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Lattice dynamical analogies and differences between SrTiO3 and EuTiO3 revealed
by phonon-dispersion relations and double-well potentials
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A comparative analysis of the structural phase transitions of EuTiO3 and SrTiO3 (at TS = 282 and 105 K,
respectively) is made on the basis of phonon-dispersion and density functional calculations. The phase transition
of EuTiO3 is predicted to arise from the softening of a transverse acoustic zone boundary mode caused by the
rotations of the TiO6 octahedra, as also found for the phase transition of SrTiO3. Although the temperature
dependence of the soft mode is similar in both compounds, their elastic properties differ drastically because of a
large difference in the double-well potentials associated with the soft zone boundary acoustic mode.
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I. INTRODUCTION

The perovskite oxides SrTiO3 (STO) and EuTiO3 (ETO)
are similar in various dynamical properties such as the soft
transverse optical modes,1–5 as well as the structural6–8 and
incipient polar instabilities. The ionic radii of Eu2+ and Sr2+
are almost identical, so that STO and ETO have nearly the same
unit cell parameters. Both oxides exhibit incipient ferroelectric
instabilities; that is, they are quantum paraelectrics with
quantum fluctuations suppressing a polar phase transition.4–6

The ferroelectric transition temperature TC is estimated to
be 37 K for STO and less than ∼−150 K for ETO. The
antiferromagnetic (AFM) phase transition of ETO at TN =
5.5 K7 has been investigated in detail because of the possibility
of multiferroicity in ETO. Besides the strong softening of the
long-wavelength transverse optic (TO) mode, STO exhibits an
antiferrodistortive phase transition to a tetragonal phase at TS =
105 K,8,9 which is caused by the instability of a transverse
acoustic (TA) zone boundary mode. The symmetry lowering
from cubic to tetragonal is accompanied by an extremely
small change in the c/a ratio of the lattice parameters,10 which
is difficult to detect by conventional diffraction techniques.
However, local probe measurements, such as electron para-
magnetic resonance (EPR),8,11,12 clearly show the existence
of the structural phase transition and demonstrate that the
rotation angle of the TiO6 octahedra follows the temperature
dependence of an order parameter.13 Additionally, inelastic
neutron scattering (INS) experiments have evidenced the soft-
ening of the TA mode at the zone boundary.14–16 The soft TO
and the soft TA modes have long been considered independent.
However, they are related to each other through polarizability
effects, which induce a nonlinear coupling between the optic
mode and the acoustic mode.17 An analogous zone boundary
instability has been expected in ETO at higher temperatures
because spin lattice coupling is possible and because Eu has
a heavier mass than Sr. Indeed, the expected instability of
ETO (with samples as prepared in Ref. 18) was confirmed
recently by specific heat measurements, with TS = 282 K, very
close to the calculated TS = 298 K.18 This newly discovered
phase transition unveils an additional analogy between both
compounds and could open novel technological applications
of ETO and layered superstructures of ETO/STO. Especially

because of the identical valence states and sizes of Sr2+ and
Eu2+ ions, the fabrication of strain-free superstructures would
be feasible, and this suggests the possibility of interlayer
magnetism, novel multiferroic properties, and even interlayer
superconductivity induced by Eu valence instability.

In the present work, we examine the origin of the rather
large difference in the structural transition temperatures of
STO and ETO in some detail by calculating their phonon-
dispersion relationships as described in Ref. 18 and by
determining the double-well potentials of STO and ETO
associated with the antiferrodistortive rotation of their TiO6

octahedra on the basis of first principles density functional
calculations. We also examine the spin exchange interactions
of ETO by density functional calculations to investigate why it
adopts a G-type antiferromagnetic structure below TN = 5.5 K
even though its dominant spin exchange is ferromagnetic.19,20

II. PHONON DISPERSION RELATIONS

As shown in Ref. 18, the temperature dependence of the soft
TO mode in ETO is theoretically reproduced in full agreement
with experiment by using the same lattice dynamical param-
eters as used for STO. Marked differences between ETO and
STO appear in their local double-well potentials, which are
exclusively determined by the temperature dependence of the
soft mode frequency. The double-well potential of STO is
shallow and broad, indicating a displacive behavior, but that
of ETO is deep and narrow, suggesting more order-disorder
dynamics.18 The low-temperature AFM properties of ETO
have been accounted for in terms of an extended polarizability
model by adding the coupling of the Eu spins to the TiO3 units
and a direct spin-spin interaction term.21 These latter terms
guarantee the coupling of the spins to the soft mode, which is
anomalously enhanced at the onset to the AFM order.4,5

The interdependence of the zone boundary soft acoustic
mode and the long-wavelength optic mode arises through the
nonlinear polarizability of the TiO3 cluster.22–25 This has been
calculated self-consistently for each temperature and taken as
input to determine the temperature dependence of the zone
boundary mode by using the Hamiltonian given in Ref. 19.
The results for STO and ETO are compared in Fig. 1.
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FIG. 1. Temperature dependence of the zone boundary acoustic mode frequency of (a) STO with TS = 105 K and (b) ETO with TS = 282 K.

It is evident from Fig. 1 that the zone boundary TA modes
soften in almost the same manner in STO and ETO. However,
by calculating the dispersion of the two lowest lying TA and
TO modes of STO and ETO along (110), striking differences
between them become apparent, as shown in Fig. 2. The TO
mode of STO exhibits a strong temperature dependence in the
long-wavelength limit and is very dispersive. In contrast, the
TO mode of ETO is almost flat and softens much less with
decreasing temperature.

In agreement with Fig. 1, the related TA modes have
similar zone boundary temperature dependencies. However,
below momentum q ≈ 0.5, characteristic differences appear;
the softening in STO continues to the long-wavelength limit,

whereas in ETO, almost nothing changes with decreasing
temperature in this momentum regime. This result indicates
that STO has anomalously soft elastic constants, as found
experimentally,26–28 but ETO does not. These striking differ-
ences become even more apparent by normalizing the TA
mode frequency to its high temperature value as shown in
Fig. 3. In ETO the TA, mode is temperature independent
up to the momentum q ≈ 0.25. In STO, an inflection point
is observed at small momentum, which gradually moves to
smaller momentum with decreasing temperature. Such an
anomalous pretransitional dispersion evidences fluctuating
cluster formation already far above the true instability.13

Similar findings have been made in BaTiO3 above the

FIG. 2. (Color online) Phonon mode dispersion of the two lowest lying TO and TA mode frequencies with momentum q along (110) for
different temperatures as indicated in the figures for (a) STO and (b) ETO. TA and TO mode dispersion with momentum q along (100) in STO
(red) and ETO (black) at (c) T = 2 K and (d) T = 400 K.
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FIG. 3. (Color online) High-temperature normalized TA mode dispersion with momentum q along (110) for different temperatures as
indicated in the figures for (a) STO and (b) ETO.

ferroelectric phase transition temperature, albeit in a less
extended temperature regime.29 The anomalous behavior of
the TA mode in STO suggests that the elastic constants exhibit
pronounced softening over a wide temperature regime while
such a softening is absent in ETO, and anomalies in the elastic
constants should be absent there.

By inspecting the dynamical behavior along the (100)
direction, the origin of the above-described effects becomes
evident [Figs. 2(c) and 2(d)]. In ETO, the TO mode dispersion
exhibits an Einstein-oscillator type behavior at 400 K, which is
almost unchanged down to 4 K. However, in STO, the strongly
dispersive TO mode begins coupling with the TA mode at
finite momentum already at 400 K, becomes increasingly
pronounced at 4 K, and causes strong anomalies in the TA
mode dispersion [Figs. 2(c) and 2(d)].30–32 In ETO, on the other
hand, the zone boundary TO and TA modes are degenerate at
400 K because of spin-phonon coupling,18 and a lifting of this
degeneracy sets in with decreasing temperature. At T > 400 K,
the TA and TO modes exchange their character and a strong
zone boundary mode-mode coupling is predicted to take place.
For both ETO and STO, polarizability effects play a role in
the TA zone boundary mode also in the (100) direction: some
softening is induced with decreasing temperature, although it
remains much less pronounced than observed along the (110)
direction. Interestingly, the softening of this mode is again
comparable in both STO and ETO in spite of the differences
in the softening of their TO modes.

III. DOUBLE-WELL POTENTIALS

To gain insight into the TA mode instability at the structural
zone boundary transition, we determine the double-well poten-
tials of STO and ETO as a function of the rotation angle θ of the
TiO6 octahedra around the c-axis on the basis of first principles
density functional calculations, which employ the frozen-core
projector augmented wave methods encoded in the Vienna ab
initio Simulation Package (VASP),33 the generalized-gradient
approximation (GGA)34 with a plane-wave cutoff of 400 eV,
and a 6×6×6 k-point mesh for the irreducible Brillouin zone.
In the calculations, the 298 K35 experimental crystal structure
of ETO is utilized without further structure optimization. To
describe the effects of electron correlation in the Eu 4f states,
the GGA plus on-site repulsion method (GGA + U)36 is
implemented with effective Ueff = 4.0 and 6 eV. The Eu2+ ion

has a half-filled 4f-shell (f7), so that the magnetic insulating
state of EuTiO3 is well reproduced by spin-polarized GGA
calculations (i.e., GGA + U calculations with Ueff = 0), and the
double-well potential of EuTiO3 are not expected to be strongly
affected by Ueff in GGA + U calculations. However, the spin
exchange parameters between the Eu2+ ions, which are weak in
strength, are affected by Ueff (see below for further discussion).
Density functional theory (DFT) calculations were performed
on a (2a, 2b, 2c) supercell of ETO for ferromagnetic (FM)
and AFM G-type spin arrangements. The calculations were
constrained to a constant volume at all angles of rotation
with the volume given by the experimental one.35 Only TiO6

rotations within the ab-plane have been considered, where
nearest neighbor octahedra rotate anticlockwise with respect
to each other (see inset to Fig. 4). The calculated double-well
potentials of STO and ETO are compared in Fig. 4.

For ETO, the double-well potential was evaluated for
the above-mentioned two different magnetic structures: the
G-type AFM and the FM spin states. These two spin states
have nearly identical double-well potentials, showing that the
effect of magnetic structure on the double-well potential is

FIG. 4. (Color online) Calculated double-well potential as a
function of the oxygen octahedra rotation angle � for STO (black),
FM ETO (red), and G-Type AFM ETO (green). The double-well
potential shown for EuTiO3 was obtained from the GGA + U
calculations with Ueff = 4 eV. The inset shows the perovskite structure
projected on the ab-plane and the definition of the angle �.
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FIG. 5. (Color online) Comparison of the double-well potentials
of ETO and STO as obtained within the SPA and from DFT
calculations. The double-well potential is plotted as a function of
the polarizability displacement coordinate w. The red (black) color
refers to the STO-related potential as obtained from the SPA (DFT);
the green (blue) color refers to the ETO-related potential as obtained
from the SPA (DFT).

negligible. In agreement with the previous analysis based
on the self-consistent phonon approximation,18 the calculated
double-well potential is shallow for STO but very deep for
ETO. This massive difference in the double-well potentials
indicates that the structural transitions of STO and ETO follow
different dynamics; namely, the structural transition of STO
is in the displacive limit but that of ETO follows mostly
order-disorder dynamics. The displacive character of the
transition in STO has been confirmed by various experiments
(see, e.g., Ref. 13 and references therein). The predictions for
ETO based on our model phonon-dispersion and density func-
tional calculations await experimental verification. Here, the
double-well potentials determined from our density functional
calculations relate to the zone boundary soft acoustic mode
and are a function of the octahedral rotation angle. Thus, it
is not straightforward to compare them with those derived
for the zone center soft optic mode, which were previously
calculated within the self-consistent phonon approximation
(SPA).18 The latter results provide the double-well potentials
as a function of the Ti-O relative displacements. To compare
both calculations, the rotation angle has to be mapped onto the
relative displacement coordinate, which can be performed by a
scaling of the double-well potential parameters. A comparison
of the corresponding potentials is made in Fig. 5.

Even though the two sets of the potentials are not exactly in
one-to-one correspondence, as might have been expected, the
excellent agreement between them is convincing and confirms
the above conclusion that the behaviors of ETO and STO are
governed by different dynamics.

IV. SPIN EXCHANGE INTERACTION OF ETO

We evaluate the nearest neighbor (nn) and next near-
est neighbor (nnn) spin exchange constants (Jnn and Jnnn,
respectively) between Eu2+ (f7) ions by performing GGA + U
calculations for three ordered spin states constructed by using a
(2a, 2b, 2c) supercell of ETO (i.e., the FM, AF1, and AF2 states

nn 

nnn 

FM (0.0, 0.0) AF1 (-5.0, 0.95) AF2 (-5.7, -0.28) 

FIG. 6. (Color online) Three ordered spin states of ETO employed
to extract the spin exchanges Jnn and Jnnn by using a (2a, 2b, 2c)
supercell. For simplicity, only the Eu2+ ions are shown, and the
unshaded and shaded circles represent the Eu2+ ions with up-spin
and down-spin, respectively. The two numbers in the parenthesis
(from left to right) for each state are the relative energies (in meV
per FU) obtained from the GGA + U calculations with Ueff = 4 and
6 eV, respectively.

depicted in Fig. 5). Our calculations employ the all-electron
full-potential linearized augmented-plane-wave (FPLAPW)
method encoded in the WIEN2K package37 with RMT × Kmax =
7.0 and a set of 27 k-points for the irreducible Brillouin
zone. The relative energies of the three ordered spin states
per formula unit (FU) are listed in Fig. 6. In terms of the spin,
Hamiltonian.

Ĥ = −
∑

i<j

Jij Ŝi · Ŝj

where Jij = Jnn or Jnnn. The total spin-exchange energies per
FU of the three ordered spin states are obtained as

EFM = (−3Jnn − 6Jnnn)(N2/4)

EAF1 = (−Jnn + 2Jnnn)(N2/4)

EAF2 = (+3Jnn − 6Jnnn)(N2/4)

by applying the energy expression obtained for spin dimers
with N unpaired spins per spin site (in the present case, N =
7).38 By mapping the relative energies of the three ordered
spin states determined by GGA + U calculations onto the
corresponding relative energies determined from the above
spin-exchange energies, we obtain Jnn/kB = −0.90 K and
Jnnn/kB = 0.82 from the calculations with Ueff = 4 eV and
Jnn/kB = −0.04 K and Jnnn/kB = 0.64 K from the calculations
with Ueff = 6 eV. (Note that the AFM spin exchange J depends
on the on-site repulsion U as J ∝ −1/U , so that the AFM J

decreases in magnitude with increasing Ueff in GGA + U
calculations.39) The G-type AFM state becomes the magnetic
ground state because the spin exchange interactions Jnn and
Jnnn reinforce each other. Each Eu2+ ion has six Jnn and
12 Jnnn interactions so that, in the mean-field approximation,40

the Curie–Weiss temperature θ is related to Jnn and Jnnn as

θ = S(S + 1)

3kB
(6Jnn + 12Jnnn) = 63

2kB
(Jnn + 2Jnnn),

which leads to a positive value in agreement with experiment
(i.e., θ = 23.3 and 6.4 K from the Jnn and Jnnn values calculated
with Ueff = 4 and 6 eV, respectively). Thus, the experimental
θ = 5.5 K35 is well reproduced by the Jnn and Jnnn values
obtained with Ueff = 6 eV.
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V. CONCLUDING REMARKS

In summary, the TA mode softening of ETO follows
almost the same temperature dependence as that of STO, thus
revealing close analogies between ETO and STO. However, the
two oxides are elastically very different; STO is soft but ETO is
hard. This difference stems from the fact that the double-well
potential as a function of the rotation of the TiO6 octahedra

is shallow in STO but very deep in ETO. The G-type AFM
structure and the positive Curie–Weiss temperature of ETO
are well explained by the spin exchange constants Jnn and Jnnn

evaluated from GGA + U calculations with Ueff = 6 eV. For
the fabrication of STO/ETO superlattices this latter distinction
is expected to lead to interesting piezoelectric/piezomagnetic
properties in addition to those mentioned above.
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