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Nonlinear response in overlapping and separated Landau levels of GaAs quantum wells
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We have studied magnetotransport properties of a high-mobility two-dimensional electron system subject to
weak electric fields. At low magnetic field B, the differential resistivity acquires a correction δr ∝ −λ2j 2/B2,
where λ is the Dingle factor and j is the current density, in agreement with theoretical predictions. At higher
magnetic fields, however, δr becomes B independent, δr ∝ −j 2. While the observed change in behavior can be
attributed to a crossover from overlapping to separated Landau levels, full understanding of this behavior remains
a subject of future theories.
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Among many classes of magnetoresistance oscillations1–7

which occur in high Landau levels of two-dimensional electron
systems (2DES), microwave-induced resistance oscillations
(MIRO)1,8 are perhaps the best known and the most studied
phenomenon, both theoretically9–15 and experimentally.15–26

In the regime of overlapping Landau levels and low microwave
power, theory predicts that high-order MIRO can be described
by a radiation-induced correction to the resistivity (photore-
sistivity) of the form14

δρω

ρ
= −A sin 2πεω, 2πεω � 1, (1)

where ρ is the resistivity without irradiation, εω = ω/ωc, ω =
2πf and ωc are the microwave and cyclotron frequencies,

A = A0λ
2, A0 = 4πεωPω

(
τ

4τ	

+ τin

τ

)
, (2)

λ = exp(−π/ωcτq) is the Dingle factor, τq is the quantum
lifetime, Pω is the dimensionless microwave power,13,27 τ is
the transport lifetime, τ	 is the scattering time characterizing
the correlation properties of the disorder potential,28 and τin

is the inelastic relaxation time. The first term in the
parentheses in Eq. (2) accounts for the displacement
contribution,9–11,14,29–31 owing to the radiation-induced mod-
ification of impurity scattering, while the second term repre-
sents the inelastic contribution,12,14,32–35 originating from the
radiation-induced change in the electron distribution function.

Over the past decade, many experiments have examined
the functional dependences of the MIRO amplitude A on
magnetic field B,1,26,36 microwave power Pω,8,17,19,37–39 and
temperature T .21,26,40 However, direct quantitative comparison
of the measured MIRO amplitude to that predicted by Eq. (2)
has not been attempted to date. The main factor preventing such
a study is an uncertainty in the microwave power Pω absorbed
by a 2DES. Consequently, it is also not feasible to reliably
evaluate the scattering parameters entering A0 from the
measured MIRO amplitude. On the other hand, it is indeed very
desirable to have a reliable experimental probe of such 2DES
parameters as τ	 and τin, which would allow characterization
of the correlation properties of the disorder potential and the
strength of interactions in a 2DES, respectively.

In this Rapid Communication we propose and demon-
strate an approach to experimentally evaluate τ	 and τin

in high-mobility 2DES. More specifically, we employ the
nonlinear response of the resistivity to an applied dc field. In
contrast to studies investigating the regime of strong electric
fields,3–5,24,25,41–43 which is dominated by Hall field-induced
resistance oscillations (HIRO),3 we focus on the regime of
weak electric fields. In this regime, to the second order
in dc field, the theory44 predicts, in overlapping Landau
levels, a dc-induced correction to the differential resistivity of
the form

δrj

ρ
= −αε2

j , (3)

where εj = Wj /h̄ωc, Wj = 2RceEj is the work done by the
electric field Ej over the cyclotron diameter 2Rc, and

α = α0λ
2, α0 = 12π2

(
3τ

16τ	

+ τin

τ

)
. (4)

Unlike the MIRO amplitude [Eq. (2)], which contains Pω, the
curvature α [Eq. (4)] contains only scattering parameters.

To examine the applicability of Eqs. (3) and (4), we have
measured the differential resistivity in a high-mobility 2DES
over a wide range of magnetic fields, covering the regimes
of both overlapping and separated Landau levels. At low
magnetic fields, we have found that the differential resistivity
acquires a correction which can be well described by Eq. (3)
with α ∝ λ2, as prescribed by Eq. (4). The obtained value of
α0 suggests that the response is dominated by the inelastic
contribution given by the second term in Eq. (4). At higher
magnetic fields, we observe a significant deviation from this
behavior, which we attribute to a crossover from overlapping
to separated Landau levels. More specifically, at B � 1.3 kG
(1 kG = 0.1 T), we find α = 12π2(B/B0)2, B0 ≈ 0.93 kG. As
a result, the correction to the differential resistivity becomes
independent of B and follows δr/ρ = −j 2/j 2

0 , where j0 ≈
4.5 · 10−2 A/m.

Our Hall bar sample (width w = 100 μm) was fabri-
cated using photolithography from a symmetrically doped
GaAs/Al0.24Ga0.76As 300-Å-wide quantum well grown by
molecular beam epitaxy. Ohmic contacts were made by
evaporating Au/Ge/Ni, followed by rapid thermal annealing in
forming gas. The experiment was performed in a 3He cryostat,
equipped with a superconducting solenoid, at temperatures
from T ≈ 1.5 K to T ≈ 4.0 K. After illumination with visible
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FIG. 1. (Color online) Normalized differential resistivity r/ρ

versus direct current of density j at different magnetic fields from
0.3 kG (top curve) to 1.0 kG (bottom curve) in steps of 0.1 kG. The
maxima of HIRO at B = 0.3 kG are marked by integers (cf. 1,2).

light, the electron density and mobility were ne ≈ 3.95 ×
1011 cm−2 and μ ≈ 8.9 × 106 cm2/Vs, respectively. The
longitudinal differential resistivity r = dV/dI was recorded
using low-frequency (a few hertz) lock-in amplification as a
function of j = I/w at different fixed B ranging between 0.3
and 2.2 kG. The probing ac current was 0.2 μA.

In Fig. 1 we present the differential resistivity r , normalized
to its value at zero current ρ, as a function of the current density
j , measured at different magnetic fields from B = 0.3 kG (top
curve) to B = 1.0 kG (bottom curve), in steps of 0.1 kG. The
maxima of HIRO, which occur at εj = 1,2, are marked by
integers (cf. 1,2) next to the trace measured at B = 0.3 kG.
With increasing B, these maxima shift to higher currents and
eventually move outside the investigated current range. The
main focus of the present study, however, is the regime of small
dc fields, εj � 1, which, according to the theory,44 is described
by Eqs. (3) and (4). As seen from Fig. 1, the nonlinearity in
this regime becomes progressively stronger with increasing
magnetic field.

Our goal is to analyze the data such as those shown in
Fig. 1 in terms of Eq. (3), extract the curvature α, and then
discuss it in the context of Eq. (4). After converting the current
density j to εj = 2(2π/ne)1/2m	j/e2B, where m	 ≈ 0.067 m0

is the electron effective mass, we replot the data shown in
Fig. 1 as a function of εj in Fig. 2. Presented this way, the
differential resistivity shows the fundamental HIRO maxima
at εj ≈ ±1 for all magnetic fields, in agreement with previous
experimental4,5,42,43 and theoretical13,44,45 studies. Our next
step is to fit the data with r/ρ = 1 − αε2

j [cf. Eq. (3)] over a
range of low electric fields, −0.1 � εj � 0.1. Three examples
of such fits for B = 0.3, 0.5, and 1.0 kG are shown in Fig. 2 by
dotted lines. It is clear that the curvature of the fits, α, grows
rapidly with increasing B.

In Fig. 3 we present the parameter α (circles), obtained
from the fits to the data, such as that shown in Fig. 2, versus
inverse magnetic field 1/B on a log-linear scale. Presented in
such a way, the data reveal that the parameter α changes by
nearly three orders of magnitude over the studied B range. The
lower B (B � 0.5 kG) part of the data can be well described
by an exponential dependence, α = α0 exp(−2π/ωcτq), in
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FIG. 2. (Color online) Normalized differential resistivity r/ρ

versus εj at different magnetic fields from 0.3 to 1.0 kG in steps of 0.1
kG (solid lines). Dotted lines are fits to the data with r/ρ = 1 − αε2

j

over the range −0.1 � εj � 0.1.

accordance with Eq. (4). The slope of our fit to the data
(solid line) generates τq = 15.2 ps. This value is close to τq

obtained from the Dingle plots of MIRO and HIRO amplitudes,
confirming the validity of our approach. An estimate of α0 is
given by the intercept of the fit with the vertical axis. We
next analyze the value of α0/12π2 = 2.25, obtained from this
intercept, in detail.

We first recall that the displacement contribution, given
by 3τ	/16τ , is sensitive to the correlation properties of
disorder in the 2DES. For example, for purely smooth
disorder, the displacement contribution is the smallest, τ/τ	 =
12/(τ/τq − 1) ≈ 0.5 (3τ/16τ	 ≈ 0.1).46 In the opposite limit
of only sharp disorder, τ/τ	 attains its maximal possible value,
τ/τ	 = 3. We notice that even the maximal displacement
contribution, 3τ/16τ	 = 9/16 ≈ 0.56, is small compared to
α0/12π2 = 2.25, obtained experimentally. We thus conclude
that, regardless of the specifics of the disorder, the inelastic
contribution dominates the nonlinear response resistivity in
our high-mobility 2DES. In lower mobility and higher density
2DES, the inelastic contribution becomes even stronger and
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FIG. 3. (Color online) Obtained from the fits (cf. Fig. 2) of
parameter α/12π 2 (circles) versus inverse magnetic field 1/B plotted
on a log-linear scale. The fit (solid line) to the lower B part of the data,
B � 0.5 kG, with α = α0 exp(−2π/ωcτq)—see Eq. (4)—generates
τq = 15.2 ps and α0/12π 2 = 2.25.
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the displacement contribution can be safely ignored, see, e.g.
Refs. 47,48. In our study, the ratio τin/τ , which determines
the inelastic contribution, is bounded by 1.69 � τin/τ � 2.16,
from which we obtain 0.57 ns � τin � 0.73 ns. This result
agrees well with the theoretical estimate, τin ≈ 0.56 ns,
obtained from h̄/τin � k2

BT 2/EF (EF is the Fermi energy).12

We next obtain a more accurate estimate of the displacement
and the inelastic contributions in our 2DES. Using τ/τsh ≈ 0.2
(τ−1

sh is the sharp disorder contribution to the scattering rate)
obtained from the B dependence of the HIRO amplitude,49 we
estimate τ/τ	 � 3τ/τsh + 12τq/τ ≈ 0.6 + 0.6 = 1.2, a value
which reflects approximately equal contributions from sharp
and smooth components of disorder.14 Using this estimate,
we then obtain 3τ/16τ	 ≈ 0.23, which leads to τin/τ ≈ 2.0 or
τin ≈ 0.68 ns.

The above analysis shows that the displacement mechanism
contributes only a small fraction to the observed nonlinearity.
Since, theoretically, the relative contributions from the
displacement and the inelastic mechanisms are essentially the
same for both the MIRO amplitude, Eq. (2), and nonlinear
response resistivity, Eq. (4), one should indeed expect that
the displacement contribution to MIRO can also be neglected
under similar experimental conditions. However, a recent
study examining the temperature dependence of the MIRO
amplitude found no 1/T 2 dependence, characteristic of the
inelastic mechanism.26 This apparent controversy can be, at
least partially, resolved by noticing that the density (mobility)
of the 2DES used in Ref. 26 was lower (higher) compared to
that of the 2DES investigated here. As a result, the inelastic
contribution, which scales with τin/τ ∝ ne/μ, was at least
twice as small compared to that in the present study. We
also note that under experimental conditions of Ref. 26, the
temperature dependence of the MIRO amplitude A = λ2A0

was dominated by an exponentially changing λ2, which sig-
nificantly complicates detecting the temperature dependence
of τin/τ entering A0. To confirm the inelastic contribution in
microwave photoresistance, it is very desirable to investigate
the MIRO temperature dependence at lower temperatures
where λ2 becomes T independent. Such a study, however, is
complicated by radiation-induced heating of the 2DES, which
gets progressively stronger at lower temperatures.

Further examination of Fig. 3 shows that, at higher magnetic
fields, α grows faster than the exponential dependence pre-
dicted by Eq. (4). A departure from the exponential behavior is
likely a signature of the crossover between the regimes of over-
lapping and separated Landau levels. Indeed, using the condi-
tion ωcτq = π/2,50,51 we find that the Landau levels separate
at a magnetic field of ≈0.4 kG. Examination of Fig. 3 confirms
that the magnetic field, at which the departure from the expo-
nential dependence occurs, compares well with this estimate.

To further examine the regime of separated Landau levels,
we replot α (circles) in Fig. 4 as a function of B2. The fit
(solid line) to the higher B part of the data, B � 1.3 kG,
shows that the data in this regime can be well described
by α/12π2 = B2/B2

0 with B0 ≈ 0.93 kG. Since εj ∝ 1/B,
this observation suggests that the correction to the differential
resistivity becomes B independent and is determined only by
the applied current j . Indeed, one can write δr/ρ = −j 2/j 2

0 ,
where j0 = e2B0

√
ne/4π

√
6πm	 ≈ 4.5 · 10−2 A/m in our

2DES.
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FIG. 4. (Color online) Obtained from the fits (cf. Fig. 2) parameter
α/12π 2 (circles) versus B2. The fit (solid line) to the higher B part
of the data, B � 1.3 kG, with α/12π 2 = B2/B2

0 generates B0 ≈
0.93 kG.

Within a framework of the displacement mechanism, such a
behavior can be qualitatively understood by noting that at low
electric fields and in separated Landau levels, the nonlinear
response of the 2DES is governed by impurity scattering within
a single Landau level, which is located at the Fermi surface.
In this situation, the inter-Landau level spacing is no longer
important, and the relevant energy scale is given by the Landau
level width �. As a result, εj = Wj /h̄ωc in Eq. (3) should be
replaced by βWj /�, where β is a constant of the order of unity,
which depends on the functional form of the density of states.
The correction to the differential resistivity then takes the
form δrj /ρ ∝ −W2

j /�2. SinceWj ∝ j and is B independent,
one obtains δrj /ρ ∝ −j 2/j 2

0 . Therefore, our finding that j0

does not depend on B implies a B independent �. While a
theoretical expression for δr in separated Landau levels is not
currently available, we note that Wj (j0) = 2h̄

√
2πnej0/e ≈

0.17 K compares well with h̄/2τq ≈ 0.25 K.
Finally, we note that the observed nonlinearity weakens

considerably with increasing temperature. In Fig. 5 we present
the normalized differential resistivity r/ρ versus εj measured
at B = 0.5 kG at T from 1.5 to 4.0 K, in steps of 0.5 K
(solid lines). The fits with r/ρ = 1 − αε2

j (dotted lines for 1.5,
3.0, and 4.0 K) demonstrate that δr can still be described by
Eq. (3) for all temperatures studied and that the curvature
α decays rapidly with increasing T . The main source of
this decay is the increase of the electron-electron scattering,
1/τin ∝ T 2. This scattering not only suppresses the inelastic
contribution, given by the second term in Eq. (4), but
also modifies the quantum scattering rate, 1/τq.26,49,52 The
latter results in the suppression of both the displacement
and the inelastic contributions, since both scale with λ2 =
exp(−2π/ωcτq), see Eq. (4). Another source of temperature
dependence is the enhanced scattering on thermal acoustic
phonons, which modifies the transport scattering rate, 1/τ ,
and gives rise to phonon-induced resistance oscillations.2,52,53

These oscillations are known to interfere with the nonlinear
response resistivity,5,54 resulting in a nontrivial, B dependent
corrections to α in Eq. (3). Finally, we mention a recently
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FIG. 5. (Color online) Normalized differential resistivity r/ρ

versus εj measured at B = 0.5 kG at T from 1.5 K to 4.0 K, in
a step of 0.5 K (solid lines). Dashed lines are fits to the data with
r/ρ = 1 − αε2

j over the range −0.1 � εj � 0.1.

reported negative magnetoresistivity effect55,56 which oc-
curs in the same range of magnetic fields and is strongly
temperature dependent. Unfortunately, separating all these
contributions does not appear feasible at this point.

In summary, we have studied the nonlinear resistivity of a
high-mobility 2DES over a range of magnetic fields covering
the regimes of both overlapping and separated Landau levels.
At low magnetic fields, we have found that the differential
resistivity acquires a correction which can be well described by
δr ∝ − exp(−2π/ωcτq)j 2/ω2

c . Quantitative comparison with
existing theory44 indicates that the nonlinear response in
our 2DES is dominated by the inelastic contribution. At
higher magnetic fields, we observe a significant deviation
from the above exponential dependence, which we attribute
to the crossover from overlapping to separated Landau levels.
Here, the correction to the differential resistivity becomes
independent of B and can be well described by δr/ρ =
−j 2/j 2

0 , where j0 ≈ 4.5 · 10−2 A/m. It will be interesting to
see if future theories can explain this finding and clarify the
physical meaning of a B independent j0.
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