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In this paper the phonon self-energy produced by anharmonicity is calculated using second-order many-body
perturbation theory for all bee, fce, and hep transition metals. The symmetry properties of the phonon interactions
are used to obtain an expression for the self-energy as a sum over irreducible triplets, very similar to integration
in the irreducible part of the Brillouin zone for one-particle properties. The results obtained for transition metals
shows that the lifetime is on the order of 107!° s. Moreover, the Peierls approximation for the imaginary part of
the self-energy is shown to be reasonable for bce and fcc metals. For hep metals we show that the Raman-active
mode decays into a pair of acoustic phonons, their wave vector being located on a surface defined by conservation

laws.
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I. INTRODUCTION

Harmonic phonon calculations based on density functional
theory are nowadays routinely performed for bulk solids. The
dynamical matrix is either obtained from density functional
perturbation theory! or from supercell calculations.>* To go
beyond the harmonic approximation, quasiharmonic calcu-
lations are usually performed.*> However, in this effective
theory the phonons do not have lifetime. Ab initio anharmonic
calculations, taking into account phonon-phonon interactions
explicitly, are rather rare. There are noticeable exceptions
with, for example, the calculations in the diamond structure
of Si and Ge,*” and the recent study of graphite by Bonini
et al.® Such calculations give relevant information about the
phonon-phonon interactions which may be hidden by the
electron-phonon interaction in experiments. It is important,
for example, in the understanding of energy transport in
thermoelectricity. Looking at the self-energy of simple basic
elements is therefore of interest.

In this paper we study the bec, fcc, and hep transition metals.
The phonon-phonon self-energy is calculated for all metals
in the crystallographic structure, stable under normal condi-
tions. The necessary information is then extracted to obtain
the decay path for a selected phonon in the Brillouin zone.

The paper is organized as follows. To explain the method-
ology of our calculation we first define irreducible triplets
of wave vectors from the symmetry of the phonon-phonon
coupling function. A formula is then obtained to calculate the
(g,w) resolved self-energy in a simple way. The results of
these calculations for the transition metals are then analyzed
using band decomposition and conservation surfaces for the
phonons with the shorter lifetime. An approximation proposed
by Peierls is also discussed. Finally, the phonon decay path
generating the Raman damping is described for hcp metals.

II. COMPUTATIONAL METHOD

The strength of the interaction F between phonons of wave
vectors ¢q,q’,q” in bands p,p’,p”, is given in terms of the

1098-0121/2011/84(9)/094302(6)

094302-1

PACS number(s): 63.20.kg

eigenvalues w,(g) and eigenvectors ¢;*(¢) of the harmonic
Hamiltonian, as well as the third derivative of the potential
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In the above equations, a; are any lattice vectors of a crystal
containing N cells, and Arg_ is a displacement of atom 7 with
mass m, in cell R in the direction « around the equilibrium
position.

According to the second-order many-body perturbation the-
ory, the third-order Hamiltonian H; produces the self-energy
Y,(q,w) = Ap(q,w) + il",(g,w) with the quasiparticle width
decomposed as T',(q,@) = 3, I'pppr(q, @) with

ey

—
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The function f is the temperature-dependent part given in
terms of the Bose-Einstein occupation factor ny, by

"
f {{Zﬁ’g"i = (ngp —ngrp)8(@ + wgp — g pr)

1
+3(+ngp +ngp)d@ — wgp — wgrpr).

However, in this paper we are only concerned with the 7 = 0
limit, where the first term vanishes.

The calculation of the self-energy can be greatly improved
if we use the symmetry properties of the coupling function
F. Let us denote by P the set of permutation operations P =
{1, Py3, P12, P13, P12 P23, P13 P3y}, where P;; switches the i and
Jj element of any triplet. For example, Pj>{a,b,c} = {b,a,c}.
The set of rotations of the point group of the crystal is called
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R. To make the equations more compact when such rotations
are applied to a triplet of wave vectors {gq’q"}, we will use the
notation R{gq'q"} = {RqRq'Rq"} YR € R. The first vector
of such a triplet is written as R{q|q’q"}.

From the definition (1) of the coupling function F, it is then
straightforward to show the following properties:

Plpp'p"} _ {pp'p"}

]—'P{qq,q,/ _}'{qq,q,/} VP e P, 3)
(pp'P"} _ P {pp'p"}

FP{qq’q” =F (9q'a") VP e P. “4)

Using the invariance of the potential energy under the space-
group operations of the crystal and the law of transformation
for the eigenvectors,'? one can also show that, VR € R,

F {pp'p"} _

{pp'p"}
Rigq'q"} =F

{(qq'q"} if 4+q/+q"=G, (5)

where G is a reciprocal lattice vector.

The symmetry properties (3), (4), and (5) can now be used
to define a set of irreducible triplets of wave vectors {gq'q"}.
By definition, a set of irreducible triplets is a minimal set of
triplets {kk’k"}, which sum up to a reciprocal lattice vector and
can be used to generate any triplet {gq’q”}, which also sums
up to a reciprocal lattice vector, by application of the elements
of P x R.In short, {gq'q"} = RP{kk'k"}.

According to this definition it is sufficient to calculate the
coupling function F for a set of irreducible triplets since all
others can be deduced from it. If {gq’q”} = RP{kk’k”}, then
one has

v P—l "
Flnry =Frine). ©)

By analogy to the reduction of Brillouin zone integration
to its irreducible part for properties such as the density of
states, formula (2) for the self-energy is now reduced to a sum
over irreducible triplets. Since ¢” is determined from crystal
momentum conservation, the summation over ¢’ can be seen
as a sum over all triplets starting with wave vector ¢g. Then
one can write the contribution I'},, ,»(q,w) to T',(q,w) for a
phonon in band p decaying to bands p” and p” as

Lpppr(=q.0) = h2 Z ZZ‘}-PRI(,’:

{kk'k"} PeP ReR

X fPR]Z;cll:” 81(q, PR{kIK'K"}) (N
“Hep'p") {
=5 2 2 |E el b
(kk'k"} PeP
x Cp(q.{kk'k"}). ®)

The §; function is different from zero if ¢ = PR{k|k'k"}
and is given by the reciprocal of the number of times
the triplet P R{kk’k”} has been generated by application of
the operations of P x R on {kk'k”}. The second line is
obtained using the symmetry properties (3), (4), (5), and
RP = PR. The weight coefficients Cp are calculated once
for all from Cp(q,{kk'k"}) = )" pcr 81(q, PR{k|k'k"}), and
it is also useful to note that C; = Cp,,, Cp,, = Cp,,p,,, and
Cp,, = Cp,, p,,- Equation (8) is particularly useful for computer
calculations since it can easily be parallelized over irreducible
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triplets of wave vectors, as with single k points for one-particle
properties. A computer code has been implemented from these
equations, and in the following it is applied to bcc, fcc, and
hcp transition metals.

III. RESULTS AND DISCUSSIONS

With the exception of manganese, the transition metals
crystallize in the bec, fce, and hep structures. The second-
and third-order force constants can be seen as derivatives of
potential energy or derivatives of forces which are obtained
from these structures using first-principle calculations. In
particular, the third-order force constants are third derivatives
of potential energy with respect to atomic displacements.
Therefore they are calculated from forces on atoms in a
supercell containing two atomic displacements. The total
number of atomic displacement pairs is reduced using crystal
symmetry. In our study, we employed the finite displacement
method to calculate the derivatives, but to improve accuracy,
displacements of plus and minus directions are applied
if they are not symmetrically equivalent. The third-order
force constants are usually overdetermined in this way. The
tensor elements are then determined using pseudoinverse,
which is the technique also employed for second-order force
constants.” The details of these calculations are given in the
Appendix.

To obtain the electronic structure and forces we employed
the projector augmented-wave method,!' in the framework
of density functional theory, within the generalized gradient
approximation of Perdew, Burke, and Ernzerhof,'? as imple-
mented in the VASP code.'>~!3 Spin-polarized calculations are
performed for Fe, Cr, Ni, and Co. The supercells of the bec, fec,
and hcp structures contain 16, 32, and 16 atoms, respectively,
and are limited by our computational resources. A plane-wave
energy cutoff of 300 eV is used, and k-point sampling meshes
of 12 x 12 x 12,12 x 12 x 12, and 16 x 16 x 8 are used for
bee, fee, and hep supercells, respectively. The Methfessel-
Paxton scheme!® is employed with a smearing of 0.2 eV.
The cell parameters are relaxed until the stresses become less
than 103 GPa. Atomic forces are obtained with an energy
convergence criterion of 10~% eV, and we use displacements
of 0.01 A to determine the force constants. For some metals,
such as Cr, the electronic ground state we obtain from density
functional theory can be questionable. However, the forces
extracted from those calculations may still be used to calculate
the force constants. For example, for Cr we have checked that
the second-order force constants give a phonon spectrum, at
the point N of the Brillouin zone, at most different by 6% of
the experimental values.!” Since the third-order force constant
is even more short ranged, we assume this approximation to
be still acceptable.

According to Eq. (8) and the force constants previously
calculated, we can obtain the damping functions. They are
calculated for all bands and all high-symmetry points'® in the
first Brillouin zone. These functions are nonzero between 0 and
2wmax but we found the center of gravity located at about 2@,
where @ is the average phonon frequency over the Brillouin
zone. Those are quite smooth functions for bec and fcc metals,
whereas they exhibit a more complicated structure for hcp
metals.
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FIG. 1. Imaginary part of the self-energy in THz. The values are
given for all bands and all high symmetry points of the Brillouin
zones.

The probability decays of harmonic phonons are then found
according to the equation 1/2t,, = Im X ,(w,,). They are
represented in Fig. 1 for all bands and all high-symmetry points
of the Brillouin zones. One can see that the minimum lifetime
tends to decrease toward the right end of the series. But even
if most of the calculated values are greater than 0.5 x 10719,
one cannot distinguish a clear trend in their distribution for a
given crystal symmetry.

The imaginary parts of the self-energy corresponding to
the minimum lifetime are represented in Fig. 2 as functions
of frequency. The vertical line shows the frequency of the
irreducible representation it belongs to. They are always
located within the lower tail of the self-energy.

To better understand how a harmonic phonon of frequency
g, py» Which will be the phonon with minimum lifetime,
acquires a finite lifetime 'y, (@g,p,), One should remember
that this quantity is constructed from two parts. The one
with the delta functions gives the decay processes which are
allowed by the conservation laws, and the |F {{ZZ/,;’Z; | gives
the probability for such decays to happen. The two conserva-
tion laws, for energy wy,,, = Wy + wg7pr and momentum
qo=¢q +q" + G, are coupled equations which define a
conservation surface in reciprocal space: a phonon in mode
qo po will decay in two phonons of bands p’ and p” with wave
vectors having their extremities on that surface. For each metal,
at least one couple of bands has a large probability decay. The
conservation surfaces corresponding to the strongest ones are
plotted in Fig. 3 and the percentages for such decays are given
in the caption. In such a way one obtains a very clear view
of the processes which generate the lifetime since we know
the bands to which the phonons decay, as well as their wave
vectors (the band indices are given in Fig. 2). For given p’
and p” we should, however, remember that when p’ # p”, the
surface is always composed of two sheets: one centered at the
origin where ¢’ is located, and the same shifted by gy where ¢”
lies in. For clarity only the first one is represented in Fig. 3. All
surfaces we found are open surfaces, and with the exception
of Ti, they have a tube shape along ¢.

Now if we consider the frequency wy,,, as a variable
parameter o, we generate a family of surfaces S(w) whose
shape and area give the joint density of states,

1 ds
Ds(go,0) = — E / .
Q 2~ Jsw) V(wgp + wg—g'p7)

'y’
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FIG. 2. The imaginary part of the self-energy calculated at the
point ¢ and band p is represented as a function of frequency. The
continuous line is the full calculation and the dashed line corresponds
to the approximation due to Peierls. The crystal structures are
indicated below the chemical names. For the hcp metals the functions
for the Raman-active modes are shown with a dash-dotted line and
their approximation as a dotted line.

As an approximation, Peierls® proposed the damping func-
tion I'y, ,, (@) to be proportional to the joint density of states.
In fact, one can also simply fix the proportionality constant

replacing |F {[Z ’;Z g |> by its average value and rescaling by
Wqp»
A
2
(IFI7) ~ ——= — —
Dy @ Wyp®
where we defined A as

1 10203 2
(3N,)3 Zrlr2r3 Zalagag ZR2R3(®OT1,R2T2,R3T3) It represents an
averaged measure of the anharmonicity. @, is the average
value of frequencies at point g.
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FIG. 3. (Color online) Conservation surfaces for the bands with the stronger probability decays. g, is chosen as the vertical direction.
The surfaces are generated using the XCRYSDEN software (Ref. 18). The band indices and the contribution to the damping function (in
percentages) at the harmonic frequency are as follows: Sc (p’,p” = 4,1; 36%), Sc-Raman (p’,p” =2,1; 76%), Ti (p',p" = 3,1; 27%),
Ti-Raman (p’, p” = 2,1;50%), V (p',p" = 2,1; 80%), Cr (p’,p” = 1,1; 50%), Fe (p',p" = 2,1; 41%), Co (p’,p" = 4,2; 28%), Co-Raman
(p',p" =2,2;47%),Ni (p',p" = 2,1; 59%), and Cu (p', p” = 2,1; 51%). The three surfaces in the second row correspond to Raman decay.

The approximation is clearly good for fcc and even
bce transition metals where the anharmonicity seems to be
describable by a single number « for these processes. However,
the approximation is not accurate for hcp metals. The coupling
function has a much stronger dependance on the phonon
modes. This comes from the hexagonal structure which has
two atoms per cell. This combination gives third-order force
constants which are anisotropic, and complicated interferences
between phonon eigenvectors, accoustical and optical, which
cannot be removed from the calculation. We have also
calculated the Raman damping functions of the hcp transition
metals, and the same conclusion is obtained. For this structure
itis the £, mode which is Raman active. These phonons have
a much longer lifetime with 2.1 x 10~ s for Sc, 5.8 x 10~ s
for Ti, and 1.8 x 10~2 s for Co. Their conservation surfaces
are presented in the second row in Fig. 3 and the damping
functions are shown in Fig. 2. For this mode the stronger
decay to a couple of bands p’p” is much more selective than
in the case of the modes with minimum lifetime. Remarkably,
an optical phonon in the Raman-active mode E,; will decay
into a pair of acoustic phonons in almost all cases. The wave
vectors of such phonons are located on the surfaces shown in
Fig. 3. These surfaces are closed, with very simple shapes. This
seems to indicate that simpler models could be constructed for
these decay processes.

In conclusion, we have calculated the phonon-phonon
self-energy of bec, fcc, and hep transition metals. The decays
for the phonons with minimum lifetime were studied and the
conservation surfaces calculated. We found that for bce and fcc
metals the imaginary part of the self-energy is approximately
proportional to the joint density of states, whereas this
approximation fails in the case of hcp metals. The Raman
damping was also examined for these metals and we found
that a phonon decays into a pair of acoustic phonons whose
wave vectors are located on spherical-like surfaces.
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APPENDIX: COMPUTATIONS OF SECOND- AND
THIRD-ORDER FORCE CONSTANTS

The potential energy of a phonon system is represented as
a function of atomic positions, V(rg,z, - . . ,Iryz, ), Where rg;
is the atomic position, and » and N are the number of atoms
in a unit cell and the number of unit cells, respectively. 7; and
R; are the indices of atoms in a unit cell and the indices of unit
cells.

A force on an atom is the first derivative of the potential
energy with respect to an atomic position,

Fy = oV (A1)
T g
o,B, ..., are used for the indices of Cartesian coordinates. A

second-order force constant ®*? is the second derivative of
the potential energy as a function of atomic positions,

2
AR NN
171, R 9% 9 B 9 B
rR] T] rRz [ rRZTZ

and a third-order force constant ®*/7 is the third derivative of
the potential energy as a function of atomic positions,
3V
B Y
Org e, O Ryr, O Ryry

3P

_ Rit1, Ry

afy
Riti, R, Rams

= fm (A3)

Using finite differences, the derivatives in Egs. (A2) and (A3)
are approximated by

B
af _ Fgl 7 [Arthz] (A4)
Riti, Rty — A B ’
rRsz
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and
ap Y
~ ACDRm.szz [Ar
Y
ArRﬂ3

af Y of
q)Rﬂl,Rsz[ArRﬂs] B cI)RlTthTz
ArY(R313)
B 4 B
~ Fglfl [AV ’Arszs] B Fglfl [Arszz]

q)aﬂl/

Riti,Rota, R3ts —

)

respectively. Arf and Ar? correspond to the finite atomic
displacements. The Ar? and Ar”, appearing in brackets, of
forces and force constants, mean that the values are calculated
under the displacements.

To compute the second-order force constants, we employed
the technique presented by Parlinski ef al.? and the third-order
force constants are obtained in a similar manner. In the
following sections, the computational details are given.

1. Computation of second-order force constants

Second-order force constants are computed through the
approximation (A4) with small displacements. For compu-
tational convenience, a second-order force constant tensor for
a pair of atoms, R;t; and R,7,, and an atomic displacement
are represented by a9 x 1 matrix Pand a3 x 9 matrix U given
by

P(Ry75, R 7)) = [ D™ &Y D P Y P2 o o pF |

(AS5)
and
1 0 0
UR) =10 1 0] Q[ArE ArY Are, (A6)
0 0 1

respectively. Using these matrices, a force on an atom, which
is in the form of a 1 x 3 matrix F, is obtained by

F(R 1)) = —U(Ry1)P(R 71, Ry12). (A7)

Simultaneous equations of different atomic displacements for
a pair of atoms are then combined as

F, U

Bl=-|0|p (A8)

With a sufficient number of atomic displacements, Eq. (A8)
may be solved by pseudoinverse such as

U\ /F

p=—|U:| | F2 (A9)

However, with the help of site-point symmetry, the required
number of atomic displacements to solve the simultaneous
equations may be reduced. If R/t is the image of atom R 1,
by a site-point symmetry operation of atom R,7,, Eq. (A7)
becomes

F(R| 7)) = —U(R,2)P(R|7/,R212)
= —U(R)AP(R 11, R272),

(A10)
(A11)
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where F(R/t|) is the force at the atomic site obtained from
the original atomic site by the site-point symmetry operation,
and A is the 9 x 9 matrix that is used to rotate P along the
site-point symmetry operation. Using Eq. (A11), the combined
simultaneous equations are built such as

(1)
F, U,AD
FY U,A®
== ' P, (A12)
F U,AD
) @
F2 U2A

where the superscript within parentheses gives the symmetry
operation index. This is solved like Eq. (A9).

2. Computation of third-order force constants
The finite difference approximation for the third-order force
constants is represented by matrices as

AP(Ri71,Ro12) = V(R313) - Q(R 71, Ry, R313),  (A13)

where AP, V,and Qarethe9 x 1,9 x 27,and 27 x 1 matrices
corresponding to A®*#, Ar?, and %P7, respectively, and are
given by

APg i3 1) = AP, o, =1,23, (Al14)
Q) 36-o@—1 = PV, By =123, (Al5)
and
1 0 0
v=|01 0]|®U, (A16)
0 0 1

respectively. Simultaneous equations are constructed by a
similar manner to Eq. (A8) as

APy Vi
AP, V2 |Q. (A17)
This may be solved by pseudoinverse such as
Vi\ /AP,
Q=| V2| [ AP2 (A18)

The number of pairs of displacements to calculate can be
reduced using symmetry operations that conserve a third-order
force constant tensor for a triplet of atoms. If R} 7 is the image
of atom R;t; through a symmetry of the displaced structure,
then one has

AP(R|1{,R:12) = V(R373) - Q(R|7{,R272, R373)
= V(R313) - B - Q(R71,Ry72,R373),

where B is the 27 x 27 symmetry operation matrix that
transforms the tensor Q.
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The simultaneous equations are then written in a similar
manner to Eq. (A12) as

AP V,BD
AP VB®
AP(21) = VzB(l) Qa (Alg)
AP(zz) V,B®

and this is solved in the same way as Eq. (A18) using the
pseudoinverse method.

3. Application to silicon

To check the validity of our approach we have computed
the damping function at the I' for silicon, which is a well-
known case.” The second- and third-order force constants are
calculated using Egs. (A7) and (A13). The damping function
at the I point is obtained from Eq. (8) and is shown in Fig. 4 as
a solid line. It can be clearly seen that agreement with previous
calculations®’ is good.
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FIG. 4. The imaginary part of the self-energy (Im X) and the joint
density of states (D) at the I" point for silicon.

The damping function is also compared to the joint
density of states (dashed line). We clearly observe an at-
tenuation toward the low frequencies. This indicates that
high-frequency phonons are more strongly damped and re-
alistic third-order force constants are needed to achieve the
description.
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