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Correlation between the interlayer Josephson coupling strength and an enhanced superconducting
transition temperature of multilayer cuprate superconductors
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Infrared reflectivity spectra of multilayered HgBa2Can−1CunO2n+2+δ (n = 2, 3, 4, and 5) are measured. Optical
plasma modes associated with the Josephson coupling between CuO2 planes within a multilayer appear below Tc

in the c-axis component of the reflectivity spectrum. The result allows for quantitative estimation of the interlayer
Josephson coupling strength within a multilayer. It is found that the change of the Josephson coupling strength
correlates with the increase of Tc up to n = 3 and the subsequent decrease for n � 4.
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I. INTRODUCTION

There are several factors which influence Tc of high-
Tc superconducting cuprates. It is well known that Tc is
predominantly determined by the carrier doping level, or
somehow related to the superfluid density ρs .1 It is also
known that Tc is influenced by some other factors, such as
the apical-oxygen distance from the CuO2 plane2 and the
number of CuO2 planes, n, in a unit cell in the multilayer
cuprates.3,4 These two probably make Tc material-dependent.
The multilayer effect surely exists in the cuprates and enhances
Tc with respect to Tc of single-layer cuprates up to n = 3, but
its mechanism is not well understood.

The interlayer tunneling theory (ILT)5 is one of the
proposals which try to explain the rise of Tc with n. According
to ILT, the tunneling of Cooper pairs between the planes via
Josephson coupling gains the kinetic energy along the c axis
(perpendicular to the planes), which promotes the pairing of
quasiparticles and drives superconductivity. In the framework
of the ILT model, Tc(n) of the n-layer cuprate is an increasing
function of n due to additional Josephson coupling between
the CuO2 planes within an n layer:

Tc(n) = Tc(1) + C

(
1 − 1

n

)
, (1)

where C is a certain constant.6 Leggett derived exactly
the same expression by taking into account the interplane
Coulomb interaction.7

However, a serious problem with ILT is that for single-
layer cuprates the interlayer Josephson coupling is found
not to be strong enough to account for the superconducting
condensation energy.8,9 Another difficulty is that in multilayer
cuprates Tc decreases for n � 4. NMR experiments10,11 have
revealed that the hole concentration in the inner planes (IP) is
significantly smaller than that in the outer planes (OP). It is
argued that the decrease in Tc is due to this doping imbalance
which tends to induce some competing order in the IPs.12

The c-axis optical measurement allows us to directly
observe Josephson coupling between CuO2 planes in high-
Tc superconductors. The strength of interlayer Josephson
coupling can directly be estimated from the frequency of the
so-called Josephson plasma mode showing up as a reflectivity
edge in the c-axis spectrum below Tc.13 Van der Marel and
Tsvetkov predicted that there would appear additional modes,
called optical Josephson plasma modes, in the c-axis optical
response of the cuprates which would consist of an alternating
stack of more than one kind of Josephson junctions.14 A
bilayer cuprate is thought to be a typical example with a
stronger junction within the bilayer and a relatively weak
junction between bilayers. In YBa2Cu3O7−δ (YBCO) and
Tl2Ba2Ca2Cu3O10+δ (Tl-2223) an optical mode appears at
relatively high frequencies, 400–500 cm−1,15–19 probably
reflecting strong coupling between closely spaced CuO2 planes
within bi- and trilayers, although other explanations are
suggested for the origin of this mode.20

Here we report the first systematic optical measurement
carried out for the multilayer systems. The optical Josephson
plasma modes are observed in the reflectivity spectra of
Hg-based multilayer cuprates, HgBa2Can−1CunO2n+2+δ [Hg-
12(n − 1)n] for n from 2 to 5. The result reveals how the
interlayer Josephson coupling strength within a multilayer
varies with n, which makes it possible to address the basic
questions concerning the multilayer cuprates: (i) why does the
multilayer structure enhance Tc, (ii) what is the effect of the
charge imbalance between inner and outer planes, and (iii)
why is Tc highest in Hg-based cuprates?

II. EXPERIMENTS

Since single crystalline samples of multilayered Hg-based
cuprates with sufficiently large thickness along the c axis
are difficult to grow, we used polycrystalline samples for
the optical measurement. High-density ceramic samples were
synthesized using a cubic-anvil high-pressure synthesizing
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FIG. 1. The x-ray diffraction patterns of (a) Hg-1212, (b) Hg-1223, (c) Hg-1234, and (d) Hg-1245. Solid arrows indicate impurity signals.

apparatus.21,22 The precurser is prepared by mixing powder
samples of BaO2, Ca2CuO3, and Cu, heating them for 12 h at
900 ◦C under O2 flow, and annealing them for 2 h at 800 ◦C
under N2 flow. HgO, CuO, Cu, and the precursor are mixed and
pressed into a pellet, sealed in a Au capsule, and then sintered
for 2–4 h at 700–1000 ◦C under the pressure 3.5–4.5 GPa.
Figures 1(a)–1(d) show x-ray powder diffraction patterns of
sintered samples. The impurity phase fraction of each sample
was less than 5%. Since optical reflectivity is a bulk sensitive
probe, the contribution from the 5% minor phase is utmost 5%
in optical reflectivity and negligible. Tc determined by the dc
magnetization measurement was 127 K for Hg-1212, 134 K
for Hg-1223, 125 K for Hg-1234, and 103 K for Hg-1245,
which are close to the highest Tc values ever reported and
evidence that all the samples are optimally doped.23,24

The sample pellets were polished with Al2O3 powders
until they had mirror surfaces for the optical measurement.
Reflectivity spectra were measured in the frequency range
between 50 and 4000 cm−1 and the temperature range
from 4 K to 300 K using a Fourier-transform infrared
spectrometer and a cryostat. The optical response of a
polycrystalline sample is the mixture of the ab plane and
the c-axis component. In the long wavelength limit, where
the wavelength is much longer than the grain size, the reflectiv-
ity of the polycrystalline sample is an average of the reflectivity
along each crystal axis. On the other hand, in the short wave-
length limit, where the wavelength is overwhelmingly shorter
than the grain size, the reflectivity of the polycrystalline sample
represents the response of the effective medium.25 Since the
typical grain size of our sample is several micrometers, which
is a little shorter than the wavelength at which the reflectivity is
measured, neither limit is a good approximation. However, the
ab-plane reflectivity spectra of single crystalline Hg-1201 and

Hg-1223 are known to be featureless below 1000 cm−1,26 so
most of features appearing in the spectrum originate from the
c-axis component. The polycrystalline reflectivity spectrum
resembles the c-axis reflectivity spectrum in the shape and the
frequencies of the features, although the absolute value of the
polycrystalline reflectivity does not represent the actual c-axis
reflectivity.

In order to observe an intermultilayer (acoustic) Josephson
plasma mode at low frequency below 150 cm−1, we performed
the sphere resonance measurement.27 The polycrystalline sam-
ple pellets were ground into grains ∼2 μm in diameter, mixed
with polyethylene powder in a volume fraction of 3%, pressed
into pellets, and heated at 140 ◦C. Then, transmission spectra
of the composite pellets were measured in the frequency range
between 20 and 150 cm−1 and the temperature range from 5 K
to 300 K using a Fourier-transform infrared spectrometer and
cryostat.

III. RESULTS

The reflectivity spectra at various temperatures for a series
of multilayered samples are shown in Figs. 2(a)–2(d). Above
1000 cm−1 the spectrum is featureless and the reflectivity de-
creases monotonically (due to, for example, the light scattering
from grain boundaries). In the reflectivity spectrum of the
bilayer Hg-1212 [Fig. 2(a)] at T = 300 K, several features
are observed which correspond to the optical phonon modes.
Notably, the apical-oxygen stretching mode at 630 cm−1 and
the planar-oxygen bending mode at 330 cm−1 are easily
identified by comparing with the reported c-axis spectrum of
single crystalline Hg-1201.28 Below Tc = 127 K a broad peak
centered at 800 cm−1 develops which is thought to be an optical
Josephson plasma mode. This frequency is distinctively higher
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FIG. 2. (Color) The reflectivity spectra of polycrystalline sam-
ples, (a) Hg1212, (b) Hg1223, (c) Hg1234, and (d) Hg1245, at
several temperatures below and above Tc. The spectrum just above
Tc of each sample is displayed by the dark-blue curve. Red and
purple arrows indicate the positions of the optical Josephson plasma
modes determined by the analysis shown in Fig. 3. The corresponding
Josephson couplings are depicted schematically in the insets.

than the frequency of similar optical modes so far reported for
other bi- and trilayer cuprates, indicating a strong Josephson
coupling within a bilayer in Hg-1212.

The trilayer Hg-1223 has two inequivalent CuO2 planes,
two OPs and one IP, which make the oxygen bending mode
split into two 300 and 400 cm−1 peaks in the spectrum
of Hg-1223 [Fig. 2(b)]. The highest phonon (apical-oxygen
mode) is seen at the same frequency (∼620 cm−1) as that
in Hg-1212. Below Tc = 134 K, two bumps develop on both
sides of the apical-oxygen mode. Since the trilayer is regarded
as a series of two equivalent Josephson junctions [inset of
Fig. 2(b)], there should be one optical Josephson plasma
mode. We tried to reproduce the shape of this superconducting
spectrum using the model used by Munzar et al.29,30 Since
the parameters for the apical-oxygen phonon mode are known
from the spectra above Tc, there are only a few parameters in
the model: the frequency of the Josephson plasma mode, and
the background conductivity which damps the plasma mode.
These parameters are temperature dependent, but we can make
reasonable assumptions for their temperature dependencies—
the plasma frequency increases reflecting the stronger Joseph-
son coupling, while the background conductivity decreases
associated with the opening of the superconducting gap, as the
temperature is lowered. With this simple model, the qualitative
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FIG. 3. (Color) Simulation of the observed reflectivity spectra
using the scheme by Munzar et al.29,30 in the presence of optical
phonon modes which couple with the optical Josephson plasma
modes. (a) The reflectivity spectrum of a three-layer system where
one optical Josephson plasma resonance mode is located at ω̃p ∼ 800
cm−1 without an optical phonon mode nearby. (b) The reflectivity
spectrum of the same system with the 620 cm−1 apical-oxygen
stretching mode. (c) The reflectivity spectrum of the four-layer
system where two optical Josephson plasma modes exist at ω̃p1 ∼ 640
cm−1 and ω̃p2 ∼ 480 cm−1 without optical phonon modes. (d) The
reflectivity spectrum of the same system with the apical-oxygen
stretching mode at 620 cm−1 and the planar-oxygen bending modes
at 390 cm−1.

features of the spectrum are very well reproduced as shown in
Fig. 3(b). We see that the peak of the optical Josephson mode
in Hg-1223 is much more pronounced than that in Hg-1212.
This is probably because the plasma mode is located well
inside the superconducting gap (2�0 ∼ 800 cm−1 or even
higher31) in Hg-1223, whereas the mode energy would be
comparable with 2�0 in Hg-1212, suffering damping from
gap excitations. The optical Josephson plasma mode shows up
at Tp ∼ 140 K, slightly higher than Tc, which suggests that the
intramultilayer phase coherence exists as the superconducting
fluctuation while the intermultilayer phase coherence is lost
above Tc.

The reflectivity spectrum of the four-layer Hg-1234
[Fig. 2(c)] shows complicated features developing below Tc =
125 K in the frequency range between 250 and 600 cm−1. In the
spectrum at 130 K the apical-oxygen mode is seen at 610 cm−1,
and the planar-oxygen bending modes and Ca-vibrational
modes are in the range between 250 and 400 cm−1. Below
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Tc three bumps are developing at ∼370, 460, and 530 cm−1.
Again, these features can be reproduced by assuming the
plasma modes developing below Tc which couple predomi-
nantly with two bending phonons. To qualitatively reproduce
the experimental spectral features below Tc, one needs to as-
sume two optical Josephson modes at 360 and 540 cm−1 at T =
5 K [Fig. 3(c)]. Since the multilayer (four-layer) in Hg-1234
is regarded as a stack of two inequivalent Josephson junctions
[inset of Fig. 2(c)], the appearance of two optical Josephson
plasma modes is naturally expected. The higher-frequency
mode probably corresponds to the Josephson coupling be-
tween IP and OP and the lower mode to the coupling between
the two IPs. Then, by taking into account the coupling with
the planar-oxygen bending phonons and the apical-oxygen
phonon, a remarkably good agreement is obtained between the
simulation [Fig. 3(d)] and the experimental result [Fig. 2(c)].
Note that the Josephson plasma frequencies appreciably
decrease as compared with those in Hg-1212 and Hg-1223,
probably because of low hole density in the IPs which
would weaken the superconducting order32 (or strengthen a
competing order) and make the Josephson coupling weaker.
The high-frequency optical plasma mode arises from Tp1 ∼
130 K, slightly higher than Tc, while the low-frequency mode
seems to arise from Tp2 > 150 K, much higher than Tc. This
suggests that the phase coherence between underdoped IPs
appears at higher temperature than between overdoped OPs
and underdoped IPs, which is consistent with the measurement
of the Nernst coefficient where the superconducting fluctuation
appears at higher temperatures in underdoped samples than in
optimally doped and overdoped samples.33

The superconducting response of the five-layer Hg-1245
(Tc = 103 K) is not so dramatic, and only appears as an
enhanced reflectivity over a broad frequency range between
250 and 600 cm−1 [Fig. 2(d)]. The spectral features are
expected to be similar to those in the spectrum of Hg-1234
[Fig. 2(c)], since the five layers in Hg-1245 are regarded as a
series of two inequivalent Josephson junctions as in the case
of the four layers in Hg-1234. We speculate that in Hg-1245
the superconducting order is weakened in the three IPs, which
further weakens the interlayer Josephson coupling within a
multilayer as compared with that in Hg-1234. This speculation
is based on NMR experimental results for the same system.11

All of the experimental results together with the successful
simulation of the results for n = 3 and 4 give strong support for
the interlayer Josephson coupling as the origin of the observed
optical modes.

As regards the acoustic Josephson plasma mode associated
with the intermultilayer Josephson coupling, it would show up
as a reflectivity edge at low frequency also for the multilayer
cuprate. For single-layer Hg-1201, it is observed at 70 cm−1

at T = 10 K in the c-axis spectrum of single crystalline
Hg-1201.28 However, for polycrystalline samples due to the
dominance of the ab-plane component of the reflectivity
in the low-frequency region, it is difficult to identify the
Josephson plasma edge in the measured reflectivity spectrum.
Nevertheless, it is possible to identify the acoustic mode
using the sphere resonance method.27 The results of the
sphere resonance measurement are shown in Figs. 4(a)–4(d)
which clearly identify the acoustic Josephson plasma mode
as a dip in the spectrum below Tc. On the transmission

FIG. 4. The transmission spectra of (a) Hg-1212, (b) Hg-1223,
(c) Hg-1234, and (d) Hg-1245. The spectrum at just above Tc and
the lowest temperature of each sample are displayed by the solid
curve and the broken curve, respectively. Solid arrows indicate the
positions of the acoustic Josephson plasma modes. The coupling
between the acoustic Josephson plasma mode and the phonon mode
of heavy ions (Hg and Ba) produces the additional dip feature
indicated by the open arrows.

spectrum an absorption dip feature appears at the resonance
frequency,

ωr = ωp√
ε∞ + 2εm

, (2)

where ωp denotes the Josephson plasma frequency and εm =
1.5 denotes the dielectric constant of polyethylene. ε∞ includes
the screening effect of all the optical modes higher than ωr .
Although the accurate value is difficult to estimate, ε∞ of
multilayered Hg systems should be comparable to that of Hg-
1201 (∼20). Each spectrum shows a pronounced dip below Tc

which shifts to higher frequency with decreasing temperature.
ωr decreases systematically with increasing n: ∼110 cm−1

for Hg-1212, ∼70 cm−1 for Hg-1223, 60 cm−1 for Hg-1234,
and 50 cm−1 for Hg-1245. This tendency is probably due to
lowering of the average doping level of CuO2 planes. Note
that on the spectrum of Hg-1223 the Josephson plasma mode
strongly couples to the phonon mode at 80 cm−1, so ωr must
be larger than the dip frequency. These values are smaller than
those for optimally doped YBCO and larger than those for
La2−xSrxCuO4 (LSCO), and hence the anisotropy of Hg-based
cuprates is in between YBCO and LSCO.

IV. DISCUSSION

The squared frequency of the Josephson plasma mode is
a measure of the strength of interlayer Josephson coupling.
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FIG. 5. Tc plotted against the squared optical Josephson plasma
frequency for various multilayer cuprates.15–19 The doping levels for
most of the cuprates are near optimal except for YBCO for which
the optical mode is clearly seen only in the underdoped regime.
In this plot we use the peak frequency of the optical Josephson
plasma mode in the reflectivity spectrum ω0 instead of the edge
frequency ω̃p.

Figure 5 shows the plot of the squared frequency of the
optical Josephson plasma mode ω0

2 at T = 5 K against Tc

for various bi- and trilayer cuprates.15–19 A correlation is
seen between ω2

0 and Tc in contrast to the poor correlation
between Tc and interlayer Josephson coupling strength in
single-layer cuprates.9,34 We find that the optical Joseph-
son plasma frequencies in Hg-1212 and Hg-1223 with the
highest Tc values are the highest among various cuprate
superconductors.

Generally, the Josephson coupling strength depends
strongly on the distance between two superconducting planes,
but the distance between neighboring CuO2 planes within a
multilayer in a Hg-based cuprate is nearly the same as that
in other cuprates. In this regard, the intramultilayer Josephson
coupling, the Josephson coupling between neighboring CuO2

planes within a multilayer, in bi- and trilayer Hg-based
cuprates is anomalously strong (the plasma frequency ω0 ∼
800 cm−1 for Hg-1212, 480 cm−1 for Bi-2212, and 430 cm−1

for underdoped YBCO).15,16 The reason is not clear at the
moment, but it is worth noting that Tc correlates with the
apical-oxygen distance from the CuO2 plane, and hence the
apical-oxygen distance may correlate with ω2

p or Josephson
coupling strength (2.8 Å for Hg-1212, 2.4 Å for Bi-2212, and
2.3 Å for YBCO).35–37

Now that the intramultilayer Josephson coupling strengths
are known, the Josephson coupling energy per unit cell, EJ, can
be estimated from the sum of the contribution from possible
Josephson junctions formed within a multilayer as

EJ =
∑

i

h̄2a2

16πe2di

ωpi
2, (3)

where di denotes the distance between two relevant su-
perconducting planes forming a Josephson junction and a

denotes the in-plane lattice constant.38 Because ωpi
2 of

the relevant optical mode is much larger than that of the
acoustic mode, the Josephson coupling energy EJ is by an
order of magnitude larger than that of the intermultilayer
Josephson coupling. To estimate EJ, one needs to know the
unscreened squared longitudinal optical Josephson plasma
frequency ωp

2 = ε∞ω̃2
p (ω̃p, the screened plasma frequency).

We assume that the high-frequency dielectric constant ε∞ = 4
(from the c-axis reflectivity of Hg-1201) not dependent on
n and estimate ωp’s based on the analysis, e.g., as shown in
Fig. 3. In the case of n = 3, the trilayer is composed of two
identical Josephson junctions and hence possesses one optical
Josephson plasma mode with EJ twice the contribution from
the Josephson junction between the IP and the OP. On the
other hand, the multilayers in Hg-1234 and Hg-1245 are a
series of inequivalent junctions, two between the IP and the
OP and one (two) between the IPs for n = 4 (n = 5). The
higher-frequency mode in n = 4 originates from the former
junctions, whereas the lower-frequency mode originates from
the latter. Thus, EJ for n = 4 is given by the sum of
the contributions from these three junctions. For Hg-1245
superconducting order parameters in the three IPs would be
depressed due to low hole density. As a consequence, the
strength of Josephson coupling may be weak, in particular
for the coupling between IPs, making the corresponding
spectral features weak and shifting to lower frequencies.
Although the estimate of the value of ωp

2 is subject to large
uncertainty, since the contribution of many phonons (two
bending and two Ca modes) overlap, definitely the ωp

2 values
are reduced and hence EJ is significantly lower than that for
Hg-1234.

As mentioned before, the interlayer Josephson coupling is
too weak to account for Tc as high as ∼100 K for single-
layer cuprates. However, since the intramultilayer Josephson
coupling turns out to have substantial strength, it is a possible
driving force to enhance Tc in the multilayer structure with
respect to Tc of the single-layer material in which different but
as yet unresolved pairing interactions give rise to Tc ∼ 100 K.
To check this possibility we plot, in Fig. 6, the intramultilayer
Josephson coupling energy per unit cell and per plane, the sum
of EJ divided by n, against the increase of Tc of the n-layer
compound with respect to the monolayer Hg-1201 [Tc(1) =
97 K], �Tc ≡ Tc(n) − Tc(1). One can see that �Tc remarkably
correlates with the intramultilayer Josephson coupling energy.
This indicates that the above scenario is possibly valid to
explain the enhancement of Tc of multilayer cuprates, whatever
the pairing mechanism which drives Tc to ∼100 K is in the
single-layer Hg-1201. For most optimally doped cuprates, the
superconducting condensation energy U0 is an order of ∼5 K
per unit cell per plane.9,39,40 The estimated value of EJ/n is a
substantial fraction of U0.

Recently, Dordevic et al. proposed an alternative interpre-
tation of the c-axis spectrum of underdoped YBCO, in which
the 400 cm−1 optical mode originates from bilayer splitting;
therefore, one might suspect that the observed superconducting
responses on the c-axis spectra of the Hg-based cuprates also
come from bilayer splitting.20 However, the strong temperature
dependencies below Tc indicate that the origin of these modes
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FIG. 6. The relation between Josephson coupling energy per
plane (defined in the text) and the change of Tc with respect to Tc of
the single-layer system. In the inset both quantities are plotted as a
function of n.

is the optical plasma of the superconducting pairs rather than
the band structure.

As seen in Figs. 2 and 6 (inset), ω0 and EJ decrease
for n greater than 3. The weakening of the Josephson
coupling within a multilayer is apparently related to the
doping imbalance between the IP and the OP. If the Josephson
coupling strength could be recovered to the level of the bilayer
system by reducing the doping imbalance, Tc would go up
to above ∼150 K for n = 3 and above ∼170 K for n = 4
according to the empirical relationship in Fig. 6. It is speculated
that this would happen upon applying high pressure and would
partly be responsible for the recorded Tc = 164 K at 30 GPa.41

V. CONCLUSION

In summary, we have measured the superconducting optical
response of polycrystalline samples of Hg-based multilayered
cuprates, and the optical Josephson plasma modes arising from
intramultilayer Josephson couplings have been successfully
observed. The plasma mode is found at frequencies as
high as 800 cm−1 for bilayer Hg-1212, and its frequency
decreases with increasing n for n � 3, reflecting weaker
intramultilayer Josephson coupling which appears to be linked
to the increasing doping imbalance between the IP and the OP.
The highest frequency among the known cuprates may be
related with the highest Tc realized in the Hg-based cuprate.
We found the intramultilayer Josephson coupling energy well
correlates with the increase of Tc with respect to Tc of the
monolayer material, which suggests a possibility for further
enhancement of Tc for the multilayer system by, for example,
reducing the doping imbalance.
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FIG. 7. The schematic pictures of (a) Hg-1223 and (b) Hg-1234.
EA denotes the electric field in the blocking layer, EB denotes the
electric field in the intramultilayer region between the OP and the
IP, and EC denotes the electric field in the intramultilayer region
between IPs.

APPENDIX

In order to reproduce the optical spectra of Hg-1223 and
Hg-1234 we used the electrostatic model used by Munzar
et al.29,30 In this model the ions in crystal are regarded as planes
spreading infinitely along the a axis and the b axis, and ions
and plasmons produce depolarization fields in response to the
local electric fields which are defined in every region separated
with CuO2 planes (Fig. 7). Here we show the parameters for
simulation and their definitions (Tables I and II).

1. Model of Hg-1223

In this frequency range between 400 and 700 cm−1 the
apical-oxygen phonon mode and intramultilayer Josephson
plasma mode are important. The electric field of the blocking
layer EA is represented as

EA = E′ − χa

xAε∞
EA. (A1)

The first term of the right-hand side E′ denotes the external
field. The second term represents the depolarization field of
the apical-oxygen phonon mode: χa = Sa/(ω2

a − ω2 − iγaω)
denotes the susceptibility of the apical-oxygen phonon mode.
xA = dA/(dA + 2dB ) is the volume fraction of the blocking
layer, where dA and dB denote the interval lengths between
the CuO2 planes across the blocking layer and the Ca layer,
respectively. We assume that the high-frequency dielectric
constant ε∞ = 4 (from the c-axis reflectivity of Hg-1201) does
not depend on the number of CuO2 planes n. The electric field
of the intramultilayer region EB is represented as

EB = E′ + 1

ε∞

(
ω2

p

ω2
− i

σB

ω

)
EB. (A2)

TABLE I. Parameters for reproducing the spectrum of Hg-1223.

ε∞ dA dB ωa Sa γa ωp σB

4 9.63 3.16 620 90 000 10 0 3600
4 9.63 3.16 620 90 000 10 1600 400
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TABLE II. Parameters for reproducing the spectrum of Hg-1234.

ε∞ dA dB dC ωa Sa γa ωo So γo αoA αoB αoC βAo βBo βCo ωpB σB ωpC σC

4 9.37 3.17 3.22 620 90 000 10 390 48 400 24 0.9 0.05 0.05 0.9 0.05 0.05 0 2800 0 2800
4 9.37 3.17 3.22 620 90 000 10 390 48 400 24 0.9 0.05 0.05 0.9 0.05 0.05 1280 200 960 600

The second term of the right-hand side represents the screening
field of intramultilayer Josephson plasmons, where ωp denotes
the Josephson plasma frequency of the intramultilayer Joseph-
son junction, and σB denotes the background conductivity
which controls the damping of the plasma mode. The c-axis
dielectric function ε is represented as

ε = ε∞
E′

E
, (A3)

where E = xAEA + xBEB denotes the average electric field
and xB = 2dB/(dA + 2dB ) denotes the volume fraction of the
intramultilayer region.

2. Model of Hg-1234

The electric field of the blocking layer, EA; the intra-
multilayer region between the OP and the IP, EB ; and the
intramultilayer region between IPs, EC , are represented as

EA = E′ − 1

xAε∞
(χaEA + βAoPo) , (A4)

EB = E′ + 1

ε∞

(
ω2

pB

ω2
− i

σB

ω

)
EB − βBoPo

xBε∞
, (A5)

EC = E′ + 1

ε∞

(
ω2

pC

ω2
− i

σC

ω

)
EC − βCoPo

xCε∞
, (A6)

and the polarization of the out-of-phase bending phonon mode
Po is represented as

Po = χo(αoAEA + αoBEB + αoCEC), (A7)

where xA = dA/(dA + 2dB + dC), xB = 2dB/(dA + 2dB +
dC), and xC = dC/(dA + 2dB + dC). ωpB denotes the Joseph-
son plasma frequency of the Josephson junction between
the OP and the IP, and ωpC denotes the Josephson plasma
frequency of the Josephson junction between IPs. χo =
So/(ω2

o − ω2 − iγoω) denotes the susceptibility of the out-of-
phase bending phonon mode. The parameters αoA, αoB , and
αoC show how much the out-of-phase bending phonon mode
feels EA, EB , and EC , respectively. βAo, βBo, and βBo show
how much the polarization of the out-of-phase bending phonon
mode contribute to EA, EB , and EC , respectively.
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H. H. Otto, J. Keller, B. Roas, L. Schultz, and G. Saemann-Ischenko,
Infrared Phys. 29, 791 (1989).

19T. Zetterer, M. Franz, J. Schutzmann, W. Ose, H. H. Otto, and K. F.
Renk, Phys. Rev. B 41, 9499 (1990).

20S. V. Dordevic, E. J. Singley, J. H. Kim, M. B. Maple, S. Komiya,
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