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Analytic study of persistent current in a two-channel disordered mesoscopic ring
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We present an extensive analytical study of persistent current in a weakly disordered two-chain cylindrical ring
threaded by an Aharonov-Bohm flux 0 < ¢ < ¢/2 (with ¢, the flux quantum) and described by the Anderson
model. The effect of the disorder reveals a strong reduction of the persistent current for flux values near ¢, /4. In
conjunction with the pure system (zeroth order) current profile averaged over numbers of electrons and earlier
results for the effect of disorder in one-dimensional rings, our two-channel results provide a simple interpretation
of salient features of the numerical results of Bouchiat and Montambaux (BM) for persistent current in an
assembly of many-channel disordered rings. Single-channel (one-dimensional) effects are responsible for the
dip in the persistent obtained by BM near ¢ = 0 and the corresponding peak near ¢,/2, while the effect of
disorder in independent channel pairs accounts for abrupt decreases of current superimposed to a continuous
linear decay as the flux value ¢y /4 is approached from above and from below, respectively. The persistent current
in the two-channel ring involves a free particle current averaged over electron numbers of periodicity ¢y/2, and

a dominant disorder effect which has periodicity ¢.
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I. INTRODUCTION

An Aharonov-Bohm flux threading a metallic or semicon-
ducting ring leads to a persistent equilibrium current even
if the ring is disordered, provided it is of mesoscopic size
smaller than the mean free path for inelastic scattering.! This
is a consequence of the quantum coherence of the electronic
wave function, which is not destroyed by elastic impurity
scattering. Intensive study of persistent current was initiated
many years ago with the appearance of the seminal paper
by Biittiker, Imry, and Landauer” predicting persistent current
in a one-dimensional disordered ring. The persistent current
is periodic in the magnetic flux ¢ with a period expressed
in terms of the flux quantum ¢y = hc/e (with h the Planck
constant, ¢ the speed of light, and —e the electron charge). The
periodicity of the persistent current is due to the modification
of the periodic boundary condition for the wave function ¥ (x)
along the ring of length L in the presence of the flux ¢,
namely

Y+ L) = Y )

The persistent current in a particular energy level E,, is related
to the corresponding flux derivative by

IE,
I = —e—=", (2a)

where c is the speed of light. The total persistent current in the
ring is
1=Y"1,. (2b)

The access to quantum-mechanical features of solids
renders accurate measurements of persistent current highly
desirable. An important step in this direction has been achieved
recently with the appearance of high-precision measurements
of persistent current by two different groups,>* showing
for the first time quantitative agreement with theoretical
models for noninteracting electrons in diffusive rings (see also
Refs. 5 and 6).
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The work of Biittiker et al.? for a one-dimensional ring was
later amplified and extended by detailed analytical studies’® of
the effect of disorder on persistent current, using the Anderson
tight-binding model with random atomic site energies. We
focus, in particular, on our earlier analysis in Ref. 8 (referred
to as I in the following) which leads to a convenient exact
perturbation theory for the energy levels of the ring, which will
be generalized below in the case of a disordered two-channel
ring. Persistent current has been discussed in Refs. 7 and 8 in
various flux intervals close to ¢ = 0. Throughout this paper
we consider specifically the interval 0 < ¢ < ¢9/2 in which
extensive numerical simulations of persistent current have
been performed by Bouchiat and Montambaux (BM)° for ten-
channel disordered rings. An important objective of our work
is to interpret the simulation results’ by adapting our results
of Ref. 8 for a one-dimensional (one-channel) ring and new
results for persistent current in a two-channel disordered ring
(the thinnest multichannel ring) whose derivation forms the
core of the present article. The ring-model studied numerically
in Ref. 9 is a quasi-one-dimensional Anderson model with
on-site disorder and nearest-neighbor interchain as well as
intrachain hopping. We focus attention on Fig. 4 of Ref. 9
which reveals, in particular, the existence of an important dip
in the persistent current near ¢ = 0 and a corresponding peak
near ¢ /2. Abrupt current decays are also observed in the figure
when approaching the value ¢ /4 from below and from above,
respectively. Another specific feature of Fig. 4 in Ref. 9 is that
the persistent current averaged over even and odd numbers
of electrons'® has periodicity ¢/2. An important observation
of BM is that the shape of their Fig. 4 is independent of the
number of channels, M. This suggests indeed that important
features of the figure might be observed already in single-
and two-channel systems as is confirmed in Sec. IV B, by
adapting, in particular, the results of I (averaging over even
and odd numbers of electrons).

The special interest in studying transport in disordered
quasi-one-dimensional mesoscopic rings involving a large
number M, of parallel channels, is the existence in these
systems of a wide domain of metallic conduction extending
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over length scales between the elastic mean free path £ and
the localization length & = M ¢, for metallic conduction.'? The
recent appearance of accurate persistent current measurements
in diffusive electron systems®>* has been followed by a
renewed interest in theoretical studies of such systems.'3~1
In particular, the authors of Ref. 13 addressed issues such
as ensemble averaging and interchannel correlated disorder
which are related in a broad sense to aspects of this
paper.

The paper is organized as follows. In Sec. II we introduce
the double-chain Anderson model for the disordered ring
and derive an exact eigenvalue equation in terms of the
transfer matrix in the simple case of pairwise identical random
site energies on the two chains. In Sec. III we develop a
second order perturbation theory for the two-channel ring
eigenvalues. In Sec. IVA we obtain the dominant flux-
dependence of the persistent current from the eigenvalues
averaged over the disorder and in Sec. IV B we compare our
results with Fig. 4 of Ref. 9 and discuss the periodicity of
the persistent current. Some additional remarks are presented
in Sec. V.

II. TWO-CHAIN CYLINDRICAL RING MODEL
AND EIGENVALUE EQUATION

We consider a vertical cylindrical strip threaded by a flux
¢, constituted by two superposed circular tight-binding chains
(1 and 2) described by the Anderson model. The system obeys

the usual tight-binding equations (with o = ?\7—;;)
i 1 —ia 1 _ 1 2

—€ Qyy1—€ Py = (E — Sln)(pn —h (2% (3)

—e“pr — e pp_ = (E —en)g, —h g, @
n=23,...,N—1,

—ep) —e gy = (E—en)p; —hoi, (5

—e“p| —e gy =(E —ein)oy —h oy, (6)

—ep3 —e gy = (E—e)gi —hol, (1)

—ep} — 79 | = (E —en)py —h oy, (8)

involving N one-orbital atomic sites, n =1,2,...,N of
spacing a per chain.”® Here ¢! denotes the amplitude of an
eigenstate wave function at site n on chaini (i = 1,2), ¢;,, and
E denote the atomic energy of site n on chain i and energy
eigenvalues in units of minus a constant nearest-neighbor
hopping parameter. Finally, & stands for the ratio of the
hopping parameter between a given site on one chain to
its vertical nearest-neighbor on the other chain and, minus
a constant parameter of nearest-neighbor hopping on the
individual chains.

We now transform Eqs. (3)—(8) for the two-chain cylindrical
strip (wire) by defining a basis of independent channels for
wave transmission in the absence of disorder. These channels
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are defined by amplitude bases
Vi | =0"]9 | )

in which the interchain hopping terms in Eqs. (3)-(8) are
diagonal

; 5 goli 5 1 1 1
(wz):U(w,%)’ Uz%(l —1)' {10

By transforming Eqgs. (3)—(8) in the channel bases (10) we
obtain successively

i1 —ia, 1

_ e n+1 te n—1
io 1.2 —ia, 2

€ n+1 te n—1

- E_h_%(gln"‘&?n) %(8211_81n) Ilfy:
L(eam—e1n) E+h—i(eia+ lea) \ W2 )’

(11)
B eiothl +e_ial”1l\l
eiawZZ +€_ial/f]%,

_ E—h—%(&ll-‘ré‘z]) %(821_811) '1”11
%(821—811) E+h—%(811+81N) A ’

(12)
B eiawll +e—ia1/f11\,_1
eial'[/IZ +€7m1/f1%/71

_ E—h—2X(ein+ew) Heav—e1n) Uy
Leav—e1n) E+h—X(eiv+ew) \¥3 )
(13)

The secular equation for the eigenvalues of the two-chain
cylindrical ring are obtained from the boundary condition
which follows frgm rewriting Egs. (11)—(13) in terms of
transfer matrices P, defined by

Vi »

v, ap | Y

K e "51 , n=23,...,N—-1, (14

n+1 n

v i
! u (W vy

1 1 1 :
I/jlz =e Py 1//]; ; 1/0;/ =Py 1/sz_l
¥, vi Vi VN

(15)

The compatibility of the results of iterating Eq. (14) with the
boundary conditions (15) readily yields the secular equation
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for the energy eigenvalues of the ring

where
_(E - h) + %(81n + 82n) —e
~ el 0
P, = :
_E(SZn - Sln) 0
0 0

While the solution of the eigenvalue Eq. (16) required
for the study of persistent currents in the cylindrical ring is
generally complicated, it simplifies considerably by assuming
a certain short-range correlation between the site energies on
one chain and those on the other chain. Thus, in addition
to assuming the random site energies €y, and &y, (m =
1,2, ...,N) to be uncorrelated, that is,

2
<€pm5qn) = 808m,n§p,q s (18)
as in the usual Anderson model, we impose here that the energy
of a site on one chain and the energy of the adjacent nearest
neighbor on the other chain coincide in any realization

Eim=6Em=¢&n, m=12,...N. (19)
We recall that models with correlated disorder became popular
in the context of localization in linear chain systems when
Phillips and coworkers'® first showed that they lead to the
existence of delocalized electron states in one-dimensional
disordered systems. In particular, Sedrakyan and Ossipov!’
have recently studied delocalized states in a disordered
two-chain ladder model with an interchain correlation which
is analogous to Eq. (19). For completeness sake we mention
that the effect of short-range disorder correlation on persistent
current has been studied recently by us in one dimension, using
a simple generalization of the Anderson model'® in which
one defines a subset of pairs of nearest-neighbor sites whose
energies are correlated while the energies of all other pairs are
uncorrelated. .

With the correlation (19) the transfer matrix P, reduces to
the simpler block-diagonalized form

P, =P, ® P, (20)
where
5 _(—(E-h)+e —e
P]n — ( eia O ’
(20a)

5 _(—E+D+e —e
2n — eia O 3

with ¢, = e1,, = &y,m = 1,2, ..., N denoting the common
value of the random energies of adjacent nearest-neighbor sites

i
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N
I1 P,,] =0, (16)
n=1
_%(81'1 - 82/1) 0
0 0
| . 17)
—(E+h)+ 3610 + &20) —€'
e’ 0

along the ring. Similarly, under Eq. (19), the ring transfer
matrix

N
R=T]7

n=1

; @

=

with matrix elements R;;, reduces to the block-diagonal form

§=§1@§2,

o Ri1 R > R33 R34
R, = , Ry= , 22a
! (RZI Ry 2 R4z Ry (222)
where det ﬁl = det 1?2 =1 since ﬁl and ﬁz are products of
unimodular matrices.

Using the results of Egs. (20), (20a), (21), (22), (22a), and
(16) factorizes in the form

(22)

with

« 2 .4 o~
[1 — eil‘T(;b(R“ + Ry») + eil‘T‘f’ det Rl]
x[1—e % (Ry+ Ru)+e ' detRy] =0, (23)

which reduces to the following final equation for the eigen-
values of the ring in terms of partial traces of the transfer
matrix

2 2
[Rn + Ry, — 2cos ¢L¢:| |:R33 + R4y — 2 cos ﬂ:| =0.
0 0

(24)

We conclude this section by emphasizing that the ring
transfer matrix (22) defined by block-diagonal matrices (17)
(for €1, = &,) constitutes a microscopic realization of the
transfer matrix of independent conducting channels as envi-
sioned in the phenomenological picture of a multichannel wire
composed of independent conducting channels. In any case the
solution of the eigenvalue equation (24) is considerably sim-
plier analytically than the solution of Eq. (16) for uncorrelated
site energies.

III. WEAK DISORDER PERTURBATION THEORY
OF ENERGY EIGENVALUES

The energy eigenvalues from which the persistent current
may be obtained are related to the eigenvalues of the transfer
matrix Eqgs. (22) and (22a). To study the effect of a weak
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disorder by a perturbation theory we first determine the
eigenvalues in the absence of disorder. In this case

R=P, with P=0,® 0, (25)
where
~  (—(E—h) —e@ ~ —(E+h) —e@
Ql - ( eia 0 ) ) Q2 ( ezot 0 ) )
(25a)

To obtain the elements of PV we diagonalize ﬁ; by means
of a similarity transformation. The eigenvalues of P are

M= =B —h) £ V(E—h? —4], (26a)
22 =L (E+n+J(E+h?—4],  (26b)

which correspond to unperturbed energy bands in terms of
wave number variables s;,s, defined by

AL = et (27a)
A2 = et (27b)
with
E =E;(s;) =h —2cossy, (28a)
E=E_j;(s5) =—h —2cossy, (28b)

where we assume s > 1 and refer to the s; and s, band as the
upper and the lower bands, respectively. The similarity trans-
formation which diagonalizes P in terms of the eigenvalues
(27) is defined by the eigenvector matrix

ﬁ:Ul@ﬁz, (29)

~ i(si—a) —i(sit+a)
Ul-=<e1 ¢ . ) i=1,2.

Using the relation P =UWU'PUU" we finally obtain,
from Eqgs. (27a), (27b), (29), and (29a),

with

(29a)

=07 ® 05, (30)
with
Sm_ 1 <sin(m + ll)s,- —sinms;e”@ ) P12
' sins; \ sinms;e’®  —sin(m — 1)s; )’ o

(30a)
In the absence of disorder we insert Egs. (25), (30), and (30a)

in Eq. (24) and obtain for the wave numbers in the energy
bands (28a) and (28b)

s1 = s1(k) = <k+¢) k=12,....,N, (3la)

on

¢
oo

Next we develop a perturbation theory to discuss the effect
of a weak site-energy disorder on the eigenvalues of the
two-channel ring threaded by a flux ¢. This generalizes our
earlier treatments of the effect of disorder on persistent current
in one-dimensional rings,®!® in the case of two-channel rings.

2
59 = sy(K') = —”<k/ ) K'=12.....N. (3lb)
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We now wish to solve Eq. (24) for weak random fluctuations
of the site energies. To this end we expand the transfer
matrix to successive orders in the ¢; in Eq. (19) and obtain
the corresponding first and second order corrections for the
perturbed energy levels of the (coupled) two-chain system of
the form

E=E,,(kk)=E®O +ED + E® +

S182 S182 5152

K=0+1,4+2,..., (32)
where

(O)(kk)—

E —2(cos s1 + cos s7).

(32a)

The transfer matrices P, in Eq. (17) are split into unper-
turbed and perturbed parts®

~

i;n = 1/5 V I")\ [AE - _(81n ‘i‘82n):|é (&) é7

(0

AE=E! +EQ +..., (34)

$182 $182

Q>
I

where

and the matrix product ]_[N P, is expanded to quadratic order
in the quantities [AE — —(81n + £5,)]. This ylelds

n=1 m=1
N n-—1

+ Z Z Pty Py PN L (35)
n=2 m=1

Note that the expansion in powers of V, in Eq. (35) goes
beyond a systematic expansion to successive orders in the
site energy perturbation since e.g. the terms linear in V,,,
besides being linear in ¢,, depend on all orders of the energy
level perturbation via AE. Nevertheless Eq. (35) leads to a
systematic determination of the successive order perturbations
of the energy levels since the solution of the eigenvalue
equation (24) imposes that the disorder effects in the partial
traces of the transfer matrix must vanish. The evaluation of
the first and second order corrections in the energy levels
(32) proceeds by performing the matrix products entering in
Eq. (35) to obtain the diagonal elements of the ring transfer
matrix in the partial traces in Eq. (24).

The contribution of the linear correction term in Eg. (35) to
the trace of R is given by

) . 2n¢
sin

—~ 1 1
TrR = ( - + =
sin sy sin s, bo

N
x Yy [ E() — —(alm + ew] +0(%),  (36)

using Egs. (30), (30a), and (33). Since according to Eq. (24)
eigenvalues of the disordered two-channel ring correspond
to values of the partial traces which are independent of the
disorder, it follows from Eq. (36) that the first order effect in
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the eigenvalues in the correlated site energies model Egs. (18)
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the first one

and (19) is N
R'=-EQ > P 'eae)P" ™, (38)
E() = Z(slm + &2m), 37 m
and the second one
except for flux values equal to integer multiples of ¢y/2. Note N n-1
that these flux values are precisely those at which the free Z Z (ED) —&,)(E) —e,) P '@ o)
particle spectrum of the ring is degenerate.’ n=2 m=1
At quadratic order in the site energies, on the other hand, x P"m=1(o @ &)PN ", (39)
there are two types of contributions in Eq. (35), R =R + R,
|
The explicit evaluation TrR, using Egs. (30) and (30a), yields
—~ 1 3sinN
TrR = E® ———— | Ncossjcos Ns; — — il + same with s; — s | . (40)
51521 sin2 5 4 sin3s;
Similarly, the evaluation of TrR” leads to
N n—1 . .
sin(n — sin(NV -
TR =30 (B, — en) (EG), — &) [ Ao SR I ame with s, —> Sz] . (1)
1

n=2 m=1

The condition TrR’ + TrR” = 0 which follows from Eq. (24) thus yields the final result

3sinNs -
E® (kK = - N coss;cos Nsy — 22 + same with 51 — s7
S152 sin? s, 4 sin3 s,
N n-—1 . .
sin(n — m)s; sin(N + m — n)s; .
Y (ED, ) (ED, — £ [ et samewiths, — 5|, @)
n=2 m=1

which will be exploited in the following section for discussing the effect of the disorder on the persistent current.

IV. EFFECT OF DISORDER ON THE
PERSISTENT CURRENT

A. Calculation of the persistent current

In this section, like in our previous work, 318 we discuss the
explicit form of the persistent current obtained simply from
the energy levels of the ring averaged over the disorder.
Indeed, the more accurate approach which consists in finding
the persistent current using Eq. (2a) from Eq. (42) before
averaging over the disorder leads to results whose further
analysis is intractable analytically. By averaging Eq. (42), over
the disorder, using Egs. (18) and (19), we get, after some simple
algebra,

(ED (kK

5152

9 ((N=1)cos2Ns; _ sin(N—Ds, .
& ( STy e ) + same with 51 — 5,
NcossicosNs; _ 3sinNs; . ’
4 ( sin? sy 4 sind s, ) + same with 51— 82

(43)

which reduces, for large N, to the form

<E(2)

5152

g2 c0s2Vs1 4 same with 51 — 55
) __% sin? sy (433)
4 \ cossicosNs1 4 game with s — 5o

sin? s

up to corrections of order 1/N. Using Eqs. (31a) and (31b) this
expression may be rewritten exactly in terms of an important

fixed flux-dependent prefactor which is common to all energy
levels (Ej,s,(k,k)) of the ring

2 1 2
(Eilzgz( k’)) =% g 2 cos e
4 \ cos % o)

0

sin? s; + sin? s,
x - 4
oS s sin2 s, + cos 55 sin? s

Note that this expression is not valid for flux values equal to
odd integer multiples of ¢y/4 at which the perturbation theory
clearly breaks down.

The effect of the disorder on the persistent current of an
electron in an energy level (32) of the ring defined approxi-
mately from the averaged second order energy perturbation,
namely

IE®
12, = ) )
is given by
@ _ome (. 271(]) 1
I (k,k' ) = 80 o <51 ¢’0 2+ —0082 T
o
1
X fslsz + o (ﬁ) ) (46)
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with

sin? s, + sin? s,

fos (kK" = (46a)

cos s sin? s, 4 cos s, sin? sy’

whose differentiation in Eq. (45) yields the terms of order
1/N which have been ignored in Eq. (46). Clearly, for
¢/po K N /2w the coefficient of f;, in Eq. (46) represents
the dominant flux dependence of the disorder contribution,
1® =% 12 (k,k',¢) in the total persistent current in the
two-channel system.'® In particular, this coefficient reveals a
strong decrease of the persistent current due to the disorder for
fluxes approaching the value ¢y/4 from either side (the value
¢o/4 itself lying obviously outside the domain of validity of
the perturbation theory). The explicit (numerical) evaluation
of I, say in the typical case of a half-filled upper energy
band s; and a completely filled lower band s, lies beyond the
framework of our analytic treatment and will not be pursued
further.

B. Persistent current periodicity, single- and two-channel
effects in simulation results of Bouchiat and Montambaux
for multichannel rings

There exist two fundamental periods in the persistent
current problem, namely the nearest-neighbor hopping period
N¢p in the hamiltonian of Egs. (3)—(8) and the revolution
period ¢ for an electron on the ring subjected to the flux
¢, which affects the boundary condition (1). The periodicity
Ny is responsible for the period ¢o/2 of the free particle
persistent current averaged over even and odd numbers of
electrons in a one-dimensional ring’® as recalled below. On
the other hand, the periodicity ¢,/2 is also obtained exactly
for the effect of the disorder in a one-dimensional ring. Since,
however, the ¢(/2 periodicity of the averaged free particle
persistent current was not explicitly mentioned in Ref. 8§,
we briefly discuss it here, along with the influence of the
disorder in one dimension. These results are important for our
qualitative interpretation below of salient features of numerical
simulation results of Bouchiat and Montambaux (Fig. 4 of
Ref. 9) for the effect of weak disorder on persistent current
in a ten-channel (cylindrical) ring, in terms of single- and
two-channel contributions obtained in Ref. 8 and in the present
paper, Egs. (46) and (46a).

Let

10 = (11(\)16> = % (Ié)ven + 1(())dd) ’ (47)

be the persistent current in the unperturbed half-filled upper
tight-binding band in Eq. (32a), averaged over even and odd
numbers of electrons Ne (Ref. 10). The currents 12, and 1%,
are given by’®

2
0.~ —I <—¢ - 1) ,
o

Igdd ~ —102—(1), 0< i < =,

%o ¢ 2

and are illustrated by Figs. 3(a) and 3(b) of Ref. 7 (whose
legends should be inverted'®). Their determination by sum-
ming contributions from the occupied energy levels below the
Fermi level is easily visualized from the energy level spectrum

(48a)

(48b)
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as a function of flux shown in Fig. 2 of Ref. 7. The current in
Eq. (47) is thus

2 1 1
10_—10(—¢—->, 0<3<-, (49)

o 2 o 2
whose periodicity is % Here Iy = % is the persistent current

of an electron at the Fermi level and vy = 27” % is the Fermi

velocity. Next we recall the effect of a weak disorder on the
magnitude of the persistent current in a one-dimensional ring
given by Egs. (49)—(50) of 1.} After averaging the effects
obtained in Ref. 8 for even and for odd numbers of electrons
as in Eq. (49), we obtain the total persistent current in the
disordered half-filled one-dimensional ring

2
]=_]0<2_¢_l> []_L] 0<£<17
¢ 2 8sin* (27 ¢/ ¢o) ¢ 2
(50)

which also has periodicity ¢o/2. We note, incidentally, that
Eq. (50) provides a simple qualitative interpretation of the
numerical results of Trivedi and Browne!' for persistent
current in one-dimensional disordered rings averaged over
even and odd numbers of electrons (Fig. 4 of Ref. 11 and
Fig. 8 of Ref. 9).

At present we wish to compare our results for persistent
current averaged over electron numbers in the single- and
two-channel rings with dominant features shown by the flux
dependence of similarly averaged persistent current in a
ten-channel ring in Fig. 4 of Bouchiat and Montambaux.’
The ten-channel disordered ring is described by the An-
derson model using a rectangular distribution of the site
energies of width W = 0.2 (in units of the nearest-neighbor
hopping parameter)®® and the persistent current is averaged
over numbers of electrons 150 < N, < 250 in the range
0<¢ < ¢o/2.

The pertinence of a comparison of our results for one- and
two-channel systems with the multichannels results of Fig. 4
of Ref. 9 is due to the fact that the latter were found to be
independent of the number of channels.® On the other hand, the
inclusion of results for the two-channel system besides those
for a one-dimensional (single-channel) ring for the comparison
with the Fig. 4 of Ref. 9 enriches our model through the novel
effects related to the interchain hopping.

We now come to the detailed comparison of our per-
turbation results for persistent currents in one- and two-
channel disordered rings with the numerical results for a
ten-channel system in Fig. 4 of Ref. 9. First we consider
the free particle persistent current (49) which shows, in
particular, the period halving effect resulting from averaging
the current over even and odd numbers of electrons in Fig. 3
of Ref. 4. This expression provides clearly a good ‘“zeroth
order” approximation of the overall current profile in Fig. 4 in
Ref. 9. Next, the disorder effect in the persistent current (50)
averaged over numbers of electrons, for a one-dimensional
ring accounts qualitatively for the relatively large current dip
near ¢ = 0 and a corresponding peak near ¢ = ¢y/2 due to
disorder, in Fig. 4 of Ref. 9. Finally, the disorder contribution
1?9 = Dok Is(lzs)2 in the persistent current in the two-channel
ring involves the dominant fixed flux-dependent overall factor
in Eq. (46), which leads to a strong decrease with respect
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to the uniform decay (49) for ¢ — ¢o/4 from below and
to a similar strong decrease with respect to the uniform
increase of current for ¢ — ¢/4 from above. These current
reductions are in line with a corresponding strong reduction of
current with respect to a uniform decrease in Fig. 4 of Ref. 9
(which passes through zero at ¢ = ¢/4) for ¢ — ¢o/4 from
below, starting from ¢ = 0,216 ¢y up to ¢ = 0,233 ¢, and
with a corresponding reduction of current with respect to a
uniform increase of unperturbed current in Fig. 4 of Ref. 9 for
¢ — ¢o/4 from above, starting from the value ¢ >~ 0,275 ¢y
down to ¢ >~ 0,254 ¢y. Finally, in our reference to Fig. 4 of
Ref. 9 we have excluded the domain 0,233 ¢ < ¢ < 0,254 ¢
from our discussion not just for convenience, but mainly
because the perturbation theory breaks down at ¢ = 0.25 ¢y.
On the other hand, our identification of the most significant
features of the persistent current in multichannel system
with single-channel and coupled two-channel disorder effects
suggests the possibility of identifying further finer features of
Fig. 4 of Bouchiat and Montambaux® with three to four, and
so on-channel effects. This might suggest an analogy between
the persistent current problem in multichannel systems and
the interactions in a typical many-body system such as a
molecular crystal in which the many-body interaction between
the molecular species may generally be decomposed into
convergent pair, triplet, and so on interactions.

Finally, we turn to the discussion of the periodicity of the
persistent current. On the basis of their extensive numeri-
cal simulations for a weakly disordered ten-channels ring
Bouchiat and Montambaux® have found that the persistent
current averaged over a range of electron numbers has
periodicity ¢o/2. However, the physical origin of this period
halving remained unclear.?! As shown by Eq. (50) the analysis
of Ref. 8 leads to period halving of the persistent current in
a disordered one-dimensional ring while the discussion below
for the two-channel ring indicates that besides the periodicity
¢o/2 there exists another approximate periodicity, ¢o, which
is induced by the disorder.

As mentioned earlier we consider the typical case of a
two-channel ring where the lower energy band (28b) and (31b)
is completely filled and the upper band (28a) and (31a) is
half-filled, with N, = N /2 electrons. The filled lower band
carries no free particle current (vanishing fermi velocity) and
the total current in the upper band is approximately given by

2 1 2 2 1
1 ~—1I <—¢ — —> _ o™ sin ¢ 2+ 5 s
$o 2 2h ®o cos2? Z2

$o
1
0< ﬂ < —-. (629
¢ 2
The first term is the free particle current (49) averaged
over even and odd numbers of electrons in the upper band.
The second term determines the dominant decrease of the
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persistent current /® = Y, ., I%) (k,k’,¢) in the two-channel

ring which is induced by the disorder. It is given by Eq. (46)

by ignoring the weak perturbation arising from summation
of fs,(k,k") over the occupied individual energy levels

averaged over electron numbers, whose magnitude is typically
of order 1 at ¢ ~ ¢y/4, relative to the larger effect of the
dominant flux dependence in Eq. (51) around this flux value.
This result for the order of magnitude of ), ., fis (k. k') is
inferred from the magnitude of the correspdnding simpler
sum, Y, fy(k) =" 1/sins,s = Z(k + %),k =1,2,...,N,
which arises in the study of the effect of disorder on persistent
current in a one-dimensional ring® and whose approximate
evaluation yields results linear in ¢ /¢ both for even and for
odd numbers of electrons, for 0 < ¢/¢g < 1/2. Finally we
note that the above estimate of the persistent current near
¢ = ¢o/4, which focuses on finding its order of magnitude,
does not necessarily yield the correct sign of the current.

The existence of two distinct components of persistent
current, a free particle component of periodicity ¢y/2 and
a component of periodicity ¢y due to the disorder’” may
reflect the presence of two distinct periods in the tight-binding
equations (3)—(8) (period N¢p) and in the boundary condi-
tion (1) (period ¢p). Note that in the single-channel (one-
dimensional) case the disorder effect itself in the persistent
current before averaging over particle numbers involves the
periodicity ¢y /2 [see Egs. (49)-(50) of Ref. 8].

V. CONCLUDING REMARKS

We conclude with a general remark concerning the possi-
bility of interpreting further specific features of the numerical
results for persistent current averaged over numbers of elec-
trons in many-channel disordered systems in Fig. 4 of Bouchiat
and Montambaux’ in terms of disorder effects in few-channel
systems, say M = 3 or 4.

The definition of independent channels in a nondisordered
M -chain tight-binding cylinder threaded by a flux ¢ involves
in a first step the diagonalization of the interchain hopping, ¢,
leading to the energy eigenvalues®’

nmw 2

E, = —2tcos M1 2t cos |: N (k, ¢)j| ,  (52)
forthe channelsn = 1,2, ...,M,wherek, =0, £1,+2,....
For M = 2 this expression reduces clearly to Eq. (28) with the
definition Eq. (31) of wave numbers. However, for larger M
the discussion of the effect of disorder becomes rapidly very
complicated analytically. Nevertheless, specific features in the
persistent current, such as the existence of weaker peaks and/or
dips at special flux values, which are related to the interchain
hopping may be expected in analogy to what we have found for
the single-chain and for the two-chain cylindrical ring model
studied above.
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