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Spin superconductor in ferromagnetic graphene
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We show a spin superconductor in ferromagnetic graphene as the counterpart to the charge superconductor
in which a spin-polarized electron-hole pair plays the role of the spin 2(h̄/2) “Cooper pair” with a neutral
charge. We present a BCS-type theory for the spin superconductor. With the “London-type equations” of the
super-spin-current density, we show the existence of an electric “Meissner effect” against a spatial varying
electric field. We further study a spin superconductor/normal conductor/spin superconductor junction and predict
a spin-current Josephson effect.
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I. INTRODUCTION

Superconductivity was discovered about a century ago.1

Since then, it has been one of the central subjects in physics.1

Many fascinating properties of superconductors, such as zero
resistance,1 the Meissner effect,2 and the Josephson effect,3

have many applications nowadays. On the other hand, the
potential application of the spin degrees of freedom of an
electron, the field of spintronics, is still rapidly developing and
is emerging as a major field in condensed matter physics.4

The key physics of superconductivity was well understood
in the BCS theory5: Electrons in a solid state system may have
a net weak attraction so that they form Cooper pairs which can
then condense into the BCS ground state. The simplest s-wave
Cooper pairs are of electric charge 2e and spin singlet. A dual
of superconductor is the so-called exciton condensate in which
a Cooper pair-like object is a particle-hole pair which is charge
neutral while its spin may either be singlet or triplet. We name
a spin-triplet exciton condensate as the spin superconductor.
The exciton condensates can exist in many physical systems.6,7

However, a general drawback of the exciton condensate is its
instability because of electron-hole (e-h) recombination that
lowers the total energy of the system [see Fig. 1(a)]. The
typical lifetime of an exciton is restricted from picosecond to
nanosecond, and at most limited to the microsecond range.8–10

It is too short for many meaningful applications. Thus, finding
a long-lived exciton gas becomes an important task.

About 35 years ago, Shevchenko and Lozovik and Yudson
suggested that the exciton could be realized in a double-layer
system,11,12 in which electrons in one layer and holes in
the other are spatially separated by an insulator layer. The
insulator barrier is proposed to be thin enough to allow for
strong Coulomb interaction between electron and hole while
high enough to prevent tunneling and e-h recombination.
Then the exciton condensate in the e-h bilayer system has
quite a long lifetime and the superfluid ground state can be
displayed. Later, the experimental data also show the existence
of exciton condensate in the e-h bilayer on semiconductor
double quantum well systems.13,14

A few year ago, graphene, a single-layer hexagonal lattice
of carbon atoms, had been successfully fabricated.15–18 The
unique structure of graphene leads to many peculiar properties,

for example, the relativistic-like quasiparticles spectrum.17,18

Recently, some works have been devoted to the excitons
in graphene systems.19–23 The exciton condensate was sug-
gested in a double-layer graphene system in which the two
graphene monolayers are separated by an insulator layer.19–21

The Kosterlitz-Thouless transition temperature for exciton
condensate are estimated and the effect of the screening of
the Coulomb interactions on the transition temperature was
studied.19–21 In addition, the possibility of excite condensate
in a monolayer undoped graphene was also investigated.22,23

A detailed theory of this issue has been developed in
Ref. 23. However, in all previous works, the exciton is spin
unpolarized, and the spin-polarized triplet exciton (i.e., the
spin superconductor state) is never mentioned.

For graphene, the charge carriers are usually spin unpolar-
ized. However, if graphene is growing on a ferromagnetic (FM)
material24–26 or is under an external magnetic field,27 a spin
split M can be induced. Then the carriers are spin polarized
and the Dirac points with different spins are split. When the
Fermi level lies in between the spin-resolved Dirac points
[see Fig. 1(b)], the spin-up carriers are electron-like while
the spin-down ones are hole-like. These positive and negative
carriers attract and form e-h pairs that are stable against the e-h
recombination due to the Coulomb interaction. This is because
the filled electron-like states are now below the hole-like states,
as shown in Fig. 1(b), unlike in conventional exciton systems
in semiconductors [Fig. 1(a)] where the electron states are
above the hole states. If a carrier jumps from the electron-like
state to the hole-like one, the total energy of the system rises.
This prevents the e-h recombination and means the e-h pairs in
FM graphene is stable and can exist indefinitely in principle.
Therefore, this e-h pair gas can condense.

In this work we show that this condensate is a spin supercon-
ductor. The spin superconductor is an (charge) insulator and
(charge) current cannot flow through it. But its spin resistance
is zero and the spin current can dissipationlessly flow in it. We
present a BCS-type theory for the spin superconductor, and
derive the London-type equations of the super-spin current and
find an electric “Meissner effect” against the spatial variation
of an electric field. Furthermore, a spin superconductor/normal
conductor/spin superconductor junction is studied and a
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FIG. 1. (Color online) The schematic diagrams: (a) the band
structure for the conventional exciton system and (b) for FM
graphene. (c) The schematic energy bands of FM graphene for free
electrons (blue curves) and for the e-h pair condensate (black curves).
(d) The gap � vs εD at the FM magnetic moment M = 5 meV and
(e) the gap vs M at εD = 0.18t .

spin-current Josephson effect is predicted. Finally, how to
detect the spin superconductor state is discussed and a feasible
experiment setup is suggested.

The remainder of this paper is organized as follows. In
Sec. II we describe the model and present a BCS-type theory
for the spin superconductor. In Sec. III we derive the London-
type equation of the super-spin current and show the electric
Meissner effect. We study the spin-current Josephson effect
in Sec. IV. Section V is devoted to the detection of the spin
superconductor. Finally, the conclusion is presented in Sec. VI.
Some auxiliary materials are relegated into an Appendix.

II. MODEL AND BCS-TYPE THEORY FOR THE SPIN
SUPERCONDUCTOR

We consider an interacting electron system in graphene
with the Hamiltonian H = H0 + UC , where H0 is the free
Dirac fermion Hamiltonian and UC is the electron-electron
(e-e) Coulomb interaction:

H0 =
∑
k,σ

�
†
kσ

(−σM vF (kx − iky)

vF (kx + iky) −σM

)
�kσ ,

(1)
UC =

∑
s,s ′;i,j ;σ,σ ′

Uss ′
ij ns

iσ ns ′
jσ ′ ,

where �kσ = (akσ ,bkσ )T , skσ (s = a,b) are the Fourier com-
ponents of the electron annihilation operators siσ at sites i

for the sublattices s, and ns
iσ = s

†
iσ siσ are the local electron

number operators. k = (kx,ky) is the momentum, σ = (↑ , ↓)
represents the spin, M is the FM exchange split energy, Uss ′

ij is
the e-e Coulomb potential, and vF = 3ta0/2 with the nearest
hopping energy t and the carbon-carbon distance a0. Here
we have ignored the valley degree of freedom, because the
two valleys are degenerate and the intervalley coupling is

normally very weak due to the two valleys being well separated
in k space. Hereafter we also set the Fermi energy EF at
zero. By taking a unitary transformation: akσ = ∑

τ τc∗αkτσ

and bkσ = ∑
τ cαkτσ with the pseudospin index τ = ±, c =

eiθ/2/
√

2 and θ = tan−1(ky/kx), the free Hamiltonian H0

can be diagonalized H0 = ∑
k,τ,σ ετσ αkτσ α

†
kτσ , where ετσ =

−σM + τvF k (k = |k| =√
k2
x+k2

y) are four energy bands [see
the blue curves in Fig. 1(c)] because the spin degeneracy
is lifted now. While EF = 0, ε−↑ and ε+↓ are high-energy
bands. In the following, we focus on the low-energy part
and only two bands ε+↑ and ε−↓ are involved. Here the band
ε+↑ is electron-like, while the band ε−↓ is hole-like and the
annihilation operator αk−↓ also means to create a spin-up hole.
Thus we define operators αke↑ = αk+↑ and α

†
kh↑ = αk−↓. The

Hamiltonian H0 can then be written as

H0 =
∑

k

(α†
ke↑,αkh↑)

(
ε+↑ 0

0 ε−↓

) (
αke↑
α
†
kh↑

)
. (2)

For the e-e interaction UC we also focus on the two low-energy
bands which are given by the terms α

†
k−q,e↑αke↑αk′+q,h↑α

†
k′h↑.

Furthermore, we keep only the terms whose momenta satisfy
k − q = k′, giving rise to the zero momentum e-h pair that
is energetically favorable. Under these approximations, the
interaction UC reduces to the attraction between electrons and
holes

UC = −
∑
k,k′

Ukk′α
†
k′e↑α

†
k′h↑αkh↑αke↑, (3)

where Ukk′ = (Uab
kk′e

i(θ ′−θ) + Uab
k′ke

i(θ−θ ′) + Uaa
kk′ + Ubb

kk′)/4
with Uab

kk′ = ∑
j Uab

0j e−i(k−k′)·(rj +δ) and Uss
kk′ = ∑

j Uss
0j

e−i(k−k′)·rj for the coordinate rj of the site j and the lattice
spacing vector δ. Ukk′ is a large positive value at k = k′ and
it gradually and oscillatorily decays to zero with increase
of |k − k′|. On the one hand, as discussed in Sec. I and
Fig. 1(b), this attractive interaction does not induce the e-h
recombination. On the other hand, it leads to the instability of
the FM metal state at the low temperature (see the Appendix),
so the electrons and holes are bound into pairs. The mean-field
approximation of Eq. (3) reads

UC ≈
∑

k

�kα
†
ke↑α

†
kh↑ +

∑
k

�∗
kαkh↑αke↑

with the e-h pair condensation order parameter
�k ≡−∑

k′ Uk′k〈αk′h↑αk′e↑〉.
Compared with the spin singlet Cooper pair with charge

2e, this e-h pair is of spin h̄ and charge neutral. The total
mean-field Hamiltonian then is given by

HMF =
∑

k

(α†
ke↑,αkh↑)

(
ε+↑ �k

�∗
k ε−↓

)(
αke↑
α
†
kh↑

)
. (4)

The energy spectrum for the mean-field Hamiltonian HMF is
shown in Fig. 1(c). An energy gap with the magnitude of
|�k| is opened. When an electron and a hole combine into
an e-h pair, the energy of the system is reduced by 2|�k|.
This means the condensed state of the e-h pairs is more stable
than the unpaired one. Thus, the ground state of FM graphene
is a neutral superfluid with spin h̄ per pair; namely, a spin
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superconductor state. The spin current can dissipationlessly
flow in the spin superconductor and its spin resistance is zero.
On the other hand, because an energy gap opened and the e-h
pair is charge neutral, the spin superconductor is an (charge)
insulator and the (charge) current cannot flow through it.

The energy gap � can be estimated as follows. By using the
definition �k ≡ −∑

k′ Uk′k〈αk′h↑αk′e↑〉 and the Hamiltonian
HMF, one has the self-consistent equation

�k =
∑

k′
(Ukk′�k′/2A)[f (−A) − f (A)], (5)

where f (A) = 1/[exp(A/kBT ) + 1], A =√
(M − k′)2 + �2

k′ ,
and T is the temperature. At zero temperature and
assuming Ukk′ = Uθ (kD − |k − k′|) with the cut-off
momentum kD , the self-consistent equation (5)
reduces to 1 = (U/2)

∑
k θ (kD − k)/

√
(M − k)2 + �2 =√

3U
3t2

∫ εD

0 dεk
2πεk√

(M−εk)2+�2
, where εD = vF kD . Numerically we

solve the self-consistent equation by using the e-e interaction
UC with the nearest neighbor cut off. The gaps vary as the
cut-off εD for a fixed M or as the FM split energy M for a
fixed εD are shown in Figs. 1(d) and 1(e), respectively. We see
that the gap � grows faster than an exponential function with
increase of εD . When M = 5 meV and εD = 0.18t ,24,25 one
gets � ≈ 3 meV. This yields the critical temperature TC of the
transition from the normal state to the spin superconductor
at about 30 K. While T > TC , the FM graphene is in
the FM metal state, whereas for T < TC it is in the spin
superconductor state. Similar to the case in a superconductor,
in the presence of weak impurities, TC is slightly reduced
but the spin superconductor phase can still exist if T < TC ,
except in the case when the impurity strength is larger than �

and its density is higher than 1/ξ 2 with ξ being the coherence
length ξ = h̄vF /�.

III. LONDON-TYPE EQUATION AND ELECTRIC
MEISSNER EFFECT

Meissner effect is the criterion that a superconductor differs
from a perfect metal: The magnetic field cannot enter the
bulk of a superconductor.2 This phenomenon can be described
by the London equations.28 Is there a Meissner-like effect for
the spin superconductor? Consider a spin superconductor with
the superfluid carrier density ns in an electric field E and
a magnetic field B. A magnetic force F = (m · ∇)B acts on
these spin carriers. Here m = (4πgμB/h)s is the magnetic
moment of a carrier, μB is the Bohr magneton, and g is the
Lande factor. This force accelerates the carrier by Newton’s
second law F = m∗dv/dt for a carrier with the velocity v and
the effective mass m∗. The spin current density Js = nsvs is
thus a tensor. The time derivative of this super-spin-current
density Js is then given by

dJs/dt = a(s · ∇)Bs, (6)

with the constant a = 4πgμBns/hm∗. Comparing with
London’s first equation for the super-charge-current density28

dJ/dt ∝ E, the spatial variation of B along with the magnetic
moment plays the role of an external field accelerating the spin
carriers.

When an electric field E applies by acting (s · ∇) on two
sides of the Maxwell equations ∇ × B = μ0ε0∂E/∂t and
using Eq. (6), we obtain ∂

∂t
[∇ × Js] = ∂

∂t
[μ0ε0a(s · ∇)Es].

Integrating over the time t , one has the equation for Js ,

∇ × Js = μ0ε0a(s · ∇)Es, (7)

where the integral constant is taken to be zero because
of the requirement of thermodynamic equilibrium. Instead
of the magnetic field in London’s second equation for the
superconductor,28 the “external field” here is the spatial
variation of the electric field E along with the magnetic
moment.

Equations (6) and (7) for Js play roles similar to the London
equations in superconductor.28 For example, if the system is
in the steady state, dJs/dt = a(s · ∇)Bs = 0 implies that the
variation (s · ∇)B of the magnetic field along the direction
of the FM magnetic moment m must be zero because of the
zero spin resistance. On the other hand, Eq. (7) means the
variation of the electric field (s · ∇)E is zero in bulk of the spin
superconductor. This is an electric Meissner effect in the spin
superconductor against a spatial variation of an electric field.
Notice that it is not against the electric field, because of the
magnetic moment m being a dipole instead of a monopole.

We now give an example of this electric Meissner effect.
Consider a positive charge Q at the origin and an infinite FM
graphene in the x-y plane at z = Z as shown in Fig. 2(a).
The charge Q generates an electric field E in FM graphene
plane. This electric field will induce a super-spin current in
graphene against the spatial variation of E. Assuming that
the magnetic moment m (i.e., s) is in the z direction, then
(s · ∇)Ez = ∂zEz = Q

4πε0

r2−2z2

(z2+r2)5/2 with r2 = x2 + y2. Solving
Eq. (7), one has the induced super-spin-current density Js =
−μ0aQ

4π
r

(Z2+r2)3/2 . This Js flows along the tangential direction
[see Fig. 2(a)] and its spin points to the z direction. On the
other hand, as a usual spin current,29 the super-spin-current
density Js can generate an electric field Ei in space, which
is the same as that generated by the electric dipole moment
�pe ∝ [− r

(Z2+r2)3/2 ,0,0] or the equivalent charge Qi = −∇ ·
�pe ∝ 2Z2−r2

(Z2+r2)5/2 . In Fig. 2(b) we plot the radial distributions
in graphene for the variation ∂zEz of the electric field of the
original charge Q, the induced super-spin-current density Js ,
and the equivalent charge Qi (i.e., the spatial variation ∂zE

i
z).

For r <
√

2Z (r >
√

2Z) with ∂zEz being negative (positive),
the spatial variation ∂zE

i
z of the electric field Ei induced by

+
QQ

+
+

+
+

+

-

- -
--

-
(a) (b)

FIG. 2. (Color online) (a) The schematic diagram for the device
consisting of a positive charge Q and FM graphene. (b) The variation
∂zEz (Q/4πε0) of the electric field, the induced super-spin-current
Js (μ0aQ/8π ), and the equivalent charge Qi (i.e., ∂zE

i
z) vs the radial

distance r .
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(a) M M

(b) (c)

FIG. 3. (Color online) (a) The schematic diagram of the weakly
coupled spin superconductor-normal conductor-spin superconductor
junction. (b) The spin current Is vs the phase difference �φ for
different � and Md = 0. (c) The Is-�φ curves for different Md and
� = 0.1M . Here εd = 0 and � ≡ 2πt2

βρk = 0.1M; ρk is the density
of state of FM graphene in momentum space.

the super-spin current is positive (negative). As a result, ∂zE
i
z

counteracts the variation ∂zEz and then causes the variation of
the total electric field in the spin superconductor to vanish.

IV. SPIN-CURRENT JOSEPHSON EFFECT

Josephson effect is another highlight of superconductivity
and has wide applications.3 We now investigate the similar
effect for this spin superconductor by considering a device con-
sisting of two spin superconductors, which are weakly coupled
by a normal conductor, that is, a spin superconductor/normal
conductor/spin superconductor junction [see Fig. 3(a)]. We
can explicitly show the existence of the super-spin current
in this device in equilibrium. The weakly coupled junction
is described by the Hamiltonian H = ∑

β(β=L,R) Hβ + Hc +
HT , where

Hβ =
∑

k

(α†
βke↑,αβkh↑)

(
ε+↑ �βk

�∗
βk ε−↓

)(
αβke↑
α
†
βkh↑

)
,

Hc =
∑

σ

(εd + σMd )c†σ cσ ,

HT =
∑
β,k

[tβα
†
βk+↑c↑ + tβα

†
βk−↓c↓ + H.c.].

Namely, HL/R , Hc, and HT are the Hamiltonians of the
left/right spin superconductor, the normal conductor, and the
tunnelings between them, respectively. The order parameters
�L/Rk = �eiφL/R with the spin superconductor phases φL/R

are assumed to be independent of the momentum k. We
consider a phase difference �φ ≡ φL − φR between the left
and right spin superconductors, which origins from a spin
current flowing through the junction under the drive of an
external device or from a variation of an external electric
field thread the ring junction device. The normal conductor
is described by a level (or a quantum dot) with the spin index
σ and spin-split energy Md .

The spin-dependent particle current Iβσ with the spin
σ from the β spin superconductor to the central normal
conductor can be calculated by the following equation30:
Iβσ = Re(2t∗β/h̄)

∫
dε
2π

G<
βσ,σ (ε), where the lesser Green func-

tion G<
βσ,σ (ε) is the Fourier transformation of G<

βσ,σ (t) ≡

i〈c†σ (0)αβk±σ (t)〉. This Green function G<
βσ,σ (ε) can be cal-

culated by using the Dyson equation and so is the particle
current Iβσ .31 Therefore, one can obtain the spin current Is =
(IR↑ − IR↓)h̄/2 and the charge current Ie = (IR↑ + IR↓)e. The
charge current Ie is identically zero because the e-h pairs
are charge neutral. The spin current Is versus �φ in the
equilibrium with zero bias and zero spin bias is calculated
and shown in Fig. 3. There is a super-spin current flowing
through the junction that resembles the Josephson tunneling
in a conventional superconductor junction. While Fig. 3(b)
exhibits the Is-�φ curves for different values of the gap � with
md = 0, Fig. 3(c) shows Is can also be observed in nonzero
Md as long as � = 0 and �φ = 0,π .

V. THE DETECTION OF THE SPIN SUPERCONDUCTOR

In this section we discuss how to detect the spin su-
perconductor state. In the following we first suggest five
measurable physical quantities or methods, and then follow
up by proposing an experimental setup.

(1) When the system enters the spin superconductor state,
an energy gap opens up [see Fig. 1(c)]. This energy gap can
be measured by ARPES or STM. When the temperature T is
lower (or higher) than TC , the gap opens (or closes).

(2) Because the spin superconductor is an (charge) insulator,
the resistance sharply increases when the FM graphene enters
from the normal FM metal state to the spin superconductor
state. This sharp increase in resistance can be easily tested in
the experiment.

(3) The zero spin resistance is a main characteristic for
the spin superconductor. Due to the zero spin resistance,
the spin current can flow without any dissipation even for
a macroscopic sample. At the end of this section, based on the
behavior of the zero spin resistance, we propose a four-terminal
device to detect the spin superconductor.

(4) In the electric Meissner effect, an electric field applied
to the spin superconductor can induce the super-spin current
on the surface of the sample. This induced super-spin current
can generate an electric field Ei that is against the variation
of the external electric field. Here the induced electric field Ei

is equivalent to that generated by a certain surface charge
distribution. In this case, the induced electric field and
the equivalent surface charge distribution are the measurable
quantities. For the example of Fig. 2, the equivalent surface
charge Qi is proportional to ns

m∗
2Z2−r2

(Z2+r2)5/2 , this value is quite
large due to the smallness of the effective mass m∗ in graphene.
But the equivalent surface charge Qi is still finite even if
m∗ = 0, since once it reaches the complete shielding and the
variation of the total electric field is zero, no more super-spin
current and charge are induced. By considering the complete
shielding case, the inducing surface charge Qi = 2Z2−r2

(Z2+r2)5/2
Qd

4π
,

where d ≈ 0.1 nm is the thickness of graphene. Let us estimate
the value of Qi . We assume that the distance Z between the
external charge Q and the plane of graphene is 10 nm and
Q is a basic charge. The inducing surface charge Qi is about
1013 m−2 at the position r = 0. This surface charge is quite
large and should be measurable.

(5) The super spin current in the spin superconductor or in
the spin-current Josephson effect is also a measurable physical

214501-4



SPIN SUPERCONDUCTOR IN FERROMAGNETIC GRAPHENE PHYSICAL REVIEW B 84, 214501 (2011)

quantity. For example, the super-spin current can be directly
measured by observing the second-harmonic generation of the
Faraday rotation as done in Ref. 32. In addition, many indirect
methods have successfully measured the spin current.33 These
methods can also be used in our system. Let us imagine a spin
current flowing into the spin superconductor (FM graphene)
from one terminal, this spin current can flow through the spin
superconductor with no dissipation and flows out from another
terminal. Then we can measure the (usual) spin current at the
outside through these methods in Ref. 33.

Notice that it is not necessary to do all of the aforemen-
tioned measurements. In fact, if one can take a measurement
either in 3, 4, or 5, it establishes the presence of the spin
superconductor.

In the following, based on the experiment in Ref. 16, here
we propose a four-terminal device consisting of a graphene
ribbon coupled by four FM electrodes and a long FM strip, as
shown in Figs. 4(a) and 4(b), which can be used to measure the
nonlocal resistance and then confirm the spin superconductor
state. Except for the long FM strip (the red region), the device
is what was used in Ref. 16. So this device can be realized by
the present technology. The long red strip is a FM insulator
which directly couples to the graphene without the Al2O3

layer. So the graphene in the red region has a FM exchange
splitting and it is normal FM graphene at high temperature and
turns to the spin superconductor at low temperature. Now we
can qualitatively analyze the measurement results if the spin
superconductor is realized. To simplify the analysis, we only
consider the magnetic moments in all FM electrodes and strip
are in the same direction.

FM insulator

SiO2

doped Si graphene

Al2O3

4MF3MF1MF FM 2

graphene

FM insulator
(a)

(b) V
Ie

Is

(d)(c)TC TC

FIG. 4. (Color online) (a) and (b) are schematic diagrams for the
proposed device. (a) is the top view and (b) is the side view. (c) and
(d) schematically show the nonlocal resistance and the resistance R23

vs the temperature, respectively.

Here we measure the nonlocal resistance as in the experi-
ment in Ref. 16. In this measurement a current is applied to
the two right electrodes (electrodes 3 and 4) and the bias is
measured on the two left electrodes (electrodes 1 and 2). When
a current is applied between electrodes 3 and 4, it injects a pure
spin current into graphene. This pure spin current flows from
electrode 3 through FM graphene (spin superconductor) to the
left side [see the Fig. 4(b)]. Then it induces the bias between
electrodes 1 and 2. When FM graphene is in the normal FM
metal phase, it has a finite spin resistance. In this case, the
spin current gradually decays along its transport direction,
so the bias and the nonlocal resistance R12,34 are small.
Denoting Lij as the distances between the electrode i and j and
assuming L12 and L34 are much longer than the spin relaxation
length λ of the graphene in the normal state, the nonlocal
resistance R12,34 can be obtained analytically34: Rnormal

12,34 =
1
2P 2 λ

σGW
e−L23/λ, where W is the width of the graphene ribbon,

P is the spin polarization of the FM electrode, and σG is
the conductivity of normal FM graphene. On the other hand,
when FM graphene is in the spin superconductor phase, the
spin resistance is zero and the spin current can flow through it
with no dissipation. In this case, the nonlocal resistance can be
obtained as RSSC

12,34 = 1
2P 2 λ

σGW
e−(L23−LSSC)/λ = Rnormal

12,34 eLSSC/λ,
where LSSC is the length of the spin superconductor. Notice
RSSC

12,34 is much larger than Rnormal
12,34 . Therefore, a sharp increase

in the nonlocal resistance can be observed [see Fig. 4(c)] when
the temperature T varies from T > TC to T < TC . In addition,
because the spin superconductor is an (charge) insulator, a
sharp increase can also be observed in the resistance R23

between electrodes 2 and 3 [see Fig. 4(d)], as discussed above
in point 2.

VI. CONCLUSION

In conclusion, we predict a spin superconductor state in
the FM graphene at the low temperature, as the counterpart
to the (charge) superconductor state. The spin superconductor
can carry the dissipationless spin supercurrent at equilibrium,
and its spin resistance is zero. A BCS-type theory for the spin
superconductor was presented, and an electric Meissner effect
and a spin-current Josephson effect in spin superconductor
were demonstrated. We also suggest a feasible experiment
setup to detect the spin superconductor.

Finally, we comment that the spin superconductor may also
exist in other systems, for example, the bilayer FM graphene,
some 3D FM materials, Bose-Einstein condensate of magnetic
atoms, etc. Like superconductivity, spin superconductivity
may also be a general phenomenon at low temperature.
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APPENDIX

In this Appendix we discuss the instability of the FM metal
state in the presence of the attractive e-h interaction in detail.
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Let us begin from the free Dirac fermion Hamiltonian in
Eq. (1):

H0 =
(−σM vF (p̂x − ip̂y)

vF (p̂x + ip̂y) −σM

)
= vF τ̂ · p̂ − σM.

(A1)

Here p̂ = (p̂x,p̂y) is the momentum operator, r = (x,y) is the
particle coordinates, and τ̂ is pseudospin Pauli matrices. For
the spin-up subsystem, the Schrödinger equation is

(vF τ̂ · p̂ − M)�e↑(r) = E�e↑(r), (A2)

with the eigenenergy E = ±vF k − M and eigenstate
�e↑(r) =

√
2

2 (±e−iθ ,1)T eik·r. For the spin-down subsystem,
the Schrödinger equation is

(vF τ̂ · p̂ + M)�e↓(r) = E�e↓(r), (A3)

with the eigenenergy E = ±vF k + M and eigenstate
�e↓(r) = �e↑(r). Due to the spin-down carriers being hole-
like [see Fig. 1(b)], we take the e-h transformation. After the
e-h transformation, the Schrödinger equation of the spin-down
subsystem is

(vF τ̂ ∗ · p̂ − M)�h↑(r) = E�h↑(r). (A4)

Let us consider the free fermion system in the ground state
[see Fig. 1(b)], in which two high-energy bands ε−↑ and ε+↓ are
completely full and empty, respectively, and two low-energy
bands ε+↑ and ε−↓ are partly filled up to EF = 0 by electron
and hole, respectively. This state is the usual FM metal state.
Below we will show that, in the presence of an e-h attractive
interaction, no matter how weak, this state becomes unstable.
Following the process in Ref. 35, we consider an electron
and a hole at the coordinates re and rh, the other electrons
and holes still are treated as a free gas. The only effect of
these free electrons and holes are to forbid the electron and
hole to occupy all states E < EF = 0 (or vF k < M) by the
exclusion principle. Let �eh(re,rh) be the two-particle wave
function and consider only states where the center of the pair
is at rest, then �eh is only a function of re − rh and it can be

expanded as

�eh(re,rh) =
∑

k

gk�
0
e↑�0

h↑eik·(re−rh), (A5)

where �0
e↑ =

√
2

2 (e−iθ ,1)T and �0
h↑ =

√
2

2 (−eiθ ,1)T . Due to
the exclusion principle, the probability amplitude gk = 0 for
k < M/vF .

Combining Eqs. (A2) and (A4), the Schrödinger equation
for two particles is

(vF τ̂e · p̂e + vF τ̂ ∗
h · p̂h − 2M)�eh + U (re,rh)�eh = E�eh.

(A6)

Here U (re,rh) is the attractive e-h interaction and τ̂e (p̂e) and
τ̂h (p̂h) act on the electron and hole elements, respectively. On
inserting Eq. (A5) into Eq. (A6) we have

(2vF k − 2M)gk −
∑

k′(k′>M/vF )

Ukk′gk′ = Egk, (A7)

where Ukk′ ≡ − ∫∫
U (re,rh)ei(k−k′)·(re−rh)dredrh. We then ob-

tain

gk = −
∑

k′(k′>M/vF )

gk′Ukk′/(E − 2vF k + 2M). (A8)

Let us assume that Ukk′ is independent k and k′, we have

1 = −U
∑

k(kD>k>M/vF )

1

E − 2vF k + 2M

= −U

∫ vF kD

M

dε
ρε

E − 2ε + 2M
, (A9)

with the density of state ρε . It is very easy to prove that Eq. (A9)
has the negative E solution, as soon as U is positive and M =
0. Therefore, no matter how weak attractive e-h interaction U

and the value of kD , there always exists an e-h bound state with
the energy E < 0. The usual FM metal state is thus unstable.

Finally, we also emphasize that there only exists two bands,
spin-up electron band and spin-up hole band, on the Fermi
surface in the FM graphene. So the two particle bound state is
only between the electron and hole, and it cannot be between
two electrons (or two holes). So the spin superconducting
instability is the sole instability.
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