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Theory of optical properties of II-VI semiconductor quantum dots containing a single magnetic ion
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We present a microscopic theory of the magnetic field dependence of the optical properties of II–VI
semiconductor quantum dots containing a single magnetic (Mn) impurity. The single-particle electron and
heavy-hole states are described exactly by two-dimensional harmonic oscillators in a magnetic field, the Mn
ion is treated as a spin of an isoelectronic impurity, and the quantum dot anisotropy is included perturbatively.
The electron-hole direct, short-, and long-range exchange electron-hole Coulomb interactions, as well as the
short-range spin-spin contact exchange interaction of the electron and the hole with the magnetic impurity is
included. The electron-hole-Mn states are expanded in a finite number of configurations controlled by the number
of confined electronic quantum dot shells and the full interacting Hamiltonian is diagonalized numerically in this
basis. The absorption and emission spectrum is predicted as a function of photon energy, magnetic field, number
of confined shells, and anisotropy. It is shown that the magnetic-field-induced enhancement of the exchange
interaction of the Mn spin with the exciton is largely canceled by increased electron-hole Coulomb interactions.
The predicted weak magnetic field dependence of the spacing of emission lines agrees well with the results of the
spin model at low magnetic fields but differs at higher magnetic fields. Correlations in the exciton-Mn complex
are predicted to determine absorption spectra.
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I. INTRODUCTION

There is currently interest in developing control over single
spins in solid-state systems,1–10 including the spin of a single
manganese (Mn) ion in CdTe11,12 semiconductor quantum
dots.10,13–17 The Mn ion with the magnetic moment M = 5/2
has been detected by observation of a characteristic excitonic
emission spectrum consisting of six emission lines related to
the 2M + 1 = 6 quantum states of Mn.10,16,18,19 The excitonic
emission spectrum has been explained on the basis of a spin
model where the exciton fine structure is represented by a
single electron and valence hole spin interacting with the spin
of the Mn ion.10,15–20 In the spin model there are no correlations
between the electron and the hole, and the electron spin-Mn
spin and hole spin-Mn spin exchange are treated as constants.
By applying a strong magnetic field we modify the electron
and hole energy levels and wave functions. By increasingly
localizing the electron and hole wave function in the quantum
dot, one expects to increase the strength of electron(hole)-
Mn exchange interaction and hence significantly modify the
optical properties of semimagnetic quantum dots. However,
recent experiments10,19,20 indicate that the emission properties
do not change significantly with the magnetic field and can be
described by a magnetic-field-independent spin model.

To address this puzzle we develop here a microscopic
theory of correlated electron-hole complexes which allows
one to calculate the emission and absorption spectrum of
quantum dots containing a single magnetic ion in a strong
magnetic field. We demonstrate that while the magnetic field
enhances the interaction of exciton (X) with the Mn ion
leading to a magnetic field-induced increase in the spacing
of emission peaks, the magnetic field-induced increase of
Coulomb interactions and correlations in the X-Mn system

cancel the increase in the X-Mn coupling. This cancellation
makes the spin model superficially agree with the experiment.

Theory of electronic correlations in quantum dots with Mn
ions has been developed already, including transport,13,21,22

tuning of the QD magnetization by changing the number
of carriers,23–28 and theory of far-infrared spectroscopy.29,30

The theory of optical properties and coherent control was
also developed but without the simultaneous inclusion of
electron and hole shell structure, electron-hole correlations,
quantum dot anisotropy, electron-hole exchange, and magnetic
field.18,31–33

In our previous work34 a fully microscopic model of
exciton35,36 coupled to the Mn ion has been developed. A
quantum interference (QI) effect between the electron-hole
Coulomb scattering and the scattering by the Mn ion was
predicted to significantly affect the exciton-Mn coupling and
emission and absorption spectra. In parallel, a theory of
exciton fine structure in an arbitrary magnetic field37 extended
the theory of an exciton in a magnetic field presented in
Refs. 38–40.

Here we extend the microscopic model of the exciton-Mn
system presented previously by us in Ref. 34 to high magnetic
fields. Using exact diagonalization techniques for the exciton-
Mn Hamiltonian we predict the evolution of the absorption
and emission spectra with the magnetic field for quantum dots
with different shell structure, anisotropy, and Mn-ion position.
This allows one to predict the signature of the Mn ion in the
absorption spectra of excited quantum dot shells as well as
to compare the emission spectrum from a correlated X-Mn
complex with the simplified spin model.

The paper is organized as follows. Section II describes
the model of the quantum dot and its single-particle states.
Section III describes an exciton confined in a QD and its
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interaction with the Mn impurity. Section IV derives the
spin model Hamiltonian, while Sec. V explains emission
and absorption calculations. Results and their discussion are
presented in Sec. VI. A summary is contained in Sec. VII.

II. THE MODEL AND THE SINGLE-PARTICLE
SPECTRUM

We study a quasi-two-dimensional anisotropic parabolic
quantum dot in a perpendicular magnetic field41,42 in the
effective-mass approximation (EMA). We divide the confining
potential into the isotropic, parabolic part and the anisotropic
correction. The isotropic two-dimensional parabolic potential
was shown to be a good approximation for the self-assembled
QDs,38–40 while the effects of the anisotropy are visible in the
exciton fine structure43 and the splitting of the p shell.44 The
strain in QDs splits the light- and heavy-hole states at the top
of the valence band.45 This allows us to neglect the light holes
and consider the heavy holes only with spin projection on the
growth axis τhh = ±3/2.

In what follows, the energy is measured in effective
Rydbergs (R∗ = m∗e4/2ε2h̄2), and distances in Bohr radius
(aB = εh̄2/m∗

ee
2), where m∗

e is the effective mass of the
electron, e is the electron charge, ε is the dielectric constant of
the material, and h̄ is the reduced Planck constant.

We define our basis in terms of eigenstates of the isotropic
parabolic quantum dot. The envelope functions |iσ 〉(|jτ 〉) are
single-particle states of the electron (hole) in an isotropic
parabolic confining potential with characteristic frequency
�

e(h)
0 in the presence of a magnetic field perpendicular to

the plane of the quantum dot.40–42 Index i(j ) denotes here
the set of harmonic oscillator (HO) numbers i = {n+,n−}.
It corresponds to the eigenenergy εe(h)

n+n−σ = �
e(h)
+ (n+ +

1
2 ) + �

e(h)
− (n− + 1

2 ) + ge(h)μBBσ ,38,41 where �
e(h)
± = �

e(h)
h ±

1
2�e(h)

c and the hybrid frequency �
e(h)
h =

√
�

e(h)
0

2 + 1
4�

e(h)
c

2

and cyclotron energy �e(h)
c = eB/m∗

e(h)c (with c being the
speed of light) are expressed in Rydbergs.

III. THE CORRELATED EXCITON-Mn MODEL

A. Exciton

The correlated exciton-Mn system without the magnetic
field was described by us in Ref. 34. The exciton in a magnetic
field, including the electron-hole exchange and anisotropy was
discussed in Ref. 37. For completeness we summarize here
the basic theoretical steps. We start with the electron-hole
Hamiltonian in the isotropic parabolic quantum dot with
single-particle HO states i, energies ε

e(h)
i,τ , and only direct

Coulomb interaction matrix elements46,47 〈i,j |V |k,l〉 in the
form

ĤEH =
∑
i,τ

εh
i,τ h

+
i,τ hi,τ +

∑
i,σ

εe
i,σ c+

i,σ ci,σ

−
∑

ijkl,σ τ

〈i,j |V |k,l〉c+
iσ h+

jτ hkτ clσ , (1)

where h+
iτ (c+

iσ ) and hiτ (ciσ ) create and annihilate the hole
(electron) on the orbital i with the spin τ (σ ).

The Hamiltonian of an exciton in a QD with an isotropic
confining potential commutes with both the exciton angular
momentum L = ne

+ − ne
− + nh

− − nh
+ and spin operators. We

construct electron-hole configurations for each total angular
momentum L in the form |L; ij 〉 = h+

i c+
j |vac〉.

In each L subspace and for each value of the magnetic
field B the Hamiltonian matrices (1) are built and diago-
nalized numerically. This gives a set of eigenstates in the
form of linear combinations of basis configurations: |XL

k 〉 =∑NL

(ij ) A
(k)
L;ij |L; ij 〉 with energy EL

k , where k = 1, . . . ,NL, and

NL is the size of the basis with angular momentum L, and A
(k)
L;ij

is the amplitude of configuration |L; ij 〉 in state |XL
k 〉. Each

of these states is fourfold degenerate due to the four possible
electron and hole spin alignments. The coefficients A

(k)
L;ij as

well as the exciton energies depend on the magnetic field B,
and are evaluated for each B separately. All angular momenta
and spin states are needed because the electron-hole exchange
as well as the exciton interaction with the Mn ion mixes X

states with different angular momenta and spins.

B. Electron-hole exchange, anisotropy, and coupling
of exciton with Mn ion

We now include the electron-hole exchange,43,48–52 the
quantum dot anisotropy, and the exchange interaction of
electron (hole) with the Mn ion. The interacting electron-hole-
Mn system is described by the Hamiltonian32

HX = HEH + HEHX + Hanis + HZeeman + Hh-Mn + He-Mn.

(2)

The first term is the electron-hole Hamiltonian HEH (1) dis-
cussed above. The second term is the electron-hole exchange
term in the magnetic field37

HEHX =
∑

ijklσσ ′ττ ′
〈iσ,jτ |V X

eh|kτ ′,lσ ′〉c+
iσ h+

jτ hkτ ′clσ ′ .

The third is the anisotropic potential term Hanis =∑
ijτ thijh

+
iτ hjτ + ∑

ijσ teij c
+
iσ ciσ , which breaks the cylindrical

symmetry of the quantum dot and mixes the single-particle
states with different angular momenta. In Ref. 37 we have
presented details of our treatment of the electron-hole ex-
change and anisotropy in the magnetic field. Here let us only
state that the effect of anisotropy is included by allowing
for the parabolic potentials in the x,y directions to be
different. The characteristic frequency of the cylindrically
symmetric component of the parabolic confinement can now
be expressed in terms of two confinement frequencies as
�2

0,e(h) = 1
2 (�2

x,e(h) + �2
y,e(h)), while the anisotropic compo-

nent t
e(h)
ij is proportional to the anisotropy parameter γe(h) =

(�2
x,e(h) − �2

y,e(h))/(�2
x,e(h) + �2

y,e(h)).
The fourth term is the Zeeman energy of the magnetic

ion, the hole, and the electron HZeeman = gMnμBBMZ +
geμBBSZ + ghμBBjZ , where gMn, ge, and gh are the Mn ion,
electron, and hole Landé g factors, respectively, and μB is the
Bohr magneton. MZ , SZ , and jZ are the Mn-, electron-, and
heavy-hole-spin z projections, respectively.
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The hole-Mn Hamiltonian

Hh-Mn =
∑
i,j

3J h
ij (R)

2
[(h+

i,⇑hj,⇑ − h+
i,⇓hj,⇓)MZ] (3)

describes the scattering of the hole by the Mn ion at position R,
while conserving the hole spin. J h

ij (R) is the hole-Mn exchange
matrix element leading to the scattering of a hole from state i

to state j by the Mn ion at position R,23,32 defined as J h
ij (R) =

J h
2D�∗

i (R)�j (R), where J h
2D = 2J h

(0)/d, with J h
(0) being the

bulk hole-Mn coupling constant and d the height of the QD.
This scattering process does depend on the state MZ of the
Mn spin as well as on R. The electron-Mn interaction term is
similar to the hole-Mn scattering term except for the sign and
the additional spin-flipping term

He-Mn = −
∑
i,j

J e
ij (R)

2
[(c+

i,↑cj,↑ − c+
i,↓cj,↓)MZ + c+

i,↓cj,↑M+

+ c+
i,↑cj,↓M−]. (4)

C. Exciton-Mn basis

Having calculated the excitonic states |XL
k 〉, one generates

the X-Mn basis states by multiplying each excitonic state by
the electron-hole spin-wave function |σ,τ 〉 and by the Mn spin-
wave function |MZ〉 with MZ = ±5/2, ± 3/2, ± 1/2. Thus,
the X-Mn basis configurations are of the form |XL

k ,τσ,MZ〉 =
|XL

k 〉 ⊗ |τσ 〉 ⊗ |MZ〉.
The nonzero elements of the e-Mn Hamiltonian (4) consist

of two parts: one is an Ising-like interaction leaving the electron
and Mn spins unchanged, and the second, flipping the Mn
spin with simultaneous flipping of the electron spin to leave
MZ + SZ constant. The Ising-like terms of the electron-Mn
interaction written in the basis of correlated exciton states take
the form〈

XL
r ↓⇑,MZ

∣∣Ĥe−Mn

∣∣XL′
s ⇑↓,MZ

〉

=
NL∑
(ij )

NL′∑
(kl)

A∗r
L;ijA

s
L′;kl〈ijL ↓⇑,MZ|Ĥe−Mn|klL

′ ⇑↓ ,MZ〉

=
NL∑
(ij )

NL′∑
(kl)

A∗r
L;ijA

s
L′;kl

J e
i,l( �R)

2
MZ = 1

2
J e,eff

r,s ( �R)MZ, (5)

where J e,eff
r,s ( �R) = ∑NL

(ij )

∑NL′
(kl) A∗r

L;ijA
s
L′;klJ

e
i,l( �R) is the effec-

tive coupling constant constructed as a combination of single-
particle exchange-coupling constants J e

i,l( �R) weighted by their
probability in the exciton wave function. All elements building
the effective coupling constant, the wave function coefficients
Ar

L;ij and the single-orbital coupling constants J e
i,l( �R), depend

on the magnetic field. The matrix element of the electron-Mn
Hamiltonian (4) reverses sign with reversed electron spin of
an electron, e.g., |XL′

s ⇑↑,MZ〉.
The spin-flipping matrix elements take the form
〈
XL

r ↓⇑,MZ

∣∣Ĥe−Mn

∣∣XL′
s ⇑↑,M ′

Z

〉

=
NL∑
(ij )

NL′∑
(kl)

A∗r
L;ijA

s
L′;kl〈ijL ↓⇑,MZ|Ĥe−Mn|klL

′ ⇑↑,M ′
Z〉

= −
NL∑
(ij )

NL′∑
(kl)

A∗r
L;ijA

s
L′;kl

J e
i,l( �R)

2
〈MZ|M+|M ′

Z〉

= −1

2
J e,eff

r,s ( �R)〈MZ|M+|M ′
Z〉. (6)

The Hamiltonian Ĥh−Mn (3) has only the Ising elements similar
to diagonal elements for Ĥe−Mn and will be analyzed in detail
later on.

We see that the magnetic-field dependence of the effective
exchange constants J e,eff is due to the magnetic field depen-
dence of exchange couplings J e

i,l( �R) of orbitals i,l and their
occupation A∗r

L;ijA
s
L′;kl in the correlated exciton state. Both of

these contributions change as the magnetic field is varied.

IV. SPIN MODEL OF THE X-Mn COMPLEX

If we retain only the lowest single-particle level for the
electron and the hole, then the correlated model of the X-Mn
system (discussed in Sec. III) can be reduced to the simple
spin model,10,20,32 with the following Hamiltonian:

H = gMnμB
�B · �M + geμB

�B · �σ + ghμBBzjz

− J e(R)�σ · �M + J h(R)jzMZ + HEHX, (7)

where �M , �σ , and �j are the Mn, electron, and hole spin
operators, respectively. The first three terms represent the
Zeeman energies of the magnetic ion, the electron, and the
hole, respectively, and J e(h) = J

e(h)
00 (R) is the electron (hole)

lowest single-particle state exchange coupling to the Mn ion at
the position R, replaced by a phenomenological constant J e(h).
The last term represents the electron-hole exchange, which in
the basis of exciton states (| + 1〉,| − 1〉,| + 2〉,| − 2〉) can be
written as

HEHX = 1

2

⎛
⎜⎜⎜⎝

�0 �1 0 0
�1 �0 0 0
0 0 −�0 �2

0 0 �2 −�0

⎞
⎟⎟⎟⎠ . (8)

The electron-hole interaction is parametrized by the bright-
dark exciton splitting �0 and the anisotropic exchange splitting
of the bright (�1) and dark (�2) exciton states. In the spin
model all the exchange constants are parametrized at B = 0
and the dependence on the magnetic field enters only through
the Zeeman terms.

V. ABSORPTION AND EMISSION SPECTRA

Having obtained the eigenenergies and eigenfunctions of
the electron-hole pair in the presence of the Mn ion, one can
calculate the absorption and emission spectra from Fermi’s
golden rule:

I±
ε (ω) =

∑
f

∑
i

Pi |〈f |P̂ ±
ε |i〉|2δ(Ei − Ef ± ω), (9)

where |i〉 (|f 〉) is the initial (final) state with corresponding
energy Ei (Ef ), Pi is the probability of initial state occupation:
Pi = exp{− Ei

kT
}/PSUM, with PSUM = ∑

i exp{− Ei

kT
}, k is the

Boltzmann constant and T temperature, while the interband
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polarization operator P̂ ±
ε annihilates (−) or creates ( + ) one

electron-hole pair from the initial state with simultaneous
emission (−) or absorption ( + ) of the photon with polarization
ε. Depending on the spin σ,τ of removed particles, emitted
photons have polarization ε = σ+ (P̂ −

σ+ = ∑
i ci↓hi⇑), or ε =

σ− (P̂ −
σ− = ∑

i ci↑hi⇓) polarization.
In the calculations of emission and absorption spectra,

Eq. (9), we assumed temperature much lower than the band
gap of CdTe which assures that the conduction and valence
band are empty of carriers in the absence of optical excitation.
This implies that the initial states |i〉 in the emission spectra
are the states of the interacting photoexcited exciton and a Mn
ion (each of them being a linear combination of |XL

k ,τσ,MZ〉
configurations), thermally populated with probability Pi . In
the final state |f 〉 we have an emitted photon and the Mn
ion in any of its excited states |MZ〉 with no carriers in the
conduction and valence band due to the low temperature.
Note that the interband polarization operator P −

ε annihilates
an electron-hole pair in the initial state without changing the
Mn |MZ〉 state. Since the Mn state does not change, the Mn
Zeeman energy does not contribute to the energy of the emitted
photon.

On the other hand, in the calculations of the absorption
spectra the initial states are the thermally populated states
|MZ〉 of the Mn ion in empty QD. The final states are all
excited states of the exciton-Mn complex.

The main difference between absorption and emission
occurs through the probability of occupation of the initial state
Pi . In the absorption there are only six initial |MZ〉 states
thermally populated depending on the Mn Zeeman splitting,
while there is a large number of final states for each MZ

visible in the absorption spectra. On the other hand, in the
emission process there are many X-Mn states; however, at low
temperature only low-energy states are occupied, resulting in
the visible emission only from the lowest excitonic shell.

VI. RESULTS AND DISCUSSION

Here we illustrate the impact of correlations and the
magnetic field on the absorption and emission spectra of a
model quantum dot. Recent experiments and theory34 indicate
that in the CdTe quantum dots there are at least three confined
electronic shells s, p, and d, and that the presence of these
shells leads to qualitatively different effects, such as the
quantum interference in the electronic structure of the X-Mn
complex at B = 0. Hence all calculations were performed
for CdTe quantum dots with s; s,p and s,p,d shells with
the following parameters:11,23,32,34 R∗ = 12.11 meV, aB =
5.61 nm, and ε = 10.6, where the s-p spacing is given by
�h + �e = 30 meV, while �e = 4�h. The electron-Mn and
hole-Mn bulk coupling constants are J h

(0) = 60 meV nm3 and
J e

(0) = 15 meV nm3. The height of the QD is assumed to be
d = 2.56 nm with manganese impurity in the center (R = 0).
The Mn Landé factors are ge = −0.7, gh = 0.38, gMn = 2, for
the electron, the hole, and the Mn, respectively.

The electron-hole interaction is parametrized by the bright-
dark exciton splitting �0 = 0.5 meV, the bright exciton split-
ting �1 = 0.16 meV, as well as the dark exciton splitting �2 =
0 meV. Figure 1 shows the results of calculated absorption

FIG. 1. (Color online) Magnetic field evolution of the absorption
spectra calculated in a spin model (a) and correlated exciton model (b)
which includes s, p, and d single-particle shells and small anisotropy
of the QD confining potential (γ = 0.33). In both QDs single-particle
energies ωe + ωh = 30 meV; ωe/ωh = 4. Electron-hole exchange
parameters as well as anisotropy parameters are chosen for SPD-
correlated models to lead to bright exciton splitting �1 = 0.16 meV
and bright-dark exciton splitting �0 = 0.5 meV. �1 and �0 are the
parameters in the spin and s-shell models. Calculations are done for
temperature of 75 K. The thickness of the lines represents the heights
of the absorption peaks at a given energy.

spectra in the (a) correlated exciton-Mn model with SPD

shells, and (b) the spin model. The red dots (blue empty
squares) correspond to the absorption of the σ− (σ+) photons.

The correlated exciton-Mn SPD model is described in
Sec. III. In the first step the excitonic Hamiltonian (1) is
diagonalized in the basis of electron-hole configurations built
out of the orbital states of three single-particle shells s, p,
and d. Next, each exciton state is multiplied by all electron,
hole, and Mn spin states. In the next step we limit our basis
to correlated exciton states with energies below the energy
cutoff Ec, which is varied to assure convergence of numerical
results. In Fig. 1 we show the results of the diagonalization of
the exciton-Mn Hamiltonian (2) with Ec = 6.19R∗, the energy
cutoff defined by the energy of the electron-hole configuration
with both carriers on the d shell and a total of Nc = 768 basis
states. We note that due to the electron-hole exchange and the
presence of Mn impurity all the correlated exciton-Mn basis
states are coupled. As shown in Refs. 34 and 35, the essential
configurations included in our basis involve electrons and holes
on the s shell (SS configurations), electrons (holes) on the s

shell and holes (electrons) on the d shell (SD configurations),
and electrons and holes on the p shell (PP configurations).

From Fig. 1(a) we see that the absorption consists of three
groups of lines corresponding to the absorption into the s
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shell, p shell, and d shell. The p-shell absorption consists of
lower-energy transitions involving SD configurations activated
by the Coulomb interactions34,35 and higher-energy PP states.
The SD transitions correspond to zero angular momentum
states and evolve in parallel with the emission from the
s-shell states. The PP transitions are split by the Coulomb
interactions and anisotropy, with the upper branch crossing the
transitions associated with the d shell. All excitonic transitions
are “dressed” by the electron, hole, and Mn spin states. By
contrast, the absorption in the spin model covers only the s

shell. The number of absorption lines in this energy range is
equal to the number of absorption lines in the correlated exciton
model; however, the spin model predicts only a linear magnetic
field dependence through the Zeeman coupling. Hence, the
correlated exciton model is necessary for the description of
the higher-energy part of the absorption spectra. Coupling of
X with the Mn ion results in a characteristic absorption pattern
allowing for the verification of the presence of the Mn ion in
a quantum dot.

We now turn to the discussion of the emission spectra
from the s shell. Figure 2 compares the magnetic field
evolution of the emission spectra calculated using different
approximate models for the two circular polarizations. Panels
show the calculated emission spectra in increasing degree
of accuracy: (a) the spin model; (b) the s-shell model, with
electron-hole configurations restricted to the s shell but with

FIG. 2. (Color online) Magnetic field evolution of the emission
spectra calculated using different models: (a) spin model, (b) s-shell
model, (c) SPD-correlated exciton model, neglecting the scattering by
Mn, and (d) full SPD-correlated exciton model. Parameters of all the
QDs are the same as for Fig. 1. The thickness of the lines represents
the heights of the absorption peaks at a given energy.

microscopic form of exciton-Mn interaction; (c) the SPD-
correlated exciton model, with SS, SD, and DD configurations
as described above, but with Mn not allowed to mix different
electronic configurations [i = j in the He-Mn (4) and Hh-Mn

(3) part of the Hamiltonian]; and (d) the SPD-correlated
exciton model including scattering by Mn as a spin-dependent
impurity.

The emission spectra are different for the two polarizations
and vary depending on different models used. Let us recall
that there are Nc = 24 low-energy X-Mn configurations. In
the spectra predicted by each model there are, however, six
dominant emission lines for each polarization. At model-
specific characteristic values of the magnetic field more
features are visible due to anticrossings of emission lines.

In the spin model the only magnetic field dependence is
linear through the Zeeman term. We note that current emission
experiments combine the spin model spectra as shown here
with an ad hoc diamagnetic term in order to fit the experimental
spectra.19,20 In the s-shell model the magnetic field dependence
enters through the magnetic field dependence of the electron
and hole s-shell energy levels, their Coulomb attraction, and
through the magnetic field dependence of the e-Mn and h-Mn
exchange-coupling constants J

e(h)
00,00(R). The exchange cou-

pling of the hole in the s shell and for the Mn ion in the center23

J h
00,00(0) = J h

2D
1

2π
1

leh
2 is inversely proportional to the area of the

quantum dot, with explicit dependence on the magnetic field

given by J h
00,00(0) = J h

2D
1

2π

√
(�e

0)2 + 1
4 (�e

c)2.J e(h)
00,00 increases

with the magnetic field due to squeezing of the wave function
toward the center of the QD. The rate of change with the
magnetic field depends on the ratio of the hole cyclotron energy
to the energy spacing of hole electronic shells.

Figure 2(c) shows the calculated excitonic emission spec-
trum with the correlated exciton state built out of the s, p,
and d shells. The interaction of the exciton with the Mn ion
does not allow for the scattering by Mn as impurity. The final
result is a slight decrease of the splitting of the emission
lines in zero magnetic field due to a decreased occupation
of the lowest-energy s-shell configuration in the exciton wave
function and an increased population of p-shell orbitals which
do not couple to Mn. This leads to a decrease of the J

h,eff
GS

and hence the effective magnetic field produced by the spin
of the valence hole. However, inclusion of scattering by Mn,
described previously in Ref. 34, leads to the QI effect. As
calculated here, QI results in a significant decrease of the
splitting of the emission lines as a function of the magnetic
field, as shown in Fig. 2(d). Together with the decrease of the
effective field produced by the hole, the electron-hole exchange
becomes more visible in the emission spectra, since its strength
becomes comparable to the exciton-Mn exchange coupling
(�1 = 0.16 meV vs an average splitting of emission lines in
the SPD model of 1

2 [J e
GS(0) + 3J h

GS(0)] = 0.38 meV at zero
magnetic field).

Details of the σ+ emission spectra in the spin model and
in the correlated exciton model for two selected values of
B, B = 0, and B = 5T , are shown in Fig. 3. The magnetic
field B = 5T was chosen since for this magnetic field most of
the anticrossings take place in the emission spectra shown in
Fig. 2(d). The predicted line shape of the correlated exciton
emission spectrum at B = 0 is similar to the spin model
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FIG. 3. (Color online) Comparison between calculated emission
spectra in spin (left) and correlated exciton models (right) for zero
magnetic field (upper panel) and magnetic field B = 5 T (lower panel)
with the same parameters as for Fig. 1. Both models predict a splitting
of the excitonic emission line into six X-Mn emission lines due to the
interaction of the exciton with Mn; however, the quantitative splitting
between lines is much different in these models. In the SPD model
at B = 5 T there are more emission lines, since this is the magnetic
field for which most of the anticrossings takes place in this model.

spectrum. The main difference is that the spacing of emission
peaks is approximately half of the spacing in the spin model.
However, the correlated exciton spectrum at B = 5T is very
different compared to the spin model. This is because the
anticrossings of emission lines in the correlated model take
place at a much smaller magnetic field, which is visible
in Fig. 3, since the correlated exciton model leads to a
smaller exchange coupling with Mn. The central crossing
(subspace MZ + SZ = 0) takes place at B = 5.25T for the
SPD-correlated model instead of B = 7.6T in the spin model.
Hence the magnetic fields where crossings occur are a sensitive
measure of the approximate model used.

Figure 4 identifies different emission peaks in the σ−
polarization (upper panel) and compares the σ− emission
spectrum with the calculated σ+ emission spectrum (lower
panel) for a magnetic field B = 5T . The σ− polarization
spectrum has a very rich structure at this magnetic field. Peaks
are labeled according to the final-state Mn spin projection.
Since all of the anticrossings appear for that field, most of
the peaks split into two. There are two exceptions: first peak
with MZ = 5/2 coming from the subspace with MZ + SZ = 3
which does not couple to any state through the spin-flip part
of He-Mn Hamiltonian, and the state with the final MZ = −1/2
which appears three times in the σ− polarization spectrum. The
reason for that is the electron-hole exchange mixing between
this state, | ⇑↓,MZ = −1/2〉, in σ− polarization and state

| ⇓↑ ,MZ = −1/2〉 in σ+ polarization. This mixing is also
visible on the lower panel of Fig. 4 since the emission line with
MZ = −1/2 is split into two lines having the same energy as
the two lines in the σ− polarization spectrum. We see that the
σ+ emission spectrum is much simpler, due to the lack of the
anticrossings between emission lines. This spectrum is also
qualitatively similar to the emission spectra in the absence
of the magnetic field for both polarizations with the only
difference being the splitting of the MZ = −1/2 emission line.

Let us now discuss the magnetic field evolution of the
spacing of the peaks in the emission spectra shown in Fig. 2.
We will discuss the average splitting of emission lines in
σ+ and σ− polarizations. The spin model assumes that the
electron-Mn, hole-Mn, and electron-hole exchange constants
do not change with the magnetic field. Since in the emission
process the initial and final states correspond to the same
MZ state of the Mn ion, the Zeeman energy cancels out
and the spacing of the emission peaks shown in Fig. 5 in
black does not change with the magnetic field. However, as
discussed earlier the hole-Mn exchange coupling J h

00,00(0) =
J h

2D
1

2π

√
(�e

0)2 + 1
4 (�e

c)2 increases with the magnetic field. The
splitting of the emission lines is directly proportional to the
hole-Mn exchange coupling. Figure 5 shows the magnetic
field dependence of the splitting of the emission lines based
on the analytical expression for J h

00,00(0)(B) and on numerical
calculation of the spacing of the emission peaks in the s-shell
model (green dotted line and green empty dots, respectively).

FIG. 4. (Color online) Comparison between calculated emission
spectra in the correlated exciton model in σ− (upper panel) and σ+
(lower panel) polarization for a small magnetic field B = 5 T with
the same parameters as for Figs. 1 and 3.
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FIG. 5. (Color online) Magnetic field evolution of the average
splitting of the emission lines calculated in different models: spin
model, s-shell, and SPD model with and without Mn scattering. The
in-between line spacing is calculated analytically as 1

2 (J e,eff
GS + 3J

h,eff
GS )

(solid, dashed, or dotted lines) based on the expectation values of
Hh-Mn and He-Mn in the exciton’s ground-state wave function (Ref. 34)
and as an average splitting of emission lines from both σ+ and σ−
polarization calculated based on numerical emission spectra shown
in Fig. 2 (symbols).

When we allow for the Coulomb scattering of the electron
and hole to s, p, and d shells the ground state of the exciton in
a magnetic field becomes a linear combination of the electron-
hole configurations34

|GS〉 = Ass(B)|SS〉 + App(B)|PP 〉 − Asd (B)|SD〉 + · · · ,
where |SS〉 is the lowest exciton configuration with both
carriers on the s shell, |PP 〉 is the bright p-shell Jacobi
coordinate35 |PP 〉 = 1/

√
2(|10,10〉 + |01,01〉), and |SD〉 is

the linear combination of the configurations with one carrier on
the s shell and the other on the state of the d shell with angular
momentum equal to zero: |SD〉 = 1/

√
2(|00,11〉 + |11,00〉).

The magnetic field B changes both the energies of the HO
states38,39 as well as increases electron-hole Coulomb interac-
tions. This changes the probabilities Ass(B),App(B),Asd (B)
of occupation of the single-particle levels with increasing
magnetic field and modifies the strength of exchange coupling
of the electron and hole spin with the spin of the Mn ion.
The Mn ion acts as an impurity and scatters carriers among
single-particle states. With this scattering turned off, the

resulting splitting of emission lines, calculated numerically,
is shown in Fig. 5 as magenta squares. We see that in zero
magnetic field there is a slight decrease of the emission
line splitting due to the decreased population of the lowest
exciton configuration and transfer of this probability to
higher-energy configurations. The splitting increases with the
magnetic field, but the correlations in the excitonic wave
function lead to a decrease of the rate of increase of the
peak splitting. For each magnetic field it is possible to
calculate semianalytically the effective exciton-Mn interaction
(emission line splitting) as 1

2 (J e,eff
GS + 3J

h,eff
GS ) using the exciton

ground-state wave function in Eq. (5). In Fig. 5 we show these
calculations with the red dot-dashed line which shows only
a slight deviation from the full numerical calculations. This
deviation is due to the fact that the semianalytical solution
does not include the anisotropy of the QD, electron-hole
exchange, or interaction with higher exciton states. However,
it is instructive to see that this simplified calculation gives
qualitatively the same result as a complicated numerical
calculation.

The splitting of emission lines calculated in the SPD model
accounting for the scattering by the Mn ion is shown as the
blue solid line and light-blue empty squares (analytical and
numerical calculations, respectively) in Fig. 5. The quantum
interference effect causes a significant decrease of the splitting
of the emission lines34 due to the reduction of the effective
magnetic field produced by the hole, leading to the “ex-
change” splitting of different MZ states: 〈Hh-Mn〉 = 〈MZ|〈↓⇑
|〈GS|Hh-Mn|GS〉| ⇑↓〉|MZ〉. To reduce the hole exchange field
both the electron-hole Coulomb interaction, leading to the
presence of SD configuration in the excitonic ground state, as
well as the scattering by the Mn impurity have to be present
simultaneously.

Comparison between the green, dotted and blue, solid
lines shows that not only the magnitude of the splitting
decreases, but that correlations lead to the decrease of the
rate of growth of the splitting with increasing magnetic field.
Current experiments probe the emission spectrum of CdTe
quantum dots in magnetic fields up to 30 T. As can be seen
from Fig. 5, the magnetic field dependence of the splitting of
the emission peaks is weak in this magnetic field range. Much
higher magnetic fields, of the order of 100 T, are required to
distinguish the different theoretical treatments of the emission
spectrum.

VII. SUMMARY

In summary, we presented a microscopic theory which can
be used to describe the magnetic field dependence of the
optical properties of semimagnetic semiconductor quantum
dots containing a single magnetic impurity, Mn, as a function of
quantum dot shell structure, anisotropy, and impurity position.
All direct, short-, and long-range exchange electron-hole
Coulomb interactions as well as the electron and hole exchange
interaction with the magnetic impurity were included. The
absorption and emission spectrum is predicted as a function
of the photon energy, magnetic field, quantum dot shell
structure, and anisotropy. The results of calculated absorption
and emission spectra as a function of the magnetic field up to
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100 T were presented for slightly elliptical quantum dots with a
single Mn ion in the center. It was shown that the electron-hole
correlations and scattering by the Mn ion play a significant
role in determining optical properties. In particular, it was
shown that while the magnetic field enhances the interaction
of exciton with the Mn ion leading to a magnetic-field-induced
increase in the spacing of emission peaks, the magnetic-field-
induced increase of Coulomb interactions and correlations in
the X-Mn system cancels the increase in the X-Mn coupling.
This cancellation makes the spin model superficially agree
with experiment. To distinguish between phenomenologi-
cal spin and correlated exciton models, either absorption

spectra or emission spectra in higher magnetic fields are
needed.

Future work should include the effects of light hole-heavy
hole mixing, a higher number of excitons and Mn ions,
Mn position, and, ultimately, fully microscopic, atomistic
models53 of semimagnetic quantum dots.
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