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Density of states anomalies in multichannel quantum wires
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We reformulate the Tomonaga—Luttinger liquid theory for quasi-one-dimensional Fermion systems with many
subbands across the Fermi energy. Our theory enables us to obtain a rigorous expression of the local density of
states (LDOS) for general multichannel quantum wires, describing how the power-law anomalies of the LDOS
depend on inter- and intra-subbands couplings as well as the Fermi velocity of each band. The resulting formula

for the exponents is valid in the cases of both bulk contact and edge contact, and thus plays a fundamental role
in the physical properties of multicomponent Tomonaga—Luttinger liquid systems.
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I. INTRODUCTION

Bosonization is one of the most powerful techniques
for describing the properties of one-dimensional (1D) in-
teracting electron systems. In 1D systems, even a slight
interaction between electrons strongly affects the quantum
nature, resulting in the occurrence of Tomonaga—Luttinger
liquid (TLL) states.'* TLL states exhibit power-law anomalies
in physical quantities, as predicted by the bosonization
theory.> A prominent example is the power-law singularity
of the single-particle density of states D(E,T) near the
Fermi energy Ef, represented by D(E,0) « |E — Eg|* and
D(Eg,T) < T*, with E and T being the energy and the
temperature, respectively. The value of A, called the TLL
exponent, is dependent on the interaction strength® and other
parameters characterizing the 1D system.®'3 Recently, it
has been suggested that a continuous variation in A can be
produced by an external field;'#-'© this implies artificial control
of the transport properties of quasi-1D conductors, since A
governs the power-law behaviors of the differential tunneling
conductance’ dI/dV o |V|* at high bias voltages (eV >
kg T) and the temperature-dependent conductance G(T') o< T*
at low voltages (eV < kpT).

Experimental realizations of TLL states encompass
various systems showing highly anisotropic conductivity:
metallic,'”'® semiconducting,'*-?* and organic nanowires?¢-3°
and carbon nanotubes”!%3-3* are a few examples. These
actual quasi-1D conductors possess a finite cross section, thus
exhibiting a finite number of transmission channels in the
transverse direction (except for a limited case in which Eg
is small enough for only the lowest subband to be involved).
The presence of multiple channels at Er causes intersubband
scatterings. Furthermore, different channels can have different
Fermi velocities, i.e., the slope of the dispersion curve at
Eg (see Fig. 1), and thus contributions from each channel
to the TLL exponent differ from each other. Theories of
a multichannel TLL have been developed for the Hubbard
model in the presence of an external magnetic field,>~’
where the discrepancies in the Fermi velocity between up
and down spins are taken into account. A similar issue was
also discussed in the study of quasi-1D Bose gases.® The
effect of intersubband scattering on the TLL exponent has
been investigated in connection with the TLL behavior of
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multiwall carbon nanotubes.>® However, to the best of our
knowledge, singular behavior in D(E,T) remains unresolved
for multichannel TLL systems with the coexistence of in-
tersubband scatterings and Fermi-velocity variations. Hence,
the rigorous expression of D(E,T) in multichannel TLL
systems is desirable for describing the transport properties and
photoemission spectra that will be experimentally observed in
actual quasi-1D conductors.

In this paper, we reformulate the multichannel TLL theory
in order to derive the anomalous energy- and temperature-
dependences of the local density of states of quasi-1D Fermion
systems. Cases of locations both far from the boundary and
close to it, which correspond to bulk contact and end contact
of the transport properties, respectively, are discussed. We
demonstrate clearly how the TLL exponents of multichannel
systems depend on mutual interaction and Fermi velocities.
The resulting formula for the exponents, as well as the
theoretical framework we have established, will provide clues
to exploiting the effects of subband couplings and Fermi
velocity variations on the nature of TLLs in real 1D systems.

The paper is organized as follows. In Sec. II, the mul-
tichannel TLL theory is developed for N-channel quasi-
1D Fermionic systems with different Fermi velocities. The
local densities of states far from and close to the bound-
ary are calculated in Sec. III. As a simple example, in
Sec. IV, the theory is applied to two-channel spinless Fermion
systems in the long-range interaction limit, by which effects
of discrepancy in the Fermi velocity on the exponents are
clarified. The paper closes with a summary in Sec. V. In the
following, the unit#s = kg = 1 is used, unless explicitly stated
otherwise.

II. MULTICOMPONENT TOMONAGA-LUTTINGER
LIQUIDS

A. Bosonization

We consider a quasi-1D Fermion system where N 1D
energy bands cross Ep. The band structure close to Ef is
schematically shown in Fig. 1. Here, the Fermi velocity and
the Fermi wave number of the vth band (v =1,...,N) are
denoted by vg, and kg, respectively, and the one-particle state
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FIG. 1. Sketch of the energy dispersion of the present system,
where N energy bands cross Eg. The Fermi velocity and the Fermi
wave number of the vth band (v = 1, ...,N) are denoted by vg, and
kg, respectively. The symbol p = + (—) indicates a one-particle state
moving toward the right (left).

moving to the right (left) is indicated by p = + (—). The
kinetic energy of the Hamiltonian, Hy, is expressed by

N
M= > > pvrkel, Cpo, (0

v=1 p=% &k

where the one-particle energy and the wave number k are
measured from Ep and pkg,, respectively. In Eq. (1), c,: o
denotes the creation operator of the Fermion with wave number
k, branch p, and band index v.

Let us introduce the density operator of the p branch of the
v th band, defined as

t
c vCk,p,v 0
ppulq) = | S Erapatin _ 170 )
N!”V = Zk . Ck’p,‘)ck,p,l) . q = 0
which satisfies the commutation relation
Lopv(=q).ppr (@) = 8pp8uvbyy pgL/(2m).  In  terms
of pp.v(q), Hx is expressed by>*
N v
Fv
H = v n, v\ ) 3
=2 §pp, (@)0p.(=4) 3)

where L is the length of the system. The most general form
of the mutual interaction between Fermions leading to the
N-component TLL is written as®

1 N
Hine = o5 D D {&0)0p0(@)pp.w(=4)

v,v'=1 p,q
+g’4(‘)’V/),Op,u(CI)Pp.u/(—CI)}- (4)

The matrix elements g(v,v’) and g4(v,v’) depend on the
details of the model we consider. Specifically, the case
with g, = g4 corresponds to the model for multiwall carbon
nanotubes considered in Ref. 39. As an example, we will
discuss the case of the spinless Fermion in Sec. IV.

We introduce the phase variables 6,(x) and ¢,(x) (v =
1,---,N), defined as

1 2npx
91) = = v —N v
() =-— ijp{Qpﬁ N>,
27i e~lax @ uBy 5)
I )4 4 Ppyq p2 —p.v (s
q7#0
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1 2 px
du(x) = —ﬁ Xp: {Qp,v - _L Np,u
2mi eiax
- p

L q#0

where [Q).,,Np ] =i8,,:8,,. In the summation in terms
of g, the ultraviolet cutoff exp(—w|q|/2) is implicitly in-
cluded. The phase variables satisfy the commutation relation
[6,(x),¢p(x)] = i278,,0(x —x") for L — oo, with 6(x)
being the conventional step function. In terms of the above
phase variables, the Hamiltonian is written as

Po(@) — p%N_p,v}, ©)

N
! -1
= 2 Z /dX{HU(K Jov Iy 4+ 0,6, Vi 00y}, (7)

v,v'=1

where I1, = —0d,¢,/(2m). This is the general form of the
phase Hamiltonian expressing the N-component TLL. The
symmetric matrices K and V are defined as follows:

(K Dy =210p800 + 84(0,V) — 2(0,0),  (8)

Uy ga(w,v) + §(v,v)
Vv = ——0u . 9
27 + 472 ©)
The  Fermion  operator, defined by ¢, ,(x)=

(1/VL)Y, e*ct .y, is related to the phase variables
as

Vpo(x) = T exp{ii[Qu(X)er%(X)]}, (10)

V2o V2
where 7, expresses the Majorana Fermion operator satisfying
m = 771 and {n,,n,} = 28,

B. Diagonalization

The Hamiltonian given by Eq. (7) has a bilinear form with
respect to d,¢, and 9,6,, and thus can be diagonalized by the
standard unitary transformation, as shown below.

The equations of motion of the phase variables derived from
Eq. (7) read as

9 92

EH = vﬁo, (11)
9

50 =K 'm, (12)

with @ = (6,,6,, - - - ,QN)T and IT = (IT4,I1,, ... ,HN)T. Here,
the energy eigenvalue w = v|k| and the eigenvector X corre-
sponding to it are determined by

W*K — V)X =0, (13)

whose solutions are denoted by v; and X; (j =1,2,...,N).
The eigenvectors are normalized as (X;,K X ;) = §;;.

To obtain a concise representation of H, we define the
unitary transformation as

9 = X0, (14)
M=KXE, (15)

where ® = (0,05, ...,04)" and E = (E|,Es,...,En)".
The N x N matrix X consists of the set of eigenvectors X ; as
X =(X,X,,...,Xy), and satisfies XTK X = 1. Under the
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transformation, [©;(x),E;(x")] =i8;;6(x —x’). By using
the new variables, we obtain an alternative form of H given by

N
1
=5 Z/w{a? +v3(3:0;)*}, (16)
j=1
and that of the field operator defined in Eq. (10)
wp,v(x) =

Ny
V2o
N
X exp <1% ;{ij®j(X) + [)(KX)vj@j(x)}>,

a7

where ¢, = Z;V:l(KX)UjCD

III. DENSITY OF STATES

In this section, we discuss the local density of states
D(w,T,x) with w = E — Eg for w < Eg, where x denotes
the position along the 1D direction. As noted earlier, the TLL
exponent that characterizes the singularity of D(w,T,x) near
Er is x dependent. From a practical view, it is specifically
interesting to study the semi-infinite system with its end at
the origin®® and discuss the cases with x — 0 and x — o0,
which correspond to the end contact and the bulk contact,
respectively. In the following argument, we therefore derive
the TLL exponent for both cases, as well as the explicit forms
of D(w,T,x) as functions of w and T.

The local density of states is given by the summation of the
contribution from each band: D(w,T,x) = Zi\’:l D,(w,T,x).
The contribution from the vth band, D, (w,T,x), is given by

1 [ ; 3
Dy(o.T.x) = E/ die' ({(y](x,0),9,(x,0)}), (18)

where ¥, (x,1) = e* ¥y, (x,1) + e *PX oy (x,1). Here,
{A,B} = AB 4+ BA and (- - - ) means the thermal average. The
quantity in the integrand in Eq. (18) for x — oo is proved to
be

(Yl (x = 00,0),¥,(x — 00,1)}) =

19)
N (b) N
Tt Z/ 1 v/
FO@) = (———— H 5. (20)
sinhm Tt plle 1—zvjt/ot) v.j
) (X, )
Y, = 2{ 270, + 270, [(K X)y ;17 2D

where the superscript (b) means the case of a “bulk” contact.
Similarly, the counterpart for the “edge” contact case x — 0,

labeled by (e), obeys Egs. (19)-(21) with Yv(f'; replaced by

Y =2 v, [(KX), ;12 (22)

The derivations of Egs. (19)—(22) are shown in Appendix A.
We are ready to obtain the rigorous expression for
DY'(w,T) = Dy(w,T,x — 00/0).8 Since DY/?(0,0) van-
ishes as long as ZII.V:, Yv(_b/ © > 1, we subtract it from the result
and take the limit « — 0. Eventually, we attain the desired

i[F“”(r) + FP (-1,
(07
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formulas:

D' w,T)
Y(b/e)

1 /wdt o wTt \Emh |
212 J_o ¢ \Sinhn 77

1 N
X{H—M+

j=1 (L —iv;t/a)™

M
ot ivefa)t”

[b/e) N

AN (5

j=1
aTe \2= 1
dfy coswt| ——— —1 v
sinhw Tt OIS o4

(23)

Il
:1
QI\J
¢ 1:12

N Y(b/()

X
S

Equation (23) implies that the @ and T dependences of
DY/ (w,T) are given by

l N Y(b/?)
o \ Vv

DO/ (w.0) = — @

v @.0) nocjl,j[l v

1 N

Ny
X ————————@=i=t v T, (24)
N o0/
F[Z‘izl Yv,j ]
1 N y(b(ﬂ)
o\
j=1
N b/e)
{F[ZJ=1 Yij 2]} Qr T)Z’ Y-
N (b/e) ’
DI
(25)

where I'[z] is the gamma function. It thus follows that the TLL
exponent associated with the vth band reads as

Z Y(b)

N N2
- Z%{(X""’). +27rvj[(KX)u,j]2} -1 (6

2mv
j=1 J

k(b)(v)

for the bulk position, and

N N
do¥E—1=) 2w [(KX), ;1P =1 (27)

Jj=1 Jj=1

A 9) =

for the edge. Equations (24) and (25) are the main findings of
this article; they give explicit functional forms of the power-
law density of states in N-channel TLL systems. We note that
the exponents Eqs. (26) and (27) can be directly read off from
the expression of the electron operators Eq. (17) together with
Egs. (A1)—(A3).40

Our results indicate that D(w,T,x) is given by the sum-
mation of the contributions from each of the bands whose
powers differ. Therefore, the smallest value would be observed
in actual experiments, such as photoemissions and transport
properties, because the band with the smallest value of power
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has the largest contribution to the local density of states
(LDOS).

Specifically, if N =2 with vp, = vg, = v, the present
model is reduced to the conventional 1D electron system,
where the backward scattering between the different spins and
the Umklapp scattering are ignored. In fact, by parameterizing
as

&(1,1) = §2(2,2) = g2y — &1y (28)
8(1,2) = 2(2,1) = g4, (29)
84(1,1) = 84(2,2) = gy, (30)
84(1,2) = 24(2,1) = g4y, (31

Egs. (26) and (27) lead to the familiar forms

AP =222 = 1(K, +K,' + K, + K;') =1, (32)

A =292 = J(K, '+ K, ) - 1, (33)
with
2 _ J—
K, = TUE + a4 + 841 — 821 — 821 + &1 . G4
27 vE + gay + 841 + &2 + &21 — &1
_ 27 vE + g4 — 841 — &2 + 821 + 81 (35)
“ 2w vE + g4 — 84L + 821 — 821 — &1

IV. N-CHANNEL SPINLESS FERMIONS

In this section, we derive the matrix elements of the mutual
interactions, which are included in the matrices K and V in
Egs. (8) and (9). As a simple example, we consider a quasi-1D
spinless Fermion system where N 1D energy bands cross Ef.
In addition, in order to clarify the effects of the Fermi velocity
difference on the exponents, those for the N = 2 case with a
long-range mutual interaction are derived.

The mutual interaction H;y, of the spinless Fermion can be
expressed generally as

1 .
Hine = 5 / / dxdx" YT )Y (HV(Ix — x' DY ()Y (x), (36)

with 1 (x) being the annihilation operator of the spinless
Fermion. Since we are discussing low-energy physics, the
interaction processes among the particles close to Ep are
necessary. In order to obtain such interaction processes, the
operator ¥ (x) is expanded, using the eigenfunctions of the
states across EFf, ¢, g (x), as

N

Y=Y > ay ke (), 37)

v=1 K

where a, g is the operator of the spinless Fermion with the
eigenstate (v,K). By inserting Eq. (37) into Eq. (36), Hiy is
expressed as

1
Hine = E § E VV1K1,V2K2;V3K3,V4K4

vi,2,V3,v4 K1, K>, K3,K4

T T
X aul,Klauz,KzaVLKsaUA,Ku (38)
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where the matrix element of the mutual interaction is written
as

VV1K11V2K2§V3K3~,V4K4 = // dxdyV(|lx —y|)

X9k, (D, 1, () ks (V) k().

(39)

We note that as a result of momentum conservation, the relation

K, + K; — K5 — K4 = nG holds, where G is the reciprocal

lattice vector and # is an integer. In the following, we discuss

the case where the filling of each band is incommensurate.

Then, only the normal processes satisfying n = 0 are taken
into account as

VV1K1,V2K2;U3K3,U4K4
= 5K1+K2,K3+K4 X VU],Uz;U3,U4(K11K2; K37K4)' (40)

In this case, Hiy is expressed by

Moo=y XY X

V1,V2,V3,V4 D1, P2, D3, P4 kiskasks.ky
X apl kpv, +p2krv, , p3kevy + pakey, 3k1 +ko k3 +ks

X Vvl,vz;v_;,v./;(plkal »szFW; P3kFV3,P4kFu4)
i i
X Cry,p1ovi Cho, pa,va Ck3.p3.v3 Cha pavg s (41)

where ¢pxv = @y piy,+k and we set K; = pikg,, + k;, with
|ki| < kpy, (i,j = 1,...,N). Assuming kg, # kg, forv # 1/,
Eq. (41) is written as Hint = Hint,1 + Hint,2 + Hine,4, Where

N
Hint,l = % Z Z Z Vu,v’;v,v’

k.k'.q p=% v'=1
X (kava - kav’;kav’ - ka\ﬂ)

T ]
X Chg,pvChk—q,—p,v K pvCk—pV's (42)

1 N
5 Z Z Z Vv,v’;u’,u

k.k',qg p=% v'=1
x (pkgy, — pkpy; — pkey, pkgy)

Hine2 =

T T
X Crtq pwCii—q,—p K —p Ch,p,vs 43)

N
Hint,4 = % Z Z Z Vv,v;u,v(kauakav;kavvkav)
k,k',q p==%

v=1

N
T CT( Cr! Ck + —1
k+q,{7,l} d q,p,V k sP,V s PV 2

k.k',q p=% v£V

X {Vv,v’;v/,v(kavakav/; kav’akav)

i T
X Chq.pvCh'—q.p.v K p.v' Ch,pv

+Vv,v’;v,v’(kav vkav/; kav’kav’)

X c

f i
X ck+q$pyvck,_q,pyv,ckr,p,vck,p,vr}. 44)

Here, Hint 1 represents the backward scattering, Hiy » denotes
the forward scattering among the different branches, and
Hint,a expresses the forward scattering between the same
branches. It should be noted that we neglect accidental
situations in the momentum conservation, for example,
ka1 - kaz = _kFU3 + ka with ka1 # ka and kaz # ka3,
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in the forward scattering among different branches. Equations
(42), (43), and (44) are reduced to

= T XY

k,k',q p=% v,y'=1
AT T
x {g1(v,v )ck+q_pqvck,_q,_p‘v,ckr,,,’vrck,,,,,V
VA T
+82(V,V)Ch iy pvChi—g—pov C = p.v/ Ch,p,v

+ 8]yl Ol Cpal (45)

where
gl(V,V/) = LVv,v/;u,v’(ka» - ka’;kFVa - ka’)a (46)
gz(lh V/) = LVv,v/;v’,v(ka’ - kFu’; _ka’aka)’ (47)

g4(v,v/) = L{Vv,v;v,v(ka»ka;kakav)av,v’
+ [Vv,v’;v’.v(ka 7ka’; ka’skFu)
- v,v’;v,v’(ka’ka’;kaaka’)](l _8v,v’)}~ (48)

We have used the relation ¢} ,(x) = ¢, _g(x), which is a
result of time-reversal symmetfy. Note that g{(v,v"), g2(v,V’),
and g4(v,v’) are the real symmetric matrices. By comparing
Eq. (45) with Eq. (4), we obtain g, (v,v’) = g,(v,v') — g1(v,v)
and g4(v,v") = ga(v,v").

The following discussion makes clear how the discrepancy
in the Fermi velocity components (i.e., Vg, # Vg, % - - - 7 Ug,)
causes a variety in the values of the exponents A*/¢)(v). For
simplicity, we consider the N = 2 case, in which g;(v,V") =
ga(v,V) = g and g1(v,v") = 0 that are effective approxima-
tions for long-range interactions.* The velocities of the two
excitations are obtained as

1 2 2
vy = 5{$+ﬂ: &2 +nh (49)
with
£ =] =0}, + Sup, £ vp,), (50)
28
n:?,/vplvpz, (5D

and the corresponding eigenvectors are given by

X = (/3o cost, £ I sings)', (52)

with
VEE+ P FE
A A (53)

n

It then follows from Egs. (26) and (27) that the TLL exponents
read as

tanfy =

1
201) = 5(';1 + ”—*) cos? 0,

+ UF,
1 _
+ = (E + v_) cos’O_ — 1, (54)
2\ v_ VE,
1
)u(b)(z) = E <? + ;)_+) sin® 0+
+ Fa
1 _
. _(& i ”_> sin6_— 1, (s9)
2\ v_ VR,
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v v_
291) = = cos? 0, + —cos’6_ —1, (56)
UE, UF,
© Ut o2 V- o2
A9(2) = —sin“ 04 + —sin“6_ — 1. 57
UR, UF,

Figure 2 shows the exponents A%/¢(1) and A*/(2) as a
function of the Fermi velocity difference u; vg, = ve(l 4 u/2)
and vg, = vp(l —u/2) in the plot (a), vg, = vr(1 4+ u) and
vg, = v in (b), and vp, = vp and vg, = vp(1 —u) in (c).
For all the plots, the quantity g/(mwvr) is fixed to be unity.
Difference in the values of A®/9(1) and A%/¢(2) becomes
significant and grows monotonically with an increase in u.
Besides, it is commonly observed in Figs. 2(a)-2(c) that the
exponents are enhanced (reduced) with decreasing (increasing)
the associated Fermi velocity. The latter feature is because
decreasing Fermi velocity leads to effective enhancement of
the electronic correlation and vice versa. As previously noted,
the smallest A%/¢) (i.e., the contribution from the largest-vg,
energy band) should take a primary role in determining
experimental observations for actual 1D multiband systems.

Finally, it should be noted that the present result for the
4N -channel systems with equal Fermi velocity and the matrix
elements gy(v,v') = g4(v,v') =g and gi(v,v') =0 corre-
sponds to the multiwall carbon nanotubes composed of
N metallic graphene sheets studied in Ref. 39. In this
case, the velocities of the excitation are obtained as v =
vpy/1 +4Ng/(wvr) and v; = vg (j =2,...,4N), and our
formulas lead to the same results, A®() = {(vg/v; +
v1/vg)/2 — 1}/(4N) and A©(v) = (v;/vg — 1)/(4N), as those
in Ref. 39.

V. CONCLUSION

In the present paper, we reformulated the TLL theory
for multichannel 1D Fermion systems. The theory obtained
enables derivation of rigorous expressions for the local density
of states and the corresponding TLL exponents A*/¢)(v) with
respect to the vth band. The strategy for evaluating A/€)(v) is
summarized as follows:

(1) Define the functional forms of the 1D eigenfunction
¢y x(x) and the interaction V(|x — y|) appropriate for the
system being considered.

(2) Calculate Vy, g, v, k505 k5.v.k, Using Eq. (39).

(3) Using the above result, set the mutual interaction terms
g;(v,v") that are necessity to define the interaction Hj,, given
by Eq. (4). Particularly when considering spinless Fermions,
we can obtain g; (v,v’) fori = 1,2,4 by substituting the results
of step 2 into Eqs. (46)—(48).

(4) Set (K™, and V,,, according to Egs. (8) and (9).

(5) Solve the eigenvalue problem (13) to obtain v; and X ;
forj=1,...,N.

(6) Evaluate Y‘Eh]) and Yv(ej) from Egs. (21) and (22).

(7) Finally, we obtain the exponents A’(v) and A“)(v) from
Egs. (26) and (27).

By applying the strategy to 2-channel spinless Fermion
systems with different Fermi velocities and long-range mutual
interaction, we have revealed the role of difference in the
Fermi velocities on the TLL exponent. The exponents become
enhanced (suppressed) for the band with a small (large)
Fermi velocity since the smaller the Fermi velocity is, the
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(@) vp=ve(1+u/2 (b) vi=ve(1+u
F1=—VF F1=VF
0.60  Vpp=ve(1-u/2) © - 06  Vp=Vp 1
2 AR z
I R g,
04 e | 0.4 x(e)(g) ]
e o | e
..................................... )
0.2t 0.2l
A"2)
I . I A®2)
21y S 2y —
% 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
u u
(©) VEI=VE "‘x"(e)
0.6+ VFZZVF( 1 _u) .’.."' 7\. (2)
L e |
04 . A
2 |
RSO .
0 0.2 0.4 0.6 0.8
u

FIG. 2. TLL exponents 1%/9(v) for g/(wvg) = 1.0 with N =2 as a function of u for (a) vg, = vr(1 + u/2) and vr, = ve(l —u/2),
(b) v, = vp(1 + u) and vg, = v, and (c) vr, = vg and vg, = vp(l — u).

stronger the effective electronic correlation becomes. In the
1D multiband systems, the LDOS is given by the summation
of the contribution from each band, and the largest component
would be dominant in actual materials. Therefore, the smallest
value of the exponent, which results from the band with largest
Fermi velocity, would be observed in the actual experiments.
Before closing, we remark that the present theory began
with the electronic Hamiltonian of the mutual interaction in
Eq. (4), which leads to the bosonic Hamiltonian Eq. (7) that
contains no nonlinear terms. But there are possibilities that
some interaction terms ignored in our setting of Eq. (4) induce
nonlinear terms, and that those may be relevant to the nature
of the spinless Fermions under consideration. Relevance of
such terms may depend on the details of models, and thus it
is quite challenging to examine without loss of generality.
We can say that the present theory is useful even though
the nonlinear terms arise whenever they are renormalized
to zero. In such cases, it is necessary to take account of
the renormalization of the parameters K and V by the
diminishing nonlinear terms. We should also comment that the
present method can be applied to the strictly 1D systems with
multiple electron pockets, for example, 1D atomic nanowires

formed by Au on Ge(001) that have two metallic electron
pockets.*!
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APPENDIX: DERIVATION OF EQS. (19)-(22)

We discuss a semi-infinite system with its end at the origin.
For convenience, we scale the bosonic fields as

O;(x,1) = JU;0;(x,1), (AD
8 1
d;(x,1) = zn—ﬁcp,-(x,z), (A2)
J
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where [©;(x,1),®;(y,1)] =i8;70(x — y). By using field op-
erators, the Hamiltonian is written as

N
H= Zv—szdx{éﬁ +(0:0,7),
j=1

where & j=—0 o j- The boundary condition at the origin
requires the Fermion field for the vth subband ¥,(0) = 0, i.e.,
¥_ »(0) = =4 ,(0). This condition leads to

X

N
1 i~ 1
— =0,(0,1) = <n + —)n,
ﬁ ; [V 2
with n being an arbitrary integer.

The mode expansion, together with the canonical quantiza-
tion, leads to

(A3)

(A4)

O;(x.1) =C; + O(x,0), (A5)

singx

~ 1 [
O (x,t) = —/ dg
! 7 Jo Nz

{mie b (g) + ie™ " bl(g)),

(A6)
- 1 [  cosgx _,, ivs
q’j(x,t)=—;f0 dgq 7 {e™™9"b;(q) + €™ bl(q)},

(A7)
where C; is the ¢ number satisfying (1 /\/2)

S (X ST)NC = {n+(1/))w, and bj(g) is the
bosonic  operator with [bj(q),bj.,(q’)]:mSjj/c‘S(q—q/).
The ultraviolet cutoff exp(—ag/2) is inserted if
necessary in the ¢ integral in Egs. (A6) and (A7).
Note that 8,0;(x,r) = —v;9,®;(x,r). As a result of
Egs. (A5)—-(A7), the Fermion field of the vth band satisfies
v_(x,t) = =4 ,(—x,t). The Hamiltonian is written as

N 1 00
H=), ;/0 dquigbl(@)b;(q). (A8)
=1

The quantity ({xpj (x,0),v%,(x,1)}) is calculated as follows:

(] (x,0), 9, (x,0)})
~ (Y4, (x,0), 94, (D} +(x — —x)
1 N
= %{ 1 G, j(x,t)H, j(x,1)

N
+ ]—[ Gu,,(x,t)H;}(x,t)}Hx — —x), (A9)
j=1

where

1
G, (x,1) = <exp{ — i—z(fu,j(xﬁo) — fv,j(xv[))}>

7
1
= exp { - Z((fu,j(x,o) — fui(60)) } (A10)

1
H, j(x,1) = exp {Z[fu,j(X,O)afu,j(xJ)]}7 (A11)

withf, ;(x,0) = X,/ /070'(x,0) + 27 SO (K X), ;D (x,0).
Here, we ignore the rapidly oscillating terms proportional to
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exp(=£i2kg,x) because these contributions can probably not be
observed directly due to averaging over several lattice sites in
the experiments. From Eqgs. (A6) and (A7), together with (AS),

A, [®  sin?
G,,,j(x,t):exp{—%/ dq qqx
0

X (1 —e ) (1 — e™9)[1 4 2g(v;q)]

Bv . [e'e] 2
_ By / dq cos” gx (1
2 Jo q

— e—ivjqf)

x (1 — e[ + 2g(v,-q)]}, (A12)
Ay [, sin’gx . i
H, j(x,t) = exp { —= dq (il — gmiviat)
B, [® 2 ' '
+_J/ dg X (vt —e’"’q’)}» (A13)
2 0 q
where
A, i = (Xu,j)2 B, i =2mv;[(KX) _]2 (A14)
T 2mv; ” J J

and g(e) = (/T — 1)~! is the Bose distribution function. As
a result,

(gl (x, 00,9 (x,0)})

N

1
= —exp { ~ 100 + CIj(x,t)]}

Ta -
Jj=1

N
x |:exp{ =) €4 J;(0.0) + C_Jj(x,t)]}
j=1
+(— —z)], (A15)
where C+ = (B, ; £ A, ;)/2 and

o 2
I,-(x,r>=/ g1
! 0 q
1 & (vt + 2x)?
— 1 14+ = =7
22{ Og[ " <nv,-/T>2}

(vjt — 2x)2] B |: (2x)? ]}
+ log |:l + —(nvj/T)z 2log |1+ —(nvj/T)z

— e (1 — €V g(v;q)

1 sinhwT(t +2x/v;)) 2rnTx/v;
) aT(t+2x/v;) sinh2xTx/v;
sinhw T(t — 2x/v;) 'ZJTT)C/UJ- . (Al6)
aT(t—2x/v;) sinh2xTx/v;
°  cos2gx oot
Ji(x,t) = dq (1 — €'
0

1 —i(vjt+2

a—i(vjt —2x)
o —i2x '

o+ i2x
(A17)

Since /;(00,t) = J;(00,t) = 0, these results lead to Egs. (19)-
(22).
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