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Ideal strength and phonon instability in single-layer MoS2
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Ideal tensile stress strain relations for single-layer MoS2 are investigated based on first-principle calculation,
for biaxial tension and uniaxial tension along zigzag and armchair directions. The predicted ideal tensile strengths
and elastic moduli are in excellent agreement with the very recent experimental measurements of Bertolazzi et al.
[ACS Nano 5, 9703 (2011)] and Castellanos-Gomez et al. [Adv. Mater. 24, 772 (2012)]. It is identified that the
tensile strength of single-layer MoS2 are dictated by out-of-plane soft-mode phonon instability under biaxial
tension and uniaxial tension along the armchair direction. This failure mechanism, different from that of the
truly two-dimensional material graphene, is attributed to the out-of-plane atomic relaxation upon tensile strain.
Investigation of the electronic structures of single-layer MoS2 under tensile strain shows the material becomes
an indirect semiconductor at small tensile strain (<2%) and turns into metallic before reaching the ideal tensile
strength.
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Single-layer transition-metal dichalcogenides attracted in-
tensive attentions in the recent years, due to the search for
alternative two-dimensional (2D) material systems. Unlike
graphene, which is intrinsically a gap-less semiconductor,
single-layer MoS2 has a direct energy gap of 1.8 eV.1,2

Upon thinning from the bulk,3–5 the electronic structure
of MoS2 undergoes an interesting transition. The variation
of the electronic structure with the number of layers was
investigated by first-principle calculation,6 and the prediction
was confirmed by photoluminescence experiments.1,2 A recent
experiment further demonstrated that single-layer MoS2 has
high intrinsic electron mobility and high on/off ratios.7 These
ideal properties make single-layer MoS2 a very promising
candidate for next generation field-effect transistors,8 opto-
electronics, and energy harvesting materials.

Just like graphene,9,10 single-layer MoS2 is also a promis-
ing material for flexible electronics. Previous theoretical
studies11,12 suggested single-layer MoS2 nanoribbons have
high structural stability and promising electronic and magnetic
properties. Therefore, it is important to understand the elastic
limit of single-layer MoS2 and how its electronic structure
varies with strain. While graphene is a truly 2D material,
single-layer MoS2 is composed of three atomic layers S-Mo-S
(see Fig. 1). Therefore, the out-of-plane atomic relaxation
upon in-plane tensile strain, which is absent in graphene, will
likely play a role in the mechanical response of single-layer
MoS2. The mechanical properties of single-layer MoS2 has
been recently measured in nanomechanical experiments.13,14 It
was reported13 that single-layer MoS2 breaks at the maximum
tensile stress of 22 ± 4 GPa, a stress level close to the esti-
mated ideal strength based on the measured in-plane Young’s
modulus. The critical tensile strain was further estimated to
be 0.06∼0.11 by assuming linear stress-strain relationship.
Therefore, two questions arise from the experimental results:
(1) Is the ideal strength attainable in single layer MoS2? (2) If
so, what is the limit of elastic strain, and how does it fail when
approaching such limit? To answer both questions, here we
employed first principle ab initio calculations to investigate the
intrinsic mechanical responses to tensile strain in single-layer
MoS2. It is demonstrated here that the tensile strengths under

biaxial and uniaxial along the armchair directions are in fact
dictated by out-of-plane soft-mode phonon instability.

Our first principle calculations were carried out with
Quantum-Espresso package15 using Perdew-Burke-Ernzerhof
functional16 and Trouiller-Martins type norm-conserving
pseudopotentials17 with an energy cutoff of 100 Ry for the
wave functions. A unit cell containing three atoms with one
Mo atom and two S atoms (see Fig. 1) was chosen with the
periodic boundary condition applied. To model single-layer
MoS2, a vacuum space of 10 Å was left along z direction,
in order to avoid suspicious interactions between the periodic
images. A Monkhorst-Pack grid of 20 × 20 × 1 was used to
sample the first Brillouin Zone. These parameters ensure the
errors in the calculated total energy and stress components are
less than 0.5 meV and 0.01 GPa, respectively.

The theoretical stress-strain relation were predicted by the
first principle calculations by following a standard method.18,19

We considered three loading conditions: uniaxial tension along
x direction, i.e., the nearest Mo-Mo direction or the zigzag
direction; uniaxial tension along y direction, i.e., the second-
nearest Mo-Mo direction or the armchair direction; and biaxial
tension. To compute the stress strain relationship, we apply a
series of incremental tensile strain to the single-layer MoS2 and
relax the lattice along the orthogonal directions so that each
of the corresponding conjugate stress components is less than
0.01 GPa. Because a vacuum space is left along the z direction
in the unit cell, the calculated in-plane stress components must
be rescaled20 based on the effective layer thickness d0 of single
layer MoS2. In order to make connections with experiments,
we chose d0 = 6.145 Å, i.e., one half of the out-of-plane lattice
constant of MoS2,21 and rescale the in-plane stress components
by h/d0, where h is the length of the cell along z axis.

Figure 2 shows the calculated ideal tensile stress strain
relations for the single-layer MoS2 under both uniaxial and
biaxial load conditions. By fitting the initial stress strain
curves based on linear regression up to 2% strain (Fig. 2,
inset), we obtained the corresponding elastic moduli Ex =
197.9 ± 4.3 GPa and Ey = 200.3 ± 3.7 GPa. The near degen-
eracy of the elastic moduli along two orthogonal directions
implies that the single-layer MoS2 is a virtually elastic
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FIG. 1. (Color online) (a) The top view (top panel) and side view
(bottom panel) of single-layer MoS2. Mo and S atoms are represented
by green and yellow balls, respectively. A unit cell with the in-plane
basis vectors �a1 and �a2 contains three atoms. The x and y directions
correspond to the zigzag and armchair directions, respectively. The
corresponding first Brillouin Zone is shown in (b). Under uniaxial
tension, the original crystal symmetry is broken, thus M ′ and K ′

become no longer equivalent to M and K .

isotropic 2D material. The elastic properties of single-layer13

and multilayer MoS2
13,14 have been recently measured by

two nanomechanical experiments independently, both using
atomic force microscope tip as an indentor applied on the
MoS2 mono- or multilayers suspended on the substrate with
arrays of holes of micrometers in diameter. Under such
experimental conditions, the MoS2 layers are most likely
under biaxial tensile stress. Bertolazzi et al.13 obtained an
effective Young’s modulus of 270 ± 100 GPa for monolayer
MoS2, while Castellanos-Gomez et al.14 obtained an average
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FIG. 2. (Color online) Calculated ideal tensile stress versus
engineering strain for single-layer MoS2. The solid and dash arrows
indicate the onset strains for phonon instability and elastic instability,
respectively. Insert shows the linear regression of the initial stress
strain curves for obtaining the corresponding elastic moduli.

of 330 ± 70 GPa for MoS2 nanosheets consisted of 5 to 25
layers. Our predicted biaxial elastic modulus E2D (250.2 ± 5.8
GPa) is in an excellent agreement with the experimental data.

As the applied strain increases, the calculated stress-strain
behaviors become nonlinear and show difference between
the x and y directions. In particular, along y direction,
both the maximum stress and its corresponding strain are
higher than those along x direction. Based on the calculated
stress strain curve alone, it appears that single-layer MoS2 is
stronger along y, namely, armchair direction. However, one
needs to verify whether the single-layer MoS2 remains stable
before approaching the maximum stress, as orthogonal elastic
instability19,22,23 or dynamical instability24,25 may intrude prior
to the maximum stress on the strain path.

To examine stability conditions, we calculated the phonon
dispersions for single-layer MoS2, based on density functional
perturbation theory.26 The phonon dispersion for the stress-free
state is shown in Fig. 3(a). In comparison with the recent
calculation27 based on local density approximation (LDA), our
calculated phonon frequencies at � are slightly smaller, but the
differences are within 4%. Two out of three acoustic branches
correspond to vibration within the plane [longitudinal acoustic
(LA) and transverse acoustic (TA)], and the other corresponds
to vibration out of the plane (ZA). At the uniaxial tensile strain
εyy = 0.28, a phonon branch has the negative (imaginary)
frequencies near the M ′ point [Fig. 3(d)]. Similarly, at the
biaxial tensile strain ε2D = 0.195, a phonon branch becomes
unstable near the K point [Fig. 3(b)]. Examination of the
eigenvectors of the unstable phonon modes shows that both
branches are ZA, corresponding to vibration out of the plane.
In contrast, such phonon mode remains stable under uniaxial
tension along x when reaching the maximum tensile stress.
Figure 3(d) further indicates soft phonon near the � point
at the critical tensile strain εxx = 0.36. Examination of the
eigenvectors showed that the nature of this long-wavelength
soft phonon mode is that the single layer becomes unstable
with respect to a uniform tensile strain along x direction. In
other words, the single-layer MoS2 reaches its ideal tensile
strength under uniaxial tension along x direction, due to the
failure mechanism being the loss of elastic stability.

Table I summarizes the calculated ideal tensile strengths
along all three loading directions. The predicted ideal strength
is in an excellent agreement with the experimental average
strength 22 ± 4 GPa.13 Interestingly, single-layer MoS2 ap-
pears virtually elastically isotropic if one only takes into
account the predicted elastic moduli and the ideal strengths.
However, the calculated critical strain and phonon instability
indicate that the failure mechanisms upon tension in fact
depends on the loading direction and the stress state.

TABLE I. Summary of the predicted elastic moduli, ideal
strengths, critical strains, and failure mechanisms of single-layer
MoS2 under three strain paths.

Direction E (GPa) σ c (GPa) εc Failure mechanism

x 197.9 ± 4.3 24.7 0.36 Elastic instability
y 200.3 ± 3.7 25.1 0.28 Phonon instability
Biaxial 250.2 ± 5.8 23.8 0.195 Phonon instability
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FIG. 3. Calculated phonon dispersion for single layer MoS2 at (a) stress-free state, and at the critical strain under (b) biaxial tension with
ε2D = 0.195, (c) uniaxial tension along with x direction εxx = 0.36, and (d) uniaxial tension along with y direction εyy = 0.28. Under uniaxial
tension, the phonon dispersion is plotted along M ′ − � − M − K − � − K ′. Under both (b) and (d), the unstable phonon mode at the Brillouin
Zone edge is identified to be the out-of-plane transverse phonon branch ZA.
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FIG. 4. (Color online) (a) The variation of the highest-load out-of-plane S-Mo-S bond angle θ with respect to the applied tensile strain. The
solid and dash arrows indicate the onset of the out-of-plane phonon instability and elastic instability, respectively. The lower-left insert shows
the top view of a MoS6 unit that is composed of three S-Mo-S planes, with one plane parallel to y (B1) and two planes angled with respect
to y (B2). The lower-right insert shows the side view of the S-Mo-S plane. The charge density contour are shown for (b) B1 or B2 plane at
the stress-free state and (c) B1 plane at the critical strain εyy = 0.28 under the uniaxial tension along y. Darker color corresponds to higher
charge density, with linear scaling between zero (white) and 1.21 electron/Å3 (black). The in-plane (d) and out-of-plane (e) strain relaxation
are shown as functions of the applied engineering strain.
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It is interesting to compare the mechanical responses of
single-layer MoS2 under tension with those of graphene. For
graphene, previous calculation20 showed the uniaxial tensile
strength of graphene is dictated by elastic stability. Further
study showed that under a generic stress state of tension,25 the
strength of graphene can be also limited by soft-mode phonon
instability. However, the soft-mode phonon identified in such
case is in-plane. In single-layer MoS2, it is the out-of-plane
phonon mode that plays the key role in the failure mechanism
upon tension along the armchair (y) direction.

The distinction between single-layer MoS2 and graphene
in their responses to uniaxial tensile strain can be attributed
to the difference in their atomic structures. While graphene is
a truly 2D atomic system, single-layer MoS2 is composed
of three atomic layers. Upon in-plane tension, the elastic
deformation of graphene only involves the change of in-plane
C-C bond length and C-C-C bond angle. In contrast, the two
planes of S atoms in single-layer MoS2 become closer due to
Poisson contraction, thus changing the out-of-plane S-Mo-S
bond angle. The relaxed in-plane and out-of-plane strains are
calculated as functions of the applied tensile strain [Figs. 4(d)
and 4(e)]. In the limit of small strain where single-layer MoS2

is elastically isotropic within the plane, we calculate both
the in-plane Poisson’s ratio μ‖ = −ε′

yy/εxx = −ε′
xx/εyy of

0.21 and the out-of-plane Poisson’s ratio μ⊥ = −ε′
zz/εxx =

−ε′
zz/εyy of 0.27, where the prime symbol denotes the relaxed

strain. At the stress-free state, each Mo atom is bonded with six
S atoms (with three Mo-S bonds above the Mo plane and three
bonds below), which forms three equivalent S-Mo-S planes
normal to the 2D prism plane [see Fig. 4(a)]. The out-of-plane
S-Mo-S bond angle at the stress-free state is 81.1◦. When a
uniaxial tensile strain is applied, the original crystal symmetry
is broken and the two S-Mo-S planes (B2) are no longer
equivalent to the third plane (B1). In particular, the S-Mo-S
bond angles that undergo sever distortion are on the B1 plane
for uniaxial tension parallel to the B1 (x direction) and on the
B2 plane for uniaxial tension normal to the B1 (y direction).
Figure 4(a) shows the variation of such S-Mo-S bond angle as
a function of the applied tensile strain under different strain
paths. It can be seen that the S-Mo-S bond angle decreases the
most upon biaxial tension and the least upon uniaxial tension
along x. Interestingly, for both the uniaxial tension along y and
biaxial tension, the single-layer MoS2 becomes dynamically
unstable when the out-of-plane S-Mo-S angle reaches about
64◦, suggesting a lower limit for which the single-layer MoS2

remains dynamically stable along the out-of-plane direction.
The calculated charge density [Fig. 4(c)] at the critical strain
εyy = 0.28 indicates that the Mo-S bond on the plane parallel
to loading direction is indeed significantly weakened.

It is also interesting to understand how the electronic
structure of single-layer MoS2, particularly its band gap, varies
with tensile strain. To this end, we calculated the electronic
band structures of strained single-layer MoS2 under different
strain paths and found its gap decreases with the applied strain.
Under uniaxial tension, the variations of band structures are
very similar between x and y directions. This is not surprising
as MoS2 is virtually isotropic at small strain, as indicated
by the calculated stress strain relations (see Fig. 2). Under
biaxial tension, the decrease of band gap with strain is more
prominent. Both the direct band gap, i.e., from the valence band
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FIG. 5. (Color online) Calculated band structure of single-layer
MoS2 under (a) biaxial tension at ε2D = 0.01 and (b) uniaxial tension
along y direction at εyy = 0.01. The Fermi energy is set to be zero.
The top valence band and bottom conduction band are highlighted by
blue and red, respectively.

top at K to the conduction band minimum at K [see Fig. 5(a)],
and the indirect band gap, i.e., from the valence band top at �

to the conduction band minimum at K , vary with the applied
tensile strain linearly when the strain is small. By fitting the
calculated band gap with respect to the tensile strain (<1%) via
linear regression, we obtained the linear strain coefficients of
−44.4 ± 1.5 meV/% and −112.2 ± 4.2 meV/% for the direct
band gap under uniaxial and biaxial tension, respectively,
and the linear strain coefficients of −94.6 ± 2.2 meV/% and
−239.4 ± 5.2 meV/% for the indirect band gap under uniaxial
and biaxial tension, respectively. Figure 5 shows the calculated
band structures under uniaxial tension along y and biaxial
tension: The single layer MoS2 already becomes an indirect
semiconductor under biaxial tensile strain of 1%, whereas it
remains a direct semiconductor at such strain under uniaxial
tension. Band structure calculations also show that the lower
bound of the band gap for which the single layer MoS2 remains
as a direct gap semiconductor is 1.68 eV, i.e., about 0.1 eV
smaller than that of the unstrained single-layer MoS2. At the
larger strain, single-layer MoS2 turns into metallic at a biaxial
tensile strain of 9%, consistent with the recent finding,28 while
it remains an indirect gap semiconductor up to the critical
strains under uniaxial tension along either direction.
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In summary, we investigated the elastic deformation behav-
iors of single-layer MoS2 under both uniaxial and biaxial ten-
sion, by first-principle calculations. The predicted biaxial ideal
tensile strength and elastic modulus are in excellent agreement
with the very recent experiments.13,14 It is further identified
that the tensile strength of single layer MoS2 are dictated
by out-of-plane soft-mode phonon instability under biaxial
tension and uniaxial tension along the armchair direction. This
failure mechanism, different from that predicted for graphene,

is attributed to the out-of-plane atomic relaxation upon tensile
strain. Our calculation also shows single-layer MoS2 becomes
an indirect semiconductor at small tensile strain (< 2%), and
turns into metallic before reaching the ideal tensile strength.
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