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Ultrafast laser-induced electron emission from multiphoton to optical tunneling
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Based on a time-dependent quantum model, a relation between the onset of the optical tunneling regime and
the metal work function is determined. In the multiphoton regime, the number of photons required for absorption
is reduced from n = 3 (at pulse length τ > 20 fs) to n = 2 (at τ < 8 fs) due to the energy uncertainty principle.
The phase of the laser is important for optical tunneling, but is only manifest in the multiphoton regime when the
number of laser cycles is close to or less than 1. The effect of the field gradient at the tip can be important when the
radius of the tip is 40 nm or smaller. The extension of the model to include nonequilibrium electron distribution
due to ultrafast laser excitation is discussed. Comparisons with other models and experimental findings are
presented.
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I. INTRODUCTION

The emission mechanism1–12 of femtosecond laser-induced
electron emission from a DC-biased sharp metallic tip has
attracted considerable interest in recent years due to its
applications in various ultrafast electron imaging methods,
which are able to provide ultrafast time-resolved information
about the underlying dynamics of many processes in physics,
chemistry, and biology.13 The underlying electron emission
mechanism is difficult to pin down quantitatively as the
emission occurs in the transition region with a Keldysh
parameter γ = ω

√
2m�/eE of order 1, which is between

the multiphoton (γ � 1) and tunneling (γ � 1) regimes. In
this regime, the tunneling time is comparable to or smaller
than the characteristic time scale of the ultrafast laser pulse.
Compared to the time-independent general electron emission
model,14 there has been some debate between the pioneering
experiments proposing different mechanisms, such as optical
field emission2 (γ = 3 to 9), multiphoton field emission3

(γ ≈ 4), and multiphoton absorption followed by over-barrier
emission4 (γ = 3 to 4). Subsequent studies in the area include
nonequilibrium multiphoton emission models (γ > 1),5–7

strong photoemission (γ ≈ 2),8,9,12 above-threshold photoe-
mission (γ ≈ 3 to 5),10 and attosecond electron pulses (γ ≈
2).11 In addition to the cited recent works above, some earlier
studies in this area include the analysis of emission sensitivity
from gold,15 the theory of ultrashort nonlinear multiphoton
photoelectric emission,16 the dependence of the photoelec-
tric effect on the dynamic electron distribution function,17

and the simultaneous measurements of second-harmonic
generation and two-photon photoelectric emission from
gold.18

Recently, a smooth transition from multiphoton to optical
tunneling has been shown experimentally using a 30 fs,
830 nm ultrafast laser on a good tip8 for which the transition
is calculated to occur at a laser field of around 9 to 10 V/nm
(γ ≈ 2).9 It is of interest to obtain a simple scaling law or
formula that can calculate the required laser field or critical
Keldysh parameter at the transition over a wide range of
laser parameters (wavelength, pulse length, and phase angle)
and material properties (work function and image charge
potential).

Keldysh theory has shown that the transition between the
two regimes is smooth and it is dependent on which quantity,
such as total rate, energy spectrum, or angular distribution,
one uses in the study of the transition. To avoid any confusion,
in our paper presented here, we define the critical Keldysh
parameter as the onset of the optical tunneling regime for
which the amount of electron emission cannot be expressed
by the power law of the multiphoton regime with a scaling of
emitted charge proportional to F 2n

0 , where F0 is the laser field
and n is the number of photons absorbed per electron. Under
this definition, the onset condition proposed and calculated in
this paper can be viewed as the lower bound of the transition
between the multiphoton and tunneling regimes.

Before presenting the results, we would like to present a
short summary of the findings reported in this paper: (a) Based
on the scaling of the emitted charge with the laser field, an ana-
lytical expression to determine the critical Keldysh parameter
at the onset of the optical tunneling regime has been obtained
(see Figs. 1 and 2). (b) In the multiphoton regime, the number
of photons required for multiphoton absorption depends on the
laser pulse length if the work function is not close to a multiple
of the photon energy. For example, we predict that n = 3
multiphoton emission at long pulse (>20 fs) can be reduced to
n = 2 at short laser pulse (<8 fs), as shown in Fig. 3. (c) The
effects of laser phase and pulse length are studied in detail in
Figs. 4 and 5. (d) A comparison of the calculated results with
different radii of the tip to account for the effects of the field
gradient is shown in Fig. 6. (e) Comparisons of our model with
a recent model and experimental measurement are presented,
respectively, in Figs. 7 and 8.

The time-dependent quantum tunneling model is presented
in Sec. II. The results of the critical Keldysh parameter, pulse-
length dependence of multiphoton absorption, and effects of
laser parameters are presented, respectively, in Secs. III, IV,
and V. Comparison with prior works and effects of the
field gradient and nonequilibrium ultrafast laser excitation are
discussed in Sec.VI. Finally, we conclude our paper in Sec. VII.

II. TIME-DEPENDENT QUANTUM TUNNELING MODEL

Consider a one-dimensional (1D) model with the metal-
vacuum interface at x = 0. The potential energy inside the
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metal (x < 0) is a negative constant Um with respect to the
vacuum energy level defined as zero. The potential energy in
the vacuum region (x � 0) is

U (x,t) = − e2

16πε0(x + x0)
− ex

[
FDC + F0 exp

×
(

−2 ln 2
(t − t0)2

τ 2

)
cos[ω(t − t0) + φ]

]
, (1)

where FDC is the applied DC field, F0 is the peak of the laser
field envelope, τ is the laser pulse length, φ is the laser phase
angle, and ω = 2πc/λ is the laser angular frequency (λ is
the laser wavelength, c is the speed of light). Here t0 (set at
40 fs) is a reference point at the center of the laser pulse, and
x0 = −e/[16πε0Um] is a value selected to have a continuous
potential at the interface.

The initial wave function is obtained by first solving the
time-independent Schrödinger equation in the absence of
any applied field (F0 = FDC = 0). Knowing that the initial
wave function must approach zero as x approaches infinity, it
can be expressed as 
0(x < 0) = C1 sin(kmx) + C2 cos(kmx)
and 
0(x � 0) = C3Wa/2

√
b,−1/2(2

√
b(x + x0)), where km =√

2m(E − Um)/h̄, Wk,m(x) is the Whittaker W function, a =
e2m/(8h̄2πε0), and b = −2Em/h̄2. For electron tunneling, the
probability of tunneling drops rapidly with decreasing electron
energy and most of the emitted electrons are expected to be
from a source near the Fermi level. Thus, we assume that the
energy of the electron source is at E = −�m, where �m is the
work function of the metal.

Since only the electrons near the Fermi energy level
participate in the emission process, only a fraction kBT /EF

of the total electron density is assumed to contribute to the
emission current at room temperature T = 300 K, where
EF = −�m − Um is the Fermi level relative to the metal
potential energy Um. For tungsten, we have �m = 4.5 eV,
Um = −13.5 eV, and EF = 9 eV.

Using the initial wave function 
0, we numerically solve
the time-dependent Schrödinger equation to calculate the wave
function 
(x,t) for a given set of parameters FDC, F0, τ , φ, and
ω. The wave function is monitored at a distance of 2 nm from
the interface to determine the time-dependent current density
J (t). The total emitted charge density σ is calculated by the
time-integration of J (t). The dependence of σ and J (t) on
various parameters will be discussed in the following figures.
Unless specified, the default value of the laser phase angle
is φ = 0 and the DC field is FDC = 0.2 V/nm. Here, both
FDC and F0 are assumed to include the field enhancement
factor. In the calculation of the Keldysh parameter, we
have ignored FDC as it is at least 20 times smaller than
the laser field F0 in the transition to the optical tunneling
regime.

In our model, the numerical constants in 
0 are determined
by using the appropriate density of electrons contributing to
the emission process and by matching the continuity equations
at the metal-vacuum interface. The calculated results at zero
laser field condition (F0 = 0) are then verified by using the
classical field emission model: Fowler-Nordheim (FN) law
based on the 1950’s Murphy and Good formulation. Although
there are a number of approximations in the FN law, our

FIG. 1. (Color online) Dependence of the emitted charge density
σ on the laser field F0 for λ (nm) = 550 (blue), 800 (black), and 1100
(red) from top to bottom at low F0 and pulse length τ (fs) = 8 (solid)
and 20 (dashed). The vertical lines indicate the critical value of F0

at the transition from multiphoton to optical tunneling regime. The
inset shows the plot of n vs γ .

model shows good agreement in the range of FDC = 2.5
to 4 V/nm.

III. ONSET OF OPTICAL TUNNELING EMISSION

As mentioned earlier, our model is able to provide an ana-
lytical expression for the onset of optical tunneling emission
where the power-law scaling of multiphoton emission (see
below) becomes invalid. In this section, we will present the
numerical results that will eventually lead to the analytical
expression.

In Fig. 1, the time-integrated charge density σ is plotted
as a function of peak laser field F0 (on a logarithmic scale)
at various wavelengths λ = 550 nm (blue), 800 nm (black),
and 1100 nm (red) for two different pulse lengths τ = 8 fs
(solid) and 20 fs (dashed). At very low F0, σ is a constant
dependent only on the biased DC field FDC, which is set at
0.2 V/nm (much smaller than the typical DC field used in
pure field emission experiments). This explains the extremely
small values of σ < 10−13 nC/μm2 at F0 < 0.3 V/nm and
we may consider no electron emission at all in this region
for application purposes. By increasing the laser field to
F0 > 1 V/nm, we have electron emission in the multiphoton
emission regime, which follows a scaling of σ ∝ F 2n

0 with
n = 2, 3, and 4 representing the number of photons required
at the respective wavelengths (λ = 550, 880, and 1100 nm) to
overcome the potential barrier. At these wavelengths and pulse
lengths, the work function (4.5 eV) is close to a multiple of
the photon energy and τ is significantly larger than the laser
cycle, such that f τ = 2πcτ/λ > 2.5. Under these conditions,
it is found that n is independent of the laser pulse length. For
example, n = 3 for both τ = 8 and 20 fs at the same λ = 800 nm
(see black solid and black dashed lines).

On further increasing the laser field F0 to a critical field
Fc > 5 V/nm, the scaling of σ ∝ F 2n

0 is no longer valid, and
the emission mechanism enters the optical tunneling regime.
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FIG. 2. (Color online) Effect of metal work function �m (eV) =
2.25 (blue), 4.5 (black), and 9 (green) on the emitted charge density at
λ = 550 nm. The dotted lines show the transition from multiphoton
to optical tunneling regime. The inset shows the plot of n vs γ .

In order to clearly see the onset of optical tunneling from the
multiphoton regime, n is plotted as a function of the Keldysh
parameter given by γ ≈ 6356 ×√

�m (eV) × λ (nm)−1 ×
F0 (V/nm)−1 in the inset of Fig. 1. In this paper, the onset point
is the value of γ at which n is no longer a constant and starts
oscillating. It is clear that below the critical value of γc = 2.5
(or F0 > Fc), the fitting value of n is no longer a constant,
and starts to fluctuate at small γ < γc, which indicates the
transition from the multiphoton regime to the optical tunneling
regime.

The corresponding critical values of laser field at the
transitions are Fc = 4.90, 6.74, and 9.81 V/nm, indicated
by the vertical lines in Fig. 1. It is interesting to note, that for
all four cases presented in Fig. 1, where the work function is
close to a multiple of the photon energy, the transition occurs at
the same γc = 2.5, independent of laser wavelength and pulse
length, and only depends on the work function (see Fig. 2
below).

In Fig. 2, σ is plotted as a function of F0 at a fixed
wavelength λ = 550 nm (corresponding to a photon energy
of 2.25 eV) for work functions �m = 2.25 eV (blue),
4.5 eV (black) and 9 eV (green). In the multiphoton regime
(F0 < Fc), we have multiphoton absorption with n = 1, 2, and
4 respectively as shown in the figure. The critical Keldysh
parameter γc at the transition from multiphoton to optical
tunneling regime is proportional to the square root of the work
function, as shown in the inset which presents n as a function
of γ /

√
�m. Numerically, it is found that the critical values

are γc/
√

�m = 1.18 and Fc = 9.81 V/nm (see the vertical
dashed lines in both the inset and main figure of Fig. 2) at
λ = 550 nm. In addition, we also change the value of Um to
−9 eV (from the default −13.5 eV) for the �m = 4.5 eV case
to check the dependence on Um. The results (plotted with red
triangles), show negligible difference compared to the default
case (black solid line).

In summary, the critical Keldysh parameter at the onset of
optical tunneling emission is given by a simple formula given

by

γc = 1.18 ×
√

�m (eV). (2)

Note that this formula has ignored the effects of field gradient
and nonequilibrium excitation, which will be discussed in
Sec. VI below. If the effect of the field gradient at different
tip radii is included, it will only modify the numerical constant
1.18, as indicated by Fig. 6. The formula remains accurate for
any tip with a radius r0 larger than 80 nm. The difference
is about 6 to 20% between a sharp tip (of r0 = 40 to
10 nm) and a flat surface (r0 = ∞, without the effect of field
gradient).

IV. PULSE LENGTH DEPENDENCE OF
MULTIPHOTON EMISSION

If we vary the laser wavelength λ so that the work function is
not close to a multiple of the photon energy, our model shows
that the value of n in the multiphoton regime will become
sensitive to laser pulse length τ even though the number of
cycles for the laser pulse remains significantly larger than 1
(f τ > 2.5). Figure 3(a) shows the dependence of n on λ at
F0 = 1 V/nm for τ = 6, 8, and 20 fs with �m = 4.5 eV.
According to the classical photoelectric effect, the transition

FIG. 3. (Color online) Dependence of n on laser wavelength λ at
different pulse lengths τ . The vertical line shows the transition from
n = 3 (τ = 20 fs) to n = 2 (τ = 8 fs).
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from n = 3 to n = 2 for the multiphoton electron emission
should occur sharply at 551 nm (dashed line). However,
our model shows that a smooth transition occurs at a larger
wavelength (>640 nm) with sufficient short pulse length τ = 6
to 20 fs. This indicates that multiphoton electron emission can
occur with fewer photon (n = 3 to n = 2) absorptions in the
ultrafast time scale.

At λ = 668 nm, the photon energy is 1.86 eV, which
is about 0.4 eV lower than the photon energy (2.25 eV) at
551 nm required for n = 2 photon absorption (according to
the classical photoelectric model). In the ultrafast time scale,
this deficit of 0.4 eV is supplied by the energy uncertainty
principle estimated by �E (eV) ≈ h/τ = 4.14/τ (fs). For
τ = 8 fs, we have �E ≈ 0.52 eV, which is higher than 0.4 eV
and thus n = 2 multiphoton emission is possible even at
668 nm. However for τ = 20 fs, �E is only about 0.21 eV,
which is insufficient to overcome the deficit of 0.4 eV, and
thus we need n = 3 multiphoton absorption at 668 nm for
the 20 fs case. The inset in Fig. 3(a) shows the corresponding
σ (∝ F 2n

0 ) vs F0 graph at 668 nm for 8 and 20 fs, which
clearly shows the n = 2 and n = 3, respectively. Similarly
at λ = 730 nm, the deficit is 0.55 eV which is higher than
�E ≈ 0.52 eV, and thus it remains as n = 3 multiphoton
absorption at λ � 730 nm for the 8 fs case.

To confirm this reduction from n = 3 to n = 2 by lowering
the laser pulse length from 20 to 8 fs, we have purposely chosen
a work function of 3.9 eV, so that the transition can occur at
a wavelength of 800 nm which is common to many ultrafast
laser systems. As shown in Fig. 3(b), this new work function
of 3.9 eV shows a similar behavior at λ = 800 nm since the
energy difference between the photon energy (1.55 eV) and
photon energy required for n = 2 photon absorption (1.95 eV)
is again 0.4 eV. Thus, we have the same reduction from n = 3
to n = 2 by lowering the laser pulse length from 20 to 8 fs,
and it will be interesting to conduct an experiment to confirm
this prediction. Again, the inset of Fig. 3(b) shows the σ vs
F0 graph at 800 nm for 8 and 20 fs pulses. It is important
to note that this finding of anomalous multiphoton absorption
is different from another experimental finding, which is due
to the resonant excitation of surface plasmons at the interface
between two perfect metals.19

V. EFFECT OF LASER PHASE AND PULSE LENGTH

In Fig. 4, we study the effects of laser phase angle φ = 0
(solid lines) and φ = π (dashed lines) in both the multiphoton
and optical tunneling regimes at λ = 800 nm for τ = 3 and
8 fs. At τ = 8 fs (green and blue), the number of cycles is 3
(f τ = 3), and the total emitted charge density σ is independent
of the phase angle in the multiphoton regime (F < Fc =
6.74 V/nm). On decreasing τ to 3 fs (black and red), τ becomes
comparable to the laser cycle (f τ ≈ 1) and the emitted charge
becomes phase dependent. σ for the φ = 0 case (black solid
line) is higher than the φ = π case (red dashed line), as the peak
of the laser envelope coincides with a maximum of the sinu-
soidal term in the laser field at φ = 0, for which only the region
close to the middle of the laser envelope contributes to the total
emitted charge density and thus σ for φ = 0 is higher for 3 fs
case. In the optical tunneling regime (F > Fc = 6.74 V/nm),
σ is always phase dependent regardless of the pulse width.

FIG. 4. (Color online) Effect of phase φ = 0 (solid) and π

(dashed) on the emitted charge density at τ = 3 and 8 fs.

In Fig. 5(a), σ as a function of τ is plotted on a logarithmic
scale in the multiphoton regime (F0 = 1 V/nm) at λ = 550 nm
for φ = 0, π/2, and π . At τ > 4 fs (f τ > 2), we have σ ∝ τ ,
as the net number of incident photons is proportional to τ

at fixed F0. In this linear σ ∝ τ regime, the time-dependent
current density J (t) closely follows the laser field shape as
indicated in Fig. 5(b) at τ = 8 and 20 fs (red and blue), and the
oscillations in J (t) correspond to the laser cycles. Decreasing
τ to the f τ < 1 region, σ will have a local minimum and
then a local maximum, which are (for φ = 0), respectively,
around τ = 1.9 fs (f τ ≈ 1) and τ = 0.3 fs (f τ ≈ 0.16).
In this nonlinear regime, J (t) no longer follows the laser
field indicated by the 1 fs case (f τ ≈ 0.55) in Fig. 5(b)
(green).

In Fig. 5(c), we repeat the same calculations but at a
different λ = 668 nm for which the work function is not a
multiple of the photon energy. Compared to Fig. 5(a), there
is an additional oscillation between τ = 2 and 15 fs, and the
linear σ ∝ τ region starts later at τ > 15 fs compared to τ >

4 fs at 550 nm mentioned above. Thus it is expected that J (t)

FIG. 5. (Color online) Dependence of emitted charge density σ

and current density J on τ and φ.
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closely follows the laser pulse shape for τ = 20 fs (linear
region) but not for τ = 8 fs, which is still in the nonlinear
region [see Fig. 5(d)]. This finding can also be used to explain
the higher value of σ for τ = 8 fs at F0 = 1 V/nm as compared
to τ = 20 fs due to the anomalous multiphoton emission shown
earlier in Fig. 3.

The effect of laser phase φ is very similar for both λ = 550
and 668 nm. It is clear that phase is only important when
f τ � 1 (i.e., τ is comparable to or smaller than the laser
cycle) as in the case of τ < 2 fs. The φ = 0 case has the
highest σ as its maximum of the laser envelope coincides
with the maximum of the sinusoid in the laser field. Based
on this reasoning, one would expect the φ = π case to have
the minimum σ , which is accurate down to about f τ ≈ 0.2
[τ ≈ 0.4 fs (for 550 nm) and 0.5 fs (for 668 nm)]. At very
small τ (f τ < 0.2), the φ = π/2 case has the smallest σ as the
field is zero near the middle of the laser envelope and thus the
field is nearly absent for extremely short pulses at this phase
angle.

VI. DISCUSSION

As mentioned in the introduction, there have been many
interesting studies in the area of ultrafast laser-induced electron
emission from a sharp tip. In this section, we will compare our
work with prior works and suggest future improvements. We
will start with comparing the critical Keldysh parameter (γc)
as suggested by our formula with the corresponding reported
Keldysh parameter in the transition region between the mul-
tiphoton and optical tunneling regimes from various studies.
From our formula (without the effect of field gradient), the crit-
ical Keldysh parameter is γc = 1.18 × �

1/2
m = 2.5 to 2.77 for

work functions of 4.5 eV (tungsten) to 5.5 eV (gold), which is
inside the transition region reported by experiments,1–4,6–8,10,11

such as strong photoemission from gold8 (γ ≈ 2 < γc = 2.77),
and attosecond electron emission from tungsten11

(γ ≈ 2 < γc = 2.5) which are in the optical tunneling regime.
The above-threshold photoemission from tungsten10 (γ ≈ 3 to
5 > γc = 2.5) is in the multiphoton regime.

It is important to note that the critical Keldysh parameter
reported here is at the onset of optical tunneling, which
indicates the lower bound of the transition region. Thus, the
value is slightly higher compared to the reported values, which
are well inside in the transition region. We will use an example
to illustrate the difference and also to suggest the other possible
reasons for our higher critical Keldysh parameter. From Fig. 2
in a recent paper, Ref. 8, the transition from multiphoton to
tunneling is smooth from 0.3 to 0.7 J, and it is hard to tell
the onset position from the experimental measurement. Our
prediction of γc = 2.77 corresponds to about 0.31 J, which
is indeed at the lower bound in the transition region. Another
two possible reasons that may cause the differences are the
effects of field gradient12 and nonequilibrium electron energy
distribution due to laser excitation in the metal.5

So far in this paper, we have assumed that the electric field
is spatially uniform and the effect of spatial variations in the
electric field caused by field enhancement near the tip has been
ignored completely. To include the effects of the field gradient
near the tip, we have used the electric field profile used by
Herink et al.:12 F (x) ≈ F (0+) × [r0/(x + r0)]3 if the beam

FIG. 6. (Color online) Comparison of the emission characteristics
from tips with different radii of curvature.

waist is large compared to the barrier width and the geometric
field enhancement is significantly larger than 1, where r0 is the
radius of curvature of the tip and F (0+) is the field just outside
the metal at x → 0+. These two conditions are valid in almost
all experimental studies.1–4,6–8,10–12 By integrating F (x), we
obtain the potential profile which is used in our time-dependent
quantum model to calculate the emitted charge density σ as a
function of F0 for r0 = 10 nm (magenta), r0 = 20 nm (blue),
r0 = 40 nm (green), r0 = 80 nm (red circles), and r0 = ∞
(black, which is the uniform field case), as shown in Fig. 6.
The inset in the figure is the corresponding n as a function
of γ . Note that the selected values of r0 = 10, 20, and 80 nm
are based on experimental studies by Herink et al.,12 Borman
et al.8 and Hommelhoff et al.2 respectively.

At very small r0, such as r0 = 10 nm (magenta), there is
a change in the curve, as the field gradient is large enough
to change the emission characteristics. The actual field seen
by the electron after it is emitted is smaller than F0 and, as a
result, the onset of the tunneling regime will take place at γc ≈
2, which is 0.5 smaller than the critical Keldysh parameter
γc ≈ 2.5 with a uniform field (black line). By increasing r0,
this effect is found to disappear very rapidly. At r0 = 40 nm
(green), the onset point is γc = 2.36, which is just 6% less than
the uniform field case. At r0 = 80 nm (red circle), it shows
nearly no effect of the field gradient. Thus, the results of the
reported figures in this paper (Figs. 1–5, 7, and 8) based on
a uniform field should accurately describe tips with radius of
curvature of 40 nm or greater. A detailed analysis of the effect
of field gradient on emission characteristics will be the subject
of future study.

In a recent paper (without field gradient) by Yalunin
et al.9 (see Fig. 4 in their paper), the electron emission
characteristics have been calculated as a function of laser field
for �m = 5.5 eV, λ = 800 nm, and τ = 30 fs. In Fig. 7, we
have repeated the same calculation based on our model and
also plotted the dependence of n as a function of the Keldysh
parameter in the inset of the figure. By comparing our results
(blue line) and Yalunin’s paper (red line), we find that both
actually show that the onset of the optical tunneling regime is
around γc = 1.18 × �

1/2
m ≈ 2.77. Because the image charge
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FIG. 7. (Color online) Comparison of the model from this paper
with the model of Yalunin et al. (Ref. 9). The difference between the
two models arises because of the lack of image charge in Ref. 9.

has not been taken into account in Yalunin’s model,9 there is
a difference between the two results, and the n from Yalunin’s
model is not perfectly constant even in the multiphoton regime.
However, it can be seen that the start of the fluctuations for both
curves in the inset is consistent with γc = 1.18 ×�

1/2
m ≈ 2.77.

Since the paper by Yalunin et al.9 claims to agree well with
experimental results,8 we are confident that our prediction of
γc = 2.5 to 2.77 at the onset of optical tunneling is within
the range of experimental results due to reasonable agreement
between the two models as shown in Fig. 7.

One limitation of our model is that the nonequilibrium
electron energy distribution caused by ultrafast laser excitation
has not been taken into account, for which the effective work
function for electrons to tunnel through may be reduced due to
higher electron energy. At much lower laser field <1 V/nm,
this mechanism has been studied in our prior paper5 and it is
also confirmed by recent experiments.6,7

FIG. 8. (Color online) Comparison of the peak-to-base ratio from
the model with experimental results from Ref. 2.

The future inclusion of the nonequilibrium electron ex-
citation process with the time-dependent tunneling model
reported here would provide a more accurate description of
the transition region between the multiphoton and tunneling
regimes. While it is beyond the scope of this paper, we will
make a simple argument on the reduction of γc = 2.5 towards
γc = 2 if the excitation process is considered. If we assume
an average of one photon absorbed per electron during the
excitation process, the emission energy is increased by one
photon, and the effective work function will be decreased by
one photon energy, which is about 2.95 eV. Interestingly, with a
revised �m = 2.95 eV, our formula gives γc = 1.18 ×�

1/2
m ≈ 2,

which is now inside the smooth transition regime shown in
Fig. 2 reported by the recent study.8 Thus we speculate that the
formula proposed here [Eq. (2)] may remain valid to account
for the effect of laser excitation on metal if an effective work
function value is used for �m.

Finally, we would like to compare our calculated results
with an earlier experiment measuring the peak-to-base ratio
of electron emission.2 The comparison is shown in Fig. 8
for different laser fields of 1 to 2.7 V/nm with experimental
measurements (open circles). The best fit is obtained with a
base laser field of 1.8 V/nm if optical tunneling is the only
process. Note that good agreement can also be explained by
using the nonequilibrium excitation model at a much lower
laser field =0.3 V/nm as shown in Fig. 5 in our prior paper.5

Thus it is clear that, to have a detailed understanding of
ultrafast laser induced electron emission from a sharp tip
near the transition region between the multiphoton and optical
tunneling regimes, it is important to include the above three
effects (time-dependent tunneling, nonequilibrium excitation,
and field gradient) into a consistent model, which will be
studied in the near future.

VII. SUMMARY

We have obtained a critical Keldysh parameter γc =
1.18

√
�m (eV) at the onset of optical tunneling, which depends

only on the work function �m, and is also valid for a tip with
a radius of 40 nm or larger. For smaller tip radius (down to
10 nm), there will be a deviation of up to 20% compared to
calculations including the effect of field gradient near to the
tip. It is also speculated that the formula will remain valid
to account for the effect of laser excitation on metal if an
effective work function value is used for �m. When the work
function is not a multiple of photon energy, the number of
photons required for multiphoton emission depends on the
laser pulse length τ due to the energy uncertainty principle.
The findings reported here also suggest that measuring the
dependence of emitted charge on laser phase will be able
to distinguish the emission mechanism. Comparisons with
prior calculated and experimental results are presented and
discussed.
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