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Spectral and power properties of inline long Josephson junctions
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Spectral and power properties of inline long Josephson junctions operating in a flux flow regime are investigated
using direct computer simulation of the sine-Gordon equation with a noise source. Good agreement of simulation
results with the formula for the linewidth [Pankratov, Phys. Rev. B 65, 054504 (2002)] is achieved. The comparison
with long Josephson junction of overlap geometry is performed. It is demonstrated that the inline junction has
the linewidth which is by a factor of 2 larger than the overlap junction, while the maximal oscillation power is
roughly the same in spite of the fact that the velocity-matching step height of the inline junction is much smaller
than that of the overlap one.
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The long Josephson tunnel junction (JTJ) operating in a
flux-flow regime is presently considered as the most promising
local oscillator (flux-flow oscillator, FFO) for superconducting
spectrometers.1,2 The dynamical properties of the FFO were
investigated both experimentally1–8 and theoretically.4,9–13

However, the investigation of fluctuational properties of this
spatially extended object is restricted by its complexity.
For example, there have been discussions about the kink
nucleation rate in annular JTJ,14 which has been resolved only
recently by computer simulations.15 It has been a puzzling
problem for more than a decade to find a formula for the
spectral linewidth of FFO since it has been known that
it is rather large and by roughly one order of magnitude
exceeds the linewidth of a short JTJ.16 This problem has
been studied using various theoretical approaches,17–19 and the
formula for the linewidth,20 taking into account the differential
resistance as a function of both bias current and magnetic field,
has proven to adequately describe both experimental5,6 and
simulation results.21,22 Nevertheless, the conversion of bias
current fluctuations to magnetic field fluctuations (leading to
the linewidth increase) is not yet completely understood.22,23

All the above mentioned is related to overlap JTJ, where
the bias current flows perpendicular to the long direction of
the junction. To our knowledge, the oscillation spectra and the
linewidth of long inline JTJ (where the bias current is oriented
along the junction) has not been studied either experimentally
or theoretically. The only analysis of inline character and
comparison for different geometries were devoted to the
studies of a single fluxon motion,24–26 escape from the zero-
voltage state,27 Fiske modes,4 and the current-voltage (IV )
curves.28,29 However, the study of fluctuational properties of
inline JTJ is important not only from a fundamental point of
view, but also due to possible applications as a local oscillator,
noisy nonstationary spectrometer30 and magnetic flux sensor.31

The goal of the present paper is to study the spectral and power
properties of inline JTJ versus bias current and noise intensity,
and to compare the results with the long overlap JTJ.

It is known that basic properties of the FFO can be described
in the frame of the sine-Gordon equation:

φtt + αφt − φxx = βφxxt + η(x) − sin(φ) + ηf (x,t), (1)

where indices t and x denote temporal and spatial derivatives
and φ is the phase order parameter. Space and time are

normalized to the Josephson penetration length λJ and to the
inverse plasma frequency ω−1

p , respectively, α = ωp/ωc is the
damping parameter, ωp = √

2eIc/h̄C, ωc = 2eIcRN/h̄, Ic is
the critical current, C is the junction capacitance, RN is the
normal state resistance, β is the surface loss parameter, η(x) is
the injected current density, normalized to the critical current
density Jc, and ηf (x,t) is the fluctuational current density. If
the critical current density is fixed and the fluctuations are
treated as white Gaussian noise with zero mean, its correlation
function is 〈ηf (x,t)ηf (x ′,t ′)〉 = 2αγ δ(x − x ′)δ(t − t ′), where
γ = IT /(JcλJ ) is the dimensionless noise intensity, IT =
2ekT /h̄ is the thermal current, e is the electron charge, h̄ is
the Planck constant, k is the Boltzmann constant, and T is the
temperature.

It is well known that the mode of the current injection into
the Josephson junctions can affect their static and dynamic
properties.16 For the overlap geometry most theoretical models
have assumed uniform distribution of the bias current along
the junction length. However, in a long narrow JTJ the current
distribution is essentially nonuniform, having singularities at
the junction edges.16,32 In the inline case, where the bias current
is injected into the junction parallel to its long direction (which
in the one-dimensional model leads to injection at the ends
of the junction only), the dynamic picture is quite different.
Various junction geometries provide the following current
distributions η(x)32:

ηun(x) = η0 (uniform),

ηov(x) = (η0L/π )/
√

x(L − x) (mixed) (2)

ηin(x) = η0L[δ(x) + δ(x − L)] (inline),

where η0 is the total current in the film. The boundary
conditions simulating RC loads, see Refs. 9, 11, 21, and 22,
are

φx(0,t) + rLcLφxt (0,t) − cLφtt (0,t)

+βrLcLφxtt (0,t) + βφxt (0,t) = �, (3)

φx(L,t) + rRcRφxt (L,t) + cRφtt (L,t)

+βrRcRφxtt (L,t) + βφxt (L,t) = �, (4)

here � is the normalized magnetic field, and L is the
dimensionless length of the FFO in units of λJ . The
dimensionless capacitances and resistances cL,R and rL,R
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are the FFO RC load placed at the left and at the right ends,
respectively. Note that in the inline case the bias current
distribution of Eq. (2) can be accounted for in the boundary
conditions instead of the sine-Gordon equation (1), where
the term η(x) is absent [for brevity here we do not write the
surface losses and RC-load system as it is done in Eqs. (3)
and (4)]: φx(0,t) = � − η0L/2, φx(L,t) = � + η0L/2.

At high magnetic fields a dense chain of vortices under the
influence of a bias current is moving unidirectionally through
the junction. This fluxon train continuously penetrates from
one edge of the junction and radiates at the other. In the overlap
JTJ permanent influence of the Lorentz force is maintained
through the distributed bias current, while in the inline
geometry the fluxons receive an accelerating input due to ηin

near the two junction ends only. Away from the junction edge
this inline current influence decreases and for larger damping
coefficients this effect is reduced more rapidly. As for a single
fluxon motion,25,32 we can crudely estimate the dependence of
the FFO regime established for a different junction parameter
using the following terms: In the case αL�1 the FFO regime
in the inline JTJ is similar to the overlap case. If αL�1
the current-voltage dependence as well as spectral properties
become different for various bias feeds Eq. (2).

The computer simulations are performed at the same
parameters as in work21: α = 0.033, β = 0.035, � = 3.6,
cL = cR = 100, rR = 2, rR = 100, but for lower noise in-
tensity γ = 0.05. First let us consider a rather short JTJ
with L = 5. The IV curves we obtained were similar to
the results of Ref. 22. They demonstrate distinct Fiske steps
(smoothed at larger lengths due to smaller distance between
the steps and effect of load and surface losses11) which leads
to complex nonmonotonic behavior of the spectral linewidth,
see Fig. 1. The power spectral density of FFO is computed as
Fourier transform of the correlation function of the second kind
�[τ ] = 1

Tav

∫ Tav

0 〈v0(t)v0(t + τ )〉 dt , where v0(t) = dφ(t,0)/dt

is the voltage at the RC load (x = 0) and Tav is the averaging
time. The spectral linewidth is then defined as full width at
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FIG. 1. (Color online) FFO linewidth versus total bias current,
computed for L = 5 and different η(x), see Eq. (2): Curve with
rectangles corresponds to uniform distribution of overlap geometry
ηun, curve with crosses corresponds to mixed overlap ηov, and curve
with diamonds corresponds to inline ηin. Inset: Radiated power from
the end x = 0 versus η0, the notations are the same as for the linewidth.
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FIG. 2. (Color online) The IV curves of loaded FFO. Uniform
overlap (curves coincide): L = 20 (curve with crosses) and L = 40
(curve with rectangles); mixed overlap: L = 20 (curve with triangles)
and L = 40 (curve with diamonds); and inline: L = 20 (curve with
stars) and L = 40 (curve with circles). Inset: FFO power versus
voltage, the notations are the same as for IV curves.

half maximum. The FFO linewidth for different bias current
profiles is presented in Fig. 1, while the power at RC load is
the inset of Fig. 1. Here the power falls down at bias currents
around η0 ≈ 0.23 due to a jump from the Fiske step to the
ohmic line. As discussed above, if αL < 1, the FFO regimes
are the same for all junctions with similar spectral and power
characteristics.

Now let us consider a more interesting case of a long junc-
tion αL > 1. The IV curves for different junction geometries
and L = 20, L = 40 are presented in Fig. 2. As it has been
shown in Ref. 33, for uniform current distribution, that the
dependence of the flux-flow step height η0h on the normalized
junction length L is nonlinear: For small lengths the step height
η0h increases with L and then becomes almost constant. As
one can see from Fig. 2, the IV curves for current density ηun

actually coincide. While for mixed overlap and inline cases
the step heights for L = 20 are larger than for L = 40, that is,
from certain L values an increase of junction length leads to a
decrease of step heights. However, contrary to the step height,
the maximal radiation power for the inline JTJ increases with
an increase of the length (at least up to L = 80), while for
overlap junctions it remains the same starting from L = 20,
see the inset of Fig. 2.

Now let us look at the spectral and power characteristics
for junctions with L = 40. The largest signal is obtained
biasing the junction near the top of the flux-flow branch
η0 = η0h. Although the step height for various junction
geometries is different, the maximum radiated power for
all three cases is almost the same and corresponds to their
own η0h, see the inset of Fig. 3. The linewidths of the
FFOs at the largest signal are �fun = 0.0179, �fov = 0.0133,
�fin = 0.0247, while the minimal attainable linewidths are
�fun = 0.0094, �fov = 0.0133, �fin = 0.0243. So, for the
inline JTJ the linewidth is 2–2.5 times larger than for the
overlap uniform and mixed current distributions. Therefore,
the inline junctions seem to be more suitable as a source

054501-2



SPECTRAL AND POWER PROPERTIES OF INLINE LONG . . . PHYSICAL REVIEW B 86, 054501 (2012)

0 0.05 0.1 0.15 0.2 0.25            0.3

0.01

0.1

1
f

0.0 0.1 0.2 0.3 0.4

0

0.0

0.2

0.4

0.6

0.8 P

∇

FIG. 3. (Color online) The FFO linewidth for L = 40 and
different junction geometries: Uniform overlap [violet curve and
rectangles, simulations and theory (5)], mixed overlap [red curve
and crosses, simulations and theory (5)], and inline [blue curve and
diamonds, simulations and theory (5)]. The inset: The radiated power
(simulations) for the same geometries.

for noisy nonstationary spectrometers.30 Since an autonomous
FFO has a perfectly Lorentzian spectral line5,22 (arising due
to the diffusion of phase of the emitted signal), it provides
an opportunity to apply the FFO for development of Fourier
spectroscopy in microwave and THz ranges30: The phase-
diffusion field at short times acts like a coherent one, inducing
macroscopic polarization in quantum systems. Thus, one can
combine advantages of pulsed and coherent sources, that is,
the Lorentzian line shape of molecule emitted signals and
broadband measurements in one shot without a complicated
phase lock loop system required for coherent sources.

The formula for the FFO linewidth of Ref. 20, which in
addition to conventional differential resistance over bias cur-
rent rd = dv/dη0 takes into account the differential resistance
over magnetic field rCL

d = Ldv/d�,

�fFFO = 2αγ
(
rd + σrCL

d

)2
/L, (5)

demonstrates good agreement with the experiment,5,6 and with
simulation results for overlap junctions.21,22 In Fig. 3 the
results of computer simulations of the linewidth for different
bias feeds are compared with the theory (5) with the only
fitting parameter σ , fixed for each curve [violet curve and
rectangles, simulations and theory (5) with σ = 0.205 for
uniform overlap bias; red curve and crosses, simulations and
theory (5) with σ = 0.1 for mixed overlap bias; and blue curve
and diamonds, simulations and theory (5) with σ = 0.4 for
inline bias]. One can see that theory (5) agrees well with the
simulation results for all three cases. Certain disagreement in
the area of small and large η0 occurs due to the impossibility
to correctly calculate rCL

d away from the flux flow step, where
the IV curves for different values of � actually coincide. The
fitted values of σ allow estimation of rd and σrCL

d contributions
m = σrCL

d /rd for different designs: mun ≈ 1.3 for uniform
distribution, mov ≈ 0.18 for mixed case, but for the inline case
min ≈ 0.4 increases again. So, the mixed case demonstrates
minimal contribution of magnetic field fluctuations, which
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FIG. 4. (Color online) The IV curve of loaded FFO, inline
geometry L = 40. Curve with stars � = 1.5, curve with diamonds
� = 2.2, curve with rectangles � = 3.2, curve with crosses � = 4.2,
and curve with circles � = 5.2.

(in spite of twice larger rd ) results in the minimal linewidth at
the largest emitted power, see Fig. 3.

It is well known1–3,11 that in the overlap JTJ reducing of
the magnetic field (� � 2.5) leads to transformation of the
flux-flow regime into Fiske steps, complicating continuous
frequency tuning. In Fig. 4 the IV curves for inline junction
L = 40 are presented versus the external magnetic field �.
The FFO regime is stored in the broad range � � 1.5 (the
Fiske steps are almost invisible even in the limit of vanishing
noise intensity, allowing continuous frequency tuning) and the
minimal linewidth for each � in the working areas is roughly
the same, see Fig. 5. The maximum radiated power slightly
varies versus � and the largest signal corresponds to � ≈ 3.2.

The influence of noise on the FFO spectral properties is
estimated by plotting the minimal attainable linewidth and
the maximal power for different current distributions, see
Fig. 6. It is seen that the noise in inline JTJ leads to larger
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FIG. 5. (Color online) Linewidth and radiated power (the inset)
of the inline FFO, L = 40. Curve with stars � = 1.5, curve with
diamonds � = 2.2, curve with rectangles � = 3.2, curve with crosses
� = 4.2, and curve with circles � = 5.2.
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FIG. 6. (Color online) Minimal attainable linewidth and maximal
radiated power (the inset) for L = 40, � = 3.6, and different junction
geometries: Uniform overlap (curve with triangles), mixed overlap
(curve with diamonds), and inline (curve with crosses). Dashed lines
are linear fit to computed data.

linewidth in comparison with overlap junctions. For uniform
and mixed overlap cases the slopes of �fmin(γ ) are 0.18γ and

0.25γ , respectively, while for inline junction it corresponds to
0.5γ dependence. The deviation from linear dependence of the
linewidth starts from γ � 0.1. Behavior of the radiated power
is strictly nonlinear: For all geometries it sharply decreases by
a factor of 3 for γ = 0.1 compared with γ = 0.01.

In conclusion, the spectral and power properties of a
long inline Josephson tunnel junction have been studied
by numerical solution of the one-dimensional sine-Gordon
equation with noise source, taking into account surface losses
and RC load. The distinct behavior of inline and overlap
junctions with changing the external magnetic field and noise
intensity is shown. Good agreement of simulation results with
the formula for the linewidth (5) is achieved. It is demonstrated
that the inline junction has the linewidth which is by a factor
of 2 larger than the overlap junction, while the maximal
oscillation power is roughly the same in spite of the fact that
the height of the velocity-matching step of the inline junction
is much smaller than that of the overlap one.
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