spin-orbit couplings.”*** The nearest-neighbor
(NN) hopping ¢, is complex; every triangular lattice has three
NN bonds and between two triangular lattices, there is a NN
bond. In addition, the next-nearest-neighbor (NNN) hopping
t, and the next-next-nearest-neighbor (NNNN) hopping #; are
also considered; every lattice point has four NNN bonds and
NNNN bonds with the same magnitude in different directions
as indicated. Note that there are two hexagonal lattices and
three square lattices in every dodecagon lattice, we do not
draw all bonds in Fig. 1. The tight-binding Hamiltonian of the
star-lattice model is given by?>~**

Hy =1 Z(EWICZC_,‘ +Hc)+1n Z (CZCJ' + H.c.)
(i.j) (i Jn
+13 Y (clej +He, (1)
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where t;, 1, and 73 are the NN, the NNN, and the NNNN
hopping integral parameters, respectively, and the operator c;
(c;) creates (annihilates) a spinless electron (or fermion) at the
ith site. Here we set r; = 1, and ¢, represents the phase of the
NN bonds.
After the Fourier transformation and the numerical diag-
onalization of the Hamiltonian Eq. (1), the zero-temperature
Hall conductance is given by the Kubo formula*
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with the system area A = L x L, the Fermi energy E, the
eigenvalue &, and eigenstate |nk) of the nth energy band,
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FIG. 1. (Color online) The star lattice with three different short-
range hopping integrals, and each triangle and dodecagon is threaded
by a staggered magnetic flux. Each NN bond has the phase ¢, and
the sign of the phase is represented by the arrow direction.

and the summation over Kk is restricted to the first Brillouin
zone (BZ). The velocity operator is defined as v = (i /h)[H,R],
with R as the position operator of electrons. When the Fermi
energy E falls in energy gaps, we can rewrite oy as og(E) =

Y6k o =e2/h > ¢, < Cn, Where o and C, are the Hall
conductance and the Chern number* of the nth completely
filled band, respectively.

III. TOPOLOGICAL QUANTUM PHASE TRANSITIONS

We are interested in the possible TQPTs when tuning one
parameter (#;) while the others are fixed (#3,¢;). Previously,
TQPTs have also been studied in the star-lattice model with
two kinds of NN hoppings®>** and with NNN spin-orbit
couplings.>> We here demonstrate a systematic evolution of
the Hall conductances in the cases with the parameters 3 = 0
and ¢; = 0.5 while tuning #, from 0.0 to 1.0. As shown in
Fig. 2, it mainly experiences six evolution steps from Fig. 2(a)
to Fig. 2(f). When #, = 0.0, the DOS have six clearly ob-
servable peaks, and among those peaks there are five plateaus
with the Hall conductances oy = n(ez/h),(n =1,1,1,1,1) in
Fig. 2(a). Correspondingly, there are six Chern numbers of
each topological bands in sequence as C = {+1,0,0,0,0,—1},
which agree with the well-known result about a chiral spin
liquid on the star lattice.?> With ¢, increased to 0.289, the first
(lowest) two bands and the last (highest) two bands almost
merge together and form pseudogaps [see Figs. 2(b) and 3(a)];
itis a critical point where a TQPT takes place with a quantized
jump from the oy = +(e?/h) integer quantum Hall effect
(IQHE) plateau to the oy = —(e?/ h) IQHE plateau when the
lowest band is totally filled while all the other higher-energy
bands are empty (i.e., 1/6 filling of the lattice). Then when ¢,
is increased to 0.40, the five well-defined IQHE plateaus with
the Hall conductance oy = n(e?/h) are also clearly shown
in Fig. 2(c), where n = —1,1,1,1,—1. The Chern numbers are
redistributed as C = {—1, + 2,0,0,—2,4+1}. When ¢, is further
increased to 0.50, the second lowest band and the third lowest
band begin to overlap with each other and share a total Chern
number C = +2, while the lowest band has the Chern number
C = —1 [see Figs. 2(d) and 3(b)]. At , = 0.545, the second
lowest band and the third lowest band begin to split again and
form a pseudogap at this critical point [see Fig. 2(e)]. It is
very close to quantum critical points where TQPTs take place
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FIG. 2. (Color online) The Hall conductance oy (points) and the
DOS (line) versus the Fermi energy with parameters 3 = 0 and ¢, =
0.57 for various #,’s. And the Chern numbers of the six bands are
also labeled. (a) , = 0.0, (b) t, = 0.289, (¢) t, = 0.40, (d) r, = 0.50,
(e)r, = 0.545, (f) t, = 1.0.

from a gapped state with oy = +(e?/h) IQHE plateau to a
gapless state (with Fermi surfaces) and then to another gapped
state with the oy = —2(e?/h) IQHE plateau when the lowest
two bands are totally filled (i.e., 1/3 filling of the lattice).
When ¢, is further increased to 1.0, the middle energy gap
becomes more and more narrow, and the sequential Chern
numbers are redistributed as C = {—1,—1,+3,—3,+1,+1}.
The evolutions of Chern numbers of corresponding topological
bands have revealed various topological insulating phases.
Interestingly, topological phases with high Chern numbers
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FIG. 3. (Color online) (a) Two lower bands structure for the star
lattice with the parameters 7, = 0.289, 3 = 0,¢; = 0.57. (b) The
second band and the third band structure for the star lattice with the
parameters #, = 0.50, 13 = 0, ¢; = 0.57.
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FIG. 4. (Color online) (a) Topological band structures and edge
states for the star lattice on a cylinder with the parameters 7, = (.70,
t; = 0,¢; = 0.57. (b) The DOS and Chern numbers for the spectrum
in (a). (c) The Hall conductance in units of e?/ h.

may also appear at half fillings of the star lattice with NNN
spin-orbit couplings.??

It is interesting to note that there are quadratic band cross-
ings at the (k,,k,) = (0,0)T" point’ between the corresponding
two bands at t, = 0.289 [Fig. 3(a)] and at r, = 0.50 [Fig. 3(b)].
It is also noteworthy that when tuning parameter #, from 0.50
to 0.545, it forms a circular Fermi pocket centered at the I
point (as similar as the Fermi pocket centered at the K point
in the BZ boundary of a kagome-lattice model?>) between the
second lowest band and the third lowest band (these two bands
overlap with each other).

An alternative way to reveal topological properties and
TQPTs is to calculate the edge states. The Chern numbers
of the bulk bands are intimately related to the winding
numbers of the corresponding edge states.”® There is also a
correspondence between the quantized jumps of oy and the
topological evolutions of bulk spectra. Now we show a typical
example of topological bands with high Chern numbers (see
Fig. 4). We take a cylinder of the star lattice model with a
64-unit-cell open boundary condition in the x direction and
a periodic boundary condition in the y direction, and depict
edge states among the six bulk bands. We can see that when
the Fermi energy is zero (1/2 filling of the lattice), namely the
third band is fully occupied while the other higher bands are
empty, it drives the model into a topological insulating phase
with a C = 43 valence band.

IV. TOPOLOGICAL FLAT BANDS

It is extensively reported that FQH states will occur in 2D
lattice systems when the TFBs'?"'¢ are fractional filled with
interacting particles.!”>! A TFB with a large flatness ratio (the
ratio of band gap over bandwidth) is a crucial condition for the
occurrence of the FQHE. We are now interested in obtaining
TFBs with nonzero Chern numbers and large flatness ratios in
the star lattice model.

Focusing on the nontrivial lowest band with the Chern
number C = —1, we look for the regimes in which this lowest
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FIG. 5. (Color online) (a) TFB structures and edge states for the
star lattice on a cylinder with the parameters , = 0.3, 13 = —0.25,
¢, = 0.6mr. The spectrum have a band gap A = 1.031, the bandwidth
of the lowestband W =~ 0.012, flatness A/ W =~ 85. (b) The DOS and
Chern numbers for the spectrum in (a). (¢) The Hall conductance in
units of e?/ h.

band is very flat compared to the band gap. Here, we show a
typical example of lowest TFBs in the presence of the NNNN
hopping integral ;. In Fig. 5, the band gap between the
lowest two bands is A ~ 1.031; the bandwidth of the lowest
TFB is very narrow and has the value W = 0.012. In Fig. 6,
the band gap between the lowest two bands is A &~ 0.2; the
bandwidth of the lowest TFB is also very narrow and has the
value W = 0.005. We denote A = E) in(k) — E| max(K) [see
Fig. 7(0)], W = E| max(K) — E min(k), where E»(k) and E; (k)
represent the energy spectra of the second lowest band and the
lowest band, respectively. Our results about these TFBs are
based upon the explicit calculations of the energy spectrum, the
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FIG. 6. (Color online) (a) TFB structures and edge states for the
star lattice on a cylinder with the parameters t, = —0.14, 3 = 0.06,
¢ = 0.77x. The spectrum have a band gap A =~ 0.2, the bandwidth
of the lowest band W ~ 0.005, flatness A/ W =~ 40. (b) The DOS
and Chern numbers for the spectrum in (a). (c) The Hall conductance
in units of €?/ h.
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FIG. 7. (Color online) (a) The spectrum for the star lattice with
the parameters 1, = 0.3, t; = —0.25, ¢; = 0.67r. (b) Section graph
of the spectrum (a); band gap A is depicted in the graph.

density of state, the Hall conductance, as well as the edge-state
spectrum.

Previously, some many-body phases such as chiral spin
liquids of interacting spins>> and topological insulating states
and symmetry-breaking phases of interacting fermions have
been studied in the star-lattice model.>*** Here as an illustra-
tion of possible many-body fractional topological phases!’~>!
in the star lattice, we consider filling interacting hard-core
bosons into a lowest TFB and expect possible bosonic FQHE
at fractional fillings.'® In our ED study, we consider a finite
system of N, x N, unit cells (total number of sites Ny =
6 x Ny x N,) with periodic boundary conditions, denoting
the number of hard-core bosons as Ny, and the filling factor of
a TFB is thus N,/(N,N,). We diagonalize the many-body
Hamiltonian in each momentum q = (27k,/N,,27k,/N,)
sector, with (k.,ky) as integer quantum numbers. A few
lowest states in each momentum sector of three system
sizes with Ny, =36 (6 x2 x3), 48 (6 x2 x4), and 60
(6 x 2 x5), at the 1/2 filling of the lowest TFB with the
flatness ratio 85 (Fig. 7), are shown in Fig. 8. We can
see that, for each system size, there is an obvious ground
state manifold (GSM) with two-fold quasidegenerate ground
states, and the GSM is well separated from the higher energy
spectrum by a large gap, which characterizes a robust 1/2
FQHE.'3
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FIG. 8. (Color online) The 1/2 bosonic FQHE. Low energy
spectrum E, — E, versus the momentum k, N, + k, for three lattice
sizes Ny, = 36,48,60 and hard-core boson numbers N, = 3,4,5 with
the parameters 1, = 0.3, 13 = —0.25, ¢; = 0.67.

V. SUMMARY AND DISCUSSION

In summary, we have demonstrated the interesting process
of TQPTs by tuning parameter ¢, while the other parameters #3
and ¢ are fixed, have shown some topological bands with high
Chern numbers, and have found that some interesting TFBs
with large flatness ratios occur in some proper parameters by
numerical calculations. We also illustrate that 1/2 FQHE of
interacting hard-core bosons filled in a lowest TFB of the star
lattice, with signatures of two-fold quasidegenerate ground
states on a torus and a robust spectrum gap separating them
from the higher energy spectrum by the ED method. Such
TQPTs and TFBs in this star-lattice model might be possible to
be realized in optical lattices by manipulating cold atoms,?’~%
considering the very recent experimental advances of creating
artificial staggered gauge fields.3*3!
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