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We present a systematic construction of the probability- and spin-current operators, based on a momentum
power expansion of effective Hamiltonians. These operators play an essential role in transport problems related to
semiconductor heterostructures, in particular when spin-orbit interaction is taken into account. The result, valid
whatever the momentum power and including the linear (Bychkov-Rashba) term as well as the cubic (Dresselhaus
or D’yakonov-Perel) term, is of special importance for spintronics.
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I. INTRODUCTION

The probability current is a fundamental concept in
quantum mechanics, which connects the wavelike description
of a quasiparticle to the notion of the transport current.
When we consider a general Schrodinger problem with the
Hamiltonian

~ P’
Hy = —— + (r), (1.1)
2m
where the real potential L (r) is periodic in a crystalline solid
and m is the free-electron mass, we are led to the usual
definition of the free-electron probability current:!

X p h
J/ =Re I:df*glﬂ] = —Im[¥*Vy]. (1.2)
m m
When the spin-orbit interaction (SOI) is taken into account,
the Hamiltonian becomes

H = Hy + Hgo (1.3)

with

~ h
Hso:—(VﬂXﬁ)a’

1.4
4m2c? (1.4)

Due to both the linear p term and the Pauli matrix oy, Hso
is not real. This has strong consequences, in particular for
evanescent waves where the effective Hamiltonian matrix can
even be non-Hermitian.> Following the approach developed
by Hoai Nguyen et al.,’ it is convenient to express the
full Hamiltonian, including the SOI terms, as an effective
Hamiltonian which consists of a momentum-operator p power
series expansion: for instance, in addition to the kinetic energy,
quadratic in p, the SOI may provide leading terms that are
linear and cubic in p, respectively, known as the Bychkov-
Rashba*® and Dresselhaus terms.” In three-dimensional I11-V
semiconductors, the Dresselhaus terms are usually expressed
through the D’yakonov-Perel (DP) field.> Then, since the
SOI potential is not real, it is necessary to consider a more
general definition of the probability current J. Taking into
account interactions that involve higher-order polynomial
terms in the Hamiltonian, we have to deal with an effective
Hamiltonian of order n. This general description applies to
holes in valence bands as well as electrons in conduction
bands.
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Furthermore, an open question, strictly linked to the
one above, concerns the spin current (SC), whose stan-
dard definition'®!" has been extensively applied to study
spin transport and dynamics,'>° spin-polarized tunneling
phenomena,?'~?* and the spin-Hall effect.”?*>® However, in
semiconductor physics which provides paradigmatic systems
for spintronics, it is known that the SC standard definition can
be suitably applied to two-dimensional systems with Rashba
SOI, but fails to describe spin-dependent transport phenomena
in bulk cubic semiconductors, where the SOI induces a DP
term in the conduction band. The existence of extra current or
extra spin-current terms was pointed out in Ref. 29, where a
lengthy but explicit calculation was performed up to the fourth
order. More recently, Drouhin et al.** have proposed a compact
expression of the probability-current and SC operators up to
the third order; such a modified definition is mandatory to
obtain a consistent treatment of tunneling phenomena through
GaAs-like semiconductor barriers. Observe that, as pointed
out by Rashba in Ref. 10, there are still concerns because
a complete theory of spin transport currents has not been
formulated yet.

In this paper, we present a systematic construction
of the probability-current operator J, based on an effective
Hamiltonian written as a P power series expansion. We
show the relation between the Hermitian velocity operator
© and J, revealing the simple structure of the extra terms.
This procedure yields easy and compact calculations and
leads to physically intuitive expressions. The current operator
can subsequently be used to build the SC operator §J.
Recently, Shi et al.3! have proposed an alternative spin-current
operator, satisfying the continuity equation, that they state
supports important conclusions concerning conservation of
spin currents,?®3233 but which relies on several nonexplicit
assumptions. Their results are reanalyzed in the present
framework.

The layout of this paper is as follows: In Sec. II,
we give a general construction of current operators and a
derivation of local properties. In Sec. III, we introduce a
general Hamiltonian H®™ as an nth-degree homogeneous
function of momentum-operator coordinates; we consistently
derive the velocity operator and we show that a proper
symmetrization yields the Hermitian current operator J. In
Sec. IV, we show how to deduce the spin-current operator
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II. GENERAL DEFINITION OF CURRENT OPERATORS

Generally speaking, a current operator is defined with
respect to a conservation law: Considering the density p of
a physical quantity, we need to satisfy the continuity equation
related to the current J, defining a source term G, so that

i +V.J=0G.
ot

Itis well known that this decomposition is not unique. Let us
consider a linear operator A that does not explicitly depend on
time and acts over a generic state V. In the following, we adopt
the notations (¢|y) = 'y and (A), = (V|AlY) = ¥ AY.

The general Schrodinger problem reads

2.1

ihiw = Hy, (2.2)

where H ‘may be any Hamiltonian. For example, H may be
equal to H [defined in Eq. (1.3)] or to Heff [defined below in
Eq. (3.1)]. We explicitly develop the derivative of (A),/, with
respect to time:

i(X) - i(w/?x/f) = (EW> Ay + w*Z(3w>
ar VT bt ot ot ’

(2.3)
and with the help of Eq. (2.2) we obtain
J ~ 1 ~ i~ 1~ ~
- - — il —
8t(A)qf =7 (Hy)'Ay + ihw A(HY)
1 A~ -~ L~
= —WTAHY — (Hy) Ay, 2.4)

If A is a Hermitian matrix (the elements of which are
complex numbers, not differential operators),

(Hy) Ay = (W AHy)",

so that we can rewrite Eq. (2.4) in a more suitable way, which
is the local form of Ehrenfest’s theorem:

2.5)

0~ 2 —n

a—(A)w = ZIm(yTAH ¥). (2.6)
t h

The integration over the whole space leads to the well-

known Ehrenfest theorem, whose global form is valid for any

(possibly differential) Hermitian operator A:

jtﬂ = %uwﬁﬁw) — (Hy | A1)
= %w&ﬁuw. 2.7)
We can write
%(X)w = %Imwﬁ (A HW) + %Im WIAHY)  (@28)

with {Eija\} —ab+ba, and, by integration over the whole
space, we get
/d»*rlm(w{/?ﬁ}w) =0. (2.9)

The time derivative of (A\)v, can be seen as composed of
two parts, concerning two different physical processes: we
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recognize in Eq. (2.8) the divergence of the current J 4 and the
source term G associated with J4:

1 A s

1 L~
= —ﬁlm(W{A,H—U}lﬂ), (2.10)
where the contribution of any Hermitian potential Z/(r) van-
ishes when taking the imaginary part of the anticommutator,
and

G = %Im(w[ﬁ,ﬁ]w). 2.11)
The above procedure has two advantages: first, we have
expressed in a general form all the quantities entering Eq. (2.1)
through commutators and anticommutators; then we have
related the current expression directly to the local properties of
its corresponding operator. Symmetry properties of this current
operator are discussed in Appendix A. It has to be noted that
it is always possible to include the source term G in the form
of a current Jg, G = V - J; so that the conservation equation
becomes

0~ 0 ~

E(A)w +V-Ja—Jo) = E(A)w +V.-J7=0, (212
where J = Ja — Jg is divergence-free in the steady-state
regime. For instance, if we look for J; = VUg, the potential
Ug is a solution of the Laplacian problem AUg = G.
Obviously, adding to the current a term proportional to the curl
of any vector field would not affect the result. Equation (2.9)
shows that the flux of J4 over the boundary of the whole
system, which is a closed system, is zero. At this stage, the
boundary conditions on a subsystem are not under control.

III. PROBABILITY CURRENT OF AN EFFECTIVE
HAMILTONIAN

A. Formulation of the general nth-order Hamiltonian

Considering effective Hamiltonians, which are valuable
tools to tackle a number of practical problems, we deal with
general expressions given by momentum series expansions,
e.g., constructed from the energy expressed as a wave-vector-
component series expansion after the substitution {k — —iV}.
We write the effective Hamiltonian Heff as follows:

Heff = Hp +V (l') P (31)

where V' (r) may be the potential of a single barrier or that of
a superlattice; for example, Hj, is such that

pl(n) = Z H(n)»
n

(3.2)

n l<1<)6 XY, )
k=

where Py, is the momentum operator associated with the
(k) Cartesian coordinate and where ¢, ... j») are Hermitian
matrices which commute with p and which are invariant under
permutation of the subscripts. The abstract form of Eq. (3.2)
allows us to perform easy calculations.
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Formally, we perform the identification

Cx " CxCy...CyCrrCp =Cx...X,y...Y,2...2> (3.3)
—— —— ——— ———— S~
o B 4 o B Y
where «, B, and y are integers. We obtain
H™ = (c,Py + cyPy + ¢:P2)"- (3.4)

Given Egs. (3.2), (3.3), and (3.4), let us note that only terms
such as ¢y, or ¢y, (for n = 2) are meaningful, a term such as
¢, being only a trick in the calculation.

Alternatively, one can write

H® — Z By P i,‘yﬁ pY (3.5)
a+p+y=n
with
|
apy _ o By
c a'ﬁ'y'cxcycz 3.6)

The velocity operator can be obtained through the relation’

3 Hest
ap

i
V= ;Tl[Hefﬁﬂ = 3.7

Using Egs. (3.3)—(3.6), we find that its jth Cartesian compo-
nentv )(] =Xx,y,2) 18

oy OH™ - - ~ -l
v, = W =ncj(cypy +cypy +c.p)' . (3.8)
J

Note that, introducing the scalar product between the momen-

tum P and the velocity operator V", we have

ﬁxﬁy’) + ﬁyﬁ(yn) + I/’\z"}én) =n(c:Px +¢ypy+c:p2)' = nH®™,
(3.9)

or

P-V® =nH®™, (3.10)

so that Heg is simply related to the velocity operator,

Herr = ( > n“’”)w +Vy =Ey. (3.1

n

This form allows one a straightforward extension of the Ben-
daniel and Duke procedure®* to derive boundary conditions at
interfaces.*

Now, after Eq. (3.8), it is useful to introduce the Hermitian
symmetrized velocity operator

~(n) _ E
=5 )
[ (k)e{x,y,z}k=1,....n—1

X [8e, Picy -+ Prin—1y + Pty -+ -

C] 1(1),....,I[(n—1)

Pitn-1)8r, ]
(3.12)

where 8, = 6(r — o) is the Dirac distribution. The velocity
at the point ry is (¢ |’6§.")(r0)|1p). In Appendix B, we show that
performing the proper symmetrization according to the rule
defined in Eq. (3.14) yields a probability-current operator that,
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for the jth Cartesian component, reads

Titro) =) J;"(ro), (3.13)
n
T (rg) = > Cj(1),...ltn—1)[8ry Pict) * * Pita—1)
[ (k)e{x,y,ztk=1,...,.n—1
+ Piydey -+ Pie—1y + + -+ Piaty + + Piin—1)0r, ]-

(3.14)

‘We must verify that the divergence of the current, calculated
with the operator defined by Eq. (3.14), satisfies the conserva-
tion equation for the density of probability [Eq. (2.10) when
A is the identity]. It is straightforward to show (Appendix B)
that the divergence of the probability current can be written as

V-J:ZV-J(’”

ETOMD VD

j=tx,y,z2} L (k)ef{x,y,z}k=1,....n—1
X (WIDiPia) « +* Pia=1Cjuhy,..im—n¥).  (3.15)

Thus we recover all the terms of Eq. (2.10), which proves that
Eq. (3.14) yields a correct definition of the current operator.
Such a definition of J provides an unambiguous and general
tool for evaluating the probability current.

For n > 3, the comparison between the Hermitian sym-
metrized velocity operator and the current operator [see
Egs. (3.12) and (3.14)] clearly shows that f( ") (rp) contains
n — 2 extra terms, which are stralghtforwardly obtained from
8Heﬁ /0p. For instance, with Heﬁ = p”, we have aHeff /0p =
np"~', so that /ﬁ(")(ro) = (n/2)(8r0p” i + p"~18,,), whereas
J(")(ro) = (8, D" '+ DO, P" 2+ -+ D" 18y,). As shown
in Ref. 3, these extra terms are especially important for
evanescent waves and they have deep consequences for
boundary conditions at semiconductor tunnel junctions.*> Note
that, up to the third order, Eq. (3.14) can be written in the simple
and intuitive form derived in Ref. 30:

./I;(l'o) = Sroaj + (8r0ﬁ+ﬁ8ro) . lzj
+ (8!‘0/1517 +ﬁ81‘n/ﬁt +§i5{8r0) : gj’

(3.16)

where we have kept the notations of Ref. 30, i.e.,

H“)—Z IpJ’H 2= Z,kbjkpjpk’ and HO =
Zj,k,l ciuPjpxpr, with jkl=x,y, or z. Then, b; is
a vectorial operator of components (b ;)i = bj;, and ¢ ; is
a second-order symmetric tensorial operator of components
[gj]kl =cjy. The notation “:” refers to the generalized

double-dot product defined by pp’ : ¢ = > k1 PDICjki-

IV. SPIN CURRENT

Equation (3.14) provides a general and symmetrized def-
inition of the probability-current operator. The spin-current
operator )y in a direction defined by the unit vector u is
obtained by taking A= Oy, the Pauli operator along the u
direction. It is shown in Appendix B that, as in Ref. 30, the jth
Cartesian component of the spin-current operator is obtained
from the jth component of the probability-current operator
after the substitution

ittty = 3{0usChah), .ot} 4.1
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Because the spin current may be not conserved, there exist
source terms

1 o~
G = Im (¥ [Gu, HIy). 42)
Shi et al3' have proposed to build a conservative spin
current. It is interesting to redo their derivation in the above
framework, which has the advantage of putting together the
results of Refs. 29 and 31. Shi et al. observe that it might often

happen that
f d’r G =0,
A\

where the integration is performed over the volume of the
system (V). Then

/d3rG=/ dSVV'JszJG'ds=O’ (4’4)
\% v s

where the volume integral is changed into a surface integral
through Ostrogradski’s theorem (here S is the surface limiting
V and ds is the surface element oriented along the normal to S).
Such arelation is obviously satisfied provided that J - ds = 0,
i.e., provided that Js is a tangential vector to S, which is
physically reasonable.’® Shi et al. further assume that Jg “is
a material property that should vanish outside the sample,”
which is a more restrictive hypothesis. Anyway, let us assume
that J; = 0 at the surface S. Following Shi et al.’s calculation,
it is straightforward to show, after partial integration where the
boundary contribution cancels, that

dJgx 90Jgy 0J
/dydzdxx Ox p Oy D0 o —/d3r JG x
ox ay 9z '

(4.5)

where Jg ., Jg,y, and Jg ; are the Cartesian components of
Jc. Then

/d3rJG z—/d3rrV-JG=—/d3rrG

1 3 o
_ﬁ/d rrim(Y'[A,H]Y)

(4.3)

- _%/d3rlm(wTr[Z,ﬁ]¢)- (4.6)

It is easy to check that, provided that [;4\ ,r] = 0 (which is
the case for the spin current where A = G,),

r[A,H] = [Ar,H] — iiVA, %)
where [r,H{] = i/iv. Thus
/d3rJG = _%/d%lm(wﬁrﬁ]x//)
+ /d%Re(wmm)
1 [ . PGPS
- —ﬁfd r Im (¥ [Ar, H]v)
. / FrRe (wf{v’z—A}w) 48)
1 3 TA 17 3.5
- —F—lfd rIm (Y [Ar,H]I/f)+/d rJa
(4.9)
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Here, jA is the canonical current defined as

~ VA + AV
T, =Re (w*v—;vw> . (4.10)
According to Eq. (2.4), we can write
~  d(A
/d3rJG =/d3r [JA _ X r)‘”]. @.11)
dt
Shi et al. define the effective current density as jg,
_ ~ d(Ar
Jo =, — LAy (4.12)
dt

We have the two following relations which define respectively
the total current J and the effective total current 7:

jZJA_JG7

_ —  d(A
T=Js—TJo= (d:)"’

(4.13a)

+Ja =T

(4.13b)

Provided J4 — jA = 0, i.e., when the canonical and the true
currents are set equal (which is justified only for Hamiltonians
up to second orderAin P; see Sec. I1I), the effective total current
becomes J = d(Ar)y /dt, which is Eq. (5) in the paper by
Shi et al3! and also that by Zhang et al.,*> and which is the
cornerstone of their further calculations. Thus this relation
appears to be derived under special conditions so that it cannot
be general. Moreover, the meaning of the so-called effective
currents and their relationship with the true currents are not
clear [e.g., adding to J4 any term of the form Re(yTAvy),
where A is any anti-Hermitian linear operator, does not alter
the result].

V. CONCLUSION

We have given a systematic procedure to construct properly
symmetrized current operators. Thus, we have obtained a
general expression of the probability-current operator up to
the nth order, which clearly shows how the successive terms
build up. This generalizes previous results and provides us
with a practical tool to perform explicit calculations when
dealing with transport problems. The spin-current operator
is straightforwardly deduced, with the related expression of
the source term. Up to the second order, which includes
Bychkov-Rashba Hamiltonians, the current operators coincide
with the canonical results. When terms of order larger than 3
are taken into account in the Hamiltonian, extra terms must be
included in the current operators. This analysis sheds light on
previous discussions as it yields a convenient frame to compare
the canonical expressions to the true formulas. The tools we
have developed can be applied, for instance, to the holes in
the valence band or to the electrons in the conduction band
of a III-V semiconductor compound so that they should be
important for semiconductor-based spintronics.?’
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APPENDIX A: SYMMETRY PROPERTIES
OF CURRENT OPERATORS

In Sec. 1L, Eq. (2.6), we derive(/l\ the local form of Ehrenfest’s
theorem for a Hermitian matrix A and deduced the expression
of the assomated current J,. First, consider the case where
A =T, where T is the identity, and the quadratic Hamiltonian

P2/2m. We rewrite Eq. (2.6) as

9 |¥|> ==V -Re (W&p) =-V.J. (A1)
ot m

We recover the usual expression for the free-electron proba-
bility current

J=Re (W%w) . (A2)

Note that

/\2 *
wf|2 [(w*p—w) (w' w”
L[, P L

= [(w %w) — (Rov) %aw)], (A3)

where K| is the time-reversal Kramers operator for a spinless
particle, which consists of taking the complex conjugate in the
r representation. Let us check the expression of the current
operators we defined under time-inversion symmetry. For this
purpose we consider the term [see Eq. (2.10)]

—2iAV - J4 = 2i Im(y (A, H}¥)
= [y'AHYy — (W' AHY)
+ H Ay — (W HAYYL  (A4)
First, look at the term WTXFI\ Y. We find
(Ky|AHKY) = (Ko |IRTAHK y) = (Kow |RTAK Hyr)
= —ea(KoW |IR'KAHY)
= —ea(Kow |KoAHY)

= —ea(W|AHY)". (AS)
|
e = Y cjutnia—n [bPinPie) -+
L (k) € {x,y.2}
k=1,..., n—1

Piti—1) + DiBe, Dic2) - - -
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Here, K RK,is the Kramers operator for a particle with spin
1/2, R = —io, (R" = R"),and ¢4 = £1 depending whether

4\ commutes (¢4 = —1) or anticommutes (¢4 = +1) with
K,38
KAK =¢4A, ie., R'AR =g A" (A6)
Similarly, for the term wTI:I\;\\l//
(Ky|HAKY) = —ea(y |HAY)". (A7)

Thus, we obtain
2i Im (Y T{A, H})
= yHAHW + e RWI{AHYKY).  (A8)

We conclude that the general expression for the current of A
is

1 _~—~ o~ —~ o~ o~ o~
VoJs= —E[W{A,H}w + ea(Ky) {A, HYK¥)],
(A9)

which gives the behavior of J4 upon time reversal, Ja[¢] =

eadalKy].

APPENDIX B: COMPLETE DERIVATION OF THE
CURRENT OPERATOR Jj

We are interested in finding the form of the probability
current  operator = (Jx,Jy,J;) for a Hamiltonian
Hy=H,+ V@)=Y, H” + V() [Egs. (3.1) and
(3.2)]. For a Hamiltonian p?/2m + V(r), it is known
that the jth component of the current operator
(j=x, y, or z) at the point ro is of the shape
f](.z) (rg) = (1/2m)[8,0ﬁj/\+ Pjdr,l; With the notation of
Egs. (3.1) and (3.2), H? =34y c tx.y.e) 0.1 PIHPI)s

k=12
T2(r0) = e, 4 € B iy + Py e ) i) =
(1/2m) 8(1).12)- The aim of this Appendix is to show that, for
a Hamiltonian H™, the following form of the jth component
of the probability- current operator J Jm,

Pin—1) + -+ PiyPi *+ Pin—10ro ). (B1)

gives back Eq. (2.10) with A being the identity. The Dirac distribution interacts with the mixed powers of the current operator
so that the symmetrization procedure used in the construction of J (")(ro) provides (n — 2) further summations with respect to
the Hermitian symmetrized velocity operator. The two definitions 001n01de only up to n = 2. When n > 3, the extra terms are
crucial in order to satisfy the continuity equation. We evaluate every term over a generic state ; for example, the second term

is of the shape

= Dln=1)C 1), ln—) ¥ (X0). (B2)
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Then the jth Cartesian component of the probability current for a generic state J;") can be written as

I =yl ly) = [V Biay -

2

1 (k) € {x,y.,z}

ﬁl(n—l)cj,l(l) ..... ¥+

k=1,...m—1
+ Py Pie—ny V) Pity - -+ Prta—1)C iyt ¥ 4 -+ -+ Picty -+ Pra—1y¥) €y, i ¥l (B3)
From Eq. (B3), we can find the generic divergence term related to the derivative with respect to p:
Pl = Z WD Pty Pron— 1€yt ¥ — B3V Picty * ++ Pt 1)C1a). oty ¥
1 (k) € {x,y,z}
k=1,..., n—1
+Puty -+ D=0 ¥) P Py -+ - PraCaty,. i ¥ — (P Prcty - -+ Prck—1¥) Picy -+ * Phn—1yC i),k ¥
+Puty -+ Piwo¥) D Piern) -+ - PramCiahy,. i ¥ — (P Pty - - Piao¥) Picksy -+ Pta—1yC i,y ¥
+ A Pty Proa—n¥) Piciicty, im¥ — (B Picty -+ Pia—n¥) iy, am V- (B4)

In Eq. (B4) all the terms that have the same order in k (two consecutive terms except for the first one and the last one) vanish

after summation over j:

RNy

[=(PjPia) -+

Pia—v¥) Piy - -

@(n—l)cj,l(l) ..... l(n)lﬂ

=lx.y.zh 1k € {x,y,2)
k=1,..., n—1
+ iy -+ P V) PiPiactn -+ P Cjay, .1 ¥] = 0. (B5)
Then the only terms still remaining in the summation are
Z ij(n) =p-J”
Jj={x,y.z}
Z > WBiw - P Ciatyam¥ = BiPiay P ¥) eiaqty.am ]

={x,y,z2} 1 (k) € {x,y,2}

k=1,..., n—1
= > > 2Imy BBy Pln-1yCiiy...dm - (B6)

j=tx.y.z} (k) e {x,y.2}

k=1,..., n—1

Now V - J® = (i /h)p - J™ so that
2
L — 2 DDy - - D .
VI =—tim > Y WIBPI) P )Ciaty.dn|¥)- (B7)
J=lx.y.z} 1K) € (x,y.2)
k=1,...,n—1
Eventually
V=) V..

n

In the more general case of an operator A which verifies [X ,pl = 0, it is straightforward to see that jA [see Eq. (2.10)] can
be constructed through a similar procedure, so that it can be deduced from Eq. (B1), after the substitution

Lo~
Cii),dn) = 3{ACHIM). . d))-

(B8)

Special cases of interest are A =3, the Pauli operator along the u direction, which yields the SC operator §Ju,and A = Tr)s
the orthogonal projector on the up- (down-)spin state quantized along the u axis, which yields the up- (down-)spin-current operator.
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