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Monte Carlo and Gutzwiller approximation study
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We carry out the variational Monte Carlo calculation to examine spatially inhomogeneous states in hole- and
electron-doped cuprates. By using Gutzwiller approximation, we consider the excitations, arising from charge
density, spin density, and pair field, of the mean-field ground state of the #-J model. It leads to the stripe patterns we
have found numerically in a generalized 7-J -type model including mass renormalization from the electron-phonon
coupling. In the hole-doped side, a robust d-wave superconducting order results in the formation of the half-doped
antiferromagnetic resonating-valence-bond (AF-RVB) stripes shown by the well-known Yamada plot. On the
other hand, due to a long-range AF order in electron-doped materials, a stripe structure with the “in-phase”
magnetic domain (IPMD) is obtained in the underdoped regime instead of the AF-RVB stripe. The IPMD stripe
with the largest period permitted by lattice size is stabilized near the underdoped region and it excludes the
Yamada plot from electron-doped cases. Based on finite lattice size to which we can reach, the existence of IPMD
stripes may imply an electronic phase separation into an electron-rich and an insulating half-filled AF long-range

ordered domains in electron-doped compounds.
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I. INTRODUCTION

Since the discovery of high-temperature superconductivity
in the layered cuprate materials, there have been many
evidences for stripe structures in several families of the
hole-doped cuprates, e.g., Lay_sSrsCuO,."> One of the many
puzzles of the stripes is the doping dependence of the
incommensurate magnetic peaks associated with the stripes
measured by neutron-scattering experiments, which obeys the
so-called Yamada plot.® It represents the existence of the half-
doped stripe with average of 1 /2 hole in one charge modulation
period at 1/8 hole density and below. There have been many
early theoretical works attempting to explain the Yamada
plot.* One possible scenario for such correlation is that ten-
dency for charges toward phase separation can lead to various
structures including stripes, puddles,”® or even cluster glasses
with randomly oriented stripe domains recently observed
by scanning tunneling spectroscopy (STS).”!? Recently, we
have used a variational Monte Carlo (VMC) technique!' to
successfully establish the half-doped stripes in the extended
t-J-type Hamiltonian by including a mass-renormalization
effect due to a weak electron-phonon coupling.

So far, the experimental situation in electron-doped
materials is much less clear.!” There are several indirect
evidences for a homogeneous state in electron-doped
compounds coming from measurements of neutron
scattering and core-level photoemission spectra.'>!* Yamada
et al. have reported only commensurate spin fluctuations
observed by neutron scattering in the superconducting (SC)
Nd, 35Cep 15Cu0,4." Tt is different from the incommensurate
peaks observed in hole-doped cuprates, which are considered
as the hall mark of the “out-of-phase” stripe domains with a 7 -
phase-shifted staggered magnetic moment. Instead of stripes,
the short-range spatial inhomogeneity of the antiferromagnetic
(AF) correlations was recently reported for the electron-doped
superconductor PrjgglLaCey ,CuO4_s by using STS and
neutron sc:attering.'6 In addition, there are also evidences
to support inhomogeneous states from measurements of
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muon spin rotation (uSR nuclear magnetic resonance,
magnetoresistance,”’ and thermal conductivity.>! Whether
inhomogeneity in electron-doped compounds is intrinsic
or induced by the cerium doping or oxygen defects was
discussed by two recent works.”>?* All these results suggest
that the possibility of phase separation and inhomogeneity is
an unresolved issue in electron-doped cuprates.

On the theoretical side, there are some numerical evidences
that Hubbard models produce stripes in the electron-doped
system. Within an unrestricted Hartree-Fock approach, the
occurrence of the diagonal filled stripes having average of one
doped electron per stripe site has been demonstrated earlier.”*
Later, the vertical “in-phase” stripe domains without -
phase-shifted staggered magnetic moment in the ¢-t" Hubbard
model have been found in the electron-doped regime.”> The
unusual doping evolution of the Fermi surface detected by
angle-resolved photoemission spectroscopy’® was explained
by assuming the inhomogeneous in-phase stripe phases®’
but without including strong correlations. Since the strong
correlation makes the difference in energies between uniform
states and various hole-doped stripe states very small which has
been shown recently,'!"?® it is beyond the accuracy of Hartree-
Fock method to address this kind of difference. Therefore a
careful variational approach is needed to examine the stability
of the electron-doped stripe states.

In this paper, we shall first demonstrate that the particular
spatial patterns of modulations of charge density, spin density,
and pair field could be derived by considering the excitations
of the mean-field ground state of the extended ¢-J model using
Gutzwiller approximation. Once the relations between charge,
spin, and pair field are revealed, we then explicitly construct
the stripe wave functions. As a comparison with what we have
done previously for the hole-doped cases,!' we shall add an
electron-phonon interaction to the model before carrying out
the numerical calculations. Just as before, we will not consider
the full effect of electron-phonon coupling but only examine
the simplest effect of mass renormalization of charges due to
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phonon couplings. The renormalization effect depending on
the local carrier density is treated self-consistently in the VMC
method taking into account the strong correlation exactly.!!
We find that half-doped stripes obtained in the hole-doped
systems are no longer stable in the electron-doped cases for
a range of electron-phonon interaction strength. Instead, the
system is very likely to have an electronic phase separation.
The different results between hole-doped and electron-doped
systems is mainly due to the strong AF long-range order in the
latter system. The effect of ¢’ /¢ will be also discussed.

II. THEORY

We consider the extended ¢-J Hamiltonian on a square
lattice given by

H = —Zl‘l‘j(a};aw +HC)+JZS, -Sj, (1)
i,j,o (i,J)

where the hopping #; =¢, ¢/, and ¢” for sites i and j
being the nearest, second-nearest, and third-nearest neighbors,
respectively. Other notations are standard. In the following,
the bare parameters ¢t” and J in the Hamiltonian are set
to be (t”,J)/t = (—t'/2,0.3). Since doubly occupied sites
in electron-doped materials play the same role as holes in
hole-doped cases, we treat the hole- and electron-doped cases
in the same manner except ¢/t — —t'/tandt”/t — —t"/t.%
'/t < 0 (>0) corresponds to the hole-doped (electron-doped)
regions. In this paper, we primarily study the hole- and
electron-doped phase diagrams for different #'/¢.

In a generalized mean-field theory, to consider the possibil-
ity of spatially nonuniform solutions, we define the local carrier
density p;, the local AF order m;, and the nearest-neighbor pair
field A;;. The mean-field Hamiltonian is simply given by

R H. D:: cit
Jai — T ) ijr ij J , 2
ME = (¢, m)(D;i ~Hji, )\ ol 2

where the matrix elements

Hijjo = —8; ;41 — tl/)aj,i+j - tgaj,#ﬁ
+pi +om (=) —
Dij = Aijd; i 3)

Here, 1,2, and 3 correspond to the nearest, second-nearest, and
third-nearest neighbors, respectively,ando = 1(1)or | (—1).

Once the variational parameters p;, m;, and A;; are given,
we can diagonalize Eq. (2) to obtain N positive and N
negative eigenvalues with corresponding eigenvectors (u7,v}')
and (it} ,0}'), given by

Yo\ _ (ul v it
(7) =G #)() @

Here, N is the lattice size. We can formulate the trial wave
function fixing the number of electrons N, with the Gutzwiller
projector P; and the hole-hole repulsive Jastrow factor P,
(see the details of Ref. 28),

(W) = PP Py, | [ ya7,10)

o PPy Py, [ Dl £ +01dl)10). (9
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To avoid the divergent determinant because of the presence
of nodes in the RVB-type wave functions with periodic
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boundary condition, a particle-hole transformation, iy =

fi and le — dj , has been introduced in Eq. (5). Here,
10) =TT, £i10).

In principle, p;, m;, and A;; could be determined vari-
ationally. In practice, it is very difficult to optimize the
energy of such multivariable problems. If we postulate that
the inhomogeneous states are actually fluctuations beyond the
uniform mean-field solution, then a more efficient method
to find the most probable solutions is to use Gutzwiller
approximation. In this approximation, the total energy (H)
with respect to the Gutzwiller-projected wave function can be
written as

— Y 18l ()l (N(xf; + He)

(i,j).0
J ()gs(j) é( X+ A AT) im (6)
- nglgsj 3 leXij+ ijBij) —mim;j |,
(i,4)
where the Gutzwiller factors g7 (j) and g;(i) are known to be’!

70y = ni(1 —n)(1 —nis)
801 = (1 = nig)(n; — 2ni4n;))°

(N

. ni
&) = ————.
n; — Znian

Here, nj= ) ni,=1-6; and n;, = %—i—omi. Xii (=Y,
X =Y el i) mi(=(SH). and  Aj(=(ciyejy —
¢irCjy)o)is the bond order parameter, staggered magnetization,
and pair field with respect to the nonprojected wave function,
respectively. For a usual mean-field theory, these parameters
are assumed to be constant and the same for all sites or
bonds. Here, we shall go one step further by examining the
fluctuations beyond the constant mean-field values as given
by

51' — g+d5l,
m; — m+dm;, (8)
Aij — A—i—dA,J

Here, d(. . .) means the small fluctuation away from the average
value (...). By substituting Eq. (8) into Eq. (6), we obtain
several coupled terms with the form d(S,-dmf, Adsid A,

mdd;dm;, and dd;d AIZJ There are also noncoupled terms of
the form dm?, d8;d$;, and d AIZJ We neglect the fluctuation of
bond order and also skip the derivation of all the terms as they
are irrelevant for our calculations below.

In the hole-doped side, at finite doping there is no long-
range AF order (7n = 0) but with a nonzero d-wave SC order
parameter (A # 0). Thus, according to the discussion above,
the relevant fluctuation terms to couple the charge, spin, and
pair fields are d§; dmi2 and AdS;d A, ;. The Fourier transform of
these two terms are déqdmz_ 472 and Ads,dA_,, respectively.
Hence the modulation period of charge density, a., should
equal to the period of pair field, a,, but is only half the period
of the spin density, ay, i.e., a. = a, = az/2. More precisely,
the wave functions to include these fluctuations can have order
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parameters of the form:
()
Pi = pPpCOS|—\Yi— 5|
a, 2

€))

Ajiyy = a
Here, a. = a, = a,/2. The variational parameters are indi-
cated by subscript “v.” Here, the stripe extends uniformly
along % direction. The bond-average A; ; is determined by the
constant A€. The average charge density is determined by the
chemical potential not included in p;. This is exactly the wave
function called the AF resonating-valence-bond (AF-RVB)
stripe state by us in Ref. 28. There we had shown that the
variational energy of the uniform d-wave RVB (d-RVB) state
(oy = mf)” = AUM = 0) is considered as the reference energy.
Furthermore, if we add a weak electron-phonon interaction to
the extended 7-J model, as shown in Ref. 11, the half-doped
AF-RVB stripes have lower energy than the d-RVB state. This
AF-RVB stripe pattern is in good agreement with experiments
as well."-3?

The electron-phonon interaction is introduced by assuming
the hopping terms #; in Eq. (1) modified due to the spatial
variation in carrier density in the sense that the sites with
larger carrier density in the modulated charge pattern have
larger ¢ j.“ Then, we assume a linear relation between the
electron-phonon coupling strength A and doping density §,
A(8)/A(0) =1 — 36 = f(8). Now #;; can be renormalized to

A . .
== 30+ rel). o)

where "fs is the carrier density at site i and A the bare
parameter in the Hamiltonian. The details are given in Ref. 11.
In what follows, we will use a notation “t*-J” to stand for this
Hamiltonian.

In the electron-doped side, it had been shown® that there is a
robust long-range AF order (/2 # 0) in the underdoped regime
in contrast to hole-doped systems. Based on our previous
discussion of fluctuations using the Gutzwiller approximation,
the important contributions in Eq. (6) will be mdd;dm; and
AdS;dA; j. Hence, the magnetic modulation has the same
period as charge and pair field, that is, a. = a, = a,. This
pattern is very different from the AF-RVB stripe states
discussed above for hole-doped systems. The wave function
to describe such a new pattern is called the in-phase magnetic
domains (IPMD). The IPMD stripe state has the same function
of p; and A;; as Eq. (9), only the magnetic modulation is now
changed to

2 1
m; = —m cos |:—7T<y,- - —)] +m¢, (11
ag 2

where a finite staggered magnetic moment m$ is included. Due
to the presence of long-range AF order for electron-doped
systems, we have four variational states to be considered.
These are the pure d-RVB uniform SC, the AF-RVB stripe, the
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FIG. 1. (Color online) The doping dependence of the optimized
energy difference in terms of percentage for several trial states
denoted in the figure. The reference ground state is the uniform
d-RVB state. The positive (negative) doping density § means the
hole-doped (electron-doped) cases. Note that the AF-RVB stripe
states with different magnetic periods are indicated. The lattice size
N is 24 x 24. Here, A = 0.25 and |t'/t| = 0.1.

IPMD stripe, and the uniform states with the coexistence of
long-range AF and SC orders (AF + SC).** The AF + SC state
can be simply constructed by setting p, = m¥ = A =0in
Egs. (9) and (11).

III. RESULTS

Figure 1 shows the percentage of energy change with
respect to the d-RVB state for three other trial wave functions
in the extended ¢*-J model with smaller |¢'/¢|(= 0.1) for hole-
and electron-doped phase diagrams. In the hole-doped case, the
half-doped AF-RVB stripe is still observed like our previous
studies for ¢'/t(= —0.2).!! In fact, the half-doped AF-RVB
stripe can be always found for all |¢t'/¢| we have investigated
in the hole-doped region as shown in Figs. 3(a) and 3(b). In
other words, the Fermi surface topology seems not to affect
the stability of the half-doped stripe obtained in the extended
t*-J model.

In the left panel of Fig. 1, we find the IPMD stripe states
are stabilized for electron-doping less than 0.1. For doping
greater than 0.1, the AF-RVB stripe state with the largest
magnetic period has the lowest energy (24ay is the largest
size we have studied here). The magnetic period does not
change with the doping density as the half-doped stripes. We
also examine the IPMD stripe states with different periods
in addition to 24ag. The results are not shown here, but the
most stable IPMD stripe has the largest magnetic period as
lattice size. The difference between the AF-RVB and IPMD
stripes for the maximum magnetic period of 24ay is actually
negligible. Since the IPMD state has much lower energy for
doping less than 0.1, it appears that the ¢*-J Hamiltonian
does not prefer to break the system into many s-phase-shift
magnetic domains. In Figs. 2(a) and 2(b), for 1/12 electron
density, the spatial variation of charge density and staggered
magnetization along the direction of modulation are shown
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FIG. 2. (Color online) The profile of carrier density ns; and
staggered magnetization (M) for the optimized states: (a) the AF-
RVB and (b) the IPMD stripes with 24a, magnetic periodicity at
1/12 electron-doping in the extended 7*-J Hamiltonian. The bare
parameters A = 0.25 and |¢'/¢| = 0.1. All quantities are calculated
in a 24 x 24 lattice.

0 2 4 6 8

for the AF-RVB and IPMD stripes, respectively. For both
states, there is almost no doped carriers in the region with
the strongest staggered magnetization. It is essentially a phase
separated state with an electron-rich region and an insulating
half-filled AF long-range ordered region. The IPMD stripe
state has staggered magnetization [(M)| = 0.265, which is
close to the homogeneous AF +SC state (|(M)| = 0.269).
Here, M = + Y, ¢'¢RiS? and O = (7r,). This is consistent
with the commensurate short-range spin correlations detected
by neutron scattering. '

For larger t'/t, we expect robust AF correlations should
persist to the higher doping in electron-doped cases. Figure 3
shows this common feature for the uniform AF4 SC and
the IPMD stripe states. In Fig. 3(a), while the homogeneous
AF + SC state has much lower energy than the d-RVB state, the
IPMD stripe state is still the best candidate for electron-doping
8 < 0.1. Tt is worth pointing out that for electron doping
8 > 0.1 the IPMD stripe state begins to gain energy to compete
with the AF-RVB stripe state in the case of ¢/t =0.2.
Interestingly, as increasing #'/1(=0.3) further, the AF-RVB
stripe states entirely disappear in the electron-doped phase
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FIG. 3. (Color online) The same descriptions are presented in the
caption of Fig. 1 except (a) |¢'/t| = 0.2 and (b) |¢'/¢| = 0.3.

diagram possibly due to its m-phase-shift domains in the
spin modulation, as shown in Fig. 3(b). Except the higher
electron-doping region (§ > 0.15) where the homogeneous
AF + SC state still exists, the IPMD stripe state is dominant
within the wider doping range (0 < é < 0.15). In addition
to these stripe states shown in the phase diagram, we have
also examined other trial wave functions with different shapes
and periods for stripes, such as glassy stripes with randomly
oriented 8 x 8 magnetic patches, IPMD stripes with other
periods, and the diagonal stripe with the largest magnetic
period (12«/§ao). However, none of them can be stabilized
for all #'/t in electron-doped cases (not shown).

To complete the discussion on the VMC results, we study
the effect of the electron-phonon coupling strength A on
the phase diagrams. Since the IPMD stripe state has much
lower energy near 1/12 electron doping, we only show A
dependence of the optimized energy difference for several
trial wave functions including IPMD stripes with different
magnetic periods at 1 /12 doping in Fig. 4. As we expected, the
stability of the uniform AF 4 SC state is almost independent
of A as A < 0.2. If the electron-phonon coupling strength is
smaller (A < 0.125), the AF + SC state would be still a good
candidate for the ground state near the underdoped region in
the electron-doped side. However, once A becomes larger,
IPMD stripe states begin to be stabilized. Notably, the best
one for A = 0.25 is either the IPMD stripe state with the
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FIG. 4. (Color online) A dependence of the optimized energy
difference in terms of percentage for several trial states denoted in
the figure at 1/12 doping. Here, N = 24 x 24 and '/t = 0.3.

largest magnetic period or the phase-separated state. Unlike
hole-doped cases, there is no place for AF-RVB stripe states
at this doping in electron-doped phase diagrams.

Although the lowest energy solutions of electron-doped
systems for the extended ¢*-J Hamiltonian are IPMD stripes
and not AF-RVB stripes as the hole-doped systems, the
particular patterns of modulation periods of charge density,
spin density, and pair field for both stripes are derived from
the fluctuations of the order parameters used in the mean
field theory as shown by using the Gutzwiller approximation.
The inhomogeneous states like stripes or phase separation are
really due to excitations or fluctuations of order parameters of
the ground states of the strongly correlated #-J model. When
electron-phonon interaction is introduced to renormalize the
mass of carriers, these inhomogeneous solutions then become
stable.

IV. CONCLUSIONS

In conclusion, following the same approach, we have used
to study stripes for hole-doped systems,'"?® we have further
studied the possibilities of having nonuniform ground states
for the electron-doped cases using the VMC method. By using
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the Gutzwiller approximation to examine the fluctuations of
order parameters used to obtain the d-RVB ground states, we
have found that the period of modulation of charge density,
staggered moment, and pair field are correlated. For hole-
doped systems, the lowest energy stripes, the AF-RVB stripe
states, have the period of staggered moment twice of that of
charge and pair field. These stripes with half a carrier per
charge domain become the ground states after we include the
weak electron-phonon coupling. However, similar approach
for electron-doped cases has turned out to be a different stripe
pattern. The lowest-energy stripes, the IPMD stripe states,
now have the period of staggered moment same as that of
charge and pair field. One of the main reasons is that for a
large electron doping range, the ground state has long-range
AF order. The numerical results show that at low doping,
the IPMD stripe state with the largest magnetic period same
as lattice size is composed of an electron-rich region and an
insulating half-filled long-range AF ordered region. We believe
that it may indicate a phase separated state in electron-doped
compounds. This statement requires the numerical calculation
with large lattice size that is left for our future study.

Our result that the electron-doped systems should not have
the half-doped stripes observed in hole-doped systems is
consistent with the neutron scattering results for cuprates that
Yamada plot is only observed for hole-doped cuprates® but
not for electron doped.'® The evidence on magnetic inhomo-
geneity that we have found numerically, has been indirectly
observed in the electron-doped cuprates Pr,_sCe;CuO,4 and
Prp gsLaCep 12CuO4—_s by using uSR and STS experiments,
respectively.'®!3 The fact that for electron doping, we predict
possible phase separation that is also a hotly debated issue by
experiments on cuprates, is quite interesting. We look forward
to possible resolution of this issue in the near future.
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