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We study the physics of electron tunneling between multiple quantum dots and the edge of a quantum Hall
state. Our results generalize earlier work [Fiete, Bishara, and Nayak, Phys. Rev. Lett. 101, 176801 (2008)] in
which it was shown that a single quantum dot tunnel coupled to a non-Abelian quantum Hall state can realize a
stable multichannel Kondo fixed point at low energy. In this work, we investigate the physics of multiple dots and
find that a rich set of possible low-energy fixed points arises, including those with non-Fermi-liquid properties.
Previously unidentified fixed points may also be among the possibilities. We examine both the situation where
the dots are spatially separated and where they are in close proximity. We discuss the relation to previous work on
two-impurity Kondo models in Fermi liquids and highlight new research directions in multiple quantum impurity

problems.
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I. INTRODUCTION

A quantum impurity is a spatially localized impurity with
an internal degree of freedom taking discrete values. In many
cases, the internal degree of freedom is spin, but it could also
be an “orbital” degree of freedom, or even an “occupation”
degree of freedom (as it will be in this work). Perhaps the
most well-known quantum impurity problem is a local moment
(spin) inside a metal. When the effective exchange coupling
between the magnetic impurity and the itinerant electrons of
the metal is antiferromagnetic, the Kondo effect occurs at low
temperatures.! The study of the Kondo effect was originally
motivated by an apparent low-temperature divergence of the
electrical resistance of metals with dilute magnetic impurities.”

In the simplest version of the Kondo problem, a spin-1/2
moment is antiferromagnetically coupled to the local s-wave
scattering channel of the impurity. While at high energies the
coupling can often be regarded as perturbative, the low-energy
behavior flows to strong coupling where the moment is
effectively “screened out” by a local singlet formation with
the spins of the conduction electrons.? It has been shown that
at low temperatures a type of “local” Fermi-liquid physics
arises* where the impurity is characterized by single-particle
scattering phase shifts for each spin and these each reach the
unitary limit of maximal scattering, 7/2. (The approach to
the unitary limit is the cause of the rise in the resistivity at
low temperatures in metals with dilute magnetic impurities.)
The local Fermi-liquid picture has proved to be of great
utility, particularly in the interpretation of an interesting class
of scanning tunneling microscope experiments on Kondo
impurities.’

The nontrivial many-body physics of the spin-1/2 Kondo
effect® spawned an industry of higher spin and multichannel
variants of the Kondo problem.!’~?! In general, the low-energy
fixed points of the multichannel Kondo models are highly
nontrivial and depend on the size of the spin, whether the
coupling to all the electron channels is the same or different,
and whether the exchange coupling is the same or different
for the x, y, and z components of the impurity spin. One
of the key results to emerge is that for arbitrary spin S and
isotropic channel and exchange coupling, the low-energy fixed
point is non-Fermi liquid when the number of conduction

1098-0121/2011/84(3)/035101(11)

035101-1

PACS number(s): 73.43.—f,71.10.Pm, 73.20.Hb, 73.21.La

electron channels, k, is greater than 2.5 8.12.22.23 Thys for § =
1/2, the k = 2 channel Kondo model has non-Fermi-liquid
properties.®'? The non-Fermi-liquid properties are manifest in
the impurity susceptibility (and also other quantities) having
an anomalous temperature dependence, yimp o< T ~*=2/*=2)
for k > 2 and ximp o In(Tx/T) for k =2, where T is the
Kondo temperature. The non-Fermi-liquid properties only
appear when the spin is “overscreened,” i.e., when there
are more conduction electron channels than units of spin
1/2.8 (However, it should be emphasized that having k > 25
does not guarantee non-Fermi-liquid physics—that generally
requires fine tuning of couplings.'>!>1024) On the other hand,
the many-body physics of the “underscreened” case of k < 2§
is rather similar to k = 25.3 Single-channel Kondo models
have also been studied in Luttinger liquids with two-channel-
like properties realized under some conditions.?>=3!

A closely related set of studies in the mesoscopic/quantum
dot context have shown that the charge fluctuations on a
quantum dot coupled to Fermi-liquid leads mimic the spin
fluctuations in the Kondo effect, and under some circumstances
the combined “occupation” and spin degrees of freedom can
lead to two-channel, non-Fermi-liquid Kondo physics.?*=° On
the other hand, in certain setups involving two quantum dots
with charge fluctuations and active spin degrees of freedom, a
novel SU(4) Fermi-liquid fixed point may be obtained,***’ or
even two-channel behavior.*®° Thus even with Fermi-liquid
leads, a variety of interesting quantum impurity behaviors
occur as a result of charge fluctuations.

An important extension of these works considers a quan-
tum dot coupled to a reservoir (or lead) with interacting
electrons.*** For example, the interactions in a Luttinger
liquid***’ lead have been shown to influence the occupa-
tion of the dot, with analogies to antiferromagnetic and
ferromagnetic versions of the Kondo model.*® However, the
charge fluctuations of a dot are insensitive to the strength of
interactions in a Luttinger liquid*' (so long as the effective
Kondo model remains antiferromagnetic) and thus are the
same as in the Fermi-liquid case (generically described by a
k =1, S = 1/2 Kondo model when the spin is ignored—due
to a polarized state created by the application of a strong
magnetic field, for example—and only one reservoir couples
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to the dot). Experimentally, the charge fluctuations can be
measured capacitively, providing a test for these relations.**=!

Besides a Luttinger liquid, there are not many gapless
non-Fermi-liquid phases of interacting itinerant electrons.
However, the edge states of non-Abelian fractional quantum
Hall systems are both interacting and fundamentally different
from a Luttinger liquid.’> (Another recent example is the
“helical liquid” found at the edge of quantum spin Hall
systems,53’57 and some theoretical studies of the Kondo effect
in such systems have been reported.’**%%) Recently it was
discovered®®¢! that if a quantum dot is tunnel coupled (electron
tunneling only) to a non-Abelian quantum Hall state of the
Read-Rezayi type,®? then a stable, multichannel Kondo model
with non-Fermi-liquid impurity properties is realized in the
charge fluctuations. Moreover, the usually fragile non-Fermi-
liquid Kondo fixed point is “topologically protected”6%6!
by the topological order’” of the Read-Rezayi state. This
situation thus provides a rare opportunity to potentially observe
in experiment the non-Fermi-liquid physics of multichannel
Kondo models with k > 2, as there are signs of plateaus at
filling fractions for k > 2 that would have Read-Rezayi states
as leading candidates.’> We remark that the argument can
also be turned around to show that if the multichannel non-
Fermi-liquid physics is observed, then the quantum Hall state
must be a non-Abelian state.®*! (A non-Abelian quantum Hall
state of any type has not yet been unambiguously observed in
experiment. The observation of a non-Abelian state of any type
in any system would be a first in physics.)

In this work, we extend the single-dot results of Refs. 60 and
61 to include the case of multiple quantum dots. We will focus
most of our attention on the double-dot system, which shares
many features of a two-impurity k-channel S = 1/2 Kondo
system in a non-Fermi-liquid system of itinerant electrons. To
the best of our knowledge, the two-impurity model has only
been studied in a noninteracting electron gas and is known to
possess a non-Fermi-liquid two-channel Kondo critical point
for a special value of parameters when particle-hole symmetry
is present.*7% In this paper we ask two main questions: (1)
Can the topologically protected multichannel nature of each
individual impurity®*®! affect the possible phases of the two-
impurity (and more generally, multiple impurity) case? (2)
What is the effect on the phase diagram of the non-Fermi-
liquid, non-Luttinger liquid itinerant electron gas that mediates
the impurity-impurity interaction? As we will see, these are
very difficult questions to answer in general. However, we are
able to obtain some answers in particular limits. In many cases,
the multiple dot case can be shown to reduce to the single dot
case. In other cases, there is a strong possibility for previously
undiscovered fixed points with non-Fermi-liquid properties.
We hope our work will provide a strong motivation for opening
up a new line of inquiry in quantum impurity problems (in
addition to shedding more light on the non-Abelian quantum
Hall states themselves).

Our paper is organized as follows. In Sec. II we cover
some necessary essentials of the theory of quantum Hall edges
that we will use in our discussion. In Sec. III we discuss the
coupling of multiple dots in several geometries and limits.
Particular attention is paid to the case of two dots. Finally,
in Sec. IV we discuss our conclusions and suggest possible
extensions of the present work.
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II. QUANTUM HALL EDGE PHYSICS

In this section, we provide a brief overview of the relevant
aspects of quantum Hall edge physics needed for our study.
This section should be helpful to those with a background
in quantum impurity models, but who are less familiar with
quantum Hall systems. We have tried to include enough detail
to keep the paper self-contained. However, should more details
be desired, a more extended discussion with the same notional
conventions can be found in Ref. 61.

A. Fundamentals and the current state of experiments

Quantum Hall systems fall into two broad categories: (i)
Abelian and (ii) non-Abelian.’?> Quasiparticle and quasihole
excitations in quantum Hall systems are generally gapped
in the bulk; the naming of Abelian and non-Abelian refers
to the braiding properties of these excitations above the
gap.”! If the braiding operations of particles commute, the
state is Abelian, while if they do not commute the state
is non-Abelian’? (the latter generally requires a nontrivial
ground-state degeneracy beyond that of the Abelian case).
All the integer quantum Hall states’® are Abelian, and the
celebrated Laughlin states as well.”* (The Laughlin states
possess anyon excitations with exchange angles different from
both fermions and bosons.””) The huge families of hierarchy
states are Abelian, too.”®’° Thus non-Abelian states appear to
be rather rare. However, they can readily be constructed from
correlation functions®>8%-%7 in a certain class of conformal field
theories (CFTs).58

The construction of these wave functions would be nothing
more than an excercise in mathematical physics if there
were not strong numerical®*®’ as well as experimental
evidence”®!% that non-Abelian states are preferred by nature
under certain conditions. In the GaAs/AlGaAs samples most
commonly used, these conditions are best met in the second
Landau level®>7 where non-Abelian candidates tend to have
the largest gaps.'%~1%7 However, it remains an open challenge
to provide a compelling demonstration of a non-Abelian
state experimentally. Fortunately, the number of proposals for
experiments capable of detecting non-Abelian properties has
grown dramatically in recent years,>>60-61.108-135

B. Key elements of quantum Hall edge theories

In this work, we will assume that a certain class of
non-Abelian states exist in nature, the Read-Rezayi (RR)
states,%? and explore their consequences for electron tunneling
to multiple quantum dots. The RR states are all spin polarized
and relevant to filling fractions v =k/(k +2) [or k =2+
k/(k 4+ 2) when the lowest Landau levels are inert]. The
simplest of the non-Abelian states is the k = 2 Moore-Read
(MR) Pfaffian®® and its particle-hole conjugate,'*¢-'3® which
are leading candidates for filling fraction v = 5/2. The filling
fraction v = 12/5 state may be in the same class as the
particle-hole conjugate of the k = 3 Read-Rezayi state'*® (or
possibly the in Bonderson-Slingerland hierarchy®*%). If a
clear signature of a state eventually appears at v = 13/5,
then the k£ = 3 RR state would be a leading candidate. We
note that the Laughlin v = 1/3 state is the only Abelian RR
state, realized for k = 1. We remind the reader that while
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the bulk of quantum Hall states are generally gapped to
single-particle excitations, the edges are gapless and form
a quasi-one-dimensional system. Due to the breaking of
time-reversal symmetry in the quantum Hall states, the edges
have a definite directionality associated with them and are
often referred to as “chiral.” It should be noted, however, that
while there is a net direction to current and heat flow along
the edge (not always in the same direction'3¢-'4%), there is also
the possibility of counterpropagating edge currents that only
partially cancel each other.”%141-145

As was emphasized in Refs. 60 and 61, the key element
that unifies the multichannel Kondo models, candidate non-
Abelian RR wave functions, and the gapless edge theory
of non-Abelian RR states is the underlying Z; parafermion
CFT. The parafermion theory is obtained from the coset
construction®® SU(2), /U(1), and its Lagrangian is given by an
SU(2); chiral Wess-Zumino-Witten (WZW) model in which
the U(1) subgroup has been gauged'*® [see Eq. (6)]. For our
applications, we will mainly need the expressions for edge
electron operator in different quantum Hall states, and the
scaling dimensions of the fields that enter it (which are set by
the action of the corresponding edge theory). Working from
the simplest edges in the RR series to the general case, we
have the following expressions.

The low-energy edge theory of the (k =1 RR or) v =1/3
Laughlin state (and for general v, including v = 1) can be
expressed in terms of bosonic fields and has an action that
takes the form

1
Seise = 7y f drdx 8.4 (ide +v0)$. )

where the chiral bosonic fields satisfy the commutation
relations [¢(x"),¢p(x)] = imvsgn(x — x’); and v is the velocity
of the edge mode, determined by nonuniversal properties of
the edge confining potential and interactions. (Throughout our
paper we have seth = 1.)

The electron operator on the edge is

e,Laugh — ’ (2)
and the quasiparticle operator of charge ve is ! =e'?
(which we do not use in this paper).

The MR state, like the Laughlin states, is spin polarized.
Its edge action is the sum of the neutral and charged sectors,
S =8, + S, with

gp,Laugh —

SMR — /drdx iV (00 + v,0:%), 3)
and
- / drdxd, (3.9 + v.0s$) 4
4

where v, is the neutral mode velocity and v, is the charge
mode velocity. Typically v, < v, because of the repulsive
interactions in the charge sector.!'"'47 Note that Eq. (4) is
just Eq. (1) with v = 1/2 and v = v,. Here v is a Majorana
fermion, the Z, parafermion.
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The electron creation operator in the MR state is
i2
A 5)

where we have used the convention dim[e!*?] = v—
[which follows from Eq. (1)] and dim[y¥/] = 1/2, so that
dim[W¥, mr] = 3/2. Note that the electron operator (5) is a
combination of a Majorana fermion and an exponential of the
boson, identical to that appearing in Eq. (2).

The general RR states are also spin polarized, and their
edge action is again the sum of neutral and charged sectors.
The charge sector of the RR edge theory (neglecting the two
filled lower Landau levels if one is considering a state in the
second Landau level) is identical to Eq. (1) withv = k/(k + 2).
The neutral Z; parafermion sector is given by'4°

Ssu@y./ucn)
=T drdx tr(d,g"'9g)
—i oy dxdtdr e"*u(d,g8 0,58 ' 0g8")
+ —/dxdrtr(Axgg . g_1 —Zg_laxg
4
+ A gAg™! — AA), (6)

where d = i3, + Ve0y, A=A, —iv,A,, and the field g takes
values in SU(2). The second integral in Eq. (6) is over any
three-dimensional manifold M, which is bounded by the
two-dimensional space-time of the edge d M. The value of
this integral depends only on the values of the field g at the
boundary dM. The gauge field has no Maxwell term, so its
effect is to set to zero the U(1) current to which it is coupled.

The electron operator in the RR state is obtained by
combining appropriate fields from the charge and neutral
sectors:®?

\I/Z,RR = o k+2)/klp , (7)

where v is the Z; parafermion field withdim[y/] = 1 — 1/k.

Thus using the conventions in Eq. (1) with v = k/(k + 2) we
have dim[W, rr] = 3/2, independent of k.

C. Connection to multichannel Kondo models

Conformal field-theory methods offer an elegant solution
to the k-channel Kondo models in Fermi liquids.'>?>?3 The
conduction electron Hamiltonian is expressed as a sum of three
terms (referred to as a “conformal embedding”) that describe
“charge,” “spin,” and “flavor” sectors. These sectors possess
current operators with U(1), SU(2), and SU(k) symmetry,
respectively. Specifically, for the k& channels of free electrons

Y; described by Hp, one has

k
> Holys]
i=1

Conformal embedding is useful for the k-channel Kondo
model because it is only the SU(2) currents that couple to the
local moment S: the conduction electron terms with U(1) and
SU(k) symmetry thus play no role in the quantum impurity
physics.!>?223 These SU(2); currents can be realized at the

= H[U()] + H[SU@2)] + H[SU(k)2].  (8)
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operator level in terms of a chiral boson ¢ and a parafermion
field ¥, [the same one in Eq. (7)]:

J* = Ve,
I~ =Vkyle T, )
J* = ]iax(p,

2

where the chiral boson is normalized so that dim[¢/*] = 1/k.
The important relation to note is that the electron creation op-
erator (7) and J* in Eq. (9) only differ in the normalization of
the bosonic field. In other words, the edge electron operator on
a RR state and the SU(2); currents are closely related
objects.

In the problem of electron tunneling to a single quantum
dot, the electron operator can be “rotated” into an SU(2);
current operator with a unitary transformation, providing
an exact mapping to a k-channel Kondo model.®*®! Thus
the stable multichannel Kondo models depend crucially on
a non-Abelian quantum Hall edge state having a unique
electron operator, which does not occur for the particle-hole
conjugate RR states.®*%! As the particle-hole conjugate RR
states generally result in Fermi-liquid impurity physics, we do
not consider them here.**¢!

III. MULTIPLE QUANTUM DOTS COUPLED
TO QUANTUM HALL STATES

An important motivation to study quantum dots in the
quantum Hall context comes from the realization that finite-
size effects are influenced by the underlying bulk quantum Hall
state,6061,108,112,115,118-125,127,128,147-151 Ty this work we focus
our attention on the charge fluctuations of multiple quantum
dots arranged along the edge of a quantum Hall system as
shown in Fig. 1. The charge fluctuations on the quantum
dots can be measured capacitively.**! Because the quantum
Hall states we consider are spin polarized, the spin degree of
freedom is assumed to be absent in all our considerations.

A. Multi-dot Hamiltonian

The Hamiltonian for our system is given by

H= Hedge + HQD + Hypn + Hip, (10)

where Hegge describes the gapless excitations of the quantum
Hall edge, generally taken to be a RR state at filling v = k/
(k +2) (with any completely filled Landau levels assumed
inert®*®!), Hop describes the states on the quantum dots,
including any direct interactions or couplings between them,
Hy, describes the tunneling of electrons between the quantum
Hall edge and the quantum dots, and Hj, describes the
interactions between the electrons on the quantum dots and
the electrons on the quantum Hall edge. Note that quantum
dots are assumed spatially well separated from the quantum
Hall states so that quasiparticle tunneling is not allowed, as it
would be in point-contact geometry.'3*+!3!

As we are interested in the physics of charge fluctuations
on the quantum dots due to interactions with the quantum Hall
edge and other quantum dots, it is important to assume that
each quantum dot (if it were isolated) is close to a number
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FIG. 1. (Color online) Schematic of multiple quantum dots edge
(tunnel) coupled to a quantum Hall system as described in the text.
(a) Illustrates the general situation of an arbitrary number of dots,
while (b) and (c) illustrate the different cases of two quantum dots. In
(b) the dots are close enough together to directly interact with each
other, while in (c) the dots are far enough apart that there is no direct
interaction between them. Side gates (not shown) would enable one to
adjust the spectrum on individual dots to a degeneracy point, E(N) =
E(N + 1), where number fluctuations are enhanced. The quantum
Hall state is assumed to be at filling fraction v = 2 + k/(k + 2) and
described by a state in the Read-Rezayi series. As in earlier work5%¢!
we assume the lower Landau levels are inert and focus our study
on the partially filled Landau level at filling fraction v = k/(k + 2).
The electron tunneling amplitudes between dot i and the edge are
denoted by ¢;.

degeneracy point: E(N) = E(N + 1), where N is the number
of electrons on the dot. Here E(N) is the energy of a dot with N
electrons on it. This means that electron number fluctuations
are energetically allowed in the presence of weak electron
tunneling. We assume the dots are small enough that we can
truncate their Hilbert space to just a single level at the Fermi
energy with the same energy for single or no occupancy. The
other levels are assumed to be further away in energy than the
temperature or any energy scale associated with tunneling.

Under these conditions, we consider the following form of
the quantum dot Hamiltonian:

Hoo =Y Hopi + Y (tid}d; + He)+ Y Viminj, (1)

i<j i<j

where Hop,; = €; djd,- and d; (d;r ) is the fermionic annihilation
(creation) operator of electrons on dot i. The number operator
n; =d/d;. At the degeneracy point of each isolated dot,
E(N) = E(N + 1), which implies ¢; = 0. The amplitude ;;
describes direct electron tunneling between dots i and j, and
Vi; adirect density-density interaction between the same dots.

The Hamiltonian describing electron tunneling between the
dots and the edge is

Huyn =Y 4;W](xi)d; + He., (12)

where #; is the tunneling amplitude to dot i at position x;
along the edge, and ‘-Ifj(xi) is the edge electron creation
operator at position x;. Depending on the quantum Hall state

under consideration, the electron creation operator is given by
Egs. (2), (5), or (D).
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The interactions between the quantum Hall edge charge and
the quantum dots is described by

Hio =Y Vid)d;d,$(x;). (13)

where the local density of electrons on the quantum Hall edge
at position x;, \IJ,T (x;)W,(x;), is proportional to 9, ¢(x;) of the
charge sector alone,*® and V; is the strength of the interaction.
Note that our notational conventions are double subscripts for
dot-dot terms (%;;, V;;) and single subscripts for edge-dot terms
&, Vo).

For the assumptions under which we are working, expres-
sions (10)—(13) along with the possible edge theories (1), (3),
and (6) provide a rather general description. We are now ready
to study the Hamiltonian in a number of different limits. We
will focus on the charge fluctuations in the case of two quantum
dots.

B. Double-dot Hamiltonian

A great deal of the structure of the fixed points of the
multidot case is revealed by the double-dot case. We will focus
on the two limits shown in Figs. 1(b) and 1(c). Let us first
consider what type of behaviors we should expect based on
physical considerations alone. In Fig. 1(b) the dots are close
enough to interact with each other directly, i.e., #;;,V;; # 0.
So, if the dots are more strongly coupled to each other than the
edge, we might expect the dots to behave as a “composite” dot
with a higher effective “spin” than the single-dot case.’*®! On
the other hand, if the dots are far enough apart not to interact
directly, i.e.,#;; = V;; = OasshowninFig. 1(c), then their only
interactions will be those mediated by the quantum Hall edge
states. In this picture, one expects some variant of Ruderman-
Kittel-Kasuya-Yosida (RKKY)-type interactions,>? at least at
higher energy scales (although still small compared to the
quantum Hall bulk gap, for example). Even for well-separated
dots, in the low-energy limit they effectively “collapse” to a
single point (because the characteristic wavelength of edge
excitations will eventually be much larger than the interdot
spatial separation) and the physics will be similar (in some
limits) to that of two nearby but noninteracting quantum dots.

Thus there are two primary limits to consider: (i) the
composite “dot” and (ii) the situation where RKKY-type
indirect mediated interactions are important.152 In each case,
we would like to understand the behavior of the charge
fluctuations on the dots near their degeneracy points, and we
would like to draw any parallels to the previously studied
two-impurity Kondo problem in a Fermi liquid. In particular,
we would like to know if there are any unusual quantum
impurity features or behaviors in this scenario.

1. Composite dot

In the composite dot limit, the quantum dots can be taken
to be at the same spatial location, x; = x, = 0, from the point
of view of the edge electrons. The quantum dot, tunneling, and
interaction Hamiltonians then take the form

Hop = €1ny + exny + l12d1Td2 + tfzd;d1 + Vigning, (14)
Hun = W (0)(t1d) + tad) + Hec., (15)
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and
Hiye = (Ving + Vany)0,¢(0). (16)

If the dots are in close proximity, one would expect Vi, to be
alarge energy scale in the problem. In this case, the dot system
would prefer to minimize the energy of the term Vi1 n;, in
Hgp. This effectively restricts the double-dot Hilbert space to
either one or zero total electrons on both dots. Diagonalizing
Hgp within the one-electron subspace one finds energy
eigenvalues Ex = (] + €)/2 + \/(61 — €)% + 4|t1]2/2, and
the Hamiltonian can be written as

Hé];elec =E. dd + E+did+’ an

where d_,d. are the diagonal basis of Eq. (14). The two bases
are related via the transformation

tin Ei—e
VE—e 2+, JEi—er+id <d_> _ (dl)

E_—¢ o d+ d>
N (E_—e)+ih

E—e)+1}

where we have assumed ¢, is real without loss of generality.

If one tunes €, €;, and 15 so that E_ = O then the state of
no electron on the level d_ is degenerate with the state of one
electron on the same level. (One could alternatively take E =
0if €; 4+ €2 < 0, for example.) This occupancy degeneracy is
a necessary condition for the realization of S = 1/2 Kondo
physics in the double-dot charge fluctuations. To see if it is
sufficient, we must inspect the form of Hy, and Hjy in the
diagonal basis to see if the mapping of Refs. 60 and 61 still
goes through. The tunneling Hamiltonian becomes

Huyn = W1 (0)(r_d_ +1,d,)+Hec., (18)
where
__hhet n(E- — 61)7 (19)
(E- —e)?+1},
[ = H(Ey —e)+ lzl127 (20)

(EJr - 62)2 + t122

for general values of E.. Note that for generic values of
parameters (including E_ = 0), z, # 0, so that the level d; is
tunnel coupled to the quantum Hall edge via Eq. (18). However,
if parameters €;, €;, and #, are such that E, > E_ =0,
then we may still neglect the level d, at the same level
of approximation that we have neglected levels far away
from the Fermi energy in the isolated quantum dot. At low
temperatures this is justified because the occupation of the level
d will be exponentially close to zero, while the occupation
of the level d_ will be 1/2 on average when E_ = 0. Thus
we can safely neglect the d, term in Eq. (18) provided
there is no coupling between d_ and d in the transformed
Hint-

Under the transformation just below Eq. (17), the interac-
tion Hamiltonian becomes

Hp = (Von_ 4 Ving + Va(d dy +dld_))o.¢0), (21)
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where n_ = djd,, n, = didJr, and

Vit2, 4+ Vo(E_ — €)?
V. — 1t5, + Va( 261) ’ 22)
(E_—€1)2+112
VI(Ey — €)% + Vot?
Vi=————— (23)
(Ey — )"+ 1
Viti(Ex — €) + Vatp(E- — €1)

JE —ar+ tfz\/(E+ e+

(24)

Note that in Eq. (21) the transformation to d_,d; couples
the two states and will therefore destroy the exact mapping
of the charge fluctuations on the d_ (when E_ = 0) to the
Kondo model unless V. = 0. However, this condition is likely
to be approximately satisfied in practice. We first note that if
Vi = V, (as it would be for identical dots in isolation), then
V1 = 0. However, for similar dots one expects V; = V, + 8V
for some small §V. Doing perturbation theory in the terms
~§ V(didJr —i—did,)ax(ﬁ(O) will lead to a renormalization
of V_ and V, going as §V?/(E, — E_)n_n, [0,0(0)]%. As
the d; level can safely be ignored under our assumption
of E, >» E_ =0, V_ will obtain a correction going as
(SV2/(EJr — E_)(n4+){(0,¢(0)), which is clearly rather small
as both §V2/(E, — E_) and (n) are independently small.

Therefore in the composite dot limit, when we have tuned
E. > E_ =~ (, the effective Hamiltonian is

Heomp ~ Heage + E_n— + (- W](0)d_ + H.c.)
+ V_n_0,¢(0), (25)

where \IJZ(O) is given by one of Egs. (2), (5), or (7). Let us
consider the general case of Eq. (7). Applying the unitary

k2 2042
k

transformation U = ¢*5?O) with o = -

gives

UI_IcompUJr = Hedge + hS§*
FA TS+ TS+ A, IS5, (26)

where
. . k
It = VEye®, 7T = Jkyple#, Ji = B0, @7)

with 8 = 2k +2)/k, A, =t_, A, =V_ —v.a, and h =
E_. The local spin operators are related to the local d_ com-
posite dot level as ST = ndi,S’ =d n,and S*=n_—1/2,
where 7 are Klein factors that ensure the proper commutation
relations are achieved.'>® The # have the property that nf =
n, 172 =1 and they anticommute with fermions, i.e., their
properties are like nondynamical Majorana fermions. For
V_ > v.a, this is the antiferromagnetic Kondo problem, which
has an intermediate coupling fixed point.5%-6!

We have thus established that the low-energy physics of a
composite double dot (with £ > E_ =~ Qand V| — V, small)
coupled to a RR non-Abelian quantum Hall state maps onto
the problem of a single quantum dot coupled to the same state
in a certain range of parameters. Therefore the composite dot
system will realize a stable k-channel single-impurity non-
Fermi-liquid Kondo physics near a degeneracy point at filling
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fraction v = 2 + k/(k + 2) (with the completely filled Landau
levels assumed inert).0%!

If multiple dots are arranged in close proximity, then the
preceding analysis can be generalized, and it is clear that one
can in general tune to a degeneracy point E(N) = E(N + 1)
on the multidot system as well and realize the physics of a
single dot. In this sense, a great deal of the Kondo-like physics
of the charge fluctuations on proximate multidots is captured
by the effective S = 1/2 single-dot limit studied earlier.%*¢!
However, the multidot case also allows for the possibility of an
effective dot degeneracy greater than 2, which, as we will see
in the next section, corresponds to higher spin Kondo models.

C. Two spatially remote dots

Here we discuss the situation shown schematically in
Fig. 1(c) where at “high” energies the dots do not directly
interact with each other. The only interactions between the
dots are those mediated by the gapless edges of the quantum
Hall systems. This will be roughly analogous to the famous
RKKY interactions between two remote impurities in a Fermi
liquid.'>?

1. A candidate low-energy fixed point

Before we turn to the indirect interactions present at “high”
energies, we can immediately determine one candidate for the
low-energy fixed point. We note that regardless of the initial
separation of the dots, at sufficiently low energies they reside
at the same spatial location from the point of view of the
edge states. Thus the tunneling Hamiltonian (12) will again
effectively have x; = x, = 0 at the fixed point. However, since
the dots are “far” from each other, one has #;; = V;; =0 in
Eq. (11) because direct interdot tunneling and interactions can
be neglected. This immediately leads to the following effective
Hamiltonian of two remote dots at low energies:

H = Hegge + [V](0)(t1d) + t2dy) + H.c.]
+eng + eng + (Ving 4 Vany)o¢(0). (28)

Notice that the form of Eq. (28) is exactly of the same form
as the combination Egs. (17), (18), and (21) with VL = 0.
[Recall, however, that the Hamiltonians (17), (18), and (21)
were derived for the O- or 1-particle occupation on the two
dots, while Eq. (28) is valid within the zero-, one- and
two-particle subspace on the two isolated dots.] Thus much of
the previous analysis carries over. For example, if €, = 0 and
le2] > O (or the other way around) in Eq. (28), then we expect
from our previous analysis that the low-energy physics will
be that of a single isolated quantum dot: S = 1/2, k-channel
non-Fermi-liquid Kondo physics.%¢!

An important special case occurs when the two dots and
their couplings to the edge are identical: €; =€, =€, 1] =
bh=t,andV; =V, =V:

H = Hegge + [1W](0)(d) + da) + H.c.]
+e(ny +ny)+ V(ng +n2)d,¢(0), (29)

which, because of the occupation subspace of zero, one, or
two particles, maps onto an S = 1 Kondo model (which has
three allowed S° components). By using S* = S + S; =

771le + 77261; ST =dn +dyn, and ST =S5+ 85=n, +
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ny — 1, where ny,n, are Klein factors that ensure the proper
commutation relations are achieved, [ST,S~] = 254,193 the
Hamiltonian is again cast into the form (26) with § = 1. Note
that in the general situation A | # A, so that the Hamiltonian is
exchange anisotropic. (It remains channel isotropic by virtue
of the unique edge electron operator.®*6') Careful studies of
the exchange anisotropy have shown that the anisotropy is
irrelevant only for S =1/2 and S = (k — 1)/2.!3 Thus for
S =1 the multichannel non-Fermi-liquid behavior is only
to be expected for k =3, or for the v = 13/5 plateau, if
it appears in experiment and is described by a RR state.
However, the S = 1 non-Fermi-liquid case suffers from the
usual instabilities if one tunes away from the special point of
equal z,e,V couplings: It will generically flow to a Fermi-liquid
fixed point.'?

As an aside, we note that it can explicitly be seen that
Eq. (29) is not an § = 1/2 Kondo model through the trans-
formation ¢ = (d, + d»)/+/2,é = (di — d>)/~/2 which maps
Eq. (29) to H = Hegge + [1W!(0)cv/2 + Hec.] + €(n + /1) +
V(n + 71)0,¢(0). While only the ¢ couples to \IJET (0), 7i couples
to 9,¢(0) and so the problem does not map to an S =1/2
Kondo model.

If we generalize the remote double-dot case to multiple
remote dots (that is, those that do not directly interact), it is
clear that for N identical dots, one will have a low-energy fixed
point described by a S = N /2 k-channel Kondo model, which,
because of the intrinsic exchange anisotropy'® will exhibit
Fermi-liquid physics unless N/2 =(k —1)/2or k=N +1
and all the couplings are fine tuned to identical values of each
dot. We thus conclude that the “protected” k-channel Kondo
non-Fermi-liquid physics of the single-dot (composite dot)
limit appears to be rather special to the single-dot limit with a
twofold occupancy degeneracy.®®! However, there are other
possibilities when indirect dot-dot interactions are included.

2. Effective interdot interactions

Our analysis of the the low-energy fixed points of the
double and multidot systems did not explicitly include indirect
interdot interactions that would be generated perturbatively,
and these can be important for the low-energy fixed point.%3-8
In the two-impurity Kondo model in a Fermi liquid, these
perturbatively generated interactions often go under the name
of RKKY interactions.'>> Here we will derive their analog in
the double-dot case on the quantum Hall edge and discuss their
effect on the physics.

At energy scales above those close to the fixed point, but
below the quantum Hall bulk gap, the relevant form of the
Hamiltonian is

2
H = Hegge + 3 ;(Wi(x)d; + d[ We(x:)

i=1
2 2
+ Z €n; + Z Vin;dxp(x;), (30)
i=1 i=1
where now that we are working at higher energies, we take

X1 # x,. Since the dots are assumed remote, we have f; =
Vij =0.
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The Hamiltonian (30) can be cast into the form of a

two-impurity Kondo model upon application of the unitary
; N . /

transformation U = /@ 2 Si¢0%) with o = ’%2 - # for

the general RR state with electron operator given by Eq. (7):

2
UHU' = Hegge + Y Mt [J T ()87 + 77 (xS ]

i=1
2 2
D hiST Y ki )SE 31
i=1 i=1

where A;; =t;, Bri, = V; —vea, B = 2k +2)/k, h; = €,
and the SU(2); currents are given by Eq. (27) as before. The
components of the spin operators S; are Si+ = r],-aliT ST =dn;,
and S} = n; — 1/2, where n; are dot-dependent Klein factors
that ensure the proper commutation relations are achieved.'?
We remark that the transformation between Eqs. (30) and (31)
is exact, and the physics should be equivalently captured by
either form of the Hamiltonian. The most important difference
between the two forms is that the coupling constants A; | ,A;,
have the same scaling dimensions (i.e., marginal) in Eq. (31)
while in Eq. (30) the tunneling terms are naively irrelevant.®*-¢!

The Hamiltonian (31) shows that at “high” energies two
spatially separated quantum dots behave as a two-impurity
exchange anisotropic but channel isotropic k-channel Kondo
model in an gapless electron liquid described by Hegge. To the
best of our knowledge, this situation has not arisen before in
the literature. The physics of two-impurity k-channel models in
the case of a Fermi liquid has not been studied, aside from the
case of k = 2, which has received only limited attention.®-”
We thus believe there is the potential for novel features to arise
in this class of impurity models.

As a point of comparison, it is useful to briefly remind
the reader of the formulation of the two-impurity problem in
the Fermi-liquid context. The following Hamiltonian plays a
prominent role:63-68

Ho-imp FL = A1) - St +aJ(x) - S+ K8y -5, (32)

where the spin-spin interactions with coupling constant K are
typically generated by RKKY-type effects.!>> The spin-spin
interactions can be computed perturbatively in A in Eq. (32)
so that K oc A2 at lowest order. However, for purposes of
studying possible phase transitions, it is useful to think
of K as in independent parameter that can be tuned (by
changing the impurity separation, for example), as it will
in any case be renormalized at low energies. Ultimately, the
physics is determined by a complex interplay between both
single-impurity-like Kondo effects and the impurity-impurity
interactions.

The main result of the studies of the single-channel model
(32) is that it possesses a Fermi-liquid ground state except
for the case where particle-hole symmetry is present and K
takes on a special value of order Tk, where Tk is the single-
impurity Kondo temperature.®*-*® One can argue for a phase
transition in the following way. When K — —oo the two spins
are ferromagnetically coupled and effectively behave as S = 1,
with two channels (one from each spin-1/2) coupled to the
conduction electrons. Since the number of channels is equal
to 2 x 1/2, the ground state is Fermi-liquid like and there is
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a unitary limit scattering phase shift of 7 /2 at low energies.
On the other hand, when K — oo, the two spins are locked
into a singlet and thus “screen” each other resulting in a phase
shift of zero. (They become inert from the point of view of the
conduction electrons.) Because the phase shift cannot evolve
smoothly between 0 and /2 there must be a phase transition
in between for some intermediate value of K; it turns out that
right at the critical point the ground state has non-Fermi-liquid
properties. 0368

The two-impurity, two-channel Kondo model in a Fermi
liquid has been studied in Refs. 69 and 70. The main
result is that the single-impurity non-Fermi-liquid behavior
of the two-channel model is destabilized by the RKKY
interactions. In addition to a number of Fermi-liquid phases, a
line of nonuniversal, non-Fermi-liquid ground states is found
for antiferromagnetic K. The manifold of non-Fermi-liquid
ground states with properties that vary with the bare parameters
results from the RKKY interaction being an exactly marginal
perturbation in this case. Thus non-Fermi-liquid physics is
more stable in the two-impurity, two-channel Kondo model
than in the two-impurity, single-channel Kondo model (which
has only one unstable point in parameter space of non-Fermi-
liquid behavior).

We now return to the subject of the RKKY interactions for
the Hamiltonian (31). To the best of our knowledge, RKKY
interactions have not been investigated in an interacting chiral
system such as the edge of a fractional quantum Hall state.
Even in a Luttinger liquid, they appear to have received little
attention.'>* The most salient difference is that the Fermi
wave vector kr does not explicitly appear in the edge electron
operators (2), (5), or (7) [or the closely related SU(2), current
operators (27)]. This has the immediate consequence that the
RKKY interactions for Eq. (31) will not be oscillatory.

The sign of the interaction can be determined by energetics:
Considering first the S° interactions, if an electron is on dot 1,
but not on dot 2, then a second-order process of an electron
hopping to dot 2 and back will be possible while it would not
be if dot 2 were occupied. Thus the effective interaction

HRKKY.z—comp = KZ(|X2 - Xll)SfSﬁ7 (33)

is antiferromagnetic, K* > 0, for all distances. Because of
translational symmetry along the edge, the interaction only
depends on the distance between the dots. In the language
of dot occupations, the Hamiltonian (33) is a density-density
interaction between the dots.

On the other hand, if one looks at the perpendicular
components, one finds

HRikY, 1comp = K (12 — x11)(SF Sy +Hee),  (34)

which corresponds to a funneling term between
dots. Since Kt(x) = M.1Aa 1 (JH(x)I(0)) and
K*(x) = A1 ;A2 (J*(x)J?(0)) are proportional by the
SU(2) symmetry of the edge currents, the perpendicular
components are also antiferromagnetic. Moreover, as the
scaling dimensions of the current operators are independent
of k, we find K¥*(x) o 1/x? for all quantum Hall edges in
the RR class. Thus there is a universal decay of the RKKY
interactions in the double-dot scenario we consider.
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If we had instead computed the effective dot tunneling terms
K+ o t,1, from Eq. (30) we would have found K+(x) oc 1/x3
so that we would have concluded that these are subleading
terms compared to K*. However, as discussed in Refs. 60
and 61 the presence of the dot-edge interaction V changes the
scaling dimension of the #; to match V at low energies. Thus
for studies of the possible low-energy fixed points one should
use the form (31), which already includes the proper scaling
dimension of the terms proportional to #;.5%¢!

Finally, we note that if one goes to fourth-order perturbation
theory in A, density-density interactions similar to Eq. (33)
will result. For the effective S = 1/2 model we are considering
here, no other interactions will be generated at higher orders
in perturbation theory. We thus see that the Hamiltonian of
the dots with RKKY interactions included reduces to a form
similar to Eq. (14), which we had considered earlier.

Since the effective spin-spin interactions (33) and (34) are
antiferromagnetic, analogy to the k = 2 Fermi-liquid case®°
suggest that there is a possibility for new non-Fermi-liquid
fixed points to arise. We leave a detailed study of this intriguing
possibility to future work.

IV. CONCLUSIONS

In this work we have studied electron tunneling between
multiple quantum dots and the edge of a non-Abelian fractional
quantum Hall state. We have investigated how much of the
exact mapping®®®! of a single dot next to a Read-Rezayi state
at filling fraction v =2 + k/(k + 2) to a k-channel Kondo
model carries over to various multiple-dot cases. We did not
study particle-hole conjugates of the Read-Rezayi states or
other candidate states in the literature (non-Abelian as well
as Abelian) as they generally result in Fermi-liquid quantum
impurity physics.®“®! We stress that the multiple impurity -
channel Kondo model has not been addressed before in the
literature, aside from the case of k = 2 in a Fermi liquid.69'70
The typically fragile non-Fermi-liquid physics of the single-
dot (spin) case is “topologically protected” in our scenario and
we believe this opens the way for a potentially new class of
fixed points, perhaps analogous to what is found in the k = 2
case,%70 or something altogether different. Motivating further
studies on the models we consider here and related models is
one of the primary goals of this work.

In this paper we established that in many situations, such
as dots in close proximity, the multiple dots may act as one
effective dot. In this case, if the energy levels are tuned to
a double degeneracy point, then the charge fluctuations map
onto the single-impurity S = 1/2 k-channel Kondo model as
before. However, we also found that higher degeneracies are
possible, and these correspond to higher-spin multichannel
Kondo models. We showed that in general the non-Fermi-
liquid physics of these higher spin multichannel Kondo models
is not topologically protected, and noted that they will instead
generically exhibit Fermi-liquid properties. In this sense, the
“single-dot” limit previously studied captures a large class of
the interesting non-Fermi-liquid impurity physics.®*¢!

We also studied the case of impurities widely separated
along the edge (so that they do not directly interact with
each other). Specializing to the case of two widely separated
impurities, we computed the effective RKKY-type interactions
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FIG. 2. (Color online) Schematic of a model for electron tunnel-
ing through a quantum dot. Gates are shown in black. The gates can
be used to form a point contact to pinch the dot off from the rest of
the quantum Hall bulk. The gate labeled V, can be used to adjust the
number of electron on the dot. When electron tunneling is allowed
between the dot and the two reservoirs, the charge fluctuations near
a degeneracy point have physics that does not immediately map onto
a Kondo impurity model and a novel quantum impurity fixed point is
possible.

between the charges on the dots. These terms are known to
potentially compete with the single-impurity Kondo physics
and drive phase transitions, including a non-Fermi-liquid fixed
point in the case of two single-channel Kondo impurities in a
Fermi liquid,®*~%® and a line of nonuniversal non-Fermi-liquid
behavior in the case of two two-channel Kondo impurities in
a Fermi liquid.®>’" We speculate that even more non-Fermi-
liquid states are to be found in the scenario we discussed, but
leave that question to future work. In particular, if numerical
renormalization-group methods'3>!3® can be adapted to handle
the strongly correlated gapless degrees of freedom present on
the edge of a non-Abelian fractional quantum Hall state, then
significant progress could be made in this direction.

The multidot scenarios we studied in this work were all
edge coupled to the fractional quantum Hall system, as shown
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in Fig. 1. Another possibility is to have a single dot or multiple
dots connected in series to two fractional quantum Hall states,
as shown in Fig. 2. Remarkably, even the case of a single
quantum dot shown in Fig. 2 there does not appear to be a
simple mapping to any Kondo-like quantum impurity problem
when the quantum Hall states are fractional (including a simple
Lauglin state).®" We hold this system out as yet another where
novel quantum impurity fixed points may arise.

In summary, our main goal in this work was to understand
how much of the non-Fermi-liquid impurity physics of a single
quantum dot near its degeneracy point carries over to the case
of multiple dots. We outlined some conditions under which we
expected the non-Fermi-liquid physics to be (i) “topologically
protected” as in the single-dot case, and (ii) present for a
fine tuning of parameters. However, there are many details
left unanswered by our study (such as crossover regimes and
precise phase boundaries) and possibly new fixed points to be
discovered. It is our hope that other researchers will pick up
the thread and apply the full power of conformal field theory,
non perturbative renormalization-group methods, and other
techniques to study this problem further. We believe there
is potential for fundamental discovery in quantum impurity
physics in the scenarios we have discussed here.
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