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Phonons and electron-phonon interaction at the Sb(111) surface
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The bulk and surface dynamics of Sb(111) and the corresponding electron-phonon interaction have been
calculated by density functional perturbation theory. The surface phonon bands reveal features related to a
remarkable stiffening of the surface bilayer with respect to the bulk ones. The main contribution to electron-phonon
interaction involves transitions between surface and bulk states, mostly driven by bulk phonons, and is found to
be in good agreement with the value derived from spin angle-resolved photoemission spectroscopy.
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I. INTRODUCTION

Antimony has recently attracted renewed interest because
it is present in several compounds belonging to the newly
discovered class of topological insulators. These compounds
are insulators in the bulk, but display metallic surface states
whose properties can be inferred on the basis of the topology
of the bulk electronic bands. Antimony, although it is a
bulk semimetal, shares the same topological order of the 3D
topological insulator Bi1−xSbx , which gives rise to the two
topologically protected spin-polarized metallic surface states
detected by spin angle-resolved photoemission spectroscopy
(ARPES).1,2 While the electronic surface states of antimony
have been intensively studied both experimentally and theoret-
ically, little is known about the surface phonons of Sb and more
generally, about the coupling between surface topologically
protected states and phonons. ARPES measurements3 of
the linewidth of Sb(111) electronic surface states suggest
that such states mostly couple with bulk phonons. This
issue, as well as recent measurements of Bi(111) surface
phonon dispersion curves with He atom scattering (HAS),4

has motivated the present theoretical study of Sb(111) surface
dynamics and electron-phonon (el-ph) interaction based on
density-functional perturbation theory (DFPT). This work also
aims at providing useful reference data for further studies of
surface phonons in Sb-containing topological insulators such
as Sb2Te3.

II. COMPUTATIONAL DETAILS AND BULK PHONON
CALCULATIONS

The dynamical properties of the Sb(111) surface were
studied by means of DFPT5 as implemented in the QUANTUM-
ESPRESSO package.6 A norm-conserving pseudopotential with
five valence electrons and the Perdew-Burke-Ernzerhof (PBE)
approximation7 for the exchange-correlation energy func-
tional were used. Spin-orbit (SO) effects were treated self-
consistently with fully relativistic pseudopotentials and the
formalism for noncollinear spin magnetization.8 The Kohn-
Sham orbitals were expanded in plane waves up to an energy
cutoff of 45 Ry. A Gaussian smearing of 0.01 Ry was
introduced in the occupation of states to deal with the metallic
character of Sb.

Antimony crystallizes in the A7 structure (R3m space
group) that can be described by a rhombohedral unit cell with

two atoms or by a conventional hexagonal cell with six atoms
stacked in the ABCABC sequence.9 The structure (see Fig. 1)
consists of buckled bilayers perpendicular to the [111] direc-
tion, with strong intrabilayer bonds 2.9 Å long and weaker
interbilayer bonds 3.4 Å long, similar in nature to the weak
bonds in phase-change material GeTe and GeSbTe alloys.10

We optimized the bulk geometry by integrating the Bril-
louin zone (BZ) over a 12 × 12 × 12 Monkhorst-Pack mesh.11

The resulting equilibrium structural parameters are a =
4.558 Å, α = 57.26◦, and z = 0.2338 without SO interaction,
and a = 4.555 Å, α = 57.36◦, and z = 0.2341 including
SO coupling, to be compared with the experimental value
of a = 4.507 Å, α = 57.11◦, and z = 0.2335,9 where the z

parameter indicates the position of Sb atoms on sites ±(z,z,z)
in the Wyckoff notation. These results are in agreement with
previous ab initio calculations.12

The Fourier transform of the dynamical matrices on a
discrete uniform mesh in the BZ provides the real-space
interatomic force constants from which the phonon dispersion
relations are calculated. The phonon dispersion curves for bulk
Sb, calculated along the high-symmetry directions of the BZ
with and without SO interaction, are displayed in Fig. 2 and
compared with the inelastic neutron-scattering data.13

The results are similar to previous phonon calculations with
the localized density approximation (LDA) functional.14,15

Both calculations reproduce reasonably well the acoustic
branches whereas the calculated optical branches are some-
what softer than the experimental ones, especially the TO
modes at the � and X points where they are about 7%
off. The effect of SO coupling appears to be rather small.
These misfits are larger than usual for DFT calculations and
are possibly due to well-known difficulties of generalized
gradient approximation (GGA) functionals in describing weak
bondings like the interaction between adjacent bilayers. The
inclusion of an empirical van der Waals (vdW) correction
according to Grimme et al.16 yields a contraction of 4% of
the equilibrium atomic volume with respect to that calculated
with the PBE functional, slightly improving the agreement
with experiments in the acoustic region but further worsening
the description of the optical branches. The fact that a
density increase yields a softening (a negative Grüneisen
constant) of the optical phonons was observed in Raman
spectra of Sb under pressure.12 Even larger misfits with
experiments were found with other functionals such as that of
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FIG. 1. (Color online) Top and side view of Sb(111). The
distances in angstroms refer to interplanar distances along the [111]
direction.

Becke-Lee-Yang-Parr17,18 plus the semiempirical vdW cor-
rection. The PBE functional without vdW correction was
therefore adopted for the calculations of surface dynamics
and electron-phonon interaction. The nonoptimal description
of the optical region is however sufficient to unravel the salient
features of the surface phonon spectrum and the corresponding
electron-phonon coupling.

The surface was modeled by a slab geometry with a single
atom per layer and a variable number of layers (see Fig. 1).
Twelve and 24 layers were used for calculations without SO
coupling, while for calculations including SO coupling only
the 12-layer slab was used. The slabs were separated by a
vacuum 12 Å wide. The hexagonal surface Brillouin zone
(SBZ) was sampled over a 8 × 8 × 1 Monkhorst-Pack grid.
Atomic positions were relaxed until forces became lower than
0.1 mRy/bohr. The SO interaction has a negligible effect on
surface structure. After relaxation the outermost intrabilayer
separation decreases by 0.3% while the distance between the

FIG. 2. (Color online) Bulk phonon dispersion of Sb, with SO
coupling (solid green line) and without (dashed red line). The points
are experimental neutron-scattering data from Ref. 13.

second and third layer (interbilayer distortion) increases by
2%. The dynamical matrix was calculated on a 8 × 8 × 1 mesh
of q points in the SBZ.

III. SURFACE ELECTRONIC PROPERTIES

The (111) surface of Sb displays two bands of topologically
nontrivial surface states identified experimentally in Ref. 2.
The electronic band structure of Sb(111) along the path K-
�-M of the surface BZ is shown in Fig. 3 by neglecting or
including SO coupling. The surface states arise at 235 meV
below the Fermi level at �, where they are degenerate. In
the presence of SO interaction the two surface bands are split
out of � and form a Dirac cone structure; the upper and the
lower surface states merge then with the conductionlike and
valencelike bands, respectively, losing their surface character.
Our results are similar to those of previous DFT work19 and
are in good agreement with ARPES data.1,3,19

The calculated expectation values of the spin operator
on the two surface bands show a rather complex behavior:
along the �-M direction the spin polarization vector is almost
completely contained in the surface plane, similarly to results
found experimentally.1 The magnitude of spin projection is

FIG. 3. (Color online) Electronic states of the Sb(111) slab
without (a) and with (b) SO coupling. The gray scale indicates an
increasing degree of localization of the electronic state on the surface
atomic layer. The zero of the energy scale is the Fermi level.
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about 90%, a value significantly higher than that computed
for Bi-based topological insulators.20 This can be understood
by considering the smaller SO coupling of Sb with respect to
Bi. Along �-K the spin polarization vector quickly develops
an appreciable out-of-plane polarization, an effect which has
been associated with a hexagonal warping distortion.21 In
the absence of SO coupling the two states maintain their
degeneracy far away from the � point until they lose their
surface character.

IV. SURFACE DYNAMICS

The surface phonon dispersion curves were calculated for
both a 12-layer and a 24-layer slab without SO interaction, and
for a 12-layer slab with the inclusion of the SO interaction.
The effect of SO coupling is marginal, resulting in an overall
softening of at most 1% of the optical modes. The phonon
spectrum of Sb(111) consists of two bands separated by a
4-meV gap, originating from the acoustic and optical branches
of bulk phonons.

The surface phonon spectrum projected onto the first
surface layer in Fig. 4 is characterized by three surface-
localized modes clearly separated from the bulk bands:
(i) the Rayleigh wave (S1), running below the lower edge
of the acoustic bulk band; (ii) a gap mode (S6) appearing
in the acoustic region at 8.5 meV near the K point; and
(iii) a surface branch (S2) localized above the maximum of the
bulk continuum in the optical region. Moreover, three strong
surface resonances are found in the bulk continuum associated
with the longitudinal acoustic band (the longitudinal resonance
S3) and the transverse optical bands (the Lucas modes S4
and S5). The frequencies of these surface phonon branches
change less than 1% by increasing the slab thickness from
12 to 24 layers. The character and polarization of the surface
phonon branches is evidenced by representing the longitudinal
(L1, L2, L3), shear horizontal (SH1, SH2, SH3), and shear
vertical (SV1, SV2, SV3) polarization components projected
on the first (Fig. 4), second (Fig. 5), and third (Fig. 6) surface
layer. The analysis of the polarization in Figs. 4–6 and the
direct inspection of phonon eigenmodes allowed assigning
the character of surface phonons as described below. The
dispersion of the Rayleigh wave (S1) shows a rather unusual
behavior at the zone boundary, where its quasi-SV polarization
present at long wavelengths is preserved only in the second
layer while it turns into a longitudinal polarization in the first
layer. In approaching the zone boundary, the first layer SV
polarization is transferred to the upper resonance S3, which
loses its peculiar longitudinal polarization at long wavelengths.
The latter resonance exhibits, however, a full L polarization
in the second layer. This behavior is exactly the opposite
of that observed for the longitudinal acoustic resonance in
practically all metal surfaces.22,23 Layered semimetals like
Sb(111) behave differently from ordinary metals because of
the partially covalent bonds between the first and second layer.
The comparatively strong bonds within the first bilayer are also
responsible for the appearance of the SV surface branch S2
localized above the bulk optical band. The similar intensities
of SV1 and SV2 at the � point indicate a bilayer compressional
mode. It is interesting to note that the S2 mode preserves its
SV polarization in the first layer (SV1), even when merging

FIG. 4. (Color online) Dispersion curves of a Sb(111) 24-layer
slab from a DFPT calculation without SO coupling. Highlighted
branches represent surface-localized modes and resonances for
(a) longitudinal (L1), (b) shear horizontal (SH1), and (c) shear vertical
(SV1) polarization. Their intensity projected onto the first surface
layer is given by the gray code in panel (b).

at the zone boundary into the upper edge of the optical bulk
band, whereas in the second layer it acquires a longitudinal
polarization (L2). Similarly to the S2 mode, the two Lucas
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FIG. 5. (Color online) Dispersion curves of a Sb(111) 24-layer
slab from a DFPT calculation without SO coupling. Highlighted
branches represent surface-localized modes and resonances for
(a) longitudinal (L2), (b) shear horizontal (SH2), and (c) shear vertical
(SV2) polarization. Their intensity projected onto the second surface
layer is given by the gray code in panel (b).

mode broad resonances (degenerate at �) correspond to an
out-of-phase displacement of the two surface layers within the
surface plane, either longitudinal (S4) or transverse (S5). In
the acoustic region there is a gap mode around the K point
at about 8 meV. This mode is the final part of a shear vertical

FIG. 6. (Color online) Dispersion curves of a Sb(111) 24-layer
slab from a DFPT calculation without SO coupling. Highlighted
branches represent surface-localized modes and resonances for
(a) longitudinal (L3), (b) shear horizontal (SH3), and (c) shear vertical
(SV3) polarization. Their intensity projected onto the third surface
layer is given by the gray code in panel (b).

resonance, mainly localized on the third layer (cf. Fig. 6),
that crosses all the SBZ and originates at the � point with an
energy of 7 meV. The occurrence of phonon resonances with a
prominent localization on the third atomic layer (actually the
second bilayer) (cf. Fig. 6) is due to the fact that the intrabilayer
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FIG. 7. (Color online) Electronic bands of a single Sb(111) bilayer.

force constants are considerably stronger than the interbilayer
force constants.

The surface optical mode above the topmost edge of the bulk
is also present in the phonons of a single bilayer. The bilayer
of Sb is semiconducting with a band gap of 0.8 eV (cf. Fig. 7)
and we verified that it is a normal insulator, i.e., its Z2 (Ref. 24)
topological index is zero. The in-plane lattice parameter was
fixed to the bulk value. The distance between the two layers
increases by 0.9%. The phonon dispersion relations of the
Sb bilayer are reported in Fig. 8, where the color indicates
the contributions from different polarizations (L, SH, SV).
This calculation shows that the Sb bilayer is stable and that
the highest phonon energy band is higher in energy than the
corresponding band of the Sb(111) surface.

V. ELECTRON-PHONON INTERACTION

Electron-phonon interaction is responsible for the linewidth
of surface electronic states obtained, for instance, by angle-
resolved photoemission measurement.3 The experimental
analysis of the linewidth of photoemission peaks from the
topologically nontrivial surface states in Ref. 3 assigned an
effective electron-phonon coupling constant λ of 0.22 ± 0.03.
This was obtained by expressing the photoemission peak
linewidth of a surface state at the Fermi level as �el−ph(�k) =
2πλ(�k)kBT for a temperature T much higher than the Debye
temperature. We computed the value of λ(�k) averaged over the
Fermi surface for the surface bands as

λ = 〈λ(�k)〉EF
= 2

∫ ∞

0

α2F (ω)

ω
dω, (1)

where EF is Fermi energy, and α2F (ω) is the Eliashberg
spectral function, which measures the contribution of phonons
with frequency ω to the electron-phonon coupling:

α2F (ω) = 1

N (EF )

∑
�q,ν

δ(ω − ω�q,ν)

×
∑
�k,n,m

δ(ε�k,n −EF ) |gn,m(�k�qν) |2 δ(ε�k+�q,m −EF ),

(2)

FIG. 8. (Color online) Phonon dispersions for a single Sb(111)
bilayer. The gray code reported in the central panel indicates the
contributions from different polarizations.

where gn,m(�k�qν) is the electron-phonon matrix element, ε�k,n

and ε�k+�q,m are electronic energies, and N (EF ) is the electronic
density of states at the Fermi energy. The first sum runs over
phonon modes, while in the second sum the index n runs over
surface electronic states and the index m over surface and bulk
electronic states. The two δ functions containing the electron
band energies were replaced by an order one Hermite-Gauss
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smearing function with different values of variance ranging
from 0.005 to 0.05 Ry.25 As stated in Ref. 26, most of the
variations of the value of λ with the size of k- and q-point
meshes can be ascribed to fluctuations in the density of states
at the Fermi level. To achieve a faster convergence with respect
to �q and �k sums we calculated a quantity normalized with
respect to the density of states α2F (ω)/Na(EF ) given by

α2F (ω)

Na(EF )
= 1

Na(EF )

1

Ns(EF )

∑
�q,ν

δ(ω − ω�q,ν)

×
∑
�k,n,m

δ(ε�k,n−EF ) |gn,m(�k�qν) |2 δ(ε�k+�q,m −EF ),

(3)

where Ns(EF ) is the density of states at the Fermi level
for the starting states (i.e., the surface states only), while
Na(EF ) is the density of states at the Fermi level for all
the possible arrival states (bulk and surface ones). Then the
value of λ is obtained by multiplying by a more accurate
value of Na(EF ) computed using the tetrahedron method over
a uniform 60 × 60 × 1 k-point mesh. We estimated a total
error in λ below 10%. The electron-phonon matrix elements
are computed by means of DFPT on a dense 40 × 40 × 1
k-point grid and a 60 × 60 × 1 q-point grid for a 12-layer
slab without SO coupling. We remark that λ in Eqs. (1)–(3)
involves only processes due to electrons in surface states that
can jump into another surface state or into a bulklike state
at the Fermi level. For the sake of comparison we computed
the electron-phonon coupling constant in the bulk, obtaining
λB = 0.17. The value of λB is obtained with 60 × 60 × 60 and
60 × 60 × 60 k and q meshes. To the best of our knowledge
there are no experimental data or previous DFT calculations to
compare with this result for λB . The phonon density of states
F (ω) and the Eliashberg function α2F (ω) for the bulk and
the surface are reported in Fig. 9. The surface phonon density
of states is obtained by projecting on the atoms of the surface
bilayer only. The α2F (ω) function of the surface is very similar
to that of the bulk. The most noticeable difference is a more
pronounced peak at around 6 meV due to the contribution
of the Rayleigh wave that, however, contributes far less than
10% to the value of λ. The resulting λ = 0.27 is mostly the
result of the transition of the surface electrons into bulk states
at the Fermi level as driven by bulk phonons. The fact that
bulk phonons mostly contribute to the linewidth of the surface
electronic states at EF was actually proposed in Ref. 3 from
the analysis of the linewidth of the electronic states as a
function of energy below EF measured by ARPES. By fitting
the dependence of the linewidth on energy with both surface
and bulk Debye models with the Debye energy and λ as free
parameters, an anomalously high value of λ was found with
the surface model, while the bulk model produced a value of λ

close to that (0.22) measured from the temperature dependence
of the linewidth at EF . By neglecting transitions into bulklike
and thus including only intraband transitions of the surface
states, the electron-phonon coupling constant drops to values
below 0.01. We remark that the calculation of λ was carried out
without including SO coupling, which is expected to reduce
further the contribution to λ from intraband transition among
the surface electronic states. Since the latter is already very

FIG. 9. (Color online) (a) Surface-projected phonon density of
states of Sb(111) (solid line) compared to the phonon density of
states for bulk Sb (dashed line). The normalized Eliashberg functions
for the bulk and the surface electronic states are shown in panel (b).

small (0.01), the contribution of SO coupling to λ is expected
to be negligible.

VI. CONCLUSIONS

Although Sb crystals belong to the wide class of layered
structures, with a weak inter-bilayer interaction, the surface
bilayer turns out to be considerably stiffer than the deeper
layers in the bulk. This behavior results in remarkable dynamic
features, such as the appearance of a strongly localized SV
phonon branch above the bulk maximum and the conversion
of the Rayleigh branch into a surface longitudinal mode at the
zone boundary. Moreover, the self-standing single bilayer is
found to be stable, with an optical phonon branch stiffer than
the corresponding bulk branch. The second-bilayer resonances
in the acoustic region, starting at �, at approximately 6 meV for
L3 and SH3 and at 7.5 meV for SV3, are analogous to Sezawa
waves, known in seismology to occur at the interface of a
surface layer with a substrate of different acoustic impedance
(in this case the surface bilayer above the bulk lattice).27

In a layered structure with a substantial electron-phonon
interaction, deep resonances of this kind with either SV or
L polarization are likely to be observable with helium atom
scattering, as recently shown for subsurface phonon branches
of lead overlayers.28 The spin-orbit coupling has little effect on
bulk and surface phonons. The main contribution to electron-
phonon interaction involves transitions between surface and
bulk states mostly driven by bulk phonons, and is found to be
in good agreement with the value derived from angle-resolved
photoemission spectroscopy. The phonon structure of Sb(111)
could provide some hints for the analysis of the dispersion
curves which are being measured in Bi(111) (Ref. 4 and
papers to appear). A calculation of the six phonon branches
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of the Bi(111) bilayer yields a phonon structure very similar
to that of the Sb(111) bilayer (Fig. 8). Such a similarity is
expected to be found also for the thick slabs, i.e., for the surface
phonon structure. It is hoped that a study of Sb(111) dispersion
curves by means of HAS spectroscopy will be accomplished
soon.
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