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We investigate theoretically the excitation of surface plasmon polaritons (SPPs) by difference-frequency
generation on a planar air-gold interface. Calculations are presented for three SPP wavelengths: 1.55 μm,
1.00 μm, and 750 nm (free-space values). The predicted conversion efficiency, optimized with respect to the
angles of incidence of the two p-polarized laser pumps, increases by two orders of magnitude, from 3.5 × 10−8

at the telecom wavelength to 3.4 × 10−6 at 750 nm. The latter value is four orders of magnitude larger than
the recently reported experimental value for SPP excitation at 633 nm by four-wave mixing. Higher conversion
efficiency is expected at shorter SPP wavelengths before the efficiency will drop in the reflection edge of gold.
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I. INTRODUCTION

The nonlinear optical excitation of monochromatic surface
plasmon polaritons (SPPs), which was first proposed some 35
years ago,1 has attracted renewed attention in recent years2–5

due to potential applications in the fields of nanophotonics and
ultrafast active plasmonics.6–10 SPPs are transverse-magnetic-
guided electromagnetic waves along a metal-dielectric in-
terface, with transverse confinement on a nanometric scale
and submillimeter absorption length at optical and near-
infrared frequencies. The inherent coupling of these waves
to conduction electrons in good free-electron metals, which
support SPPs and give them these characteristics, offers a
probe into the state of this extremely dissipative medium.
Any change in the electronic polarization and, hence, the
complex dielectric function of the metal will be reflected in
the propagation characteristics of the SPPs. Therefore, the
study of nonlinear optical excitation of SPPs is of interest not
only for applications in the fields of active plasmonics and
nanophotonics, but also for the basic physics of metal-surface
nonlinear interaction with laser fields. Noncollinear laser beam
mixing on a metal surface allows the launching of SPPs
anywhere on a metal-air interface, without the need of coupling
prisms or diffraction gratings for wave-vector matching. This is
a useful tool for nonobstructive, in situ microscopy of metallic
surfaces and nanostructures.8,9 Two different techniques have
been demonstrated in recent experiments on planar gold
surfaces. The first one,2 which employs four-wave mixing
(FWM), has a reported intensity conversion efficiency of about
4 × 10−10 at laser pump intensities of about 20 GW/cm2 for
SPP generation at 633 nm with a response time of ∼7.9 fs.5 The
second one,3 which employs laser-induced thermal gratings,
has a much greater conversion efficiency of about 10−4 at
similar laser intensities, but has picosecond medium-recovery
(electron cooling) times. One way to increase the conversion
efficiency, and still have a fast femtosecond response time,
is to employ a second-order (three-wave mixing) coherent
process, namely, difference-frequency generation (DFG). Note
that wave-vector matching for SPP excitation is not feasible
in the case of sum-frequency generation, which instead can
be enhanced if one of the two summed waves is an SPP.11

DFG is characterized by a χ (2) nonlinear susceptibility,12,13

and is more efficient than FWM at laser pump intensities
below the damage threshold for a gold surface. In fact, DFG

is the process considered in Ref. 1 for exciting surface phonon
polaritons or exciton polaritons in materials with a χ (2) of bulk
origin. As is well known,14 in the case of noble metals and for
laser pump wavelengths greater than the value (λ � 690 nm
for Au) below which strong one-photon absorption from
the filled lower d band to the s conduction band starts to
take place, the nonlinear susceptibilities are predominately
of surface origin and the dominant second-order element is
χ (2)

zzz, where z is the axis normal to the surface. This has
been verified again in recent experiments on second-harmonic
generation (SHG) in reflection from a gold surface using 810
and 1064 nm laser pumps.15,16 In this paper, we investigate
theoretically SPP excitation on a gold surface by DFG and
present calculations for SPPs in the red and near-infrared
region of the spectrum. The predicted conversion efficiency
at the laser intensity mentioned above increases by two orders
of magnitude, from 3.5 × 10−8 at the telecom wavelength of
1.55 μm to 3.4 × 10−6 at 750 nm.

II. THEORETICAL MODEL

Consider two p-polarized laser beams with frequencies ω1

and ω2 incident, as shown in Fig. 1, on a gold surface in the
same plane of incidence. In practice, the two beams could
be focused by cylindrical lenses, so as to have a millimeter-
long interaction length on the metal surface.17 The angles of
incidence, θ1 and θ2, are adjusted so that the DFG process
ω3 = ω1 − ω2 with wave vector k3 = k1 sin θ1 − k2 sin θ2 is
phase matched to the SPP on the air-gold interface. Since the
thickness of the surface layer that is nonlinearly polarized by
the laser beams is much smaller than the transverse localization
width of the SPPs, the polarized layer can be treated as a sheet
at z = 0−, just inside the metal surface. In the plane-wave
approximation, the nonlinear polarization at ω3 is of the form

P(2)
3 (x,z,t) = P (2)

3z,sδ(z − 0−)ei(ω3t−k3x)ẑ + c.c., (1)

whereP (2)
3z,s = ε0χ

(2)
s (ω3)E1zE∗

2z, with χ (2)
s (ω3) = ∫

χ (2)
zzz(ω3)dz

being the effective surface nonlinear susceptibility, while
E1z = (1 + �1) sin θ1E1 and E2z = (1 + �2) sin θ2E2 are the
complex amplitudes of the total z component of the two
external electric fields at z = 0+, and E1, E2 are the amplitudes
of the incident fields. The Fresnel reflection coefficients are
given by �i = [n(ωi) cos ϑi − cos ϑt ]/[n(ωi) cos ϑi + cos ϑt ],
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FIG. 1. (Color online) Schematic diagram for SPP excitation on
a gold surface by difference-frequency generation. k1 and k2 are the
wave vectors of the two incident laser beams, and k3 is that of the
excited SPP. The curve labeled I3(x) shows the growth and decay of
the plasmonic intensity with x, while |E3x(z)| displays the transverse
localization of this surface-guided wave.

for i = 1,2, where n(ω) is the complex index of refraction
of the metal and ϑt is the complex angle of refraction. The
nonlinear polarization gives rise to an SPP of the form

E3(x,z,t) = A3(x)E3(z)ei(ω3t−ksppx) + c.c., (2)

where A3(x) is a complex, slowly varying, dimensionless
amplitude, and E3(z)ei(ω3t−ksppx) is the solution of the homo-
geneous wave equation, with kspp being the wave vector of the
SPP. The vector amplitude E3(z) is given by12

E3(z) =
{

[E3x,d x̂ + E3z,d ẑ]e−αdz, z > 0,

[E3x,mx̂ + E3z,mẑ]eαmz, z < 0.
(3)

Substitution into the homogeneous wave equation gives the
relations k2

spp − α2
m = (ω3/c)2εm and k2

spp − α2
d = (ω3/c)2εd ,

where εm and εd are the relative permittivities of the metal and
the dielectric, respectively, at ω3. In order to satisfy Gauss’s
law, ∇ · [E3(z)ei(ω3t−ksppx)] = 0, in each medium, the x and
z components of the electric field must be related according
to E3z,d = −i(kspp/αd )E3x,d and E3z,m = i(kspp/αm)E3x,m. By
applying boundary conditions on the x and z components
of E3(z) at z = 0, one obtains the system of homogeneous
equations

E3x,d − E3x,m = 0, (4)

εdαmE3x,d + εmαdE3x,m = 0, (5)

whose determinant is D = εmαd + εdαm. The root of D is the
well-known dispersion relation for SPPs,

kspp = k′
spp − ik′′

spp = ω3

c

√
εdεm

εd + εm

. (6)

Substituting Eqs. (1) and (2) into the inhomogeneous wave
equation,

[
∇2 − εi

c2

∂2

∂t2

]
E3(x,z,t) = μ0

∂2

∂t2
P(2)

3 (x,z,t), (7)

where εi = εd for z > 0 and εi = εm for z < 0, we obtain in
the slowly varying amplitude approximation the equation

i2ksppE3(z)
dA3

dx
= μ0ω

2
3P

(2)
3z,sδ(z − 0−)ei(kspp−k3)x ẑ. (8)

The nonlinear polarization couples to the z component of E3,
and the product Ṗ(2)

3 · E3 gives the power flow per unit volume
from the former to the latter. Taking the scalar product of both
sides of the equation above with E∗

3(z), and then integrating
over z, leads to

w|E3z,d |2 dA3

dx
= −i

μ0ω
2
3

2kspp

P (2)
3z,sE∗

3z,me(i�k+k′′
spp)x, (9)

where �k = k′
spp − k3 is the wave-vector mismatch of the

DFG process, and

w =
[

2 − |εd + εm|
|εm|

]
1

αd + α∗
d

+
[

2 − |εd + εm|
|εd |

]

× |εd |2/|εm|2
αm + α∗

m

(10)

is the effective localization width of |E3(z)|2 at the dielectric-
metal interface, which for |εm| � |εd | reduces to w � 1/(αd +
α∗

d ). Integrating Eq. (9) over x with the initial condition
A3(0) = 0, we end up with

A3(x)E3z,d = −i
μ0ω

2
3

2ksppw

ε∗
d

ε∗
m

P (2)
3z,s

[ei�kxek′′
sppx − 1]

i�k + k′′
spp

. (11)

The peak intensity of the excited SPP occurs on the dielectric
side of the interface at z = 0+, and is given by I3(x) =
−2Re[E3zH

∗
3y], where H3y = (i/μ0ω3)[∂E3x/∂z − ∂E3z/∂x]

is the transverse-magnetic field. Carrying out the calculation,
the peak intensity can be written in the form

I3(x) = ε0εdω3k
′
spp

|εd + εm|2
2|εm|4

∣∣P (2)
3z,s

/
ε0

∣∣2

w2[(�k)2 + (k′′
spp)2]

× |1 − e−i�kxe−k′′
sppx |2, (12)

where 0 � x � L lies in the illuminated area. Outside this
area, for x > L, the intensity decays exponentially according
to I3(x) = I3(L)e−x/Lspp , where Lspp = 1/(2k′′

spp) is the ab-
sorption length of the SPPs. As seen in Fig. 1, the plasmonic
amplitude in the two areas rises and falls exponentially with the
same characteristic length, Lspp/2 (much like the voltage vs
time across a charging/discharging capacitor). The maximum
value of I3(x) in the illuminated area for x � Lspp turns out
to be a few percent smaller than the value obtained when
we apply the same theoretical treatment to the nonlinear
polarization sheet, as in Ref. 5. The difference seems to
be due to the averaging over z in obtaining Eq. (9) from
Eq. (8) above. However, the present treatment has the
advantage of giving the evolution of the peak SPP intensity
with x, as well as its dependence on the various parameters
explicitly, rather than in terms of the value of |D|2 under phase-
matching conditions. Note that for �k = 0 and x � Lspp,
Eq. (12) gives I3 ∝ ω3k

′
spp|χ (2)

s (ω3)|2I1I2(Lspp/w)2, where
Ii = 2cε0|Ei |2 [i = 1,2] are the intensities of the incident laser
beams. The last factor in parentheses shows that the effect of
the rapidly decreasing absorption length with increasing ω3

155442-2



OPTIMIZING THE EXCITATION OF SURFACE PLASMON . . . PHYSICAL REVIEW B 85, 155442 (2012)

is countered, though not completely, by the tighter transverse
confinement (smaller w) of the SPPs. For example, in the case
of gold for λ3 in the range from 1550 to 750 nm, L2

spp decreases
by a factor of 86, while the ratio (Lspp/w)2 decreases only by
a factor of 3.5. Nonetheless, because of the factor ω3k

′
spp in

front, the conversion efficiency is expected to be higher in the
red than in the infrared region of the spectrum. Of course,
the frequency dependence of εm(ω3), �1(ω1), �2(ω2), and
χ (2)

s (ω3; ω1,ω2) makes the overall frequency dependence of
I3 quite complicated, and numerical calculations are required
in order to see the trends.

III. RESULTS AND DISCUSSION

Calculations have been carried out for the following
three combinations of pump wavelengths: (i) λ1 = 800 nm
and λ2 = 1.653 μm, generating the telecom wavelength
λ3 = 1.55 μm, (ii) λ1 = 700 nm and λ2 = 2.3 μm, generating
λ3 = 1.00 μm, and (iii) λ1 = 700 nm and λ2 = 10.6 μm,
generating λ3 = 750 nm. The three curves in Fig. 2 give the
sets of angles (θ1,θ2) at which phase matching (�k = 0) is
achieved for SPP launching in the positive x direction. The
values for the dielectric function of gold have been calculated
from the tables for the complex index of refraction in Ref. 18.
The points on the curves marked by open circles correspond
to the optimum sets of angles, (71.50 ◦,62.70 ◦),
(72.75 ◦,55.86 ◦), and (63.10 ◦,−80.56 ◦), for maximum
SPP peak intensity at λ3 = 1.55 μm, 1.00 μm, and 750 nm,
respectively.

Figure 3 shows the dependence of the peak SPP
intensity I3 for x � Lspp on the angle θ1, for the points
on the phase-matching curve in Fig. 2 corresponding to
λ3 = 1.55 μm. In all calculations, the intensities of the pump

-80 -60 -40 -20 0 20 40 60 80
θ2 (deg) 

0

10

20

30

40

50

60

70

80

90

θ 1
(d

eg
)

ο

ο ο
λ3=750 nm

λ3=1.00 μm

λ3=1.55 μm

FIG. 2. (Color online) Plot of the sets of angles of incidence,
(θ1,θ2), for which phase matching of SPP excitation by difference-
frequency generation, ω3 = ω1 − ω2, is achieved. The three curves
from the bottom up correspond to the cases (i) λ3 = 1.55 μm, with
λ1 = 800 nm and λ2 = 1.653 μm, (ii) λ3 = 1.00 μm, with λ1 =
700 nm and λ2 = 2.3 μm, and (iii) λ3 = 750 nm, with λ1 = 700 nm
and λ2 = 10.6 μm. The open circles on the curves mark the optimum
sets of angles for maximum conversion efficiency.
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FIG. 3. (Color online) Plot of the peak SPP intensity vs the angle
θ1 along the corresponding phase-matching curve in Fig. 2 for λ3 =
1.55 μm. The inset shows the peak SPP intensity vs the angle θ2, with
θ1 fixed at the optimum value of 71.50 ◦.

laser beams are set both equal to 20 GW/cm2. The nonlinear
surface susceptibility, which was defined earlier with respect
to the laser fields external to the metal and the polarization
sheet just inside the metal surface, was calculated using the
model surface potential for gold described in Ref. 19, and
was found to be |χ (2)

s (ω3)| � 4.6 × 10−2 nm2/V. It should be
pointed out here that our calculated value is comparable to the
experimental values in Refs. 15 and 16 for SHG. Under phase
matching, the angular dependence of I3 is given by the factor
|(1 + �1) sin θ1(1 + �∗

2) sin θ2|2 that gives the shape of the
main curve in the figure. The conversion efficiency I3/(I1I2)1/2

at the peak of this curve is 3.5 × 10−8. The inset shows the
variation of I3 with θ2, while θ1 is fixed to the optimal value
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FIG. 4. (Color online) Plot of the peak SPP intensity vs the angle
θ1 along the corresponding phase-matching curve in Fig. 2, for λ3 =
1.00 μm. The inset shows the peak SPP intensity vs the angle θ2, with
θ1 fixed at the optimum value of 72.75 ◦.
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FIG. 5. (Color online) Plot of the peak SPP intensity vs the angle
θ1 along the corresponding phase-matching curve in Fig. 2 for λ3 =
750 nm. The inset shows the peak SPP intensity vs the angle θ2, with
θ1 fixed at the optimum value of 63.10 ◦.

of 71.50 ◦. In this case, the angular dependence is given by the
factor |(1 + �∗

2) sin θ2|2/[(�k)2 + (k′′
spp)2]. The full width at

half maximum (FWHM) of this angle tuning curve for phase
matching is only �θ2 = 0.11 ◦, and is determined essentially
by the value of k′′

spp (Lspp = 294.3 μm, w = 1.3 μm).
Similarly, Fig. 4 shows the dependence of the peak SPP

intensity I3 for x � Lspp on the angle θ1, for the points on
the phase-matching curve in Fig. 2 corresponding to λ3 =
1.00 μm. Our calculated value for the nonlinear surface sus-
ceptibility in this case is |χ (2)

s (ω3)| � 4.57 × 10−2 nm2/V, and
the conversion efficiency at the peak of the curve is 2.3×10−7.
Note that there is also a second peak at (24.75 ◦,−69.17 ◦)
with a peak plasmonic intensity of about 2 kW/cm2. The inset
shows the variation of I3 with θ2, while θ1 is fixed to the optimal
value of 72.75 ◦. At this shorter wavelength, the FWHM of the
angle tuning curve for phase matching is �θ2 = 0.385 ◦, which
is broader than the previous case due to the larger value of k′′

spp

(Lspp = 96.9 μm, w = 545 nm).

Finally, Fig. 5 shows I3 vs θ1 for the points on the
phase-matching curve in Fig. 2 corresponding to λ3 = 750 nm
(Lspp = 31.7 μm, w = 267 nm). For SPP excitation at
this wavelength in the low-energy edge of the red region
(620–750 nm) of the spectrum, the calculated value for the non-
linear surface susceptibility is |χ (2)

s (ω3)| � 6.7 × 10−2 nm2/V,
and the conversion efficiency at the peak of the curve is
3.4×10−6. This is two orders of magnitude greater than in
the case of SPPs at the telecom wavelength. The inset shows
I3 vs θ2, while θ1 is held fixed to the optimal value of 63.10 ◦.
In this case, the angle tuning curve is very broad, with a
FWHM of �θ2 = 14.44 ◦. This very large angular width is due
mainly to the smallness of k2 compared to k1 (k2/k1 � 0.066)
and the very weak dependence of k2x = k2 sin θ2 on θ2 in the
range −90 ◦ � θ2 � −70 ◦, making thus �k rather insensitive
to the variation of θ2. As a consequence, the tuning curve
is practically determined just by the factor |(1 + �∗

2) sin θ2|2,
which gives this broad shape. Similar results have been
obtained using λ1 = 620 nm and λ2 = 5.0 μm, generating
SPPs at λ3 = 707.8 nm. Neglecting bulk contributions, the
calculated value for the surface nonlinear susceptibility is
|χ (2)

s (ω3)| � 9 × 10−2 nm2/V, and the conversion efficiency
reaches the value of 6×10−6. We should mention here that
the conversion efficiency for SPP excitation on a gold surface
by DFG is two to three orders of magnitude larger than the
efficiency for SHG in reflection from a gold surface.19 This
enhancement is not due to a significant difference in the
χ (2)

s ’s for the two processes, but just to the strong transverse
confinement of the plasmonic field compared to the plane-wave
front of the SHG field.

In conclusion, we have developed a theoretical description
of the nonlinear optical excitation of SPPs by difference-
frequency generation on a gold surface, and presented nu-
merical calculations in the red and near-infrared region of the
spectrum. The predicted conversion efficiency at 20 GW/cm2

of laser pump intensities is four orders of magnitude larger
than in recent experiments for SPP excitation at 633 nm by
four-wave mixing. Higher conversion efficiency values are
expected at shorter SPP wavelengths, before the efficiency
will drop in the reflection edge of gold, in the yellow region of
the spectrum.
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