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Symmetry-protected topological (SPT) phases are gapped quantum phases with a certain symmetry, which can
all be smoothly connected to the same trivial product state if we break the symmetry. For noninteracting fermion
systems with time reversal ('), charge conjugation (C), and/or U(1) (V) Symmetrles the total symmetry group
can depend on the relations between those symmetry operations, such as TNT~' = N or TNT~' = —N. Asa
result, the SPT phases of those fermion systems with different symmetry groups have different classifications.
In this paper, we use Kitaev’s K-theory approach to classify the gapped free-fermion phases for those possible
symmetry groups. In particular, we can view the U(1) as a spin rotation. We find that superconductors with the
S, spin-rotation symmetry are classified by Z in even dimensions, while superconductors with the time reversal
plus the S, spin-rotation symmetries are classified by Z in odd dimensions. We show that all 10 classes of gapped
free-fermion phases can be realized by electron systems with certain symmetries. We also point out that, to
properly describe the symmetry of a fermionic system, we need to specify its full symmetry group that includes
the fermion number parity transformation (—)¥ . The full symmetry group is actually a projective symmetry group.
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I. INTRODUCTION

We used to believe that all possible phases and phase tran-
sitions are described by Landau symmetry-breaking theory.'=
However, the experimental discovery of fractional quantum
Hall states** and the theoretical discovery of chiral spin
liquids®” indicates that new states of quantum matter without
symmetry breaking and without long-range order can exist.
Such a new kind of orders is called topological order,®’
because their low-energy effective theories are topological
quantum field theories.'” At first, the theory of topological
order was developed based on its robust ground-state degener-
acy on compact spaces and the associated robust non-Abelian
Berry phases.®” Later, it was realized that topological order
can be characterized by the boundary excitations,'""'> which
can be directly probed by experiments. One can develop a
theory of topological order based on the boundary theory.'3

Since its introduction, we have been trying to obtain a
systematic understanding of topological orders. Some progress
has been made for certain simple cases. We found that all two-
dimensional (2D) Abelian topological orders can be classified
by integer K matrices.'*'® The 2D nonchiral topological
orders (which can be smoothly connected to time-reversal
and parity-symmetric states) are classified by spherical fu-
sion category.!”?" The recent realization of the relation
between topological order and long-range entanglement!®
(defined through local unitary transformations®'->?) allows us
to separate another simple class of gapped quantum phases—
symmetry-protected topological (SPT) phases. SPT phases are
gapped quantum phases with a certain symmetry, which can
all be smoothly connected to the same trivial product state
if we break the symmetry. A generic construction of bosonic
SPT phases in any dimension using the group cohomology
of the symmetry group was obtained in Refs. 23 and 24.
The constructed SPT phases include interacting bosonic
topological insulators and topological superconductors (and
much more).

Another type of simple system is the free-fermion system,
for which a classification of gapped quantum phases can
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be obtained through K theory>~" or a nonlinear ¢ model

of disordered fermions.”® They include the noninteracting
topological insulators®=> and the noninteracting topologi-
cal superconductors.’**’ Most gapped quantum phases of
free-fermion systems are SPT phases protected by some
symmetries, such as topological insulators protected by the
time-reversal symmetry. However, some others have intrinsic
topological orders (i.e., stable even without any symmetry),
such as topological superconductors with no symmetry. Just
like the interacting topological ordered phases, the topological
phases for free fermions are also characterized by their gapless
boundary excitations. The boundary excitations play a key
role in the theory and experiments of free-fermion topological
phases.

For noninteracting fermion systems with time-reversal
(generated by T'), charge-conjugation (generated by ), and/or
U(1) (generated by N) symmetries, the total symmetry
group may not simply be ZI' x Z£ x U(1). The group can
take different forms, depending on the different relations
between those symmetry operations, such as TNT~' = N
or TNT~' = —N. As a result, the gapped phases of those
fermion systems with different symmetry groups have differ-
ent classifications. In this paper, we use Kitaev’s K-theory
approach to classify the gapped free-fermion phases for those
different symmetry groups. In Table I, we list some electron
systems and their full symmetry group G ;. In Tables I and II1,
the ten classes®>?® of gapped free-fermion phases protected by
those many-body symmetry groups (and many other symmetry
groups) are listed. Here we have assumed that the fermions
form one irreducible representation of the full symmetry
group. The result will differ if the fermions contain several
distinct irreducible representations of the full symmetry group
(see Sec. Il E). In Refs. 25 and 28, the ten classes of gapped
free-fermion phases are already associated with many different
many-body symmetries of electron systems. In this paper, we
generalize the results in Refs. 25 and 28 to more symmetry
groups.

We note that electron systems, with TNT!'=N, only
realize a subset of the possible symmetry groups. The emergent
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TABLE 1. Electron systems and their full symmetry groups G ;. The groups are defined in Table IV. The symmetry-group symbols have the
following meaning: for example, GT*(U,T,C) is a symmetry group generated by N [the U(1) fermion number conservation or spin rotation],
T (the time reversal), and C (the charge conjugation or 180° spin rotation). The % subscripts and superscripts describe the relations between
the transformations N s f, and/or € (see Tzrble IV). Sometimes, when we describe the symmetry of a fermion system, we do not include the
fermion number parity transformation (—)" in the symmetry group G. Here the full symmetry group G, does include the fermion number
parity transformation (— V. So the full symmetry group of a fermion system with no symmetry is Gy = Z; 4 generated by the fermion number
parity transformation. G is a Z; ! extension of G: G = G r1Z;. /' Free-electron systems with symmetry G**(U,T,C) actually have a higher
symmetry G[SU(2),T]. Slmllarly, free-electron systems with symmetry G_(U,C) actually have a higher symmetry SU(2).

Electron systems

Full symmetry group G ¢

Insulators with spm orbital coupling and spin order (or non-coplanar spm order) Ul
(1c ng-ocy +1c My - oclj —|—1c,tn; ack)—{—(c ng-odé; —|—cTn2 ocj —|—ckn; o)

At P Al A AT A A A ALLA
¢y -0¢; +(,jn2 c0Cj +ckn3~0ck+(cT,-cU _CiiCTj)

Superconductors with spin-orbital coupling and spin order (or non-coplanar spin order)

none = sz

(symmetry: charge-conservation and time-reversal symmetries)

Insulators with spin-orbital coupling iéjnl ~oéy + iéj.nz coly + ié;:l'lg, -0 &y

G-(U,T)

Superconductors with spin-orbital coupling and real pairing

ie/ng -oéy + 1c n ol + 1c,tn3 oCr + (64:€,; — €,iC4;) (symmetry: time-reversal symmetry)

G_(T)=

Superconductors with S, conserving spin-orbital coupling and real pairing
i6]o?¢; + (84:€,; — &,¢41;) (symmetry: time-reversal and S, spin-rotation symmetries)

GH(U.T)=U(l) x Z!

Superconductors with coplanar spin order and real pairing 6jn1 -0 + E;nz ~0C; 4+ (CpiCyj — €1iCyj) G (T)=
(symmetry: a combined time-reversal and 180° spin-rotation symmetry)

z!I x 7]

Superconductors with real pairing and collinear spin order 6303 Cj+ (Cyi€y; — €,iCqj)
(symmetry: S, spin rotation and a combined time-reversal and 180° S, spin-rotation symmetry)

GL(U,T)=U()xZ!

Af

Insulators with coplanar spin order ¢;ny - 0¢; + 6;n2 -0¢;

(symmetry: charge-conservation and a combined time-reversal and 180° spin-rotation symmetries)

GL(U,T)=U(1) x ZF

Superconductors with real triplet S, = 0 pairing ¢4;¢,; + €4

(symmetry: a combined 180° S, spin-rotation and time-reversal symmetry, a combined
180° S|, spin-rotation and charge-rotation symmetry, and S, spin-rotation symmetry)

Gi:(UT,C)

Superconductors with time-reversal,
180° S, spin-rotation, and S, spin-rotation symmetries

GHH(U,T,C)

Superconductors with real singlet pairing ¢4;¢,; — €y
(symmetry: time-reversal and SU (2) spin-rotation symmetries)

GISUQ2),T]

Superconductors with 180° S, spin-rotation and S spin-rotation symmetries

G_(U,C)

Superconductors with complex singlet pairing % (é4,¢,; — ¢,:64,)
(symmetry: SU(2) spin-rotation symmetry)

SU®2)

Insulators with spin-orbital coupling and intersublattice
hopping i 1c M1 0Ci, +1C; My -0l +1c,t n3 - 0l

(symmetry: charge conservatlon time-reversal, and charge-conjugation symmetries)

G-*(U,T,C)

fermion (such as the spinon in spin liquid) may realize
other possible symmetry groups, since their symmetries are
described by projective symmetry groups which can be
different for different topologically ordered states.*!

The p = 0 line in Table II classifies two types of electron
systems: (1) insulators with only fermion number conservation
(which includes integer quantum Hall states) and (2) super-
conductors with only S, spin-rotation symmetry, which can
be realized by superconductors with collinear spin order. The

p =1 line in Table II classifies superconductors with only
time-reversal and S, spin-rotation symmetry [full symmetry
group G(U,T)], which can be realized by superconductors
with real pairing and S, conserving spin-orbital coupling.

In Table III, the p = 0 column classifies electronic in-
sulators with coplanar spin order [full symmetry group
G (U,T), which contains the charge conservation and a
time-reversal symmetry]. The p = 1 column classifies elec-
tronic superconductors with coplanar spin order and real
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TABLE II. Classification of the gapped phases of noninteracting fermions in d-dimensional space, for some symmetries. The space of the
gapped states is given by C,4moa2, Where p depends on the symmetry group. The distinct phases are given by 7o(Cpigmoa2)- “0” means that
only trivial phases exist. Z means that nontrivial phases are labeled by nonzero integers and the trivial phase is labeled by 0.

Symmetry Cplfor =0 p\d 0 1 2 3 4 5 6 7 Example
Superconductor
U U(l+m) (Chern) . .
G_(C) TOnt X / 0 zZ 0 zZ 0 zZ 0 Z 0 insulator WI.th collinear
spin order
GI(U,T) Superconductor with realpairing
G (T,C) U(n) 1 0 V4 0 V4 0 Z 0 Z and S, conserving
G (T,0) spin-orbital coupling

pairing [full symmetry group G (T), which contains a time-
reversal symmetry]. The p = 2 column classifies electronic
superconductors with non-coplanar spin order (full symme-
try group “none”). The p =3 column classifies electronic
superconductors with spin-orbital coupling and real pairing
[full symmetry group G_(T'), which contains the time-reversal
symmetry]. The p = 4 column classifies electronic insulators
with spin-orbital coupling [full symmetry group G_(U,T),
which contains the charge-conservation and the time-reversal
symmetry). The p = 5 column classifies electronic insulators
on bipartite lattices with spin-orbital coupling and only
intersublattice hopping [full symmetry group G_*(U,T,C),
which contains the charge-conservation, the time-reversal, and
a charge-conjugation symmetry). The p = 6 column classifies
electronic spin-singlet superconductors with complex pairing
[full symmetry group SU(2)]. The p = 7 column classifies
electronic spin-singlet superconductors with real pairing (full
symmetry group G[SU(2),T], which contains the SU(2) spin
rotation and time-reversal symmetry).*?

In this paper, we first discuss a simpler case where fermion
systems have only U(1) symmetry. Then we discuss a more
complicated case where fermion systems can have time-

reversal, charge-conjugation, and/or U(1) symmetries. The
classification of the gapped phases with translation symmetry
and the classification of nontrivial defects with protected
gapless excitations are also studied.

II. GAPPED FREE FERMION PHASES:
THE COMPLEX CLASSES

A. The d = 0 case

Let us first consider a zero-dimensional free fermion system
with one orbital. How many different gapped phases do we
have for such a system? The answer is two. The two different
gapped phases are labeled by m = 0,1: the m = 0 gapped
phase corresponds to the empty orbital, while the m = 1
gapped phase corresponds to the occupied orbital. But “two”
is not the complete answer. We can always add occupied and
empty orbitals to the system and still regard the extended
system as in the same gapped phase. So we should consider
a system with n orbitals in the n — oo limit. In this case, the
zero-dimensional gapped phases are labeled by an integer m
in Z, where m (with a possible constant shift) still corresponds
to the number of occupied orbitals.

TABLE III. Classification of gapped phases of noninteracting fermions in d spatial dimensions, for some symmetries. The space of the
gapped states is given by R,_;moas, Where p depends on the symmetry group. The phases are classified by 7¢(R,—imoas). Here Z, means that

there is one nontrivial phase and one trivial phase labeled by 1 and 0.

G(T) G_(T) _
GL.(T.C) GI\I"(“Ce) GT(T.C) G==(U,T,C) gt:%;g;
Symmetr GL(U,T) G, (U.T,C) G- +(T 0 G- (U.T,C) G_(U,T) G_hU.,T,C) G_(U,C) Gj:(U’T,C)
y y G7_(T.C) GIH(U.T.C) o G=H(U.T,C) G=_(T.0) Gt (U.T,C) SUQ2) S opdal
GIL(UT.0) ~+(T.0) G (U.T.C) GItW,T.C) G¢-—(U.T.0)
I G (U,0) It + G[SU(2),T]
GII(U,T,C) + GL(U,T,C)
Rp lfor a=0 O(C;)( /;(;';,),,) O(n) (z)/((zn’;) ls/,(,f: ; s,jf)(gg()m) Sp(n) 5;7((1’11)) %
p=0 p=1 p= p=3 p=4 p=>5 p=06 p=7
d=0 z Z, Z, 0 z 0 0 0
d=1 0 Z Z, Z, 0 zZ 0 0
d=2 0 0 zZ Z, Z, 0 z 0
d=3 0 0 0 zZ Z, Z, 0 Z
d=4 z 0 0 0 Z Z, Z, 0
d=5 0 4 0 0 0 Z Z, Z,
d=6 Z, 0 z 0 0 0 Z Z,
d=17 Z, Z, 0 V4 0 0 0 Z
Insulator Spin
Insulator Superconductor Superconductor Insulator with time Spin singlet
Example with coplanar with coplanar Superconductor with time with time reversal and singlet superconductor
spin order spin order reversal reversal intersublattice superconductor with time
hopping reversal
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Now let us obtain the above result using a fancier math-
ematical setup. The single-body Hamiltonian of the n-orbital
systemis given by the n x n Hermitian matrix H. If the orbitals
below a certain energy are filled, we can deform the energies of
those orbitals to —1 and deform the energies of other orbitals
to +1 without closing the energy gap. So, without losing
generality, we can assume H to satisfy

H?>=1. (D

Such a Hermitian matrix has the form

I 0 -
H = Unxn( lol )U;Ixm (2)

Imxm

where n =1 + m and U, ,inU(n) is an n X n unitary matrix.
But U, «, is not a one-to-one labeling of the Hermitian matrix
satisfying H> = 1. To obtain a one-to-one labeling, we note

I 0 . - . . .
that ("} _, ) is invariant under the unitary transformation

Y )y with Vi € U(l) and Wiy, € U(m). Thus, the

space Cy of the Hermitian matrix satisfying H> = 1 is given
by U,, Ul +m)/U(l) x U(m), which, in the n — oo limit,
has the form

U +m)

SUOxUm) )

0
Clearly y(Cy) = Z, which recovers the result obtained above
using a simple argument: the zero-dimensional gapped phases
of free conserved fermions are labeled by integers Z.

B. The properties of classifying spaces

The space Cj is the complex Grassmannian—the space
formed by the subspaces of (infinite-dimensional) complex
vector space. It is also the space of the Hermitian matrix
satisfying H? = 1. Actually, Cj is a part of a sequence. More
generally, a space C,, can be defined by first picking p fixed
Hermitian matrices y;, i = 1,2, ..., p, satisfying

Yivi +vivi = 285 @

Then C,, is the space of the Hermitian matrix satisfying

H*>=1, yH=—-Hy;, i=1,...,p. 5)

To find the C; space, let us choose y; = I,,x, that satisfy
y12 = 1. But for such a choice, we cannot find any H that
satisfies y H = —H y;. Actually, we have a condition on the
choice of y;. We must choose a y; such that yy H = —Hy; and
H? = 1 has a solution. So we should choose Y1 =0"Q Lixn.
We note that y; is invariant under the following unitary trans-
formations: €' ®4nneio"®Bia ¢ U(n) x U(n) (where Apxn
and B, ., are Hermitian matrices). Then H satisfying H? = 1
and y; H + Hy; = 0 has the form

H = 9 @4 gl ®Buan (53 @ [ Yo ™i0"®Busxn p=i0 @A
©)

whose positive and negative eigenvalues are paired. We see
that the space Cy is U(n) x U(n)/U(n) = U(n).

PHYSICAL REVIEW B 85, 085103 (2012)

To construct the C, space, we can choose y; = 0* ® I,x,,
and ¥, = 0¥ ® I,x,. Then H satisfying H> =1 and y; H +
Hy;, =0,i = 1,2, has the form

Iy 0

HZUO®Unxn|:O'Z® ( 0 )]UO@UIIX}'I’ (7)

_Imxm

where n =1+ m and U,., € U(n). We see that the space
C, = Cy.

To construct the C3 space, we can choose y; = 0™ & I,,xn,
s =07 ® I,xn, and y3 = 0° ® I,,x,. But for such a choice,
the equations y;H + Hy; = 0,i = 1,2,3, and H? =1 has no
solution for H. So we need to impose the following condition
on y;’s:

The equations yH+Hy; =0, H> =1

®)

have a solution for H.

(Later, we see that such a condition has an amazing geometric
origin.) Letuschoose y| = 06* Q 6* Q Lixn, 2 =07 Q0" ®
Lixn, and y3 = 0° ® 0* ® I,,«, instead. Then H satisfying
H?>=1andy;H + Hy; =0, i = 1,2,3, has the form

i0°®0* @A xn 10" @0 @By (.0
H:el(7®(7® xela®a® X(G ®GZ®1n><n)

—i0°®0°® B, ,~10°®0 @ Auxn )

X e nxn o

We find that C; = C;.
Now, it is not hard to see that C;, = Cp,, which leads to
74(Cp) = 74(Cp2). Thus,

Z, p=0 mod 2,

”O(C”)Z{{O}, p=1 mod 2. (10)

C. The d # 0 cases

Next we consider d-dimensional free conserved fermion
systems and their gapped ground states. Note that the only
symmetry that we have is the U (1) symmetry associated with
the fermion number conservation. We do not have translation
symmetry and other symmetries.

To be more precise, our d-dimensional space is a ball with
no nontrivial topology. Since the systems have a boundary, here
we can only require that the “bulk” gap of the fermion systems
is nonzero. The free-fermion system may have protected
gapless excitations at the boundary. (Requiring the fermion
systems to be even gapped at the boundary only gives us
trivial gapped phases.) We call the free-fermion systems that
are gapped only inside of the d-dimensional ball as “bulk”
gapped fermion systems. A bulk gapped fermion system may
or may not be gapped at the boundary.

Kitaev has shown that the space C4 of such bulk gapped
free-fermion systems is homotopically equivalent to the space
C) of mass matrices of a d-dimensional Dirac equation:
7, (CH) = m,(C}H).* In the following, we give a intuitive
explanation of the result.

To start, let us first assume that the fermion system has
translation symmetry and charge-conjugation symmetry. We
also assume that its energy bands have some Dirac points at
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zero energy and there are no other zero-energy states in the
Brillouin zone. So if we fill the negative energy bands, the
single-body gapless excitations in the system are described
by the Hermitian matrix H, whose continuous limit has the
form

d
H =Y vid, (an
i=1

where we have folded all the Dirac points to the k = 0 point.
Without losing generality, we have also assumed that all the
Dirac points have the same velocity. Since i9; is Hermitian,
yi, i = 1,...,d, are the Hermitian y matrices (of infinite
dimension) that satisfy Eq. (4).

When d = 1, do we have a system that has y; = I,,»,? The
answer is no. Such a system will have n right-moving chiral
modes that cannot be realized by any pure one-dimensional
systems with short-ranged hopping. In fact y; must have the

form y; = (1’51 _ L(ixm) with [ = m (the same number of right-
and left-moving modes). So the allowed y; always satisfies the
condition that H> = 1 and y, H + Hy; = 0 has a solution for
H. We see that the extra condition Eq. (8) on y; has a very
physical meaning.

Now we add perturbations that may break the translation
symmetry. We like to know how many different ways there are
to gap the Dirac point. The Dirac points can be fully gapped
by the “mass” matrix M that satisfies

M+ My, =0, M' =M. (12)

To fully gap the Dirac points, M must have no zero eigenvalues.
Without losing generality, we may also assume that M? = 1.
(Since the Dirac points may have different crystal momenta
before the folding to k = 0, we need perturbations that break
the translation symmetry to generate a generic mass matrix
that may mix Dirac points at different crystal momenta.) The
space C) of such mass matrices is nothing but C, introduced
before: CY = C,.

So the different ways to gap the Dirac point form a space
C,. The different disconnected components of C; represent
different gapped phases of the free fermions. Thus, the gapped
phases of the conserved free fermions in d dimensions are
classified by mo(C,), which is Z for even d and 0O for odd d.
The nontrivial phases at d = 2 are labeled by Z, which are
the integer quantum Hall states. The results are summarized in
Table II.

III. GAPPED FREE-FERMION PHASES:
THE REAL CLASSES

When the fermion number is not conserved and/or when
there is a time-reversal symmetry, the gapped phases of
noninteracting fermions are classified differently. However,
using the idea and approaches similar to the above discussion,
we can also obtain a classification. Instead of considering
Hermitian matrices that satisfy certain conditions, we just need
to consider real antisymmetric matrices that satisfy certain
conditions.

PHYSICAL REVIEW B 85, 085103 (2012)

A. The d = 0 case: The symmetry groups

Again, we start with d = 0 dimensions. In this case, a free-
fermion system with n orbitals is described by the following
quadratic Hamiltonian:

A= "Hyéle; +Y [(Gyee;+Hel, ij=1,...n.
ij

ij

(13)
Introducing the Majorana fermion operator 7j;, I = 1, ... ,2n,
(.0} =281, ) =i, (14)

to express the complex fermion operator ¢;,
& = 5(oi + imis1), (15)

we can rewrite H as
=1 3 Auinis, (16)
1

where A is a real antisymmetric matrix. For example, for a
. o T Ata 1
one-orbital Hamiltonian H = e(é7é — E)A’ weget A= ).
If the fermion number is conserved, H commutes with the
fermion number operator

N 3 1 i
At A R
N=Y(de—--)=2> : 17
(Clc 2) rpa Qrifify (17

i
where

OQ=¢®I, 0>=-1, e¢=—io". (18)

[ﬁ N ] = 0 requires that

[A,0] =0. (19)

Such a matrix A has the form A = 6° ® H, + ¢ ® H,, where
H; is symmetric and H, antisymmetric. We can convert such
an antisymmetric matrix A into a Hermitian matrix H = H; +
1H, and reduce the problem to the one discussed before.

The time-reversal transformation 7" is antiunitary: 7i7 ' =
—i. Since T does not change the fermion numbers, therefore,
7¢,T~" = U;;¢;, where U is a unitary matrix. In terms of the
Majorana fermions, we have

TinT™" = ReUj;in; — ImUjjfn 41, )
Thoi T~ = —ReUijiji1 — ImUjjin;
Therefore, we have

T T =T;7;, T=0>®ReU —c'@ImU. (1)

We see that, in the Majorana fermion basis, U — o3 @ RelU —
o'®ImU =T andi — € ® I. We indeed have T(e ® I) =
—T(e®I).

For fermion systems, we may have 72 = s’Tv, st ==+. 1
fact s = — for electron systems. This implies that 72¢; ; -2

=

A A A

s7& and T? = s7. The time-reversal invariance THT ~! =

=l
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implies that TTAT = —A, where T ' is the transpose of T.
We can show that

TT =0’ QReU' — ' @ ImUT) (0> @ ReU + ¢! @ ImU)
=0’ ® (ReU'ReU — ImU'ImU)
— e ® (ReU'ImU + ImUReU)
=o'®1I, (22)
where we have used ReU'ReU — ImUTImU =1 and
ReUImU + ImUReU = 0 for unitary matrix U. Therefore,
TT =T7T""and

AT = —-TA, T?=sy. (23)

Also, for fermion systems, the time-reversal transformation T
and the U (1) transformation N may have a nontrivial relation:
TeiﬁNT—l = esUTieN, Sur = :l:, or TNT_I = —SUTN. This
gives us

T Q =Sur QT

The charge-conjugation transformation C is unitary. Since
¢ changes ¢; to 6:, then C‘éié’l = Uijéj, where U is a unitary
matrix. In terms of the Majorana fermions, we have

CipiC™!
A A—1
Cipiy1C

(24)

= ReUjjij + ImU;;faj41,

J i i12j ' 25)
= —ReU;jfj+1 + ImUj; ;.
Therefore, we have

ChiC'=CijAj, C=0>@RelU +0' @ImU. (26)
Again, we can show that CT = C~!.
For fermion systems, we may have C? = s]CV , S¢ = &,
which implies that €2¢; é"f = scé and C? = s¢. The charge-
conjugation invariance C HC~! = H implies that A satisfies

CA=CA, C*=sc. 27)
Since CNC~! = —N, we have
CcQ=-0C. (28)

However, the commutation relation between T and € has two
choices: 7€ = sTCCT stc = *; we have

CT = s7cTC. (29)

We see that when we say a system has U(1), time-reversal,
and/or charge-conjugation symmetries, we still do not know
what is the actual symmetry group of the system, since
those symmetry operations may have different relations as
described by the signs of s7, sc, syr, and sy, which lead
to different full symmetry groups. Because symmetry plays a
key role in our classification, we cannot obtain a classification
without specifying the symmetry groups. We have discussed
the possible relations among various symmetry operations. In
Table IV, we list the corresponding symmetry groups.

We like to point out that sometimes, when we describe
the symmetry of a fermion system, we do not include the
fermion number parity transformation (—)" in the symmetry
group G. However, in this paper, we use the full symmetry
group G s to describe the symmetry of a fermion system. The
full symmetry group G, does include the fermion number

parity transformation (—)". So the full symmetry group of a

fermion system with no symmetry is Gy = Z'zf generated by
the fermion number parity transformation. G is actually a
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TABLE IV. Different relations between symmetry transforma-
tions give rise to 36 different groups that contain U(1) (represented
by U), time-reversal (T'), and/or charge-conjugation (C) symmetries.

Symmetry groups Relations

u), SUu®)

G,.(C) c? SC ,S¢c ==+

G, (U,C) C2=s),CeNE = TN 5o =+

Gy (T) 72 = s s = +.

G (U,T) TN~ = evroN 72 = N 050 = £
G (T,C) 72 =58, 6T = (sf)TC

Src,St.S¢c = £
Givrste (U, T,C) Ce?N -1 = =08 6N f—1 — psyrioN

fz_sﬁ
=sV,
Cr =58, CT = (sM)T¢ =4
=sc, = (s7)TC, s7,8¢,5uT,S7¢ =

Z{ extension of G: G = Gf/Z{. It is a projective symmetry
group discussed in Ref. 41.

In the following, we study the symmetries of various
electron systems to see which symmetry groups listed in
Table IV can be realized by electron systems.

For insulators with non-coplanar spin order §H = éj n; -
ol + é}nz 08+ 6,T€n3 -0 Cy, the full symmetry group is
G = U(1) generated by the total charge Nc.

For superconductors with non-coplanar spin order § H =
c ny -0 —i—cTnz ol +ckn3 oy +(C¢,cw — C,iCtj), the

full symmetry group is reduced to Gy = generated by

the fermion number parity operator Py = (—)NC . We note that
the full symmetry group of any fermion system contains Z{ as

a subgroup. So we usually use the group G ¢/ sz to describe
the symmetry of the fermion system, and we say there is no
symmetry for superconductors with non-coplanar spin order.
But in this paper, we use the full symmetry group G to
describe the symmetry of fermion systems.

For insulators with spin-orbital coupling §H !

=1c;ny -

oly + iéj ny oy + ié,in3 -0Cy, they have the charge-

conservation (IVC) and the time-reversal (f‘phy) symmetries.
The time-reversal symmetry is defined by

A A .
TonyCoi Ty = €apCiis Tphycaszhy = éaﬁCLl (30)
We can show that
Ton c oo, T = —éloe;
phy J h Ji»
phy i 31)

TayNe Tyt = Ne, 12, = ()%

Thus, 8 H is invariant under Ty, and ¢¥¢. Let T = Ty, and
N = IVC; we find that

7 =",

which define the full symmetry group G_(U,T) of an electron
insulator with spin-orbital coupling.

TN -1 _ e—i&N’ (32)
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For superconductors with spin-orbital coupling and
real pairing §H = iéTnl ol + i@Tnz olj + iéZn3 ol +
(i€ —¢C wCT i) they have the time-reversal symmetry Typy.
Setting T = Tyny and N = N¢, we find

2=, (33)
which defines the full symmetry group G1(U,T) = Z,; of
superconductors with spin-orbital coupling and real pairing. -
For superconductors with S, conserving spin-orbital coupling
and real pairing 6 H = iéjazéj + (é4i€)j — €,i¢4;), they have
the time-reversal Tphy and S, spin-rotation symmetries. Setting
T = f"phy and N = 28, we find

72 = (—)V, (34)

which defines the full symmetry group G*(U,T) = U(1) x
Z, of superconductors with S, conserving spin-orbital cou-
pling and real pairing.

For superconductors with real pairing and coplanar spin
order § H = é;[l’ll -0 + 6}n2 . O'éj + (éﬁéw‘ — 6¢,’6M), they
have a combined time-reversal and 180° spin-rotation sym-
1t

& N A —1 0N
Te" T =e"",

metry. The spin rotation is generated by S, =}, 5¢/0“¢;,
a = x,y,z. We have
TonySa Ty = —Sa- 35)

The Hamiltonian § H is invariant under 7' = ™5 fphy. Since
7% = 1, the full symmetry group of superconductors with real
pairing and coplanar spin order is G(T) = Z, x Z{.

For superconductors with real pairing and collinear spin
order SH = ¢l0%¢; + (¢1:€,; — ¢,,¢4,), they have the S. spin
rotation and a combined time-reversal and 180° S, spin-
rotation symmetry. The Hamiltonian § H is invariant under
T = e f‘phy and S, spin rotation N = 28.. We find that

fweieﬁf—l _ 6—191\7, 72— (_)N’ (36)

which define the full symmetry group G (U, T) of supercon-
ductors with real pairing and collinear spin order.

For insulators with coplanar spin order 6I.Tn1 -o0¢i + 6j n; -
o Cj, they have the charge-conservation and a combined time-
reversal and 180° spin-rotation symmetries. The Hamiltonian
8H is invariant under T = €™’ Ty, and the charge rotation
N = NC. ‘We find that
=", 37)
which define the full symmetry group G (U, T) of insulators
with coplanar spin order.

For superconductors with real triplet S; = O pairing § H =
C4iCyj + Ciéyj, they have a combined time-reversal and
charge-rotation symmetry, a combined 180° S, spin-rotation
and charge-rotation symmetry, and the S, spin-rotation sym-
metry. The Hamiltonian § H is invariant under 7' = i fe f"phy,
¢ = ei%meiﬂs", and the S. spin rotation N = 2S.. We find
that

TN F—1 — 0N 72 _
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which define the full symmetry group G, (U,T,C) of
superconductors with real triplet S, = 0 pairing.

For superconductors with real triplet S, = 0 pairing and
collinear spin order §H = ¢;o%c; + (C4;Cy; + Ei¢4;), they
have a combined time-reversal and 180° S, spin-rotation sym-
metry, and the §; spin-rotation symmetry. The Hamiltonian
8H is invariant under T = ™57, phy and the §; spin rotation
N = 28.. We find that

TNT ! = N, T2 =1, (39
which define the full symmetry group G (U,T) of supercon-
ductors with real triplet S, = 0 pairing and collinear spin order.

For superconductors with the time-reversal, the 180° S,
spin-rotation, and the S, spin-rotation symmetries, the Hamil-
tonian is invariant under 7' = f"phy, C=e"5 and N = 23’1.
We find that

C'N -1 = e—ial(" TelfN -1 — eieN’
=",
which define the full symmetry group G (U, T,C) of super-
conductors with the time-reversal, the 180° S, spin-rotation,
and the S spin-rotation symmetries. For free electrons with the
180° S, spin rotation, and the S, spin-rotation symmetries, they
actually have the full SU(2) spin-rotation symmetry. So the
above systems are also superconductors with real pairing and
SU (2) spin-rotation symmetry. Similarly, for superconductors
with complex pairing and SU(2) spin-rotation symmetry, the
symmetry group is SU(2), or G_(U,C).

For insulators with spin-orbital coupling and only

intersublattice hopping H = iéjA ng-océ, + ié;A n-oéj, +

(40)

7 =C? CT=1TC,

iel n3 - 0¢,, they have charge-conservation, time-reversal,
kA B . . .

and deformed charge-conjugation symmetries. The charge-

conjugation transformation Cpyy is defined as

A A A—1 N A N A—1 A
ConyaiCopyy = €aplh i Conyll ;Copt = €aplpin  (41)

We find that
Cphycjacj Cp;ly = CTUC/v CA‘phyprhy = Aphyéphw @2)
CphchCphy NC, éghy = (_)NC

The above Hamiltonian is invariant under 7" = Ty, N = N,

and C = (—)N B C’phy, where N g 18 the number of electrons on
the B sublattice. We find

A KT A

CPNE—1 — p=0N P ioNp—1 _ —i6N

) ) (43)
P=Y =", T =1C,
which define the full symmetry group G_"(U,T,C) of
insulators with spin-orbital coupling and only intersublattice
hopping. The above results for electron systems and their full
symmetry groups G ; are summarized in Table 1.

B. The d = 0 case: The classifying spaces

The Hermitian matrix iA describes single-body excitations
above the free-fermion ground state. We note that the eigen-
values of 1A are *¢;. The positive eigenvalues |¢; | correspond
to the single-body excitation energies above the many-body
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ground state. The minimal |¢; | represents the excitation-energy
gap of H above the ground state (the ground state is the lowest
energy state of H). So, if we are considering gapped systems,
|€;] is always nonzero. We can shift all €; to &1 without closing
the gap and change the (matter) phase of the state. Thus, we
can set A2 = —1.

In the presence of symmetry, A should also satisfy some
other conditions. The space formed by all those A’s is called the
classifying space. Clearly, the classifying space is determined
by the full symmetry group G ;. In this section, we calculate
the classifying spaces for some simple groups.

If there is no symmetry, then the real antisymmetric matrix
A satisfies

A? = —1. (44)

The space of those matrices is denoted as RY, which is the
classifying space for a trivial symmetry group.

If there is only charge-conjugation symmetry [full symme-
try group = G,.(C)], then the real antisymmetric matrix A
satisfies

Al=—1, AC=CA, C?=sc. (45)

For s¢ = +, since C commutes with A and C is symmetric,
we can always restrict ourselves in an eigenspace of C and C
can be dropped. Thus, the space of the matrices is R, the same

as before. For sc = —, we can assume C = ¢ ® . In this case,
A has the form A = 6° ® H, + ¢ ® H,, where H; = H! and
H, = —HaT. Thus, we can convert A into a Hermitian matrix

H = H; + iH,, and the space of the matrices is Cy.

If there are U(1) and charge-conjugation symmetries [full
symmetry group = G,.(U,C)], then the real antisymmetric
matrix A satisfies

A = —1,
0° =1,

For s¢c =+, we can assume C =0*Q® [ and Q =¢e® I.
Since Q and C commute with A, we find that A must have
the form A = 0° ® A, with A?> = —1. Thus, the space of the
matrices A, and hence A, is R).

For sc =—, we can assume C =¢®o* ® [ and
O=¢®0c*®I. We find that A must have the
foorm A=0"®c°@H)+e®c°@H +0°Qe® H, +
0" ® ¢ ® H;, where Hy=—H{ and H, = H', i =1,2,3.
Now, we can view 69 ®c% as 1, e @0 as i, 0 ® ¢ as Js
and o* ® ¢ as k. We find that i,j,k satisfy the quaternion
algebra. Thus, A can be mapped into a quaternion matrix H =
Hy +iH, + jH, + kHs satisfying H' = —H and H?> = —1.
The quaternion matrices that satisfy the above two conditions
have the form

AQ = QA, AC=CA, QC=-CQ,
C? =sc. (46)

H = eXuxniInxne*anu , 47)

where X;Exn = — X, «» 1S a quaternion matrix. X~ form the
group Sp(n). However, the transformations e4w+1Bw keeps
il,x, unchanged, where A, , is a real antisymmetric matrix
and B,, ., is a real symmetric matrix. =B form the group
U (n). Thus, the space of the quaternion matrices that satisfy
the above two conditions is given by Sp(n)/ U (n). Such a space
is the space Rg, which is introduced later.

PHYSICAL REVIEW B 85, 085103 (2012)

When s¢ = —1, we can view Q as the generator of S‘Z
spin rotation, and C as the generator of S spin rotation
acting on spin-1/2 fermions. In fact ¢%¢ and ¢%C in this
case generate the full SU(2) group. So when s¢ = —, the free
spin-1/2 fermions with U(1) x Z2C symmetry actually have
the full SU (2) spin-rotation symmetry. Therefore, G_(U,C) ~
SU(2).

If there is only the time-reversal symmetry [full symmetry
group = G, (T)], then A satisfies

A =1,

Apr+mA=0, pi=sr, p=T. (48)

The space of those matrices is denoted as R} for s7 = —1 and
R? for st = 1.
If there are time-reversal and U(l) symmetries [full

symmetry group = G‘ng(U,T)], then for s;y7 = —, A satisfies
A*=—1, Api+pA=0, pi=s1. p;=os1,
=T, pp=TQ0. (49)

The space of those matrices is denoted as R) for s = + and
Rg for st = —.

For syr = +, Q commutes with both A and T'. Since Q? =
—1, we can treat Q as the imaginary number i and convert
both A and T to complex matrices. To see this, let us choose
a basis in which Q has a form Q = € ® I. In this basis A and
T become A=0"®@ A, +ec®A and T =0 Q@ T) + € ®
T,, where A; is symmetric and A, is antisymmetric. Let us
introduce complex matrices H = —A; + 1A, and T=T+
iTyforsy = +orT = =T, + iT; for sy = —. From A2 = —1,
T? = sr,and AT = —T A, we find

H*=1, HT+TH=0, T*=1. (50)
Also AT = —A allows us to show H = H. For a fixed T, the
space formed by H'’s that satisfy the above conditions is C;
introduced before. This allows us to show that the space of the
corresponding matrices A is C for sy = &£, syr = +.

If there are time-reversal and charge-conjugation symme-
tries [full symmetry group = G{I< (T, C)], then for syc = —,
A satisfies

A? = —1,
=T,

Api+piA=0, pf=sr, p5=—srsc,
0y =TC. (51)

The space of the matrices A is Rll for sy =+, s¢ = +; Rg for
st =+,5¢c = —; R| forsy = —, sc = +; and R} forsp = —,
sc = —. For syc = +, C will commute with both A and T.
We find space of the matrices A to be R? for sy =+, 5¢ = +;
Ré for s = —, s¢ = +; and C, for st = +, sc = —.

If there are U(1), time-reversal, and charge-conjugation
symmetries [full symmetry group = GV°7<(U,T,C)], then
for s7¢c = syr = —, A satisfies

A= —1, Api+ piA=0, p{ =p; =sr, p; = —s15C,
p=T, pp=TQ, p3=TC. (52)
The space of the matrices A is R; for sy =+, s¢ = +; Rg for

st = +,sc = —; R} for sy = —, s¢c = +; and R} for s = —,
Sc = —.
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For sy7 = —, s7c = +, A satisfies

A= —1, Api+ piA=0, p{ =p; =sr, p; = —s15c,

=T, ;p=TQ, p3=TQC. (53)
The space of the matrices A is R} for s = +, sc = +; R for
st = +,5¢c = —; R} forsy = —, sc = +; and R} forsp = —,
Sc = —.

For sy = +, s7c = —, A satisfies

A= -1, Api+pA=0, p{ =s7, p3 = p3 = —s75C,

p=T, p=TC, p3=TCQ. (54)
The space of the matrices A is Rf for sy =+, s¢ = +; Rg for
st =+, sc = —; R} for sy = —, s¢c = +; and R} for s = —,
Sc = —.

For sy = +, syc = +, we find that A satisfies

A =—1, Api+pA=0, p{ =—s7, p; = p; = s7sc,

p=TQ, pp,=TC, p3=TCQ. (55)
We see that the matrices A form a space R% for s7 =+, s¢ =
+; R} for s = +, s¢c = —; R} for sy = —, sc = +; and R
forsy = —, s¢c = —.

C. The properties of classifying spaces

In general, we can consider a real antisymmetric matrix A

that satisfies (for fixed real matrices p;,i = 1,...,p + q)
1: = Pptq+ls Pj,O;‘ + pipj = liz; 0, 56)
i =li=t.p I, 07 = lizpt1,.oprqrl —
The space of those A matrices is denoted as R}.
Let us show that
+1
RI = Rj, - (57)

From A € R} that satisfies the following Clifford algebra
Cl(p,q + 1),

~A = Ppig+1 ,5ji + 0ip; = li%; 0, 58)
;i = li=t..p L, pi = li=p+1,..prqgr1 — 1,
we can define
Pi = li=1,...pPi ®UZ: ppy1 =1 ®a", 59)
Pi = lizpt2,... p+q+20i-1 ® 0%, pprge3 =1 R €.

We can check that such p; satisfy the following Clifford algebra
Cl(p+1,q+2),

pjpi + pipj = lizj 0,
J iFj #J (60)

If we fix p;, i # p + q + 2, then the space formed by A =
Pp+q+2 satisfying the above condition is given by RZﬂ. The
above construction gives rise to a map from Rj — RZE .Since
A = ppiq42, satisfying Eq. (60) must has the form A®o?,
with A satisfying Eq. (58). This gives us a map RIt!

p+1
g+l __ pg
Thus,R[H_l = R).

— Rf,’,.
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‘We can also consider a real symmetric matrix A that satisfies

(for fixed real matrices p;, i = 1,...,p)
A=ppit, Pipi+pipj =lizj 0, pF = lict,.p+1 L.
(61)
The space of those matrices is denoted as R,,.
In the following, we show that
R} = Ry 42. (62)
From A € R{ that satisfies the Clifford algebra C1(0,q + 1),
A =Pyt Pipi+pip; = lizj 0, B = lici,.q1 — 1,
(63)
we can define
Pi =lizt,.q+10i ® &, pg2=100% p3=1Q0c".
(64)

We can check that p; form the Clifford algebra Cl(g + 3,0),

pipi+pipj =lizj 0. pf =li=t..qr3l. (65

If we fix p;, i #q + 1, then the space formed by A = p 4
satisfying the above condition is given by R,,. The above
construction gives rise to a map from Rj — R,». Since A =
pg+1. satisfying Eq. (65) must have the form A ® ¢, with A
satisfying Eq. (63). This gives us a map R,.> — R{. Thus,
R} = Ry42.

In addition we also have the following periodic relations:

Ry = RI*S = R? R, = R,s. (66)

+8
This can be shown by noticing the following 16-

dimensional real symmetric representation of Clifford algebra

Cl1(0,8):

bh=:cQ0c°QReRao",

0=e®R0* Qe R,

f=e®c*®c’Qe,
h=:Q0c°QReRc7,

(67)
s =eR0 Qo Qe, G=eRo*Rr* Ve,
=e®e®0°®0%, h=0"0"®°®0°,
which satisfy
0,0, + 0,60 = liz; 0, 67 =li—o...5 1. (68)

We find that 6 = 6,6,63604050567605 = 0° ® 0° ® 6° ® ¢ an-
ticommutes with ;. From A € R} that satisfies Eq. (58), we
can define

Pi = li=1,..pPi ®0, ppri = li=1,..8] ®O;,

Pi = li=p+9....p+q+90i—8 @ 0°.

We can check that such p; satisfy

PF = licps9... prgto — L. (70)

If we fix p;, i # p+ g + 9, then the space formed by A =
Pp+q+9 satisfying the above condition is given by RZ +g- The
above construction gives rise to a map from R} — RZ 4+g- On
the other hand, the matrix that anticommutes with all §;’s must

be proportional to 6. Thus, A = p,4,49 satisfying Eq. (70)
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TABLE V. The spaces R, and their homotopy groups 4(R),).

p mod 8 0 1 2 3 4 5 6 7
R, 500 % 2 O o 509 Scspim % 2 Sp(n) T o0
JT()(RP) Z Zz Zz 0 VA 0 0 0
ﬂl(Rp) Zz Zz 0 Z 0 0 0 VA
7T2(Rp) Zz 0 Z 0 0 0 Z Zz
7T3(Rp) 0 Z 0 0 0 Z Z2 Z2
74(R,) z 0 0 0 z Z, Z, 0
s(R,) 0 0 0 z Z, Z, 0 z
ﬂG(R,,) 0 0 Z Zz Z2 0 Z 0
7'[7(Rp) 0 Z Zz Zz 0 VA 0 0

must have the form A ® 6, with A satisfying Eq. (58). This
givesusamap R? ¢ — Rj.Thus, R} ¢ = Rj. Using a similar
approach, we can show R, = R, 3. Equations (57), (62), and
(66) allow us show

RY = Ry pi2mods- (71)

So we can study the space R?, via the space Ry_ p4+2mods-
Let us construct some of the R, spaces. Ry is formed by
real symmetric matrices A that satisfy A2 = 1. Thus, A has

the form 0(110” 7,2””)0’1, O € O( + m). We see that Ry =

U O +m)/O() x O(m) = % x 7.
R; is formed by real symmetric matrices A that satisfy
A%’ =1and Ap; = —p1 A with p; = 6% @ I,,«,. Thus, A has

the form
A= etf"®MnxugUO®Lnxn [O.X ® Inxn]e*tTO@Lnxn6*03®Muxn

= 7 M [g* @ Lyple”” M, (72)
where ¢ ®Lmn € O(n) and e M= € O(n) are the transfor-
mations that leave p; unchanged. We see that R} = O(n).
The other spaces R, and mo(R),) are listed in Table V. Note
that for space S x Z, we have m(S x Z) = mo(S) x Z. Also
O(n) in the dividend usually leads to Z, in my. Otherwise,
o = {0}. O(n) in the dividend can give rise to Z, because O €
O(n) with det(O) = 1 and det(O) = —1 cannot be smoothly
connected. O(l + m) in % does not lead to Z, because
for O € O(l +m) we can change the sign of det(O) by
multiplying O with an element in O(/) [or O(m)].

For free-fermion systems in zero dimensions with no sym-
metry and no fermion number conservation, the classifying
space is RY. Since mo(R)) = mo(R2) = Z», such free-fermion
systems have two possible gapped phases. One phase has even
numbers of fermions in the ground state and the other phase
has odd numbers of fermions in the ground state. (Note that
the fermion number mod 2 is still conserved even without any
symmetry.)

For free-electron systems in zero dimensions with time-
reversal symmetry and electron number conservation [the
symmetry group G_(U,T)], the classifying space is R(z). Since
ﬂo(R%) = mo(R4) = Z, the possible gapped phases are labeled
by an integer n. The ground state has 2n fermions. The electron
number in the ground state is always even due to the Kramer
degeneracy.

If we drop the electron number conservation [the symmetry
group becomes G_(T)], then the ground state will have
uncertain but even numbers of electrons. The ground state
cannot have odd numbers of electrons. This implies that free-
electron systems with only time-reversal symmetry in zero
dimensions have only one possible gapped phase. This agrees
withmo(R}) = mo(R3) = {0}, where R is the classifying space
for symmetry group G_(T).

D. The d # 0 cases

Now let us consider the d # 0 cases. Again, let us
first assume that the fermion system described by H =
%Z ;7 Arsnify has translation symmetry, as well as time-
reversal symmetry and fermion number conservation. We also
assume that the single-body energy bands of antisymmetric
Hermitian matrix iA have some Dirac points at zero energy
and there are no other zero-energy states in the Brillouin zone.
The gapless single-body excitations in the system are described
by the continuum limit of 1A:

d
A=1) "y, (73)
i=1

where we have folded all the Dirac points to the k = 0 point.
Without losing generality, we have also assumed that all the
Dirac points have the same velocity. Since 9; is real and
antisymmetric, y;,7 = 1, ... ,d, are real symmetric y matrices
(of infinite dimension) that satisfy

Yivi +vivi =285, v =vi. 74)

Again, the allowed y;’s always satisfy the condition that M? =
—1 and y;M 4+ My; = 0 has a solution for M. Since the time
reversal and the U(1) transformations do not affect 9;, the
symmetry conditions on A, AT +TA =0and AQ — QA =
0, become the symmetry conditions on the y matrices:

viQ — Qyi =0. (75)

Now we add perturbations that may break the translation,
time-reversal, and U (1) symmetries, and we ask: how many
different ways are there to gap the Dirac points? The Dirac
points can be fully gapped by real antisymmetric mass matrices
M that satisfy

viT + Ty =0,

viM + My; = 0. (76)
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The resulting single-body Hamiltonian becomes iA =
i [y + M.

If there is no symmetry, we only require the real antisym-
metric mass matrix M to be invertible [in addition to Eq. (76)].
Without losing generality, we can choose the mass matrix to

also satisfy
M?* = —1. (77)

The space of those mass matrices is given by Rg.

If there are some symmetries, the real antisymmetric mass
matrix M also satisfies some additional condition, as discussed
before: M anticommutes with a set of p + g matrices p; that
anticommute among themselves with p of them square to 1
and g of them square to —1. The number of p,g depends on full
symmetry group G ¢. Since y; do not break the symmetry, just
like M, y; also anticommutes p;. So, in total, M anticommutes
with a set of p + ¢ + d matrices p; and y; that anticommute
among themselves with p + d of them square to 1 and g of
them square to —1. Those mass matrices form a space RZ -

The different disconnected components of RZ +q Tepresent
different “bulk” gapped phases of the free fermions. Thus,
the bulk gapped phases of the free fermions in d dimensions
are classified by no(R;_m) = mo(Ry—p—d+2mods), With (p,q)
depending on the symmetry. The results are summarized in
Table II1.

E. A general discussion

Now, let us give a general discussion of the classifying
problem of free-fermion systems. To classify the gapped
phases of the free-fermion Hamiltonian we need to construct
the space of antisymmetric mass matrix M that satisfies

M? = —1. (78)

The mass matrices A always anticommute with y matrices
vi,» 1 =1,2,...,d. When the mass matrices M have some
symmetries, then the mass matrices satisfy more linear
conditions. Let us assume that all those conditions can be
expressed in the following form:

Mpi = —piM, pip; = —p;pi,
MU, =UM, U;p; =pUyj,

(79)

where p; and U; are real matrices labeled by i and I,
and yy,...,ys are included in the p;’s. If we have another
symmetry condition W such that MW = —WM and Wp;, =
pi, W for a particular iy, then U = Wp;, will commute with M
and p; and will be part of U;.

U; will form some algebra. Let us use « to label the
irreducible representations of the algebra. Then the one-
fermion Hilbert space has the form H = &, H, ® Hg, where
the space H? forms the ath irreducible representations of the
algebra. For such a decomposition of the Hilbert space, M has
the following block-diagonal form:

M=@,(M* @ I%), (80)

where /% acts within H? as an identity operator, and M“ acts
within H,. The p;’s have a similar form,

Pi :®ot(lolq®la)v (81)
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where p{* acts within . So within the Hilbert space H,, we
have

M®pj = —piM®,  pj'pi = —pfp;. (82)

What we are trying to do in this paper is actually to construct
the space of M“ matrices that satisfy the condition of Eq. (82).

If fermions only form one irreducible representation of the
U, algebra, then the classifying space of M, and M will be
the same. The results of this paper (such as Tables II and IIT)
are obtained under such an assumption.

If fermions form # distinct irreducible representations of the
U, algebra, then the classifying space of M will be R", where R
is the classifying space of M* constructed in this paper. Note
that the classifying spaces of M* are the same for different
irreducible representations and hence R is independent of «.
So if M,,’s are classified by Zy, k = 1,2, or oo, then M’s are
classified by Zj.

To illustrate the above result, let us use the symmetry
G (C)= Z2C X sz as an example. If the fermions form one
irreducible representation of Z € for example, ¢ C C! = —Ci,
then the noninteracting symmetric gapped phases are classified
by

d: 0 1
gapped phases :  Z, Z;

2 345 6 17,

zZ 0 0 0 Z O, (83)

which is the result in Table III. If the fermions form both
the irreducible representations of ZZC, CciyC7' = 4¢iy and
Ce;_C' = —¢;_ (i.e., one type of fermions carries Z2C charge
0 and another type of fermions carries ZZC charge 1), then the
noninteracting symmetric gapped phases are classified by

d: 0 1 2 3 45 6 17,

84
gapped phases : Z3 Z3 Z* 0 0 0 Z* O. &4

The four d = 0 phases correspond to the ground state with even
or odd Z,-charge-0 fermions and even or odd Z,-charge-1
fermions. The four d = 1 phases correspond to the phases
where the Z,-charge-0 fermions are in the trivial or nontrivial
phases of the Majorana chain and the Z,-charge-1 fermions are
in the trivial or nontrivial phases of the Majorana chain. The
d = 2 phase labeled by two integers (m,n) € Z? corresponds
to the phase where the Z,-charge-0 fermions have m right-
moving Majorana chiral modes and the Z,-charge-1 fermions
have n right-moving Majorana chiral modes. (If m and/or n
are negative, we then have the corresponding number of left-
moving Majorana chiral modes.)

Some of the above gapped phases have intrinsic fermionic
topological orders. So only a subset of them are noninteracting
fermionic SPT phases:

dp: 0 1
SPT phases : Z, Z

2 345 6 7,

Z 0 0 0 zZ o. (85)

The two dy, =0 phases correspond to the ground states
with even numbers of fermions and O or 1 Z, charges.
The two d,, = 1 phases correspond to the phases where the
Z,-charge-0 fermions and the Z,-charge-1 fermions are both
in the trivial or nontrivial phases of the Majorana chain. The
dy, = 2 phase labeled by one integer n € Z corresponds to the
phase where the Z,-charge-0 fermions have n right-moving
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Majorana chiral modes and the Z,-charge-1 fermions have n
left-moving Majorana chiral modes.

IV. CLASSIFICATION WITH TRANSLATION SYMMETRY

For the free-fermion systems with certain internal symme-
try Gy, we have shown that their gapped phases are classified
by mo(Rp;—a) or mo(Cp;—a) in d dimensions, where the value
of pg is determined from the full symmetry group G ;. We
know that my is an Abelian group with commuting group
multiplication “+4”: a,b € my implies that a + b € wy. The
+ operation has a physical meaning. If two “bulk” gapped
fermion systems are labeled by a and b in 7, then stacking the
two systems together will give us a new bulk gapped fermion
system labeled by a + b € m.

We note that the classification by (R, —q) or mo(Cp;—a)
is obtained by assuming there is no translation symmetry. In
the presence of translation symmetry, the gapped phases are
classified differently.32‘34’43 However, the new classification
can be obtained from 7o(R ;). For the free-fermion systems
with internal symmetry G, and translation symmetry, their
gapped phases are classified by>

d

[Ttro(Rpg a1, (86)

k=0

where (Z) is the binomial coefficient. The above is for the

real classes. For the complex classes, we have a similar
classification:
d
©
[ [ro(Cpg—asi)®. (87)

k=0

Such aresult is obtained by stacking the lower-dimensional
topological phases to obtain higher-dimensional ones. For
one-dimensional free-fermion systems with internal symmetry
G ¢, their gapped phases are classified by mo(R,;—1). We can
also have a zero-dimensional gapped phase on each unit cell of
the one-dimensional system if there is a translation symmetry.
The zero-dimensional gapped phases are classified by
7o(R ;). Thus, the combined gapped phases (with translation
symmetry) are classified by mo(R,—1) X mo(R,;). In two di-
mensions, the gapped phases are classified by (R, —2). The
gapped phases on each unit cell are classified by 7o(R ;). Now
we can also have one-dimensional gapped phases on the lines
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in the x direction, which are classified by 7o(R,;—1). We have
the same thing for the lines in the y direction. So the combined
gapped phases (with translation symmetry) are classified by
70(Rpg—2) X [0(Rps—1)1* X 7o(R,,). In three dimensions,
the translation-symmetric gapped phases are classified by
To(R pg—3) X [0(Rps-2)P X [T0(Rpe—1)P X 7o(Rpg)-

V. DEFECTS IN d-DIMENSIONAL GAPPED
FREE-FERMION PHASES WITH SYMMETRY G

For the d-dimensional free-fermion systems with internal
symmetry G r, we have shown that their bulk gapped Hamil-
tonians (or the mass matrices) form a space R,,,_q or C,,_4.
(More precisely, the gapped Hamiltonians or the mass matrices
form a space that is homotopically equivalent to R,;_4 or
Cp;—a-) From the space R4 or Cj,._4, we find that the point
defects that have symmetry G ; are classified by 74— 1(Rp;—q)
or 74-1(Cpg—a)-

Physically, there is another way to classify point defects:
we can simply add a segment of the 1D bulk gapped free-
fermion hopping system with the same symmetry to the
d-dimensional system. Since the translation symmetry is
not required, the new d-dimensional system still belongs to
the same symmetry class. There are finite bulk gaps away
from the two ends of the added 1D segment. So the new
d-dimensional system may contain two nontrivial defects.
The defects are classified by the classes of the added 1D
bulk gapped free-fermion hopping system. So we find that
the point defects that have the symmetry G  are also classified
by 7o(Rp;—1) or wo(C ps—1).

Similarly, the line defects that have the symmetry G , are
classified by my_»(R;—a) or m4—2(C p,—a). Again, we can also
create line defects by adding a disk of the 2D bulk gapped
free-fermion hopping system to the original d-dimensional
system. This way, we find that the line defects that have the
symmetry G ; are also classified by 7o(R,—2) or mo(Cp,—2).

In general, the defects with dimension d are classified
by mg—agy—1(Rps—a) or mwi_4,—1(Cp,—a), Or equivalently by
70(R p;—dy—1) or 70(Cpp;—d,—1)- In order for the above physical
picture to be consistent, we require that

T[VL(RP(;) = nO(Rpg-‘rn)v Tr}’l(Cp(;) = nO(CpG+n)~ (88)

The classifying spaces indeed satisfy the above highly non-
trivial relation. This is the Bott periodicity theorem. The
theorem is obtained by the following observation: the space

TABLE VI. Classification of point defects and line defects that have some symmetries in gapped phases of noninteracting fermions. “0”
means that there is no nontrivial topological defects. Z means that topological nontrivial defects plus the topological trivial defect are labeled
by the elements in Z. Nontrivial topological defects have protected gapless excitations, while trivial topological defects have no protected

gapless excitations.

Symmetry Cpe Pe Point defect Line defect Example phases
Superconductor
ul Ul +m) (Chern) . .
G_(C) Toxvom X L 0 0 z insulator w1.th collinear
spin order
GL(U,T) Superconductor with real pairing
G (T,C) U(n) 1 Z 0 and S, conserving
Gi_(T,0) spin-orbital coupling
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TABLE VII. Classification of point defects and line defects that have some symmetries in gapped phases of noninteracting fermions. “0”
means that there is no nontrivial topological defects. Z, means that topological nontrivial defects plus the topological trivial defect are labeled
by the elements in Z,. Nontrivial defects have protected gapless excitations in them.

G(T) None G_(T) _
GL(T,0) G4 (0) Gt (T,0) GZZ(U,T,C) g:zg;g;
Symm GL(U,T) G 1 (UT,C) G (T,0) G_ (U,T,C) G_(U,T) G_t(U,T,C) G_(U,C) Gi:(UYTYC)
ym. G, _(T,0) GyL(U,T,C) G- (T,0) G_I(U,T,C) G__(T,0) GZ(U,T,C) SU(2) GL:(U’T’C)
G (U,T,C) G4(C) GIL.(U,T,C) GIt(U,T,C) GI;U(,2) ’T]
GIi(U.T.C) G,(U,0) GYi(U,T,C) ’
0+m) o@en) v@n) Sp(l+m) Spn) U
Ryg ohx0m X o) U Sp(n) Spcspim < 2 Sp(n) T 0(n)
PG 0 1 2 3 4 5 6 7
o 0 z z, z 0 z 0 0
Line
defect 0 0 V4 Z, Z, 0 z 0
Insulator Spin
Example I:istl;llz:ir \Svlilfjhezcocinductor Superconductor Insulator with time Spin singlet
hasesp lanar lanar Superconductor with time with time reversal and singlet superconductor
p f in order S in order reversal reversal intersublattice superconductor withtime
Sp Sp hopping reversal
C,,1 can be viewed (in a homotopic sense) as QC,—the VI. SUMMARY
p+ p

space of loops in C,. So we have m{(C,) = mo(QC,) =
7o(Cp41). Similarly, the space R,;; can be viewed (in a
homotopic sense) as Q2R ,—the space of loops in R,. So we
have 71(R),) = m9(QR,) = mo(R4+1). As a result of the Bott
periodicity theorem, the classification of defects is independent
of spatial dimensions. It only depends on the dimension and
the symmetry of the defects. If the defects lower the symmetry,
then we should use the reduced symmetry to classify the
defects. In Tables VI and VII, we list the classifications of
those symmetric point and line defects for gapped free-fermion
systems with various symmetries. We would like to point
out that the line defects classified by Z in superconductors
without symmetry do not correspond to the vortex lines (which
usually belong to the trivial class under our classification).
The nontrivial line defect here should carry chiral modes that
only move in one direction along the defect line. In general,
nontrivial defects have protected gapless excitations in them.

In this paper, we study different possible full symmetry
groups G ; of fermion systems that contain U (1), time-reversal
(T), and/or charge-conjugation (C) symmetry. We show that
each symmetry group G  is associated with a classifying space
C,, or R, (see Tables II and III). We classify d-dimensional
gapped phases of free-fermion systems that have those full
symmetry groups. We find that the different gapped phases are
described by 7o(Cp,—q) or mo(R p;—q). Those results, obtained
using the K-theory approach, generalize the results in Refs. 25
and 28.
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