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Modification to the central-cell correction of germanium acceptors
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In this paper, we report a correction to the model potential of the Ga acceptor in germanium, evidenced by
high-magnetic-field photoconductivity measurements. We found that under high magnetic fields the chemical
shift of the binding energy of Ga acceptors vanishes, contrary to the results given by the generally accepted
theory. To fit our data, we found that the central-cell correction should contain a repulsive part (i.e., it must be
bipolar), in contrast to the purely attractive screened point-charge potential widely used in the literature.
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I. INTRODUCTION

During the past years, germanium has attracted contin-
uously growing attention, stimulated by the fast progress
of SiGe electronics, the recent discovery of Ge:Ga
superconductivity, and the rising interest in GeMn magnetic
semiconductors.1,2 Consequently, detailed modeling of Ge-
based structures again becomes an important task, long after
the early era of semiconductor research. In this paper, we
discuss peculiarities related to the calculation of the energy
states of shallow acceptors (in particular Ga) in germanium.

The energy spectrum of a group-III element (acceptor)
replacing germanium in its diamondlike lattice is usually
calculated using the Luttinger Hamiltonian and a point-charge
potential using the dielectric constant of Ge (note that this
model is only valid for distances from the impurity much larger
than the lattice constant). This model, however, gives energies
that are independent of the chemical nature of the acceptor
impurity. On the other hand, experiments show different
ionization energies for different group-III elements embedded
into the Ge lattice.3 The element-related dependence of the
ionization energy is also called chemical shift.

The chemical shift can theoretically be considered using a
central-cell correction, which has its maximum in the vicinity
of the impurity center and vanishes on length scales much
larger than the lattice constant. Typically, one chooses a point-
charge potential with exponential screening:4–6

�V = −e2 exp(−r/ l)

κeffr
, (1)

where κeff � κ/(κ − 1) is the effective permittivity and κ =
15.36 is the permittivity of germanium. The experimentally
obtained binding energy is then reproduced by varying both fit
parameters κeff and l. There exist, however, multiple solutions
and the combination of these two parameters is not unique.
Additional requirements have to be applied to specify more
precisely the choice of the model potential. In this work, we

address the dependence of the chemical shift as a function of
magnetic field, which acts as an additional localization factor
for the acceptor wave functions. Previously, the chemical shift
for donors in GaAs as a function of magnetic field was studied
experimentally by Heron et al.7 and theoretically by Jayam and
Navaneethakrishnan,8 who also use the potential (1); however,
the magnetic field was limited to 10 T. In the present work,
we apply high magnetic fields up to 50 T and argue that a
new, alternating-sign, central-cell correction for germanium
acceptors has to be used.

II. EXPERIMENTAL RESULTS

In this work, we study the photoconductivity of a gallium-
doped germanium (Ge:Ga) crystal under high magnetic fields
up to 50 T. The sample, with impurity concentration Na −
Nd = 2 × 1014 cm−3, was cut in a 1 × 1 × 1 mm3 piece.
The sample was mounted inside a hemispherical gold-coated
cavity and placed in the center of a magnetic-field coil
using a variable-temperature insert (VTI). The VTI contains
an overmoded optical waveguide (light pipes), a heater, a
thermometer, and a magnetic-field sensor.9 The temperature
of the crystal was kept at 2 K in order to minimize the
dark current. The magnetic field was aligned in [001] di-
rection. The measurements were performed at Dresden high-
magnetic-field laboratory (HLD) at the Helmholtz-Zentrum
Dresden-Rossendorf (HZDR) using free electron laser (FEL)
excitation. The FEL at HZDR, FELBE, is based on a two-stage
superconducting linear accelerator (ELBE—electron linear
accelerator of high brilliance and low emittance) with a total
energy of up to 40 MeV. The emission wavelength depends
on the electron beam energy and the period of the wiggler,
and can be tuned from 4 up to 280 μm.10 A constant 100
mV bias was applied to the gold-coated contacts deposited
on the facets perpendicular to the magnetic field. The FEL
light of constant intensity was directed into the VTI, and the
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FIG. 1. Photocurrent as a function of magnetic field measured
in the Ge crystal illuminated with FEL radiation at (a) 46 μm,
(b) 60.5 μm, (c) 75 μm, and (d) 88 μm. The magnetic field is directed
along the [001] direction. A 100-mV voltage bias was applied to the
facets perpendicular to the magnetic field. The inset of (a) shows
the photoconductivity data as a function of reciprocal magnetic field.
Vertical arrows point to transitions from the two lowest acceptor
states, bound to 21 and 11 Landau levels, into the resonant states
bound to 31 (arrows 3 and 4) and 22 (arrows 1 and 2) Landau levels,
respectively (see explanation of the notations in the text).

photocurrent as a function of magnetic field was monitored
using a transimpedance amplifier. The experimental setup
is described in more detail in Ref. 11 and was recently
successfully applied for a number of cyclotron-resonance
experiments.12–16

Figure 1(a) shows an example of the magnetic field
dependence of the photocurrent under FEL excitation at
λ = 46 μm. The inset shows the same data plotted versus
reciprocal magnetic field. It is clearly seen that the photocur-
rent shows periodic peaks in the reciprocal magnetic field at
low fields (B < 10 T) (with the period given by the excitation
energy) and the peaks are split into two components. These
oscillations, previously reported by Zverev and Gantmakher
in the late 1970s,17,18 were attributed to the photoexcitation
of the impurity to resonant states bound to the Landau
ladder of the light-hole subband, which gives the observed
periodicity. The split components of the peaks correspond
to transitions into spin-split Landau levels. Due to the large
valence-band nonparabolicity, the periodicity is lost at high
magnetic fields (B > 10 T). The full set of data includes
photocurrent measurements under FEL excitation at λ = 46
to 103 μm. Figures 1(b)–1(d) show the photocurrents under
FEL excitations at λ = 60.5 μm, λ = 75 μm, and λ =
88 μm, respectively. We also performed several measurements

at different values of the applied bias and found no significant
effect of this parameter on the oscillation spectra.

III. THEORETICAL MODEL

In order to analyze the obtained data, we have calculated
the energy spectrum of the Ga acceptor in the germanium
lattice with applied magnetic field using the effective-mass
approximation. The Hamiltonian includes the potential of the
impurity ion (point-charge potential), a model potential to
account for the chemical shift, and the Luttinger Hamiltonian,
HL, with magnetic field using the axial approximation,19

HL = h̄ωCdiag

⎛
⎜⎜⎜⎜⎝

A + Ck2
z + 3

4κ

B + Dk2
z + 1

4κ

B + Dk2
z − 1

4κ

A + Ck2
z − 3

4κ

⎞
⎟⎟⎟⎟⎠

+h̄ωC

⎛
⎜⎜⎜⎜⎝

0 Ekza Fa2 0

−Ekza
+ 0 0 Fa2

Fa+2 0 0 −Ekza

0 Fa+2 Ea+ 0

⎞
⎟⎟⎟⎟⎠ ,

(2)

A = (γ1 + γ2)(a+a + 1/2), B = (γ1 − γ2)(a+a + 1/2),

C = (γ1 − 2γ2), D = (γ1 + 2γ2),

E = iγ3

√
6, F =

√
3(γ2 + γ3),

where h̄ωC = h̄eB/m∗c is the cyclotron energy, m∗ is the
effective mass, and γ1, γ2, γ3, and κ are the Luttinger
parameters. Operator a+ in the polar coordinates is given by

a+ = lC√
2

exp(iϕ)

(
−i

∂

∂ρ
+ 1

ρ

∂

∂ϕ
+ i

ρ

2l2
C

)
,

where lC = √
h̄c/eB is the magnetic length.

The eigenfunctions of the Hamiltonian (2), without taking
into account the acceptor impurity, can be written in the
following form:

Gn
m(kz,ρ,ϕ,z) =

⎛
⎜⎜⎜⎝

C4ψn−3,m−3(ρ,ϕ)

C3ψn−2,m−2(ρ,ϕ)

C2ψn−1,m−1(ρ,ϕ)

C1ψn,m(ρ,ϕ)

⎞
⎟⎟⎟⎠ eikzz. (3)

Here, the C1,...,4 are coordinate-independent coefficients, and

ψn,m(ρ,ϕ) = 1

lC

√
r!

(r + |m|)!
eimϕ

√
2π

x
|m|
2 e− x

2 L|m|
r (x), (4)

where x = ρ2

2l2
C

, r = n − |m|+m

2 , L
|m|
r (x) are Laguerre polyno-

mials, n = 0,1,2, . . . is the Landau-level (LL) number, and
m = Jz + 3/2 is the projection of the angular momentum.
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FIG. 2. Energies of the valence-band Landau levels presented in
units of the cyclotron energy for free electrons h̄ eB

m0c
. Each Landau

level is labeled according to the notation explained in the text, while
the notations according to Ref. 20 are given in the brackets.

The Hamiltonian (2) has four eigenstates for fixed kz and
n � 3, three eigenstates for n = 2, two eigenstates when n =
1, and, finally, one eigenstate when n = 0. The hole states can
be then expressed by three quantum numbers: the Landau-level
number n, the wave vector kz, and the number i characterizing
the sequence of the eigenstate for the given n and kz (since
multiple solutions exist when n > 0). Therefore, we will use
the notation ni to identify the magnetic subbands. Note that the
lowest magnetic subband is 21 (equivalent to 20 using the
notations from Ref. 20), which corresponds to the second
Landau level.

Figure 2 shows the energies of the magnetic subbands
calculated using our method plotted in units of the cyclotron
energy for free electrons, h̄eB/m0c, where m0 is the free-
electron mass. The levels are labeled as explained above, while
the notations from Ref. 20 are shown in brackets. We state
very good agreement of our results with the data from Ref. 20,
with only one exception of the Landau level 01(00), which
deviates by roughly 15%. This deviation is most likely caused
by our simplified axial approximation used in the calculations.
This, however, does not influence the following discussion and
conclusion.

The wave functions of the acceptor impurity are represented
as a linear combination of the eigenfunctions (3),

�m(r) =
∑

n

∫ ∞

−∞
dkzCm(kz,n)Gn

m(kz,ρ,ϕ,z). (5)

Substituting Eq. (5) to the equation for the effective mass,
we get an integral equation for the coefficients of the linear
combination. We solve this equation numerically, substituting
the integral by a summation with step kz much smaller than
the inverse Bohr radius. The sum can be truncated for kz much
larger than the inverse Bohr radius. Additionally, we neglect

components related to higher Landau-level numbers (separated
from the ground state by energies much larger than the acceptor
ionization energy). Note that the number of Landau levels to be
taken into account rises when the magnetic field decreases. It
is, therefore, necessary to truncate the calculation at reasonably
low fields in order to limit the necessary computation power.

The linear combination (5) includes terms pertaining to
different magnetic subbands. If it consists mainly of wave
functions of a given magnetic subband, this acceptor state will
be bound to that magnetic subband. Corresponding energies of
the acceptor can be either negative (localized states) or positive
(resonant states) with respect to the ground state 21 (Fig. 2).

IV. RESULTS AND DISCUSSION

When a magnetic field is applied, the ground state of
the acceptor, normally fourfold degenerate, splits into four
branches corresponding to the four projections of the full mo-
mentum Jz = ±3/2 and Jz = ±1/2. Figure 3 illustrates how
the central-cell correction affects the energies of these states
under high magnetic fields. Note that the ionization energy
is 9.6 meV when calculated using the axial approximations,6

9.8 meV in the spherical approximation,4 and 10.3 meV taking
into account the anisotropy.21 Since the binding energy of Ga
is 11.3 meV3, one can assume a chemical shift of the order
of ∼1 meV. The dotted lines correspond to the energies calcu-
lated without taking into account the central-cell correction
(no chemical shift). The two lowest states correspond to
Jz = ±1/2 and are bound to the magnetic subbands 11 and 21.
The dashed lines show energies of the split states calculated
using the central-cell correction (1) in the most localized
form (κeff = 1.07, l = 3 Å), providing the chemical shift of
1 meV at zero magnetic field. The solid lines correspond to
the calculations with the more extended central-cell correction
(κeff = 10, l = 10 Å), also giving the chemical shift of 1 meV
at zero magnetic field. It can be clearly seen that accounting
the central-cell correction in the form of Eq. (1) leads to
a pronounced increase of the chemical shift (modulus) as a
function of magnetic field, which rises up to 4–6 meV when
the magnetic field reaches 40 T. More generally, the chemical

FIG. 3. (Color online) Energies of the ground state of the acceptor
as a function of magnetic field, calculated using central-cell correction
(1) and κeff = 1.07, l = 3 Å (solid lines), potential (1) and κeff = 10,
l = 10 Å (dashed lines) and without taking the central-cell correction
into account (dotted lines).
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shift would rise with magnetic field for any monotonic unipolar
(attractive) central-cell correction.

Let us also note that our calculations give a splitting of
the two lower acceptor states with Jz = ±1/2 of the order of
0.4 meV, which corresponds fairly well to the values reported
in Refs. 22 and 23 up to a magnetic field of 10 T. On the
other hand, the spectroscopic study of the Zeeman splitting
of the Ga acceptor in Ge yields a much lower value (see Ref.
23 and references therein). Therefore, one should expect that
at T = 2 K (kBT = 0.18 meV) both states with Jz = ±1/2
should be thermally populated even at fields above 10 T, while
the split-off states with Jz = ±3/2 are empty. The two lowest
acceptor states with Jz = ±1/2 are bound to the two lowest
hole Landau levels 21 and 11, respectively (Fig. 2).

As we already mentioned, the observed photocurrent
oscillations at B < 10 T are periodic in reciprocal magnetic
field [see inset of Fig 1(a)], and are related to transitions from
the ground acceptor state into the resonant states bound to
the two Landau-level ladders (see Fig. 2). At the excitation
wavelength of λ = 46 μm [Fig. 1(a)], the last pair of the
oscillations (at 5.8 T and 8.1 T) is related to transitions into the
resonant states bound to the Landau levels of the light holes 33

and 12, respectively (Fig. 2). The next lower Landau subband of
light holes 22 does not have a corresponding pairing level in the
second Landau ladder to form a pair of oscillations. Therefore,
one or more oscillations of the photocurrent observed above
10 T are expected to be related to transitions into the level 22

(lines 1–4 in Fig. 1).
Since the sample was installed inside the hemispherical

cavity, the light absorbed by the sample contains both
polarization components, directed parallel (z direction) and
perpendicular (x-y plane) to the magnetic field. The selection
rules allow dipole transition between adjacent Landau levels
(�n = ±1) for the x-y polarization, and require conservation
of the Landau-level number (�n = 0) for z-polarized light. In
the strong magnetic-field limit, similar selection rules apply for
transitions between the impurity states. The transition energies
between these levels rise quasilinearly with magnetic field
(Fig. 4).

Figure 4 summarizes the data obtained in our experiment
(symbols). Let us discuss the transitions responsible for the
lines labeled 1–4 in Fig. 1. The slopes corresponding to
the lines 1 and 2 are 8.7 and 8.1, respectively (in units of
h̄eB/m0c). The only possible final state for these transitions,
as we discussed earlier, is the level 22 with the energy of
11.3 h̄eB/m0c. For optical transitions with x-y polarization, the
initial state would be 11 with Jz = −1/2 and the corresponding
energy 2.9 h̄eB/m0c. The slope for the transition 11 → 22

is then given by 8.4 h̄eB/m0c, which is very close to the
experimentally observed one. For z polarization, the selection
rules require conservation of the LL number and Jz. Since
the final state is 22, with Jz = +1/2, the initial state can only
be 21. However, since the splitting of the ground state with
Jz = ±1/2 (difference between 11 and 21) is only a small
fraction of meV,22–24 the transitions 11 → 22 and 21 → 22

coincide. Similarly, the lines 3 and 4 have the slopes 4.7 and
4.1 in units of h̄eB/m0c, respectively, which is very close to the
energy difference between the levels 32 and 21 (4.3 h̄eB/m0c).

The solid lines in Fig. 4 show the magnetic-field depen-
dence of the transition energies between the acceptor states

bound to the LLs 11 and 22 (lines 1 and 2), as well as to the
LLs 21 and 32 (lines 3 and 4) calculated according to our model
without taking into account the chemical shift. As can be seen,
our calculations show good agreement with the experiment
without any fit parameters. On the other hand, inclusion of the
commonly used central-cell correction (1), as well as any other
monotonic unipolar potential, would lead to an enhancement of
the chemical shift at high magnetic fields (see Fig. 3). In turn,
since the chemical shift affects only the energies of the initial s-
like impurity states, leaving the final p-like states unaffected,20

the corresponding transition energies would exhibit a strong
blueshift, and, as a consequence, strong deviation of the
calculated transition energies from the experiment (see dashed
lines in Fig. 4).

Generally speaking, our results give a hint that the chemical
shift vanishes at high magnetic fields. Contrary to that, any
unipolar attractive central-cell correction would lead to an
increase of the chemical shift at high magnetic fields due to the
additional magnetic confinement of the carrier wave function
around the acceptor ion. The main consequence, therefore,
could be that the central-cell correction is not only attractive,
but contains a repulsive part. When the magnetic field confines
the carrier wave function to this particular region, the chemical
shift reduces. Since the chemical shift of all acceptors are
usually treated in the same way, we would expect similar
behavior for other acceptors in germanium—Al, for example.
This, however, should be proven by further experiments.

Let us now consider an example of the central-cell cor-
rection that could fit our experimental data. Note, however,
that it will require further studies to find the detailed form of
the central-cell correction, while it is beyond the scope of the
present paper. We only state that the new central-cell correction
should contain a repulsive part, since the attractive only
potential would lead to monotonic increase of the chemical

FIG. 4. Summary of the experimentally obtained position of the
resonances as a function of magnetic field (symbols). Solid lines
show calculations of the transition energies from the two lowest
acceptor states bound to the magnetic subbands 11 and 21 into resonant
states bound to the subbands 22 and 32 calculated without taking
into account the central-cell correction. Dashed lines correspond to
the same transitions calculated using central-cell correction (1) and
keff = 10, l = 10 Å. Numbers indicate corresponding maxima in the
photoconductivity spectra (see Fig. 1).
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FIG. 5. (Color online) Magnetic-field dependencies of the lowest
acceptor-state energy calculated using no central-cell correction
(dotted line), with central-cell correction (1) and κeff = 1.07, l =
3 Å (dashed line), with central-cell correction (6) with the following
parameters: κeff1 = 3.84, l1 = 25 Å, κeff2 = 3.07, l2 = 20 Å (line 1),
κeff1 = 2, l1 = 20 Å, κeff2 = 1.5, l2 = 14 Å (line 2), and κeff1 = 5.12,
l1 = 30 Å, κeff2 = 3.84, l2 = 25 Å (line 3).

shift in a magnetic field, and therefore will fail to fit our
experiment.

As a starting point, we tried an alternating-sign
central-cell correction in the following (phenomenological)
form:

�V = −e2

(
exp(−r/ l1)

κeff1r
− exp(−r/ l2)

κeff2r

)
. (6)

Figure 5 compares different model potentials. The dotted
line shows the results with no central-cell correction, the
dashed line represents the central-cell correction (1) with
κeff = 1.07, l = 3 Å as fit parameters, and, finally, the solid
lines correspond to the central-cell correction (6) with various
fit parameters listed in the caption (lines 1–3). As can be seen,
the unipolar central-cell correction leads to a dramatic shift of
the lower acceptor state toward higher energies (larger negative

values) when the magnetic field rises above 10 T. On the other
hand, one can always find good fit parameters for the bipolar
potential (6) to obtain a reduction of the chemical shift at high
fields. In addition, the potential (6) also reproduces an increase
of the chemical shift at low fields (B < 10 T) that perfectly
matches the behavior reported in Ref. 8.

V. CONCLUSION

In this work, we have studied oscillations of the photo-
conductivity in Ge:Ga as a function of magnetic field up
to 50 T, when excited with monochromatic FEL radiation.
We found these oscillations at B < 10 T to be periodic in
reciprocal magnetic field, with the period proportional to the
excitation energy. We attribute these oscillations to the optical
transitions from the lower acceptor states into resonant states
bound to the hole magnetic subbands (Landau levels). At
high fields, the periodicity is lost due to the nonequidistant
energy spacing between the lowest hole Landau levels. We
have developed a theoretical model in order to calculate
the acceptor wave functions and energies as a function of
magnetic field. We found that accounting for the chemical
shift via the commonly used central-cell correction (in the
form of a screened point charge) leads to a dramatic increase
of the chemical shift at high fields, resulting in a strong
deviation of the calculated from the experimentally measured
transition energies. In contrast to that, calculations without
any central-cell correction show good agreement with the
experimental data, which indicates that the chemical shift
decreases at high magnetic fields. Decrease of the chemical
shift can be attributed to the presence of the repulsive part in
the central-cell correction, in contrast to the purely attractive
one widely used in literature.
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