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Circuit influence on Cooper-pair current in solid-state entanglers
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We study the effects of the circuit impedance on tunneling of Cooper pairs from a superconductor into two
normal-metal leads. We derive the expressions for the crossed and direct Andreev current and consider the limits
of ballistic and diffusive electron motion in the electrodes. The derived analytic expressions show that voltage
cross correlations, induced by the capacitive coupling of normal-metal leads, narrow the region where the crossed
Andreev current dominates over the direct Andreev current, thereby reducing the efficiency of the entangler.

DOLI: 10.1103/PhysRevB.84.094501

I. INTRODUCTION

Hybrid nanostructured devices, consisting of a supercon-
ductor that is tunnel coupled to a normal metal, a semicon-
ductor, or a topological insulator, have received considerable
attention recently due to the rich novel physics involved as
well as possible applications. They have been investigated
as possible detectors of Majorana fermions,'? detectors
of magnetization switching of single magnetic molecules,’
nanomechanical resonators,* accurate current sources,’ as
well as generators of mobile Einstein-Podolsky-Rosen (EPR)
pairs.®® The interesting new phenomena in these devices
result from the interplay between the electronic states on each
side of the interface between the two materials. In particular,
in the case of the superconductor—normal-metal interface at
subgap conditions, that is, at low temperatures and applied
voltages compared to the superconducting energy gap, the
relevant transport mechanism is Andreev reflection.”!? In this
process, an electron incident from the normal-metal side is
retroreflected as a hole with the creation of a Cooper pair
on the superconductor side. If two normal-metal leads are
connected to a superconductor via tunnel junctions separated
by a distance that is of the order of the superconducting
coherence length, the Cooper pair can split in a process
termed “crossed Andreev reflection,”’®!116 producing two
electrons that are separated in orbital space and entangled
in spin space. Such EPR pairs are natural candidates for
the solid-state implementation of quantum key distribution
protocols due to weak coupling of the spin degrees of freedom
to the environment, resulting in long coherence lengths and
decoherence times.!”!® Due to difficulties associated with
the decoherence of electrons in the solid state, before the
advent of nanofabrication tools, the original experiments
with EPR pairs were done with polarization-entangled pho-
tons, including demonstration of the violation of Bell’s
inequalities.!” This has not yet been done with electrons.
On the other hand, experiments with electrons have an
advantage over those with photons because the coincidence
rate can be achieved without the need to synchronize the
arrival times. This has enabled the recent demonstration
of orbital entanglement in a fermionic Hanbury-Brown—
Twiss two-particle interferometer using cross-correlation
measurements.”’ Besides the fundamental importance of
verifying Bell’s inequalities in solid-state systems, electronic
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EPR pairs offer possibilities for future technologies based on
quantum cryptography,?! teleportation,?>>? and information
processing,”* all of which could be integrated with existing
electronics.

For the fabrication of more elaborate devices, as well
as large-scale integration purposes, it is essential to con-
sider the effects of the circuit layout on the Cooper-pair
splitting process. In this paper we consider a solid-state
entangler, schematically represented in Fig. 1. We include
linear impedances at each branch of the three-port device,
as well as the cross capacitance between the normal-metal
leads. For close spacing between the leads, this stray capac-
itance cannot be neglected, since it gives rise to correlations
between voltage fluctuations on different junctions. We find
that these cross correlations reduce the efficiency of the
entangler.

II. METHOD AND RESULTS

The Hamiltonian of our system is given by
H = Hy + Hr, (1)

where the unperturbed part,

Hy = Hs + Hy + Hgw, 2
Hs =Y B e Hi= Y. &’dqlial. ()
k.o i=1,2;k,0
Hiy = Zha)(q) bibq. “
q

consists of the terms describing the superconductor Hg
(with quasiparticle operators describing the excitations out
of the BCS ground state related to electron annihilation
and creation operators via the Bogoliubov transforma-
tions, i.e., Cko = UkVko + ovkyik’_a, up=1-vl=0+
&/Ex)/2, Ex = (§2 + A?)Y/?), normal-metal leads H;, and
the electromagnetic environment Hgyy. This last term describes
the three Ohmic circuit elements and a cross capacitance
between the leads, corresponding to the circuit schematically
represented in Fig. 1. The tunneling term is treated as a
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FIG. 1. Electrical circuit diagram of the system studied; the solid
lines indicate the superconductor.

perturbation, and is given by

HT: ZHis Hi:Hi++Hi_v
i=1,2

H” = (H,

)
= Y [ dnidnt O e ), ae .

where the field operators for the normal leads wfj )(r) and the
superconductor W, (r) are given by

YOw) = —— 3l e, ©)
N
1 ikr
Vo) = ijck,ge : @
and the phase ¢; consists of the classical and quantum parts
e -
¢i=7_th+¢i- (3)

In the transition matrix approach,'? the current consisting of
Cooper pairs is given by

TS WS IT 6 + il Poidles — ). )
fii

where n — 07, and the transition matrix is given by

T(e) = HTZ< T), (10)

and p; = (i|pli) is the stationary occupation probability of
the initial state |i). The current in the above expression (9),
I = Ica + Ipa, consists of the crossed Andreev current (where
electrons from a Cooper pair tunnel into different leads),
and the direct Andreev current (both electrons tunnel into
the same lead). The lowest-order contribution to the current
comes from Cooper-pair tunneling, since we consider low
temperatures, kg T << A, and therefore assuming that there are
no quasiparticles on the superconductor. The crossed Andreev
term is given by

2¢ [ o o '
Iea = _4/ dt/ dt// dt" e 11+
h —00 0 0

x Y (Hy( —t")H; OH (HHF (), (1)

i,
J#i's

— H,

where the tunnel Hamiltonian terms are expressed in the
interaction picture, and the expectation value is taken with

PHYSICAL REVIEW B 84, 094501 (2011)

respect to the density matrix of the unperturbed system. By
substituting (5) into (11), we obtain

(H; (t —t"YH () H;* (t')H; (0))
= / dry, ... des T (e 1) T (03, 0) TO(xs, 1)

x T (r7,x8)[— Fir(ra.x0.t") o (x6,rs.1)

X Qg)>(l’1,I‘s,f—t/—T//)gg;,b(F3,l’7,f)5i,j5i/,j/

+ Fi(ra,r2,t")Fy (x6,15,8)GY™ (x1,17,t — 1)

x GOV (03,15, —1)8i ;8 ;] (/1171 it (D91 g =10 )y
(12)

where the Green’s functions in the leads, g};’ )>(r,r,t), and the
anomalous Green’s function in the superconductor, F (r,r’,1),
are introduced as

G0 = (v oy o’ .0), (13)

Fo(r,x' 1) = (V_o (r,1) W, (r',0)). (14)

By assuming that the junctions are point-contact-like (i.e., their
linear dimension is much larger than the Fermi wavelength,
and much smaller than the superconducting coherence length;
with the separation between junctions being much larger than

the linear dimension of the junctions) and the tunnel matrix
element 7®(r;,r,) is nonzero only near the junction i, that is,

(l)(l'1,r2) ~ 1 )5(1' (i))(g(r2 _ I‘(i)), (15)
=TOJVVOVE), we can write
3 (H; (= ) H (O H (¢ HF (0)

where 7.

i’
J#
=Y |66 (0 = 0G0 = ) F D 1)
i#j,0
() $() $71Y( 1Pt —1") ,idi(®) ,—i¢i(t") ,—i¢p;(0)
x Fr@ s )e'® /91011 =i9;(0)y
=G =1 = "GP (O F, .x 1) Fr, () k1)
x (91~ gi910 =161 g1 0))], (16)
where
, o N D
Gy (1) = W @0y 1. 00) = —i e
B sin (ﬂ—h)

(17)
]-"(,(r(i),r(j),t)

- qukvk[e"“’m““'“f-f —2 f(Ex) cos(Ext /h)e’™**i],
k

where v is the density of states per volume of the lead i at
the Fermi level, B = 1/kpT, dr;j = r — r') and f(e) is the
Fermi function. By substituting (16) into (11), we get

2€|t01)| |t02)| Z/ df/ dt/ dt// ieVQ2t—t'—t")/h

i#j0%
x {gy>>(t—t”)983: (t—1t)Fo 0O xD Y Fr xD ")
x exp[—Ji(—=t") + Jij(t —t' —t") + J;(t — 1)
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+ it =)+ () = TN =Gt =1 —1")
X G (O F o D FE, (D rD 1" explJii(—1")
+ Ji(t—t' ="+ Tyt —1")+ i (e — 1)+ T (1) — T (D]}

(18)
where
Jij (1) = ([ (1) — $:(0)]$;(0))
et (Y dw Bho
= ﬁ - ;E)L[Z,]((l))]{ coth (T)
X [cos(wt) — 1] —i sin(wt)}, (19)

where Z;;(w) is the cross impedance of the circuit in the
absence of electron tunneling. The expression for J;(¢) is
obtained from (19) by replacing Z;;(w) with the effective
circuit impedance Z;(w) as seen from the tunnel element .2
These impedances are in turn obtained by performing the
star-triangle transformation and using Kirchhoff’s rules for
the circuit in Fig. 1. Hence, one can derive the short time
behavior of the phase-phase correlations J;(t) ~ —i E¥t /h
(for it < 1), and J;;(t) ~ —i E”t /i (for ;¢ < 1). The
expressions for the charging energies and characteristic
frequencies are given in the Appendix. This short time
behavior of the correlation functions enables us to obtain
the expression for the crossed Andreev current in the high-
bias regime, eV > i max(£2;,%2;;), and A > (eV — E) >
7 max(2;,9;;), where E. = (EV + E®)/2 + E{(1?,

Toa = %F(I)F@)SQ@(CV — E)eV — E,),

2 sin(kpdrip) _oz
—_— ¢

IO = 7O 0P g = 0, (20)

kF8r12

where T'¥ is the dimensionless tunnel conductance of the
junction i (normalized by e?/h), and &, is the Cooper-pair
coherence length. When both electrons tunnel into the same
branch i, we get
1) = ZEro’e2@(ev — 2ED)(eV — 2E9). (21
DA i c c /)
In the low-bias regime, eV <« A, min(2;,€2;;), we can use
the long time behavior of the phase-phase correlations, Ji (t) ~
—27:[In(i2%t) + ¥1, zx = Ri/Rxk, where k = i for direct and
k =ij for cross correlations, and where y = 0.577 is the
Euler’s constant, to obtain the following for the crossed
Andreev current:

2
e D@ @2, -2y +
VF( r )Sae y(z1+22)

Ica =
T2(1 + 2z12) (2eV)2@tatin)
) C2(1 + z1 4 22 + 2z12)] A%2(RQ)*1(r))%
S, — sin(kgéryn) 21—

VAT + z10)

1
8 §+Z12 8
X 2 K_l_z 2 s
7o 2\

where K,(x) is the modified Bessel function of the sec-
ond kind. When both electrons forming a Cooper pair

kp(srlz

(22)
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tunnel into the same branch i, in the low—bias‘ limit, eV <«
A min(Q;,€;;), and assuming A > h€;, EY < A, using
the long time behavior of J;(¢), we get

» o 4A A+ EYD
15 = eYVF(‘)2 ———1an N + -0
my/ A2 — EY? — B
e 8va 2eV )\
X—e———— =] . (23)
T2+ 8z) \nQ;

where we assumed that electrons tunnel from the same point
in the superconductor, §rj; = 0. For A < 7€2;, we get

(2eV)s
()% (A

i ezn 2
Ipy = —— VIV P@)

(24)

—4yz; . 1 '2
SNPSSIN SIS

7I'(2 + 8z;) 'l +z)

The above results, given by Egs. (20)—(24), reduce to those
obtained in Ref. 7, in the limit Ry = R, =R, Ci =C, =C,
and Rs/R = Cs/C =0.

The above considerations of ballistic electron motion can
be generalized to include the disorder effects by expanding
the field operators, instead of in the plane waves as in (6)
and (7), into the complete set {xx(r)} of one-electron wave
functions that satisfy the associated Schrodinger equation with
the random impurity potential. In this case we obtain the
following for the crossed Andreev current [see Fig. 2(a)]:

4
s = 25 3 [ deaciasae’ me.cieg)
i#]
X [1— fEN1 — fENDE.L5EEY,  (25)

where the function E(¢,¢’;€,£€’) contains the information on
geometry-dependent propagation:®2

B(e.368) = dri..dn T T s
x TU*(r3,04) TV (17,08) K (r4,02) K (X6, T5)
(26)

where the spectral functions are given, in terms of the
advanced and retarded Green’s functions, by K,(r4,r;) =
(G? —Gf)/Zni. The function D(¢,¢’;&,€’) contains the
information on the electromagnetic environment,

D¢ £.)
+o00 0 00

— ey [ ar [ ar [Careeeom
—00 0 0

x e [mEGD+HE—eVI' /R )= Jij(=1")=J;; (1) [ei[E({)+E—eV]t”/ﬁ

x @lit=1 =1 F U=t F Iyt =10+0; (1) | JILEQ)+E —eVIi"/h

X Lg)(l'l,l's)Lé]f)(l‘&lﬁ),

% ej,»j(t71’71”)+J,»(tft”)+J,»(tft’)+J,‘j(z)]'

27

The impurity-averaged spectral functions in the normal-metal
leads are short ranged, with maximum value attained for

the coinciding arguments, Lg)(r,r) = v /2. We assume that
tunneling is local, ry;—; & ry for k =1, ...,4, and for the
interference effect in the superconducting electrode to be
pronounced, we require ry &~ rg,ry ~ rg. Averaging of the
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FIG. 2. Diagrams representing processes contributing to the
subgap conductance. Double-arrowed lines represent anomalous
propagators in the superconducting electrode, single-arrowed lines
indicate the electron propagators in the normal-metal electrodes, and
wiggly lines represent the phase correlators. Cooperon averaging over
disorder (gray area) is performed (a) in the superconducting electrode,
contributing to the crossed Andreev current, and (b) over disorder
in the normal-metal electrode, contributing to the direct Andreev
current.

spectral functions in the superconducting electrode produces
a long-ranged function (with respect to Fermi wavelength),

—_— l)(S) A(5) , ,
K{(r,r/)K;r(r/,r) = E[’P rx,c—-2¢)
+ PS¢ - ), (28)

where the Cooperon 75(5)(r,r’,§ ) satisfies the diffusion equa-
tion. After averaging, the function E in (26) can be written
as

h
E=——— dr dr' gV r)g?
1673e4v® /Su) fg(z) 8 ()g )

+

x/ dt P e p 1)), 29

o0

where g@(r) is the conductance per unit area of the junction
i, and the function P®(r,r',1), being the Fourier transform
of P, describes the average probability that a particle
evolves from r to r’ in time ¢. For the environment of Fig. 1,
at low voltages eV <« A, we obtain the following for the
function D:

AZ
3 .
[E()E()P )
(2eV — & — g/)Z(z;+z,-+2z;,-)—1
(hQ)% (h Q)%

21+ 2z;)
C[2(zi +z; + 2zi)]

—2y(zi+z;))

OQ2eV — £ —&'). (30)

By substituting (29) and (30) into (25), we obtain

=2V @+ (1 +2z12)

I'2(z1 + 22 + 2212 + 1)]
(26\])2(11+Z2+2112)+1

d d/ (1) 2) 4!
X(hgl)zzl(h92)212A4“2 /_;(l) r/g(z) rg g r)

X / dt PO,y ,nT*tA/h),
0 (31)

2%_“2 1
I(x) = ———x2TK 1 . (x).
( ) ﬁr(l +Z12) 1/2 212( )

Iea = )
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For the large superconducting electrode, such that L?/D >
n/A, where L is the characteristic dimension of the electrode,
we can use the probability for free diffusion in (31), which
is in d dimensions given by P = ¢~ Ir="/4D1 ;47 Dryd/2,
In the absence of disorder, the probability is given by P =
3(Jr — ¥'| — vt)/Ay(Jr — 1'|), where v is the group velocity
and Ag(R) = 27%?R?=1/T'(d/2) is the surface area of the
d-dimensional sphere. For d = 3, we recover the expression
(22), with the the sinusoidal term averaged over the Fermi
wave vector directions. For the case of small-area junctions,
andforz; = 72, = z, w; = Wy = w,, and 71, = 0, we can write
the crossed Andreev current as

2 e rOrdy (2ev\* _ , 2A
Ica ( ) P <|1' —-r |,7) ,

TR T@z+2) \ho.
(32)

where P is the Laplace transform of P, Depending
on the dimensionality, we have, in the diffusive regime,
_(([23 = e V5% 147 Do, _((15:2 = Ko(v/28r /) /27 D,
and PY = VIEES D /2D, where €9 = AD/A
(with D being the diffusion constant). In Ref. 27, the
imbalance between the elastic cotunneling and crossed
Andreev current observed in Ref. 14 was explained in terms
of the spacial symmetry considerations of electromagnetic
modes excited in the superconductor by the tunneling
electron. The dominance of elastic cotunneling over the
crossed Andreev current at low temperatures and voltages
was observed by cross-correlation measurements in Ref. 28.
We compare here the above result for the crossed Andreev
current with the elastic cotunneling of Ref. 29. If we assume
that the superconducting electrode is an island with charging
energy E'S, and separate the corresponding pole from the
impedance in the phase correlators in (27), we obtain that
the cross Andreev current is vanishing for eV < 2E£S), while
no such blockade of tunneling exists for elastic cotunneling
[formulas (15) and (16) in Ref. 29], and therefore elastic
cotunneling is dominant at low voltages. By assuming that the
characteristic diffusion time is short, so that the probability
P is uniformly spread over the whole island, we obtain,
from (32),

(33)

ATOr®s o r2ev\*
Ica 8% ,

T M@z +2)A¢ ho.

where & denotes the average energy level spacing of the
superconducting electrode. If instead of the voltage source
connected to the superconducting electrode as in Fig. 1, voltage
source V; is connected to the normal-metal electrode i, we
should replace V in (33) by (Vi + V»)/2, and divide the
expression by 2 in order to consider current in one branch
only. This expression for the current then coincides with the
elastic cotunneling in Ref. 29 (where one should replace V by
V1 — V5, and further assume that Egs) < A).

The direct Andreev current into the lead i, I](D’ )\, is obtained
from (25) by placing j =i in (26) and (27). Apart from
the diagram in Fig. 2(a), there are two more contributions
corresponding to interference originating from the normal
electrode, as well as interference occurring in both normal
and superconducting electrodes. However, the phase of two
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electrons moving in the normal lead decays on the scale
of £€D = ,/AD/eV, which at subgap conditions is much
larger than the corresponding length in the superconducting
electrode £, Therefore we only need to take into account
the contribution of the diagram shown in Fig. 2(b). In the low-
impedance limiteV <« A <« h€2;, we obtain the expression for
I[()’j\, which can be obtained from the above formula (31) by
replacing z; = 75 = 712 by z;, gV = g® by g@, v® by v,
and P by P In the high-impedance limiteV « h; < A,
we obtain

0o 4 e 8z (zeV)Szi-H
DA™ 30D T8z +2) (h)8

/ drdr' gV (r)g V()
0]

xf dt Y*(tA/h,EQ JA)PO(r,r 1),
0 (34)

o cos(xa)

dx .
0 N1+ x2(/1+x2—b)

For the case of point-contact tunnel junctions in the ballistic

1
y(a’b) = -
b4

regime, Eq. (26) becomes E = ro? /(47)?, and after substi-
tuting in (31), we recover (23) and (24), in the high- and
low-impedance cases, respectively.

III. CONCLUSION

We derive the expressions for the crossed and direct An-
dreev currents for an arbitrary electromagnetic environment,
and consider the cases of ballistic and diffusive limits for
electron motion. For the small superconducting electrode, the
crossed Andreev current is blocked at low voltages and zero
temperature, while in the elastic cotunneling case, the charging
energy of the island only shifts the energy of the virtual
state, without blocking the transport. At voltages above this
gap and in the Ohmic environment, the two currents become
equal functions of the relevant combination of voltage sources
applied to the normal-metal electrodes (V| + V; for crossed
Andreev current, and V| — V, for elastic cotunneling).

Equations (20) and (21) show that in the high-voltage
regime, capacitive coupling reduces the voltage region, E. <
eV < 2EY, where the crossed Andreev current dominates
over the direct Andreev current. This is due to the appearance
of the E(!? term in Eq. (20), which is directly proportional to
the cross capacitance Cy. For the observation of entanglement
in this limit, high-Ohmic leads, such as those successfully
fabricated in metrology applications,>*3! are essential to
ensure Coulomb blockade.

It is of interest to consider the case of reflectionless
tunneling, occurring for high transparency barriers due to
disorder®? or geometry.?* In the present approach, that would
require performing the summation to infinite order in (10),
which is similar to the approach taken in Ref. 34.
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APPENDIX

By performing the integration in (19), with R[Z;(w)] =
(ao + a20?) /(1 + byw? + byw™), we obtain the short time
behavior ;1 < 1, of Ji(t) ~ —i E¥t /h, where the charging

energy is given by
\/bz—i-,/b% —4by — \/bg — ,/b% — 4by
24/2b4\/ b3 — 4by

The expressions for the coefficients, ay, ...,bs, are lengthy
polynomials in the linear circuit elements of Fig. 1, and for
the sake of brevity are not provided. However, they can be
obtained straightforwardly from the total impedance seen from
the tunnel junction i:

ED =e*(agy/ba+ar)

(AD)

1 1 7!
Zi(w) = |:i60Ci +—+ j| ,
Z() Zeq(a))
wR;(Cj +Cs) —i
Zo(w) = — L (A2)
lw CjCSRj

Zeg(w) = [1 +iwR;(C; + Cy)]

Rs
X
(1 +iw[R;(Cj + Cs) + RsC|]

R,

+ ; .

I +iw[R;(C;+ Cs)+ RiCS]>
By substituting N[Z;;(w)] in (19), we obtain the short time
behavior Q;;1 < 1,0f J;; () ~ —i E%t /h, where the charging

energy is given by
2

W) = ¢ .

¢ (C1C2 + C1Cs + C2Cs)/Css

(A3)

The characteristic frequencies are given by

1

===, Ri = R + R,
R;C; S

Ci = 1/(R; + Rs)*[R}(Ry + Ry)C5 — 2R RyRsC>Cs
+(R; + Rs)’C} + R{(R; + R5)C;

+2(R; + Rs)(R*Cs + RC)Ci]'"?,

1 _
Q= =, R;=Rs,
ij RijCij ij N
~ _ b 2 2 2
Cij = [CIRs(Ry + Rs)* + C3Rs(R> + Rs)
I R
s

— C3R Ry(Ri+Ry)—CsCi R (R R+ Ry Rs — R Rs)
—CsCrR2(R1Ry + R Rs — Ry Ry)

+ C1CyRs(R 1Ry + R Rs + RyRs + 2R} ]1/2-
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