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We explore correlations of inhomogeneous local density of states (LDoS) for impure superconductors with
different symmetries of the order parameter (s wave and d wave) and different types of scatterers (elastic and
magnetic impurities). It turns out that the LDoS correlation function of superconductor always slowly decreases
with distance up to the phase-breaking length [, and its long-range spatial behavior is determined only by the
dimensionality, as in normal metals. On the other hand, the energy dependence of this correlation function is
sensitive to symmetry of the order parameter and nature of scatterers. Only in the simplest case of s-wave
superconductor with elastic scatterers the inhomogeneous LDoS is directly connected to the corresponding
characteristics of normal metal. We found that in presence of pair-breaking scattering relative LDoS variations

increase with decreasing energy.
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I. INTRODUCTION

Classical theory of superconductivity for impure materials
deals with average quantities. Within the BCS approach the
average fundamental characteristics of s-wave superconductor
such as transition temperature, gap, and density of states are
not sensitive to potential disorder. This statement, known as
Anderson theorem, is, in fact, not rigid at all. In particular,
it is enough to introduce in s-wave superconductors some
amount of magnetic impurities and they suppress the transition
temperature and gap in the quasiparticle spectrum. Moreover,
in the case of more complex symmetry of the order parameter,
even elastic impurities depress superconductivity.

It is worth to note that average parameters do not com-
pletely describe properties of impure materials, because, in
addition, disorder induces random point-to-point variations of
all quantities. For instance, it is well known since 60’s that
the local density of states (LDoS) of normal metal near an
isolated impurity experiences so called Friedel oscillations at
the atomic scale.'

At the end of 70’s, beginning of 80’s, the theory of weak
localization was developed, which described the corrections
to average values of transport characteristics of impure
electron systems caused by the quantum interference of
electrons due to their multiple impurity scattering.> Even
though these corrections of quantum origin were found to
be small in comparison to the corresponding classical values,
it was demonstrated that they have nontrivial dependencies on
temperature, frequency, and magnetic field that makes them
experimentally accessible. While the quantum interference
itself does not effect the average value of DOS, the nontrivial
corrections to this quantity appear when, in addition, the
interelectron interaction is taken into account.

During mid 80’s, the spatial variations of the LDoS,
conductivity, and other normal-metal properties have been
revisited within the framework of the mesoscopic physics.?
It was found that the quantum interference effects also lead
to appearance of nontrivial corrections to inhomogeneous
characteristics, for instance, to the LDoS correlation function.”
In contrast to the “fast” atomic-scale contribution of the
Friedel oscillations, the latter manifest themselves in smooth
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long-range spatial behavior of the LDoS correlation function
as the “slow” power (or logarithmic in 2D case) decay on
the distances beyond the mean-free path [ and up to the
phase-breaking length /s > [ (each of them is much larger than
interatomic distances). One can recognize the physical origin
of such phenomenon in spirit of the qualitative explanation
of the weak localization corrections given in terms of self-
intersecting trajectories.”

The electron motion in impure metal has the diffusive
character. For every pair of remote points r and r’ with finite
probability, one can find the self-intersecting quasiclassical
trajectory that starts from the point r, passes close to the point
r’, and returns back to the initial point. An important property is
the existence of the opposite returning trajectory, which comes
out from the point r’, passes close to the point r, and returns to
the point r’ following roughly the same route [see Fig. 1(a)].
These two trajectories have two long joint pieces where the
electron motion is accompanied by the multiple scattering
on the same impurities. When time-inversion symmetry is
present, particles can move along these trajectories in the same
or in the opposite directions. Looking at Fig. 1(a), one can
see that for each trajectory there are the entry and the exit
points of the joint routes (marked by circles) separated by the
distances R; and R, from the trajectory origin. Existence of
such diffusive trajectories leads to long-range correlation of
different properties, in particular, the local density of states.

Quantitatively, this phenomenon can be described by
the standard Green’s function diagrammatic technique. The
diagram describing the long-range correlations is shown in
Fig. 1(b). It contains either two diffusons or two cooperons.’
The two-diffuson diagram describes the process in which the
particles move in the same direction within the two joint
routes, while the two-cooperon diagram corresponds to the
motion of particles in the opposite directions. The Cooperon
(diffuson) as the element of the diagram describes the process
of coherent scattering of electrons moving along the joint
routes. The blocks of three Green’s functions (two retarded
and one advanced, or vice versa) are known as the Hikami
boxes. They describe the incoherent motion of electrons in the
domains close to the entry and exit points r and r’, where their
routes divaricate.
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FIG. 1. (Color online) (a) Returning quasiparticle trajectories
leading to the long-range correlations between the points r and r'.
The trajectories are characterized by two pieces of long joint routes
within which the diffusing particles move either in the same or in the
opposite directions. (b) Two-diffuson diagram describing long-range
part of the LDoS correlation function. Upper (lower) loop represents
GR(E,r',r') [GA(E,r,r)] correspondingly. Shaded box represents
diffuson. The two-cooperon contribution can be obtained by reversing
arrows direction in one of the loops.

Recently, STM measurements of the LDoS spatial varia-
tions have emerged as a new powerful tool to characterize
intrinsic inhomogeneities in impure superconductors.*> These
measurements revealed both rapid oscillations with typical
wave vectors connecting characteristic points at the Fermi
surface (the quasiparticle scattering interference patterns)
and smooth LDoS variations. In particular, studying the
oscillating contribution provides one of the ways to establish
the symmetry of the superconducting order parameter. The
available theoretical description of these experiments is mostly
based on the single-impurity approximation,® which becomes
insufficient at noticeable impurity concentration.

Our purpose in this article is to understand the behavior
of inhomogeneous LDoS of impure superconductors with
different order parameter symmetries at the length scales
beyond the mean free path. We develop a theory that properly
accounts for the collective effects appearing during coherent
quasiparticle scattering on impurities. We demonstrate that the
energy dependence of the long-range correlation function of
superconductor is indeed sensitive to symmetry of the order
parameter and nature of scatterers. The inhomogeneous LDoS
of superconductor can be directly mapped on that one of a
normal metal only in the simplest case of s-wave superconduc-
tor with elastic scatterers. Presence of magnetic impurities or

PHYSICAL REVIEW B 85, 214507 (2012)

more nontrivial symmetry of the order parameter results in the
considerable complication of the LDoS correlation function
energy dependence while the spatial variations in all cases do
not change.

The article is organized in the following way. In Sec. II,
we start our discussion introducing the Green’s function
formalism for study of the inhomogeneous LDoS correlation
function and refresh to a reader its properties in normal metal.
Section Il is devoted to study of the LDoS correlation function
in s-wave superconductors and it consists of two subsections
treating cases with only elastic and both elastic and magnetic
impurities. In Sec. IV, we consider the problem in the case of
superconductor with d-wave symmetry of the order parameter
and elastic impurities. The cumbersome technical details
of calculation of the elements of diagrams for correlation
function, such as Hikami blocks, cooperons, and traces of
large number of Pauli matrices make the appendices.

II. INHOMOGENEOUS LDOS IN NORMAL METALS

The case of normal metal represents a natural starting point
and a convenient reference. The effects of multiple scattering
and quantum coherence on spatial correlations of LDoS in
disordered normal metals were considered in Ref. 7. It was
found that two different contributions can be distinguished in
the LDoS correlation function. The short-range contribution
represents the Friedel oscillations modified by multiple im-
purity scattering. The second long-range contribution appears
due coherent diffusive propagation of normal quasiparticles.
In the following, we will focus namely on this long-range
term and, for completeness, we start with reproduction of its
calculation.

Our purpose is to evaluate the LDoS correlation function at
the same energy

Lo -1, E) = (NP(E,)ND(E,r) — (NDE) . (1)

As the LDoS per spin is related to the retarded Green’s function
GR(E,r,r) by the standard relation

N(E,r) = —Im[G®(E,r,1)]/7, )

this quantity can be expressed via retarded and advanced
Green’s functions:

1
LO(r -1 E) = — {Re[(GH(E,r,r)G*(E,r ¥))
2m?

—(GR(E,0,0))(G*(E,0,0))]
—Re[(GR(E,r,r) GR(E,r 1))
—(G®(E,0,0)*1}, A3

where (. . .) implies averaging over impurities distribution. One
can use this presentation for impurity averaging within the
standard Green’s function approach. We will assume weak
impurity scattering (Born limit). The contributions to the LDoS
correlation function can be represented as diagrams consisting
of two loops connected by impurity lines.

The long-range contribution to the LDoS correlation func-
tion is given by the sum of the two-diffuson and two-cooperon
diagrams, L™ = L), + L., see Fig. 1(b). Both of them
give the same contributions, which can be approximately
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written as
IB(E)I”

r',E)~
) 272

Lo, (=¥ E) = L5 (r— Cir—r), (4

where C,,(r — r’) is the cooperon,
BY () = / dR, / dRG*(R)GAR,—R)G*Ry)  (5)

is the “Hikami box,” and

d”p  exp(ipR)
Q2Qm)P E—e, xi/2t
are the averaged Green’s functions with D being the space
dimensionality. Here, T is the elastic scattering time, €p =

vr(p — pr), vr and pp are the Fermi velocity and momentum,
respectively. Integration in Eq. (5) gives a very simple result:

B™ (E) = 2mivt? (6)

with v = (Ne(“)(E ,I)) as the average value of LDoS.

Hence the long-range behavior of the LDoS is completely
determined by the cooperon C,(r — r’) whose Fourier trans-
form is well known:?

Cu(g) = fD(lq) with fp(lg) ~

GR’A(R)E(GR’A(E,r,r—I—R))=/

for g1, ()

where [ = vpt is the mean-free path. In real space,

D -
Co(r) = m.fD(”/Z)- (8)
Atr > 1,
In(ly/r) for D=2
Jotr) = { 3/4r for D=3 ©)

For the 2D case, the logarithmic divergency is cut off at g ~
1/14, where [4 is the phase-decoherence length. As the Green’s
functions decay at the distances of the order of the mean-free
path, in order to evaluate the long-range behavior |r — r'| >
I, we replaced in Eq. (4) arguments of both cooperons with
[r —1r'|.

Substituting the results (6) and (8) into Eq. (4), we obtain
the long-range asymptotic expression of the LDoS correlation
function,’

LYr -1 ,E) =

= Z(k 2 fBr=r/h  (10)
with @, = 4 and a3 = 472, From this result, we see that LDoS
variations are small in comparison with the average DoS by
the parameter (k¢! Y- Ttis important to stress that in contrast
to the short-ranged Friedel oscillations, they decay slowly at
large distances up to /g, as ln2(1¢/r) for the 2D case and 1/r?
for the 3D case.

(21)12)2C2(r -r)

III. s-WAVE SUPERCONDUCTORS

A. Potential impurities

We start consideration of superconducting state with the
simplest situation of purely potential scattering and s-wave
symmetry of the order parameter. In this case, the inhomoge-
neous LDoS is directly related to its normal-state counterpart.
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Indeed, using eigenstates expansion, the normal-state LDoS
can be represented as

NO(Er) =Y [Yi(n)P8(E — E), (11)

where v;(r) are eigenfunctions and E; are eigenenergies
of the quasiparticle states. In case of potential scattering,
the corresponding eigenenergies in superconducting state
become =+ Ei2+ A% where A is the gap parameter, and
the two-component Bogoliubov wave function of quasi-
particle state in superconductor [U; +(r),V; +(r)] is propor-
tional to the normal-state wave function [U; .(r),V; +(r)] =
(Ui +,v; 2)¥i(r), where u;y+ and v; 4 are coordinate-
independent constants ;o = (a/v/2)y/1 + € E; //E2 + A2,
Vie = (/VOVT —aE /e 2, Juiel + vz =15 A
quantity commonly evaluated for superconductors is the
density of states for excitations, which in normal state cor-
responds to symmetric combination N\V(E,r) = N™W(E,r) +
N{™(—E,r). The excitation LDoS in superconducting state,
N®(E,r), can be represented in the form of eigenstate
expansion as

D UUia@P + Via@®)P18(E—ay EA?)
i,a==%l1
E|
() —S(E —ayE>— A?)
z(xzil |w ' | ¢

j— | | )./ E 2 Q 2 !
N 1

(in the second line we change the variable of the § function).
Such a simple connection between the normal and supercon-
ducting LDoS is one of consequences of the Anderson theorem
and it provides the following relation between the normal-state
and superconducting LDoS correlation functions:

LOE DB = LOWE? — A2p/Qv)?,  (13)

where V(E) = 2vE/+/E2 — A? is the average supercon-
ducting DoS for excitations and L®(E,r) ~ L™(E,r) +
L™(—E,r). Even though in the following we only consider
LO)(E,r), for completeness, we also present a useful general
relation for the electronic LDoS,

> Ui o(®)PS(E — o\ EF + A?)

i,a==%l

E+avE*—A?
= Z ———— N"™(avVE2-A2r). (14)
& 2WET- A2

In particular, this general relation allows immediately to
reproduce the single-impurity result reported for the s-wave
case in Ref. 6.

Even though the long-range tail of LDoS for disordered
s-wave superconductors can be immediately obtained from
the normal-state result, it is useful, nevertheless, to rederive
it formally within the Green’s function approach. This will
allow us to generalize such an approach later for less trivial
situations for which the above argument does not work any
more.

NS(E,r) =

NS(E,r) =

214507-3



A. E. KOSHELEV AND A. A. VARLAMOV

The long-range contribution to the LDoS correlation func-
tion is again determined by the diagram shown in Fig. 1(b), but
both the Green’s functions and cooperons now have the matrix
structure. In order to calculate them, it is convenient to use
Nambu formalism decomposing the Green’s functions over
Pauli matrices £/ and the cooperons over the direct product
% @ #* of them:

GR - G =gl (15a)
CY — €5 5= Clrhyths. (15b)

We assume summation with respect to repeated indices. Let us

note that the Cooperon 4 x 4 matrix C,S() in fact has the 2 x 2
block structure:>!+?2

cY o
ct) =[ | (16)
0 4%

For potential scattering, the averaged superconducting
Green’s functions are given by

afAED + At + €, %°

GR,A E.p) = ’
( p) (aR,A)z(EZ _ AZ) _ 63

a7

j
+ Y
2tV E? — A2

and for real A, they do not contain 2 component.

In this formalism, it is convenient to deal with LDoS for
excitations N, which is related to the trace of the Green’s
function:

(XR’A =1

1 .
NS(E,r) = —;Im[Tr GR(E.,r,n)]. (18)

Comparing this equation with the previous normal state LDoS
definition (2), one can see that N(E,r) has an additional fac-
tor two since it contains both electron and hole contributions.
In particular, the average LDoS for excitations is given by v{®.
The corresponding expression for the two-cooperon diagram
can be represented using the Pauli-matrices decomposition:

. 4 g (s
(s) * () ~(9)
£8tac) = 53 Uin Ui Cii Come: (192)

U = 3Tre(21 £k en2m2/) B

(19b)

B = [[aR [ arag! Rogf@Ri-Ropg/ R (190

The computational details of superconducting cooperon
components are presented in Appendix A 1. It turns out that its
singular components are related to the normal-state cooperon

(7) as
EZ A i+jC (q)
(s) _ n L.
Cl(q) = E2—A2<_E) —. for ij =01, (20a)
C3(@) = Ca(q)/2. (20b)

One can see that in the limit of normal metal, A — 0, the
onl . (s) (s)
y nonzero components remained are C,,;, and Cs;.
Computing the trace of five Pauli matrices in Eq. (19b),
. . . (s) .
taking into account (i) the symmetry of Binj with respect to
indices i and j and (ii) the absence of £? components in all
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decompositions (see Appendix C), we obtain

Ui = 8moBS) + 810BL). 4 Sk — 28,m08:0) By

+2[(1 = 80)BS), + (1 = 8,085,
— (1 = 8,0)B%), (8 — 28108m0)]

where summation with respect to the index i =0,1,3 is
assumed in the first three terms. The components of the Hikami
boxes are computed in Appendix A 2. For i, j,m = 0,1,

go __ it B(EP-A+3) (é)"”*’”
m 2 (B2 AD)(VET-AT+ L) \E
and
B(()S3)3 _ invET? ,
2WE?T - A?

) invET? vE2—A2—%
W AVET AT VER - AL

Due to the specifics of the cooperon CE;)(q) structure fori, j =
0,1, seen from Eq. (20a), we need only the combination Uy, +
Ui (A/E)*> —2(A/E) Uy, for which we find a very simple
relation,

U + Un(A/E)* — 2(A/E)Uy = Uss[1 — (A/E)*],
and for Us3, we derive

Uss = —2imvt?

E
/E2 — A2
Collecting terms, we finally obtain for the fotal correlation

s)

function, £ = ng(zc) + ﬁ(ei)QD)’
4 A 292 )
e -r.p) = Siebf 1= (3) [ ege -]

s r/)]z}

_, < 2vT2E
/E2 — A2
This result explicitly confirms the relation (13) based on
Anderson-theorem arguments.

2
) Cir—v). 1)

B. Magnetic impurities

In this section, we evaluate the LDoS correlation function
for s-wave superconductor with magnetic scatterers. Since the
seminal paper of Abrikosov and Gor’kov,” it is established that
the magnetic impurities dramatically suppress superconductiv-
ity and strongly influence the quasiparticle density of states.
The original mean-field approach (AG theory) suggested
that the hard gap in the average DoS is not eliminated by
magnetic impurities. This hard gap decreases with increasing
the magnetic-impurities concentration and vanishes at certain
critical concentration so that the gapless superconducting state
exists within small range of concentrations. More accurate
later treatments beyond the mean-field approach'’!> have
demonstrated that the low-energy quasiparticle states are
in fact generated for all magnetic-impurities concentrations
meaning that, strictly speaking, the hard gap is eliminated by

214507-4



MESOSCOPIC VARIATIONS OF LOCAL DENSITY OF ...

any amount of magnetic impurities. For small concentrations,
however, the average DoS at low energies have exponentially
small tail.

Formally, in the presence of magnetic scattering the Green’s
function can be still presented in the form similar to Eq. (17),
but within the mean-field approach, the renormalized energy
and gap now are determined from the self-consistent tran-
scendental equations.” This result is usually obtained taking
into account the spin structure of the superconductive Green’s
function,!® which means the additional increase of the matrix
dimensionality to 4 x 4. In the calculation of the two-cooperon
diagrams in Nambu representation (19a), the number of Pauli
matrices in traces is already large. That is why, for the sake of
simplicity, we will consider below magnetic scatterers as Ising
impurities oriented in the same direction. This allows us to
preserve 2 x 2 matrix structure of the Green’s function, which
significantly simplifies calculations. The physical picture
remains practically identical to the case of isotropic magnetic
impurities. Even for a such minimum model describing
the pair-breaking scattering, the calculations and results
become rather cumbersome. Technically similar work has been
done in Ref. 13 where suppression of the transition temperature
by magnetic impurities in combination with Coulomb effects
has been investigated. This thermodynamic problem required
summation of ladder diagrams with elastic and magnetic
impurity lines in the Matsubara-frequency presentation. In
principle, the cooperon components at real energies could be
obtained from the results of this work via analytic continuation.
However, this procedure is not trivial at all.

The long-range LDoS correlation function is still defined
by Eqg. (19a) but the Green’s functions, cooperons, and Hikami
boxes are considerably modified by magnetic scattering. De-
tailed derivations of these objects are presented in Appendices
B1 and B2. Instead of Eq. (17), Green’s functions are given by

GR’A (p) _ E:thO + Aif] + ép‘fS (22)

2 _ R2 2
Ei — AL —¢

with the renormalized energy and gap, respectively,

[ R — (23a)
2t0\/m3 — 1
Ar=A+ ! (23b)

2ty /mi — 1

where 1/7, = 1/t 4+ (—1)*/7y, T and 7, are the potential and
magnetic scattering times. Here and below, the subscript “+”
(“—") corresponds to the retarded (advanced) components.
The parameter 14 = E. / A4 has to be determined from the
equation

i

E
m(1F ——| =% 24)
TwA/ni —1
The average DoS is connected with 7, by relation’
VOW(E) = 2vRe——l . (25)

yni—1
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The 2 x 2 blocks of the cooperon Eq. (16) computed in
Appendix B1 are

oom _ 1/4mv i_i_Xl);q 50
A Ty 2T

I -7
1 % Vg Re
+(——ﬁ>f3—ﬁ2—n+fl} (26)
T 2t* ™ Iny — 1]
and
C(sm) _ 1/47’[\) i‘i‘ X2)7q ‘fo
B T y_, 5 (lyx 2
1 qu)’q(r+rm) T T
1 % Vg Im
— (o =) g T T 20 (g
T 21* T ng — 1]
with
T—1=l+ﬁ X1=|n+|2+1 2=|Tl+|2—1
oo, g — 11 g =11’

) 1 1 11
=) Z=w|l3-=)
"\ geer) T\ 2T

Note that the component C'Sm) still has diffusive divergency

for ¢ — 0, while in C gm) it is cut off by magnetic scattering.
Finally, we compute the Hikami-box components

. 2 I 2 A2 i
_lﬂVchp E+E—(\/ EL — AL+ ﬁ)
2 B2 -Rpe R - A2

Be™ = Bgwckmel for  kdum = 0,1

(sm) __
By =

with notations ¢, = A, /E, = 1/n, and

2

Bom _ _irrvrqu E+;J’i 3 _invrqp ’7+§i
k33 — = )
2 N % 2
JE - Jr 1
. 2 ~
B _ v, E_t*
33 ) 2 A
T T
fork =0,1.

Taking into account all these modifications, one can
calculate the LDoS correlation function in the presence of
magnetic impurities. Its long-ranged part comes from the
A block only [as it was already mentioned, the divergence
at ¢ — 0 in Cp is cut off by paramagnetic impurities, see
Eq.(B3)] and the final answer can be represented as

LEV(r — v E) = (2ur§)2 IRI>C2(r — 1), (28)
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where 1/19 = 1/t + 1/, Co(r — r’) is the normal-state cooperon (7) and

R =

1 -2

2

a+1 1+t/t, |14+02-20¢
4 14+ xit/tm

-0l + §+§)]}

with

-1 E_
O =r X , - =
X1+1 E+

Normalization of the dimensionless function R(E) is se-
lected by the condition R(E) — 1 for E — oo. This function
together with normalized average DoS is plotted in Fig. 2
for several values of the pair-breaking parameter 1/(zt,,A).
As one can see, the energy dependence of the correlation
function described by R(E) is quite different from that one

—%r—i-nf 1—1/t

r= .
1+t/th

—&r+ny’

v, R
—
W
T
/
1
1

v, R
W
T

v, R
—
W
T

051

00204 06 08 10 12 T4 16 18 20

E/A

FIG. 2. (Color online) Examples of the energy dependences of
the normalized average DoS vE™(E)/(2v), Eq. (25), (solid lines),
and function |R(E)|, Eq. (29), (dashed lines), which determines the
long-range LDoS correlations for 1/(r A) = 5 and different values of
1/(t, A). Dash-dotted lines show for reference the BCS density of

states.

f 2 E- 1
fioe +m+1—ﬁ<ﬁ_gz B i

)[(1 + 9H)Re[¢4]

(29)

of average density of states. The most dramatic disparity is
observed at small concentration of magnetic impurities, for
1/(t,, A) = 0.1. In this case, the function R(E) monotonically
increases with decrease of energy, while v(E) goes down
and finally vanishes at £ =~ 0.7A. Here, at the edge of local
density of states gap, the function R(E) reaches its maximum.
With increase of magnetic impurities concentration, when
1/(t,yA) = 0.5, the function R(E) still passes noticeably
above v(E), reaches its weakly pronounced maximum and
remains finite when v(E) turns zero. The behavior of both
functions becomes almost similar only in the gapless state,
when 1/(t,,A) = 1. From these plots, we can conclude that,
in contrast to elastic impurities, the ratio L™ (E)/[v(E)]?
increases with decreasing energy, i.e., relative LDoS variations
become stronger at smaller energy. We also found that at the
point where the mean-field average DoS vanishes, the correla-
tion function remains finite. Note again that the vanishing of
the average DoS is not exact result but only a consequence of
the mean-field approximation. In reality, the mean-field gap
point marks the approximate location of transition between
delocalized quasiparticles and the Lifshitz-tail region corre-
sponding to localized quasiparticles.!"!? Calculation of the
LDoS correlation function is beyond the mean-field approach.
As L(E) increases with decreasing the diffusion constant,
the found growth of LS™(E) with decreasing energy can
be interpreted as indication of slowing down diffusion when
energy approaches the mobility edge. On the other hand,
our calculation is only applicable to delocalized diffusive
quasiparticles. One can expect that in the tail region, the
LDoS correlation function should decay exponentially at the
localization length. Therefore measurements of the LDoS
correlation function can be used to locate the mobility edge
separating delocalized and localized states.

IV. d-WAVE SUPERCONDUCTORS

Finally, let us consider the inhomogeneous LDoS for su-
perconductors with d-wave symmetry of the order parameter,
which is of special interest because of its relevance to cuprate
high-temperature superconductors. Behavior of LDOS in these
materials was extensively studied by STM.* Formally, the
long-range LDoS correlation function is still determined by
the general Eq. (19a) but the specifics of nodal gap structure
has to be taken into account.

We consider a two-dimensional d-wave superconductor
with electronic spectrum e(k,,k,) defined within the square
Brillouin zone |k,|,|ky| < 7 /a and characterized by the band-
width t =¢(r/a,0) — €(0,0), where a is the lattice constant.
Figure 3 illustrates the typical Fermi surface of a cuprate
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kV
fl
f, g,
81
g3 kx
84

FIG. 3. (Color online) Schematic Fermi surface for a cuprate
d-wave superconductor. f, and g, represent, respectively, the unity
vectors parallel to the Fermi velocity vy and the “gap velocity” v, at
the nth gap node. The ellipses illustrate the constant-energy surfaces
near the nodes.

superconductor!* that, as usual, is determined by the equation
€(ky,ky) =, where p is the chemical potential. The order
parameter of the d,»_,2-wave pairing state is expressed by

Ay = Ag[cos(kca) — cos(kya)].

The gap nodes correspond to the points k, = = (ko £ ko)
(n =1,2,3,4), where kj is determined by €(ko,ko) = n. The
quasiparticle spectrum is given by ex =\/é§,% + Aﬁ with & =
€(ky,ky)—p and close to the gap nodes it can be linearized as
ek ~/(vekr)? + (vgkg)?, where K is the momentum measured
from the node k,, and vy~ vrAg/t < vs. The directions of the
Fermi velocity v¢ and “gap velocity” v, are depicted in Fig. 3.

The weak-localization effects for d-wave superconductors
were considered in Refs. 15 and 16 for arbitrarily strong
impurity scattering. Here, we limit ourselves with the simplest
situation of weak isotropic scattering by non-magnetic elastic
impurities. The one-particle Green’s function has the same
matrix structure as general Eq. (17):

[ Xiy]Tto+ Akt + &3

[EL£iy]® —el G0

GEM(E) =

Here, € is the effective energy renormalized by scattering,
y = y (€)is the impurity-induced relaxation rate. Both of them
are self-consistently determined by the self-energy part € &

iy (&) = E — 5 (&), with
5 6) = dk, dk, €:|:iy(€) @y
2 27‘[ [€ :|:l)/(6)]

N, being the number of nodes (being four in our case), and
integration is limited by the region near one node. Performing
integration in Eq. (31) with the above quasiparticle spectrum
ek and separating the imaginary part of ZSE (€), one finds the
transcendental equation for determination of the relaxation
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01 23 456780910 0123456780910

E [in units yo/In(Ag/Y,)] E [in units yo/In(Ay/Y,)]

FIG. 4. (Color online) (a) The energy dependencies of the

parameter € and the relaxation rate y. (b) The energy dependence

of the function F,, which determines the LDoS correlation function
in Eq. (38).
rate y (€):

A é é 2
n——0 4+ € arctan = = 0% (32)

Ver4+y? vy 14 uN,

At zero energy, it reproduces the known result:'8-2
27 Vg
uN, )’

€
2In@E/y) +1°
The real part of £ determines the value of &:
Ay é
—yarctan— | = E. (33)
4

uN,
— éln
27'[vag ( /]/2 +g2
For small E, € = In(Ay/y0) E. When the energy is large (E >
Y0)s

y(0) = yo = Agexp <—
while at large energies,

Y (E> p) =~

In (Ao/ o)
In(€/y0)
As follows from the structure of Egs. (32) and (33), the
energy dependencies of € and y have scaling form, € =
Y09 [In(Ao/v0)E/v0l, ¥ = v0G, [In(Ao/v0) E/y0]. These de-
pendencies are presented in Fig. 4(a).

The LDoS in superconducting state is determined by the
integral of the imaginary part of the Green’s function (30) that
gives!’

EXE

NO(E) = L 1 Ag 4 2¢ arctan < (34)
n € arctan — | .
2m2vw, \U @ 492 Y

The structure of cooperon for d-wave superconductors has
been investigated in Ref. 15 and 16. It was demonstrated
that only diagonal components of the cooperon C,Sfl) in the
Pauli-matrix expansion, Eq. (15b), are singular and these
singular components are connected by relation Cy, t) — ¢ ﬁd) =
—C$Y = Y. Therefore the matrix structure of d-wave
cooperon is dlfferent from structure of the s-wave cooperon,
Eq. (20). Derivation of the singular cooperon Cy(gq) = C,; (sd) o (q)
for arbitrary energy is presented in Appendix D1 and result can
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be presented as

]/2

ANID 5

Ci(g) =

where parameters y, N, and the diffusion coefficient D are
energy dependent with

2 1 + £arctan £
D<E>=<§—>l gy e SERNN CO)
y nm+;arcan;

Note that our result for C4(g) is smaller by factor four
than the result of Refs. 15 and 16. The origin of this
discrepancy is discussed in Appendix D 1. For more transparent
representation of the energy dependence in Eq. (35), we note
a useful relation:

N(EYD(E) = NS ODO)[1 + (/y) arctan(€/y)].
Calculation of the Hikami boxes Bfi} defined by Eq. (19¢c)
with Green’s functions (30) (see Appendix D2), results in

Ny

VUfUg

By = — @ +iy)@—iy)J?,

N,

d d ~ . 2

Bl = Bigy = —— @ —iy)J?,
VUfUg

N,
(d) (d) (d) (d) no . .
Biyy = Byss = Byyy = By = y €+iy)J?,
fvg
where
~ ) ~
JO = — : 5 [ (G—i:ly) arctan S],
167 (€ +iy) €y €y Y
. = N2 ~
J? = — l~ 1+ € le) arctani .
32méy €y y

Further summation of these, nonzero, components of ij;- in
Eq. (19b) with corresponding traces of five Pauli-matrices
products as the coefficients allows to present the tensor Uy, in
the diagonal form U, ,Sn) = Upbim with

Uoa = Bigy + 2Big) & 4By,
Uts = Bigo + 2Bio)-

In result, the LDoS correlation function Eq. (19a) for the d-
wave case takes the form

/ 8 2 f
£—r'5) = (|8 + 280 + 8155 Pl
_ INGy@®P Fd[ ¢

- 8n4vf2v§yé y (&)

]Cg(r—r’,E =0),

(37

with y (€) and €(E) have to be determined from Egs. (32)
and (33),

14 1/x2 3 il 2
Filx) = — T 7 _|= 1+ arctan x
(1 + x arctan x)* | 2 .
> |2 for x=0
+ 2 arctan x] = {3/2 for x>»1°

PHYSICAL REVIEW B 85, 214507 (2012)

and the zero-energy cooperon in real space is given by

4 s
Cy(r,E =0) = _JT_vangO In-2.
N, (v?) r

Using this result, we can rewrite LDoS correlation function in
a more transparent form:

~ 2 l
LOCc—r E) = [NOE)Fo( £ ) = 2 —2
W—r ,E)=[NE)] Fa > ) 3amzon n P

(38)

We can see that, in contrast to s-wave superconductors
with potential impurities, the energy dependence of the
correlation function is not determined by the average den-
sity of states. Additional dependence characterized by the
function Fy[e(E)/y(E)] appears. Both the ratio €/y and
function F,; have universal dependencies on the scaled energy
(E/v0) In(Ag/y0). The energy dependence of Fj is plotted in
Fig. 4(b). We observe the same tendency as for an s-wave
superconductor with magnetic impurities: the relative LDoS
variations become stronger at smaller energies.

V. DISCUSSION

It is known that observable quantities of disordered metallic
systems exhibit large mesoscopic fluctuations.> The large-
scale correlations of the LDoS demonstrates long tails extend-
ing up to r ~ 14.> As we have seen above, due to diffusive
propagation of quasiparticles, such property of the LDoS
correlation function remains valid also in superconductive
state. This correlation function for all cases depends on
scatterers potential V in the same way: £~ V* and its
spatial dependence is determined only by the dimensionality of
superconductor. Our analysis demonstrates, however, that the
energy dependence of the large-scale LDoS correlations carries
valuable information about the order parameter symmetry and
character of scattering in various superconductive systems.
Indeed, as we have seen above, while the spatial depen-
dence of L(r—r',E) is the same for all types of considered
superconducting systems and is determined by the square
of normal-metal cooperon, the energy dependence of the
magnitude of such correlator can serve as the fingerprint of
superconductor intrinsic properties. In the reference case of
s-wave superconductor with elastic impurities, such energy
dependence is just given by the square of the BCS quasiparticle
density of states. More complex symmetry of the order
parameter manifests itself in significant changes of the energy
dependence of LDoS correlation function. Investigated above
the case of d-wave pairing [see Fig. 4(b)], demonstrated
that the corresponding LDoS correlation function, normalized
on the appropriate square of the LDoS, already depends on
the quasiparticle energy, although this dependence is rather
smooth.

To illustrate the role of pair-breaking scattering, we ana-
lyzed the case of s-wave superconductor containing magnetic
impurities. It is worth to discuss our results in light of
the extended AG theory in Ref. 11, which investigated the
low-energy behavior of the average DoS in the framework of
the nonlinear sigma model. The authors of Ref. 11 demonstrate
that AG results, establishing the formation of the hard gap
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in the local density of states, correspond to the saddle-point
solution of the proposed effective action. Their nonperturbative
extension beyond the mean-field approximation results in
appearance of subgap exponential tails in the density of states,
what should lead also to appearance of nonzero moments of
this physical value for energies below the AG gap. Plausibly,
our perturbative calculus of the second moment of local
densities of states L&™(r — ', E) (see Fig. 2) indicates the
same phenomenon. Our analysis allows for a straightforward
generalization to other similar situations, such as interband
scattering in multiband superconductors with different signs
of order parameter in different bands (s state), a widely
discussed model for iron pnictides and selenides.

Modern STM technique, in principle, allows to probe the
long-range correlations studied theoretically in this article.
The challenge is to perform scan over large areas with sizes
exceeding mean-free path. Another interesting opportunity
provided by STM measurements of the LDoS correlation
function is to extract and study the temperature-depending
phase-breaking length [4(7T) of quasiparticle excitations in
superconductors of different nature. As far as we know, such
a problem was never considered neither theoretically nor
experimentally.
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APPENDIX A: s-WAVE SUPERCONDUCTOR
WITH ELASTIC IMPURITIES

1. Calculation of s-wave cooperon

In this appendix, we consider the cooperon structure for
a s-wave superconductor with weak potential scattering. The
superconducting cooperon has four Nambu indices and obeys
the equation graphically represented Fig. 5,

Co o) bl ecelos

e = Upg, T ug, TG (AD)

" — ﬂ GA (PR ( )
v T (27)P Yn P v (P — @),
where we again assume summation with respect to repeated

Nambu indices. Here, the superconducting Green’s functions
G®-4 averaged over impurities are given by Eq. (17). For Born

o oy o 9y o v v %
q/2-p 9/2-p, | q/2-p’
= ! o
q/2+p @/2+p, | w2+’

BB, B B B v, B

FIG. 5. Graphic presentation of Eq. (A1) for the superconducting
cooperon.
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potential impurities, the matrix impurity line is given by
acp __ a3 A3
Ugg, = Uloa, Tpp;>
withu = n;V? = 1/Qmvr).
To proceed, we represent the matrix impurity line as

3

aoy N
ugs = D Uijtagtha, (A2)
i,j=0
u
. _ (33)
with u;; = EEji ,

where, following Refs. 21 and 22, we introduced notation for
the trace of four Pauli matrices:

@j) _

E,) =

ITr(eigle/m).

We will need only the following components of E /) that have

a simple block structure:2!?2

ml
A0 20 23
£00) | T 0 A1) | T 0 £33 | T 0
E —[o fo]’E —[o —f°:|’E —[o —# |
EOD [f

~1 21
0 A0y | T 0
0 fz]’ E7=10 22

. (33): - _u : _ —
Since Eij is diagonal, we have u;; = 5061‘51']' with g = a3 =
—0] = —0) = 1.

We use a similar decomposition for the polarization
operator,

3
184 — NN
(g, E) =v E Sim Ty Ty,

(A3a)
1,m=0
with
! AP pazar i)

Slm = ETI' (277,’)D Gp Tle_qu = Elm Pij (A3b)
and

Pij(q):< / dépr,,Gﬁ,,q> : (A3c)

F

where (. . .) p means averaging over the Fermi surface. Nonzero
components of P;; are only for subscripts (i, j) = (0,0), (1,1),
(0,1),(1,0), (3,3), and they can be straightforwardly calculated
as
E? A?
Po=7tYapr—a Pu=T1am o
EA

Py = Pp = ﬂfyqr

A2’ P33 =y,

with
Ya = <;> ~1—tXH(vrq?).  (Ad)
q 1+ 12 (vpq)?

Due to the block structure of the corresponding components

of El(;{ ), the 4 x 4 matrix § is composed of two independent

2 x 2 submatrices, [0, 1] and [2,3] blocks,

N
0 S

(A5)
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These blocks can be explicitly found:

Sa = t%(Poo + Piy) + 3 P33 + 22" Py,
Sp =" (Poo — P11) — 2 Pss.

Note that, due to the relation Pyy — P;; = Ps3, the component
S>, vanishes.
Equatlon for the Pauli-matrix components of the cooperon

oo A

(s)
G = rﬂa Cgp, rﬂ «, NOW takes the form

cy = S SuCy

1
i8ij
2“ iy
The matrix C (s) has the same block form as S meaning that this
4 x 4 system splits into two independent 2 x 2 subsystems,

which allows us to obtain analytical results:

) _ U -
Cy =70 =y
Ya qu2+A2 EA |
X{(l_z) Yoy e (e eid
(A6)

c“>=5{_1 0 } (A7)
B2l o0 -yt

We can see that C§S3)(q) equals half of the normal-state
cooperon,

1 1
Cl(@ = =Calq) = —— A8
3 (@ = 5Cil(@) = —— g (A8)
The singular part of Ci\s) forqg — Ois
2 1 1 E? + A? EA
oo 1 . R
AT e 120 T 2o T oA
u/2 EZETZM EZEAAZ
) 2 EA A? ’ (A9)
V) | -2 2o
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This allows us to present the cooperon components in the
following form:

€Y = Co(=A/EYY  (,j=0,1),
with

E2
E2 _ A2
Note that in the normal-state limit, A — 0, only the compo-
nents C(()Z) and C§S3) remain singular.

(O (s)
COO - C33 .

2. Calculation of s-wave Hikami boxes

Here, we present details of calculations of Hikami boxes
BY. defined by Eq. (19¢). In k space, Bm] are given by the

~inj
integrals

) d%k 4 R A
ij = / (27-[)D i (Gk)gn (Gk)gj (ex) (A10)

v/@gwﬁ@ﬁ®,

where giR'A are defined in Eq. (15a).

For example, the component B(()Sgo is given by the integral
(a

(S)
0()0 / E ( A)Z(EZ AZ)_&-Z]Z[(O[R)Z(EZ_

Performing integration and substituting o®-4

A)ZOlRE3

A?)—£2)
, see Eq. (17), we

obtain
B — Cimve? BME?— A 43i/27) ‘
2 (E2— A22(JVEZ = AZ+i/27)
As gf’A = (A/E)g(f’A, the components BEZ,‘ fori,m,j =0,1

are connected with the Bygy by the simple relation

B[(:;J — B(()?:))O(A/E)i+j+m.

.. (s) (s) :
Two remaining nonzero components, B;; and By, are given
by

B, (aA>E/Q@ £
= —V P
Bus o [~ (VE?= &%+ L) T[e* - (VEZ = A2 - 1))

and evaluation of the integral gives

B(();)g _ invET? ’

T 2WVET-A?
B,(;)),; _ gB(();)S _ iﬂVETZ Ez—Az—ZL—r
o 2VE? — A2 VE? — A2+ -

APPENDIX B: s-WAVE SUPERCONDUCTOR
WITH MAGNETIC IMPURITIES

1. Calculation of cooperon

In this appendix, we present computation details of the
cooperon for s-wave superconductor with Ising magnetic

impurities polarized along z axis. The equation for the
cooperon graphically presented in Fig. 5 is again given by
Eq. (A1) but the impurity line here is now composed by
potential and magnetic contributions:
“%gl = ursalfﬁ gt Unbaa,Opp,
with u,, = 1/(2rwvt,). In order to obtain the explicit expres-
sion for the cooperon, we follow the same route as in the case
of potential impurities. We again present the impurity line in
the form (A2), where the 4 x 4 matrix u;; is now given by
Ui
Uij = 551' i
Using this presentation and formulas for the polarization
function [see Egs. (A3a) and (A3b)], one can write the equation

33
u; = uEi(i ) U
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for the cooperon:
(sm) _ Ui (sm)
Cij = 58”‘ + VM,'S,'[CU .
To evaluate the matrix S;;, we again have to compute the

integrals P;; defined by Eq. (A3c) but accounting for scattering
from magnetic impurities. For nonzero components, we obtain

(BI)

ﬂ P” =TT ‘}7;
) = q
I} — 1 P -1

77— P33 =~ TV,
In% — 11
where n, is introduced by Eq. (24) and J,; can be ob-
tained from yq defined in Eq. (A4) by the replacement of
T with the energy-dependent quasiparticle relaxation time
Tgp = 1/(2Im/E% — A%). The useful expression for the latter
parameter is derived in Appendix B3:

Poo = m1gp ¥y

s

Por = mtgp¥q

|77+|2‘|‘1
—1

Equation (B1) for the cooperon again splits into two
independent 2 x 2 blocks:

1
tgp =~ + — with x

Tm | ny

e -

sat +2
Cy™ = 1aP +200B8BCY™,

where the blocks of the matrices 2 and S can be evaluated

as 4% = u/2) 2 + (un/2) 10, 2% = — (u/2) £ + (un/2) £°,
and

84 = £%(Po + P11) + £° P33 + 2¢'Re Py,

SB = ‘EO(P()Q — Pll) — ‘L“ P33 + 2l‘521mP()1.

Deriving relation

AA B o] X1 1
W““”M%%a+h>+(%+§)

] 1 Re
n (l_fz 4 _f1> 2_’7+]
t Tm n3 —1]

we can formally present €™ a

1 X1
C(Sm) 1— ~ oA 2
% TarYa 2T + 2T,

_ Rep R i U X
—rqpyqﬁ |:— 2+—r1]} 5(u13+umro).
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After some algebra, this expression can be transformed to a
much simpler form:

1/4mv 1 TpVax1 (1 1 .0
T llm 2 & 2))°
q m m
I tppq (1 1 .3
+E'7‘ﬁ z)|*
- Rem 1 LY.,

— ‘[qp)/q | 1| — — ‘L'_z T .

Similarly, in order to compute the block éj;‘“), we derive

relation
B & _ 1 X2\ -0 X2 1 .3
2UMBSB = ‘L'qp)/q [(Z-i‘E)T — E—FE T

<1 ~1 1 ~A2) Imn+
-t ——it" ) 55—
T Tm % — 1

with x, = (|n4]> — 1)/|n+ — 1|. This allows us to present a

eom

(B2)

solution for € gm) in the form

A 1 X2 X2
(sm) ~ ~0 ~
Cp™ = {|:1 — '(qp]/q(zt + —ztm)}r + rqpyq[(z
1 1 j I -
4 7?3 4 —fl _ sz 2mn+
27, T T ) Iny —1|

1
x E(—uf3 + u, t%).

After straightforward algebra, one can reduce it to

1/4mv {fo[i N X2TqpVq
I_quJ;q (1/T+X2/Tm) Tm 2

11 NERES A
xl——_— )= __praf - _
<12 t,%,)i| TI:‘L' 2 \72 12
1 1 Imn+
+itgpPet’ <— >—}
w4 2 m |77+_1|

2. Calculation of Hikami boxes

é(sm} —

(B3)

Let us calculate Hikami boxes (A10) in the case of
s-wave superconductor with magnetic impurities, i.e., using
the matrix Green’s function (22). For the component B(()%%l),
one finds

E*E_ vEXE_
B(()?)rg) B —v/dé £2 _ A2 ; 2+2 2 2 2 ~2Jr A2 "
[62 = (Rey/ £2 — AL +51) ]7[62 — (Rey/ £2 — A — 51-)7] [Re\/E — AL]S
[
with This integral can be easily evaluated for relevant values of u:
12 (k) = /~00 xPdx
oo X2 = (L4 i) P[x2 — (1 —ik)?] (4300
- 1 . M fOr 1=
k= 8k2(1+ik) |1, for pu=2

2tgpRe /E2 — A%
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Finally,

invrquﬂiﬂ—( -1+ —)

TpA+

(m — 132 /n2 =1

For the convenient representation of the remaining
components B;,;, we introduce notation ¢y = A /E, =

(sm) _
By =
000 )

PHYSICAL REVIEW B 85, 214507 (2012)

1/n+. When the subscripts are set to k,I,m =0,1,
one finds
2 2 L
B — m;f E2E_(|JE? — A% = ) oty

— A2 )3/2 /E2 AZ

Other nonzero components are

(
Byz \ _
By
(Rey/E — A}

and

BSY = ¢l B, BYY = ¢ BY fori = 0.1.

3. Quasiparticle relaxation time 74,

The  quasiparticle relaxation time  1/tg(E) =
2Im\/E3 — A% determines the value of diffusion constant
of quasiparticles in presence of magnetic impurities. In this
section, we derive a useful formula for this parameter. From

the definition of AJr, Eq. (23b), one obtains the relation

1/tqp(E) = 2Im[AR /2 — 1]

5 1 1
=2AImy/ny — 14+ - — —. (B4)
T Ty
Presenting the parameter n, as the sum of its real and
imaginary parts, n+ = n, +in;, we find Eq. (24) from the
following relation for the imaginary part:

1
N = _Ren—Jr
fmA 2 1

nx —

1 mRely/n% — 11+ ndm[/nF — 1]
T A Ing — 1| '

Using this result, the factor Im,/»n% — 1 in the right-hand side
of Eq. (B4) can be transformed as

2 2 172
Im /o2 —1 = N _ 1y +dmly/ny —1])
! Re./n? T % —1]

e/ ny—1 +
1 241
_ L (), Py

Substituting this result into Eq. (B4), we finally obtain the
presentation

1 24+
Ly Pt ©5)
T | +_1|

which was used in Appendix B1.

1/tgp(E) =

v | d& :
f 62— (Rey/E2 — A2 + L) T[¢7 -

_ vEs O _

E.g?
(RevE? — A? — #’qp)z]
invrcfp E.
> JB-R

APPENDIX C: TRACE OF FIVE PAULI MATRICES

First of all, let us symmetrize trace (19b) with respect to
two indices:

Let us recall that

2tk = §;0t% + 8ot — Sipdkot’

3
+ (1= 810) (1 = 8x0) [(mf" +i Ze,»k.ﬁ} :
s=1
P4 et =28;,;£0 4+ 28i0(87 — 8;0t°) + 280(2" — 8;0t?)
and write down the trace of three Pauli matrices:
LTe[£5278™] = 8,008k + Sk08mn + 8n08mi
— 28u06k0820 +  E0knm
(eiks and oy here are 3D and 4D Levi-Civita symbols).

A further step is the calculation of the trace of four Pauli
matrices:

1
—Tr[(t’ ) oto)Ak £ "]

1 gnpm
=S ETrI:(SJk 108k0) + (Sk()(l'] - SJO‘r ) "

3
+i 2 :SO_jksfonfm:|
s=0

= (1 - 8j0)[8jk8nm + ajmakn - 8jt1(8km - 28k03m0)
+ iSOjnm(Sk() + i80jkn‘smO + istkmanO]~

We used the relation

(27— 8;0t")"
3

= (5./” - S_iO(SHO)fO + SnO(fj - (Sjofo) +1i Z Eo_jnsfs
s=0
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and the expression for product of Levi-Civita symbols
3

> eojistosnm = (1= 8;0)(1 = 80)(8juSkm — 8jmben).
s=0

Finally, one finds the required symmetrized trace of five Pauli
matrices:

ITepipkpnemps 4 ¢ipkpnpmei]
= 8;j (8moSkn + 8k08mn + 8,08k —
+8i0(1 — 8;0)[8jk8nm + 8 jmbin — &
+1€0jnmOk0 + 1€0kn0m0 + 1€0jkmBno
+ 801 = 8i0)8ik8nm + 8imSikn — 8in(Sxm — 28k00m0)

+ isOinm(SkO + iSOikn3m0 + igOikm(snO] .

28m08k08n0 + iSOknm)

jn(Srm — 28k00m0)

APPENDIX D: d-WAVE SUPERCONDUCTORS

1. Calculation of d-wave cooperon

The cooperon corresponding to propagation of quasiparti-
cles for superconductors with d-wave symmetry of the order
parameters can be found from the same Eq. (Al) as it was
done above. We again employ its expansion in terms of Pauli
matrices [see Eq. (15b)]. The analogous expansion H),fffll =
[t 7, We apply also to the polarization function, the
only nonzero components of which are Iy, IT;;, and ITs3.

According to Refs. 15 and 16, only the diagonal com-
ponents of such cooperon are singular. Keeping only these
components, we find that they obey a relatively simple linear
system of equations:

(1 — uTl33)CSY — uTgCYY + ull; CSY =0,  (Dla)

(1 — ul33)CYY — uTlpClyY — ully €Y = u,  (DIb)
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(1 — uTl3)CSY 4 uTlgCHY — ully €Y =0, (Dle)
(1 — ul33)CSY 4 ullpCYY + ull; CY = 0. (D1d)
In accordance with Refs. 15 and 16, the ansatz

) =Y = - =y = ¢y (D2)

reduces the right-hand side of all four equations to (1 —
ull;;)Cq4. As we will see below, uIl;;(q,2) — 1forq,2 — 0
meaning that the relations (D2) correspond to the singular
eigenvector. Taking the linear combination of equations
(Dla)+ (D1b) + (Dl1c)-(D1d), we obtain

(1= ull)(C5Y + €80 + ¢ — ¢4 = u,

which gives

Ca(q) = (u/4)/[1 — ull;i(q,0)] . (D3)

We noticed, however, that this result is four times smaller than
the one reported in Refs. 15 and 16. A detailed presentation
of derivation given in Ref. 16 allows us to trace the origin
of this discrepancy. The authors of Ref. 16 obtained their
expression for Cyq by substitution of the relations (D2) between
the singular parts of Ci(isd) into Eq. (D1b), which led to Cq =
u/[1 —ull;;(g,0)]. This step, however, is problematic since
side by side w1tl} g\e smgu} ar parts, C;; D also contain regular
contributions: C;;” = o;C; " + ¢;, with o = —1;a; =1 for
i #2andc; are constants Substltutlng such presentation into
Eqg. (D1b), we immediately see that the constants ¢; contribute
to the nominator of Cy. As follows from the result (D3), this
contribution amounts to its four times reduction.

Let us pass to evaluation of the trace of the polarization
function:

E+(y—iQ/2)7+ £4_pEayp

I—I"’A(CI’S-Z)Z'/(ZH)2 (e+Q/2+lV)2—8q ][(6_9/2_17)2_8”1:]

with Q@ = dé/d E Q. Note that the vanishing of 1 — uIl;;(g,<2)
for q,©2 — 0 leading to diffusive behavior follows from
general identity

PO )
ull;;(0,0) = ———2 =1,

D5
2iy ©5)
which can be derived from the above definition of IT;;(g,<2).
The next step is to perform the expansion of the polarization
operator over ¢ up to quadratic term:

(v?) 1 + £arctan £
Y 14 qz (D6)

L 4 € arctan £
ety Y 14

ully;(g,0) —1=—

4_)/21n

with (v?) = (vf2 + vé)/2. For the trace of the polarization
operator at finite frequency and ¢ = 0, I1;;(0,€2), we derive

(D4)

the following relation:

T (E+3) -
Q+2iy

MH[,‘(O,Q) = —

AsReX = E — ¢, thedifference j (E + 2) — Sy (E — £)
can be represented as

DI E+Q X, | E 2 Qf1 dé 2i
— | = — — | ~ - ) =2i
0 2 0 2 dE 4
=Q—-Q—2iy,
leading to a very simple result for small €2:
I1;;(0,Q2) ~ 1 +iQ/2y.
Collecting terms, we obtain

ullii(q,Q) = 1+ 5,(2 — Dg?) D7)
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with energy-dependent diffusion coefficient

2 1+ € arctan £
D(E) = (; ) — (D8)
Y In m + m arctan 7

Its value for zero energy was first obtained in Refs. 15 and 16.
Substituting Eq. (D7) into Eq. (D3) and using relation y =
(r/2)uN,y 4 valid for all energies, we obtain the presentation
of the cooperon in Eq. (35) of the main text.

2. Calculation of d-wave Hikami boxes

In this appendix, we calculate the Hikami boxes for a
two-dimensional superconductor with d-wave symmetry of
the order parameter:

BY = / dR, / dR,GRR)G AR, + R)GH(Ry)

imj

_ d2k R A R
= / Gy O 0G(0G k).

The Green’s function for d-wave superconductor is determined
by Eq. (30), which we rewrite in the form

R,A gRAf'
G (e)= ————
k [E+iy) —¢}
with RA
80 Etiy
R.A
81 _ | Ak = veky
& £ 0 "
=v
g;i,A k fhx
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Hence the block B'Y. can be rewritten as

imj
=
_ dAy d 8 (Ak,sk)gA(Akka)gR(Ak,Sk)
v ] 2m 2 o2 (a7 + &) Pl (8] + )]

with @« =€ +iy. The only nonzero components are
B(()%)O,B((ﬂ)l,Bi%)l,B(l(i)o,B(()%,Bg%g,Bg)o and to get the explicit
expressions for them one has to carry out the integrals:

e [ s 8
2 21 02— (A2+ 82)]* [@2— (A2 + 82)]

with u = 0,2. Then the blocks B;,,; are expressed as

2 %
d a o
By = Na S,

fvg
*
(d) (d) (2)
B 01 — 8303 - —J,
fvg
d) __ ppd) _ () (d) @
8330_8()33_6011 —BIIO_N —J

UsUg

The integrals J* can be computed explicitly as

~ . \2 ~
J(O) — _l—z [ (G‘i:—ly) arctan i}
16w (€ +iy) €y €y 14
and
~ . \2 ~
JP = — : +(e—zy) arctanE
32mey €y
[€ — ty]
— _ J(O) *
T >
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