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Compared with direct-gap semiconductors, the valley degeneracy of silicon and germanium opens up new
channels for spin relaxation that counteract the spin degeneracy of the inversion-symmetric system. Here the
symmetries of the electron-phonon interaction for silicon and germanium are identified and the resulting spin
lifetimes are calculated. Room-temperature spin lifetimes of electrons in silicon are found to be comparable to

those in gallium arsenide, however, the spin lifetimes in silicon or germanium can be tuned by reducing the
valley degeneracy through strain or quantum confinement. The tunable range is limited to slightly over an order

of magnitude by intravalley processes.
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I. INTRODUCTION

The favorable material properties of silicon have permitted
it to dominate the microelectronics industry for over half a
century, however a new genre of spintronic semiconductor
devices,'™ in which spins of electronic carriers are manipu-
lated instead of a charge current, requires long spin transport
lengths and coherence times. Although spin injection into
nonmagnetic semiconductors was demonstrated over a decade
ago,*® the recent success at injecting spin-polarized current
into silicon®~'? suggests incorporation of semiconductor spin-
tronic device concepts into hybrid silicon device architectures.
Polarized spins relax in semiconductors because the spin-orbit
interaction entangles orbital and spin degrees of freedom, and
thus ordinary scattering from defects or lattice vibrations leads
to a loss of spin coherence. In materials without inversion
asymmetry the entanglement of spin and orbit manifests as
an effective momentum-dependent (internal) magnetic field,
causing spin precession and D’yakonov-Perel” spin relaxation.
Within inversion-symmetric materials, such as silicon, the
internal magnetic field vanishes, but scattering between states
with spin-orbit entangled wave functions leads to Elliott-
Yafet spin relaxation. The spin coherence times in silicon
are long at low temperature, and the spin-orbit interaction
and lattice symmetry reduces spin relaxation rates relative
to optically accessible (direct-gap) semiconductors.'>!5 The
silicon band structure, however, has multiple valleys that
permits low-energy scattering of electrons by large momenta,
which allows the Elliott-Yafet process to be more effective.'®
Numerical calculations that include these effects have been
successful at explaining the spin lifetime in silicon as a function
of temperature.'”'® Tuning the spin lifetime in inversion-
asymmetric semiconductors with a single direct gap have
largely focused on the electric-field-induced Rashba spin-orbit
interaction that shortens the spin lifetime; %29 unaddressed
is the potential for new methods of tuning the spin lifetime
associated with the valley degeneracy of the semiconductor.

Here we trace that origin of the intrinsic spin lifetime
in silicon to the spin flips associated with large momentum
transfer events, and disentangle the intervalley contribution

1098-0121/2012/85(4)/045202(7)

045202-1

PACS number(s): 71.70.Fk, 72.25.Dc, 72.25.Rb, 72.10.Di

to spin relaxation from the intravalley contribution. As the
different processes involve different momentum transfers,
and for the intrinsic spin-relaxation rate the source of that
momentum transfer will be electron-phonon scattering, the
various contributions will be associated with specific regions
of the phonon dispersion curves. Due to the high symmetry
of the crystal lattice, several processes that might have been
expected to contribute will be forbidden by symmetry. We
provide a full symmetry analysis of the various contributions
to the spin-relaxation rate from phonon-mediated scattering.
The separation of spin-relaxation mechanisms by momentum
transfer also permits a direct calculation of the tuning of
spin lifetime possible by splitting the energies of the electron
valleys and thus suppressing some of the intervalley scattering
effects. Reducing the valley degeneracy in silicon, through
applied strain or the growth of pseudomorphic SiGe quantum
wells, will reduce the effect of the spin-orbit interaction on
electron scattering, lengthening the spin coherence time and
spin transport length. We find an effective tuning range of
approximately one order of magnitude.

II. ELECTRON-PHONON SCATTERING

The intrinsic spin-relaxation time is determined by electron-
phonon scattering. For one-phonon absorption (4) and emis-
sion (—) processes, the scattering probability from k to k' is

M=, (K k) = |(Yiorng F 1AL Yo nq) (1)

where HS® is the time-independent part of the electron-
phonon interaction Hamiltonian corresponding to absorption
or emission, q = k' — k, o labels the spin state, and ng is
the phonon occupation number. To evaluate M7, (k',k) for
various types of scattering processes in the material, we use
a first-nearest-neighbor sp? tight-binding model (TBM) with
on-site spin-orbit interactions?' to obtain the wave functions,
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TABLE I. Deformation potentials. The unit for Dy’s is eV/A, and for D,’s is eV. For intravalley acoustic processes, D, = 3.1 eV,
Dy 4, =0.0016 eV for Si,and D4 = 3.8 eV, Dy 4, = 0.032 eV for Ge. For spin-flip processes, the superscript xy indicates that both the initial
and final valleys are in the x-y plane, and the superscript z indicates that the initial and final valleys are separated along the z direction. T,
is the effective phonon frequency in Kelvin. The deformation potentials listed here do not include the valley degeneracy of final states. The
parentheses indicate that the D? term is negative.

Phonon T, (K) Dy D, Dy, DY, D, Dj .,
I 730 0 0.34 0 0.14 0 0.19
Si Ay + As 700 45 (3.2) 0 0.031 0 0.01
A 210 0 0.04 0 0.028 0 0.04
As 140 0 2.7 0 0.009 0 0.0015
i+ 3 630 3.2 (2.3) 0.03 0.1 0.044 0.17
T+ 5 500 3 (1.1) 0.018 0.075 0.026 0.097
5+ %, 210 0.0083 2.2 0.0083 0.041 0.0059 0.058
I 430 3.5 4.6 0 0 0 0
Ge X, 390 0.24 1 0.24 0.16 0 0.17
X, 340 3.8 3.4 0.08 0.054 0.12 0.089
X; 120 0 2.7 0 0.1 0 0.1

where N is the number of unit cells, j labels unit cells, a
labels the two basis atoms within a unit cell, / labels the atomic
orbital bases, x is a two-component spinor, s is the spin index,
and R, is the position vector of atoms. We choose the spin
quantization axis to be aligned with the z axis and determine
the coefficients c,;; by maximizing the expectation value of
the spin operator (S,).

In the spherical band approximation, we express the matrix
elements in terms of the deformation potentials up to the first
order in 8q = (k' — ks) — (k — k;),*?

h 1 1
MF, ~ ———(D§ o1y + Diyol8ql ~F-), @3

oo vaw( 0,aa+ l,zrzr| q|) ”q+2:|:2 ()
where p is the density, V is the crystal volume, w is the phonon
frequency, and k; and ks are the wave numbers of the initial
and final valley minima, respectively. For Si, there are six
valleys on the A axes, e.g., kg = (27/a)(0.85,0,0), and for
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FIG. 1. (Color online) Electron spin-relaxation time (a) and
mobility (b) in bulk silicon shown by black solid lines. Individual
scattering processes are intravalley acoustic process (dashed line), in-
travalley optical (I';5) process (plus symbol), intervalley A processes
(closed symbols), and intervalley ¥ processes (open symbols).

Ge, there are four valleys at the L points, e.g., (7 /a)(1,1,1).
A spherical averaging around the valley minimum is carried
out for evaluating D;. We have assumed only the following
types of matrix elements are nonzero: (¢as(R)|%|¢aP(R)),
{bar (R G5 a1 (R)), and (¢ (R)| 55 |4 (R)), and all have
the same magnitude. Since the atomic potential is not explicitly
known in the TBM, we can only determine the relative
strengths of the processes. The overall magnitude is later
determined by fixing the mobility to be 1450 cm?/V s in Si
and 3800 cm?/V s in Ge.?® Calculated deformation potentials
for different phonon processes are summarized in Table I. The
relative strengths of different processes are consistent with the
semiempirical values in the literature.?>>+23

Various electron-phonon scattering rates are computed as
follows. For the intravalley acoustic process, a linear phonon
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FIG. 2. (Color online) Electron spin-relaxation time (a) and
mobility (b) in bulk germanium shown by black solid lines. The
dashed line shows the intravalley acoustic phonon contribution and
the plus symbol shows the intravalley optical phonon contribution.
The open symbols show the intervalley X processes for three effective
phonon energies.
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TABLE II. Selection rules with the inclusion of time-reversal
symmetry without spin. For electron representations, A, is A; at
k, transformed to a valley on a perpendicular axis to kg, and L,
is L, transformed from one L valley to a different valley. The
phonon representation A;(2k,) becomes A’[2ky — (47 /a)(1,0,0)]
in the reduced Brillouin zone scheme used in Table I.

Ai(kg) ® Ar(ko) =T} @ T}
Si Ai(Ko) ® A1(—ko) = A1(2Ko)
Ak ® Ay =X
Li®Lf =T &I

G
¢ LY ® Lt =X,

dispersion, @ = c|q|, is used and the scattering rate including
both absorption and emission is
2,.3/2

L D VEs. @)

TA wpch
where m = (m;m%)'/? is the averaged effective mass, and
c= 3/(1/ci + 2/c%) is the averaged speed of sound. We use
p = 2329 kg/m3, myp = 0.9163m,, mr = 0.1905m,, ¢ =
8500 m/s, and ¢y = 5900 m/s for Si, and p = 5323 kg/m?,
myp = 1.59m,, my = 0.0823m,, ¢, = 4900 m/s, and ¢y =
3500 m/s for Ge.”> A thermal averaging of the initial
electron energy is carried out with the Boltzmann distribution,
appropriate for nondegenerate systems,

(g(E)r = g(EYE e EITaE.  (5)

4 o0
e )
In this regime the spin lifetime is independent of the carrier
density; for degenerate carrier densities the spin lifetime
will be shorter than for nondegenerate carrier densities as
the distribution function spreads out to a larger k range for
which the spin mixing upon scattering will be larger. For
the intravalley optical process and each intervalley process,
we use an effective phonon frequency wy, listed in Table I
as temperature T,,.>** The zeroth-order and the first-order
scattering rates are
1 Dym?? © ©
o = =M (P )T + (e, + D(p) 7] (6)
rlf)oo) «/znpa)oh3 oo “
1 ﬁDzmS/ B
= el (P07 + (0 + D(PD) 71 (D)

gh) N 7 pwoh’
where
P = \JE £ hawy O(E + haoy), (8)
pY = QE £hwo)VE £hwy 0(E £hwp).  (9)

TABLE III. Selection rules with the inclusion of time-reversal
symmetry with spin. The spin-flip part of A (A}, in Table I) in Si and
of I'); in Ge are also forbidden by time reversal.

As®As =Ty ®TL®T s @y
Si A ® Ag = A
Ag@Ag =25, DX, D X3
LEQLI =TT @I
LEY®LL=2X,0X,® X,
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FIG. 3. (Color online) Spin-relaxation time at 7 = 300 K as a
function of valley energy shift, A E,, shown by black solid lines. The
energy shift is the energy offset of four (three) valleys relative to the
remaining two (one) in Si (Ge). The symbols in panel (a) have the
same meaning as in Fig. 1 and in panel (b) are the same as in Fig. 2.

The final electron spin-relaxation times including all scattering
processes for Si and Ge are plotted, respectively, in Figs. 1 and
2 as a function of temperature.

III. DISCUSSION

Our results can be qualitatively understood from the
selection rules, derived from symmetry, that apply to scattering
processes between the valley minima, i.e., Dy’s. The selection
rules without spin-orbit coupling were discussed by Lax and
Hopfield®® and are listed in Table II. When electron spin is
included, the irreducible representation at the conduction-
band minima in Si (Ge) becomes Aq (Lg) instead of A,
(L7).*” We analyzed the selection rules including time-reversal
symmetry using the same subgroup technique developed
in Refs. 26 and 28 and list the results in Table III. The
allowed phonon representations at q (right-hand side of the
equations) are obtained from the characters at k and k' (the
two representations on the left-hand side of the equations).
Details of our calculations of the selection rules are presented
in the Appendix.

In Si the spin-orbit interaction mixes spin up and down by
about 1% in wave function and gives a spin-flip probability
about 107*. It can be seen from Fig. 1 that the ¥ phonons

TABLE IV. Double group characters at A = ky(1,0,0). A =
ef0a/4E is 27 rotation, Nasara(C)=1, Ag = A; ® D, and
A7 = A ® Dyp.

Class A] Az A/2 A/l A5 A(, A7
(E10) 1 1 1 1 2 2 2
(E)|0) 11 1 1 2 -2 -2
(C2#10),(C310) 11 1 1 -2 0 0
2(Cy|7) A o—A  —A by 0 V210 =2
2(Cq|7) A o—A  —A by 0 —2x V2r
2C21),2GC3HT) A A —A  —A 0 0 0
2iC5]0),2GC110) 1 —1 1 -1 0 0 0
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TABLE V. Double group characters at L = (7 /a)(1,1,1). L? =
LY ® Dy =L; ® D).

Class L Ly Ly Ly LE LE
(E|0) 1 1 2 1 1 2

(E|0) 1 1 2 —1 —1 -2

3(Cilr) 1 -1 0 i —i 0

3Gty 1 -1 0 —i i 0

2(G310) 1 1 —1 —1 —1 1

2(G5100 1 1 -1 1 1 -1

(ilHz* +x(2) +x(2)*

2Z can be any of the six classes shown above.

(also known as the f processes) dominate the mobility and
the spin flip near room temperature. For mobility, A phonons
(also known as the g processes) also contribute substantially,
consistent with the selection rules of A}, and X, in Table I
For spin flip, the ¥, and X3 phonons become allowed with
nonzero spin-orbit interaction in addition to ¥ (Table III). The
intravalley optical (F;rs) phonons and the A phonons remain
forbidden for spin flip by time reversal and, therefore, are not
as effective as the X phonons. Although the coupling strength
for the low-energy ¥ phonon is weaker, this is somewhat
compensated by the temperature dependence of the phonon
distribution and it ends up that all ¥ phonons contribute
approximately the same to spin flip near room temperature.

In Ge the spin-flip probability due to spin-orbit interaction
is about one order of magnitude larger, but the number of
possible phonon processes is reduced. So the spin-relaxation
time is only about one order of magnitude smaller than in Si
as shown in Fig. 2. For mobility, the intervalley X; and the
intravalley optical (F%) phonons are more important due to
the selection rules in Table II. For spin flip, the high-energy
(X4) phonon is allowed with finite spin-orbit interaction, but
the low-energy (X3) phonon is still forbidden by time reversal.
Although the coupling to l";g phonons is as strong as the
coupling to X phonons, the spin-flip part is forbidden by time
reversal and ineffective (Table III).

Now that the structure and symmetry of the spin-relaxation
mechanisms has been clarified, the analysis of the effect of
strain is straightforward. Strain (or quantum confinement)
breaks valley degeneracy and can eliminate multivalley scat-
tering processes. In Si, a [001] strain can change the lowest-
energy valley degeneracy from six to two (located on the same

TABLE VI. Group characters at I' = (0,0,0).
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TABLE VII. Group characters at ¥ = ky(1,1,0). A> = ef*0¢/2,

Class ¥ pIN >3 Xy Ny gar A
(E|0) 1 1 1 1 2
(Cal7) 22 e -2 -2 0
(iC37) A2 —A? —A2 A2 2
(iC,|0) 1 —1 1 —1 0

axis). In Ge, a[111] strain can yield just a single nondegenerate
valley at the conduction-band edge. We have performed a
simple estimate that only takes into account the valley energy
shift, AEy, by modifying +hwy — +hwy — AE, and the
initial electron distribution in each valley. As shown in Fig. 3,
the spin lifetime averaged over all valleys can be lengthened
substantially; 1% strain gives about 0.09 eV shift in Si,
and 0.16 eV shift in Ge.? Positive energy shift (AEy > 0)
corresponds to the configuration that four valleys out of six
are shifted to higher energy in the case of Si, and three out
of four in the case of Ge. Negative shift reverses the ordering.
For positive shifts, the intervalley ¥ processes in Si or the
X processes in Ge can be completely eliminated. This tuning
is eventually limited by the intervalley A and the intravalley
optical (F;s) processes in Si, and by the intravalley acoustic
processes in Ge. For negative shifts, the elimination of the
intervalley processes is only partial, so the tuning range is
much smaller.

IV. CONCLUSIONS

We have presented a thorough symmetry analysis of
the electron spin-phonon interaction processes for silicon
and germanium, finding a spin lifetime for nondegenerate
carriers at room temperature comparable to those in III-V
semiconductors when the scattering determining the carrier
mobility is dominated by phonons. However, strain or quantum
confinement can lift the valley degeneracy, which lengthens the
spin lifetime substantially (over an order of magnitude at room
temperature).
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TABLE VIII. Group characters at X = (2m/a)(1,0,0). t., =

Class rf ry TS5 TS5 T Nrswa  Nraar (a/2)(1,1,0).

(E|(3) 1 1 2 3 3 6 4 Class X X, X3 X4 Ny star L
3(C2|0) 1 1 2 -1 -1 2 0

6(C4|T) 1 =1 0 | 2 0 (E|0) 2 2 2 2 4
6(C,|7) 1 -1 0 -1 1 0 2 (C210) 2 2 -2 -2 0
8(C5|0) 1 1 -1 0 0 0 1 (C2|T),(CYIT + try) 0 0 -2 2 2
(il7) +1  +£1 +2 43 43 0 4 2(iC,|0) 2 -2 0 0 2
3G6CHT) 1  +1  £2  F1 Tl 4 0 (Eltyy) -2 -2 -2 -2 4
6(iC40)  +1 I 0 +1 =FI 0 0 (CHtyy) -2 -2 2 2 0
6(iC5l0)  +1 FI 0 F1 =+l 2 2 (Ca|T 4 1,,),(C}|T) 0 0 2 -2 2
8iCs|lt) +1 +1 FI 0 0 0 1 2(i Caltyy) -2 2 0 0 2
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TABLE IX. Characters of the product representations at I". Only classes that have nontrivial characters are shown. A} ® A, =T} @ T,
I and Ag ® Ag = I'f @ T, @ 2I'% @ ' without time-reversal symmetry.

c oc N(QC) c? Xig (C) xp'®% YA c? Xt (C2) qpo®te xpe®s
(E|0) (i|t) 0 (E|0) 1 6 3 (E|0) 2 24 12
(C§|0) (iC§|r) 4 (E0) 1 2 3 (E]0) -2 0 4
(C4l7) (iC4]0) 0 (C210) 1 2 1 (C210),(C2|0) 0 4 2
(CylT) (iC,]0) 2 (E|0) 1 0 1 (E|0) -2 0 2
(i|t) (E|0) 6 (E|0) 1 0 3 (E10) 2 0 —6
(iC3|7) (C210) 2 (E|0) 1 4 3 (E|0) -2 0 2
(iC40)  (Cylr) 2 (C310) 1 0 1 (C310).(C310) 0 0 0
(iC,]0) (Cy7) 0 (E|0) 1 2 1 (E]0) -2 0 0

TABLE X. Characters of the product representations at A = 2k,. Q is the identity element. A¢ @ Ag = A} @ A| @ As without time-reversal
symmetry.

C C2 X[?Ql(c2) XAAI®A1 XAAJIF®AI CZ XkAOG(Cz) XAAé®A6 XAAE‘X’AG
(E|0) (E|0) 1 1 1 (E|0) 2 4 1
(C210) (E|0) 1 1 1 (E)0) -2 0 1
(C4lD) (C210) 1 1 1 (C2310),(C3|0) 0 2 1
(iC3lr) (E|0) 1 1 1 (E|0) -2 0 1
(iC,|0) (E|0) 1 1 1 (E|0) -2 0 1

TABLE XI. Characters of the product representations at ¥ = ko(1,1,0). A @ A;; = X, @ Ly and Ag @ Agy = 2%, 2%, §23; B 2%,
without time-reversal symmetry.

C ocC N(QC) C? XkAol (CZ) X§1®A1x EAJIr®A“ C? Xéé(c2) XZAﬁ@Aér X§i®A6t
(E|0) (C1]7) 0 (E0) 1 2 1 (E|0) 2 8 4
(Cy|7) (E|0) 2 (E|0) 1 0 1 (E|0) ) 0 2
(ClT)  (iCyl0) 0 (E|0) 1 2 1 (E|0) ) 0 0
(iC1]0) (iC2lt) 2 (E0) 1 0 1 (E|0) -2 0 2

TABLE XII. Characters of the product representations at I". Q is the identity element. Only classes that have nontrivial characters are
shown. L @ L =T} @ 'S @ I'}, @ 2T'[5 @ 2I';; without time-reversal symmetry.

C CZ Xf?(cZ) ler@LT X[%]I@LT C2 XLLg(Cz) Xrljgr®L6+ X;‘§®L6+
(E|0) (E|0) 1 4 4 (E|0) 2 16 4
(Cal0) (E|0) 1 2 2 (E|0) -2 0 2
(G510) (G510) 1 1 1 (G510 —1 1 1
@) (E10) 1 4 4 (E|0) 2 16 4
(iC»|0) (E|0) 1 2 2 (E|0) -2 0 2
(iCsl|t) (G510) 1 1 1 (C310) -1 1 1

TABLE XIII. Characters of the product representations at X . Four other nontrivial classes that have exactly the opposite characters are not
shown. Ly ® Li, = X, ® X3 and L{ ® L{, = 2X, ® 2X, & 2X; @ 2X, without time-reversal symmetry.

+art +ort + +ort
C QC N(QC) C2 XI{‘T (CZ) X)l(:l ®L11 §1+®th C2 le‘(:r(c2) X;G ®LfJ>rr Lfi®L6r
(E|0) (C210) 0 (E|0) 1 4 2 (E|0) 2 16 8
(C210) (E|0) 4 (E|0) 1 0 2 (€|0) -2 0 4
(GGl + 1) (Gl (CalT + 1) 2 (E10) 1 -2 0 (E|0) -2 0 2
(iC,|0) (iC,|0) 2 (E|0) 1 2 2 (E|0) -2 0 2
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APPENDIX: SELECTION RULES

In this Appendix we show the calculations of the characters
of the product representations for obtaining the selection
rules in Tables II and III. Each electron-phonon scattering
process involves three subgroups of the wave vectors, k, K/,
and q. Instead of using the intersection group formed by the
elements common to all three subgroups and creating the
corresponding character tables, the selection rules are derived
using the existing character tables of the subgroups at these
wave vectors. The two multiplication rules, with and without
time-reversal symmetry, will be presented.’>?® We choose to
compute the characters of the phonon representations at q
from the products of the electron representations at k and K'.
Once the characters at q are obtained, the decomposition into
irreducible representations is done in the usual way using the
subgroup of the wave vector (.

We first carry out calculations without time-reversal sym-
metry. To obtain the product character at q for each class
C using the characters at k and at k/, the usual character
multiplication rules are modified as follows:

1:7(©) = X O O] Ngsurk(©), (AD)

where i and j are the irreducible representations, and
Ny star k(C) is the number of wave vectors that are unchanged
by the class C, out of a set of nonequivalent k points. This
set of nonequivalent k points is generated by the subgroup of
q and is called “q star of k.” The product character is simply
zero if C is not a common class of all three subgroups.

Listed here are the character tables for the double groups
representing the symmetry of the electron states at A for Si
(Table 1V) and at L for Ge (Table V), and the tables for the
groups at A, I', ¥, and X for phonons (Tables IV and VI-
VIII). The numbers of invariant g-star-k points, N sark(C),
are listed in the tables for phonons. Note that the group
at X has 14 irreducible representations, 14 classes, and 32
elements. Only the four physically admissible representations
and eight classes are listed in the table. The other six
classes are not relevant because they have zero character
for the four physical representations. Further simplification
is possible because one can work with just four classes;
the other four classes, corresponding to an additional lattice
translation, ., = (a/2)(1,1,0), have exactly the opposite
characters.

The relevant characters of the product representations are
listed in Tables IX-XI for Si and in Tables XII and XIII

PHYSICAL REVIEW B 85, 045202 (2012)

for Ge. Because the space group for the diamond structure
is nonsymmorphic, some of the group elements contain a
sublattice translation, T = (a/4)(1,1,1). Note that the complex
phase factors (1) due to this translation in some characters
should always cancel out in the final character product (k' =
k + q) and not affect the selection rules. We will ignore these
explicit phase factors in our character product tables. However,
care needs to be taken with the product classes of L and L,
when comparing to the classes at X. The product of two group
elements with 7 can result in a lattice translation, f,, which
is explicitly included in the subgroup of X, but not in the
subgroup of L. All physical representations at X are odd under
tyy. The characters at L = (7 /a)(1,1,1) are odd under t,,, but
are even at L, = (w/a)(—1,1,1). Therefore, the product class
for (Cy|7) at L and at L, is actually (Ca|t + t,,) at X. This is
why the product of L, and L, contains X3, but not X4.2°

Time reversal can add additional constraints to the selection
rules if there exists a group element that connects the time-
reversed process (—k’ — —k) to the original process (k —
K’). That is, we need an element Q from the subgroup of q
that interchanges k and —k’. To incorporate the time-reversal
symmetry, the character multiplication rule is modified to the
symmetric or antisymmetric combination of the characters of
the original process and the process connected via Q,

X2 (€)= Y xa® (O) £ 1 (CH)Nqsar k(QO)],

where C? is the class of the square of elements in C and
Q is the element that interchanges k and —k’. The positive
(symmetric) sign is used in the cases without spin and the
negative (antisymmetric) sign is used with spin. Again, all the
relevant characters for the product representations are listed
in Tables IX-XIII. The element Q can be identified as the
first entry in the column of QC when C is the identity class.
For A phonons in Si and I" phonons in Ge, Q is simply the
identity element. Upon closer examination, we also found that
the spin-flip part of the A phonon process in Si and of the F;’S
phonon process in Ge are forbidden because the final state is
exactly the time reverse of the initial state (e.g., @) = |k 1)
and |Ta) = |-k ),

(A2)

(TalHepla) = (Ta|THLT | Ta), (A3)

where 7 is the time-reversal operator, 72 = —1 in the presence
of half-integer spin, and }f]ep = f"I:Ipr"" is the time-reversal
invariant electron-phonon interaction Hamiltonian.
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