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Rectification of spin currents in spin chains
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We study spin transport in nonitinerant one-dimensional quantum spin chains. Motivated by possible
applications in spintronics, we consider rectification effects in both ferromagnetic and antiferromagnetic systems.
We find that the crucial ingredients in designing a system that displays a nonzero rectification current are an
anisotropy in the exchange interaction of the spin chain combined with an offset magnetic field. For both
ferromagnetic and antiferromagnetic systems we can exploit the gap in the excitation spectrum that is created
by a bulk anisotropy to obtain a measurable rectification effect at realistic magnetic fields. For antiferromagnetic
systems we also find that we can achieve a similar effect by introducing a magnetic impurity, obtained by altering

two neighboring bonds in the spin Hamiltonian.
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I. INTRODUCTION

Spintronics is the field of spin-based electronics, in which
the spin degree of freedom is taken as a carrier of information
instead of the charge, as is the case in traditional electronics.
The field has seen a rapid development over the last decades. !
Among the potential advantages of spin-based devices (which
could be operated at high switching speed) in comparison to
their charge-based counterparts are longer coherence times
of the spins and lower energy dissipation associated with
performing logical operations and transporting the information
carriers.! The latter advantage is often strongly reduced by
the fact that most schemes for spin-based devices rely on spin
currents that are generated as a by-product of associated charge
currents.'

The focus of the present work lies on transport of spin
excitations in nonitinerant one-dimensional quantum systems
(spin chains). In such systems magnetization can be trans-
ported by magnons (spin waves) or spinons (domain walls),
without any transport of charge. Since transport only occurs
in the spin sector the energy dissipation associated with the
transport of a single spin in nonitinerant systems* is much
lower than in itinerant systems,™® in which spin transport
is a by-product of the transport of charge. Furthermore,
nonitinerant systems have also been proposed for performing
low-power logic operations.” Since energy dissipation is such
an important limitation in modern spin and electronic devices,
these facts make nonitinerant systems a promising candidate
for applications in spintronics.®

Possible candidates for spin chains are, for instance, bulk
structures of KCuF3, SR,CuQO3, or SrCuQO,, in which the
exchange interaction between different chains in the crystal
is much weaker than the intrachain interaction.’~'? There exist
spin chains with rather larger anisotropy in the exchange
interaction, for instance, Cs,CoCly (see Ref. 13). In a recent
experiment!# it has been shown that the cuprate SrCuO, has a
mean-free path for spinon excitations exceeding 1 wm, which
shows that ballistic transport of magnetic excitations over
relatively long distances in such systems is indeed possible.
Various mechanisms to create pure (no charge currents) spin
currents have been proposed, including spin pumping'> and
the creation of spin voltage by means of the spin Seebeck
effect.!® It has also been shown that, using the spin Hall effect,
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it is possible to convert an electric signal in a metal into a spin
wave, which can then be transmitted into an insulator.'” We
mention here also the fact that this type of ballistic transport in
magnetic systems is not the only kind of nearly dissipationless
spin transport. Other systems that have received wide attention
recently are topological insulators,'® where in particular edge
states in a quantum spin Hall insulator have been predicted to
be dissipationless.'® For an overview of other possibilities, see
a recent review by Sonin.?’

Specifically, in this work we investigate rectification effects
in nonitinerant one-dimensional quantum spin systems. Our
motivation to do so lies therein that such effects form the
basis for a device crucial to spin and electronics, the tran-
sistor. In charge transport, rectification effects in mesoscopic
systems have received considerable attention in recent years,
both in one-dimensional (1D)*'>* and higher dimensional
systems.”>~2” However, these studies have so far been limited to
the itinerant electronic case. Here, we consider insulating spin
chains (without itinerant charge carriers) and study the analog
of such rectification effects in the transport of magnetization;
see Fig. 1.

The magnetic systems we consider are assumed to have an
anisotropy A in the z direction in the exchange interaction
between neighboring spins in the spin chain. Together with
an offset magnetic field applied to the entire system, also
in the z direction, this anisotropy will allow us to design
systems displaying a nonzero rectification effect. We consider
both ferro- and antiferromagnetic systems, using respectively a
spin-wave and a Luttinger liquid description. For both types of
magnetic order we find that an enhanced exchange interaction
in the z direction gives rise to the opening of a gap in the
excitation spectrum of the spin chain. We can use the offset
magnetic field to tune the system to just below the lower edge
of the gap, so that we get the asymmetry in the spin current
between positive and negative magnetic-field gradients AB
required to achieve a nonzero rectification current. We find
here that larger values of the exchange interaction J or the
exchange anisotropy A lead to a larger gap, and hence require
stronger magnetic fields.

For the case of antiferromagnetic order we also discuss the
case of suppressed exchange interaction in the z direction.
As it turns out, in this case we need an extra ingredient to
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FIG. 1. (Color online) (a) Schematic view of the nonitinerant
spin system. The 1D spin chain is adiabatically connected (see text)
to two spin reservoirs. (b) A magnetic-field gradient AB gives rise
to transport of magnetization through the spin chain, e.g., via spin
waves. Depending on the exchange interaction A; in the spin chain
[see Eq. (1)], part of the spin current can be reflected. In a rectifying
system, the magnitude of the spin current through the system depends
on the sign of AB.

achieve a sizable rectification effect. Here the extra is a “site
impurity,” a local change in the exchange anisotropy, which
models the substitution of a single atom in the spin chain.
We find that, in the presence of the offset magnetic field, the
leading term in the perturbation caused by such an impurity
flows—in a renormalization-group sense—to strong coupling
for low energies. We can therefore, again in combination with
the offset magnetic field, use it to achieve the rectification
effect. In the regime where our calculations are valid, we find
that the rectification current is quadratic in the strength of the
impurity, and behaves as a negative power of (AB/J). The
dependence of the rectification current on the anisotropy A is
more complicated, and described in detail in Sec. VIII.

This work is organized as follows: In Sec. II we introduce
our model, in Sec. III we discuss the rectification effect
for ferromagnetic systems using the spin-wave formalism.
In Sec. IV we map the antiferromagnetic (AF) Heisenberg
Hamiltonian on the Luttinger liquid model and describe the
different perturbations resulting from the anisotropic exchange
anisotropy in the presence of the offset magnetic field. We then
continue in Sec. V with a renormalization-group analysis to
find the most relevant perturbations. In Sec. VI we focus on the
case of enhanced exchange anisotropy and find the resulting
rectification effect. Section VII contains the analysis for a
suppressed exchange anisotropy in combination with the site
impurity, and in Sec. VIII we give numerical estimates of the
rectification effect for the latter system.

II. SYSTEM AND MODEL

The system we consider consists of a one-dimensional spin
chain of length L, adiabatically connected (see below) to two
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three-dimensional spin reservoirs. This system is described by
the Heisenberg Hamiltonian

H=""Jj[S'S]+ 'S + AySiSi) + gus Yy BiS:. (1)

(i) i

Here (ij) denotes summation over nearest neighbors, and
we count each bond between nearest neighbors only once.
S¢ is the o component of the spin operator at position 7;.
Jij denotes the exchange coupling between the two nearest
neighbors at 7; and 7;. The non-negative variable A;; is the
anisotropy in the exchange coupling. Regarding the ground
state of the spin chain, assuming A;; to be constant, we
can distinguish two different classes of ground states in the
absence of an external magnetic field, depending on the sign
of the exchange coupling J;;. For constant J;; < 0 the spin
chain has a ferromagnetic ground state and we can describe
its low-energy properties within the spin-wave formalism. For
constant J;; > O the ground state is antiferromagnetic, and, in
principle, we can determine the full excitation spectrum using
Bethe-ansatz methods.?® However, given the complexity of the
resulting solution it is convenient to use a different approach
and describe the system and its low-lying excitations using
inhomogeneous Luttinger liquid theory, which is what we will
do in this work.

We will study two different scenarios for the exchange
interaction in the spin chain. In the first scenario

In general, such a constant anisotropy in the spin chain
will open a gap in the excitation spectrum, which we can
use to design a system that displays a nonzero rectification
effect. Furthermore, it will turn out that when the constant
A satisfies 0 < A <1 we need a spatially varying A;; to
achieve a sizable rectification effect. Therefore in the second
scenario we will consider a site impurity at position ig.
This perturbation, in which two adjacent bonds are altered,
describes the replacement of a single atom in the spin chain.
It can be modeled as

A=A+ A8 ;-1(8ii+8ii,+1) and A <1 (3)

Here §; ; is the Kronecker § function.

The last term in the Hamiltonian (1) is the Zeeman coupling
caused by an external, possibly spatially varying, magnetic
field B;. This term defines the z axis as the quantization axis of
the spin. In all cases that we will consider the total magnetic
field B; can be split into a constant part and a spatially varying
part, B; = By + AB;. Here the constant offset magnetic field
By > 0is applied to the spin chain and the two reservoirs. A B;
is constant and equal to —A B in the left reservoir and goes to
zero in the contact region between the left reservoir and the
spin chain. We now define a rectifying system as a system in
which the spin current /; satisfies I;(AB) # —I;(—AB); see
also Fig. 1. To quantify the amount of rectification, we use the
rectification current I, (A B), defined as

I,(AB) + I,(—AB)

I.(AB) = 5

“
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III. RECTIFICATION IN FERROMAGNETIC SPIN
CHAINS: SPIN-WAVE FORMALISM

To illustrate the mechanism behind the rectification effect
we first consider a ferromagnetic spin chain with constant
anisotropic exchange interaction in the z direction [J;; = J <
Oand A;; = A > 1in Eq. (1)]. The spin chain is adiabatically
connected (see below) to two three-dimensional ferromagnetic
reservoirs Ry and Ry (see Fig. 1) and we assume initially that
only the the constant magnetic field By is present. For temper-
atures T < guBy/kp the density of spin excitations is low,
which allows us to use the Holstein-Primakoff transformation
to map the Heisenberg Hamiltonian on a set of independent
harmonic oscillators.? In the presence of a constant magnetic
field By and a nonzero anisotropy A the excitation spectrum
of the magnons, the bosonic excitations of the system, has the
following form:

oy = gugBo +2(A — DIJ|s + |/ |s(ka)’, &)

with a the distance between nearest-neighbor spins and s
the magnitude of a single spin. The magnons have magnetic
moment —gupZ. The magnon distribution is given by the
Bose-Einstein distribution 7 g(wy). In order for the spin chain
and reservoirs to be adiabatically connected, the length of the
transition region L, between spin chain and reservoir must be
much larger than the typical wavelength of the excitations.
From Eq. (5) we can now see that for ferromagnets this
requirement becomes L, > 2w/ Js/gupBoa (we ignore the
anisotropy in this estimate). For Js = 10kg J, By = 0.5 T the
requirement amounts to L, >> 25a.

From Eq. (5) it follows that magnons in the spin chain
require a minimum energy of gupg By + 2(A — 1)Js, whereas
the magnons in the reservoirs (assuming that A =1 in the
reservoirs) have a minimum energy of gugBy. The effect
of applying a magnetic field —A B to the left reservoir is to
create the nonequilibrium situation in which the distribution

R Spin chain R,

FIG. 2. (Color online) Schematic view of the system under
consideration (bottom) and the band structure for the ferromagnetic
exchange interaction (top). The colored areas on the left and right in
the top picture depict the filled states in the reservoirs. The position
of the bottom of the band in the left reservoir depends on AB. The
striped area in the middle denotes the band of allowed states in the
spin chain. It is seen that spin transport through the spin chain can be
large for AB < 0, but only small for AB > 0.
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of magnons in the left reservoir is shifted by an amount
—gupAB. From Fig. 2 it is seen that shifting the magnon
spectrum up (AB < 0) allows the magnons from R; to be
transported through the spin chain. Because of the asymmetry
of the distributions in R; and R alarge (negative) spin current
will flow in this situation. When we shift the spectrum in R,
down (AB > 0), the spin current is blocked by the gap in
the excitation spectrum of the spin chain, hence only a small
(positive) spin current will flow. To determine the rectification
current we use the Landauer-Biittiker approach’ to calculate
the spin current through the chain. The total spin current is
givenby Iy = I g — Ig_. 1, where

kmax.L

k
Sons(@)v()T k),  (6)

I, r(AB) = —gMB/
2m

Kmin, L

and Ig_,; is defined analogously. The AB dependence will
be shown to be in the limits of integration. Here v(k) is the
group velocity of the magnons, v(k) = dwy/dk, and T (k) is the
transmission coefficient through the spin chain. For this system
the transmission coefficient 7'(k) = 1 as long as the magnons
are not blocked by the gap in the excitation spectrum of the
spin chain. In the absence of A B the magnon spectrum in the
reservoirs reaches the upper edge of the gap in the spectrum at
wave vector kg = 1/2(A — 1)/a?. We can incorporate the shift
in the magnon spectrum in the left reservoir by changing the
lower boundary in the integral for the spin current to kyin 1, =

max{0,k. }, where we defined k;, = Re[,/k3 + £EAB]and § =
gug/(Jsaz). For temperatures T such that T <« sJ/kg, so
that we can set the upper boundary to infinity, we then have
the limits of integration (max{0,k},00) for the current from
R to Rg.For I_,; wehave the limits (max{kq,kg},o0), where
kr = Re[+/—& AB]. The resulting spin current is then

I(AB) = —

max{ko,kg} 20k

k———
h max {0,k } ePlak’+gupBoy) _ |

where o = sa”J. The spin current has been plotted in Fig. 3
for realistic material parameters.

IV. RECTIFICATION IN ANTIFERROMAGNETIC SPIN
CHAINS: LUTTINGER LIQUID FORMALISM

We now consider the case of an antiferromagetic spin
chain consisting of spins 1/2 and adiabatically connected
(for the antiferromagnetic system this means L; > ZJTk;l =
4a; see below) to two three-dimensional antiferromagnetic
reservoirs. We will show that it is possible to map both the
spin chain and the two reservoirs on the Luttinger liquid
model.

We start with the description of the spin chain and come
back to the description of the reservoirs at the end of this
section. To model the spin chain?! we use that in one dimension

we can apply the Jordan-Wigner transformation to map the

. .. iz YTl e
spin operators onto fermionic operators: S;" — cje’”zf?f”‘f‘f
and S} — cjc,» — 1/2. This allows us to rewrite the part of
Hamiltonian (1) that describes the spin chain as the fermionic
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FIG. 3. (Color online) Spin current as function of applied mag-
netic field for the parameters J = 10kg J,s =1,g =2, By =0.1T,
T =100 mK, and a =10 nm. The spin currents for different
anisotropies all saturate at the same positive value; this is the
point where all the magnons incoming from the left reservoir are
transmitted. This maximum current is on the order of 10° magnons
per second. Since the typical magnon velocity o = Ja?ko/h is on the
order of 10* ms™!, and assuming length L ~ 1 m for the spin chain,
this is indeed within the single magnon regime.

Hamiltonian:

J .
H =3 S(claci+elein +gun ) Bilele = 1/2)

1

+ Y TAel e — 1/2)(ele — 1/2)

= Ho+ Hp + H.. 8)

We initially assume that the magnetic field satisfies gupB <
J and that A < 1, so that we can use perturbation theory to
describe Hp + H,. We will ultimately want a description of
the system by its bosonic action.

Considering first Hy, and restricting the Hamiltonian to
low-energy excitations, we can take the continuum limit and
linearize the excitation spectrum around the Fermi wave
vector kp = m/(2a), where a is again the lattice spacing,
to arrive at an effective (1 + 1)-dimensional field theory
involving left- and right-moving fermionic excitations. To
this purpose we replace cj — a2y f(x), Y.a— [dx and
A; — A(x). Here x = ia. After introducing left- and right-
moving fermions, wf(x) = lpZ(x) + 1//L(x), we carry out a
bosonization procedure®>* using the following operators:

1 )
Iﬂj(x) — _efereretler(p(x)fe(x)]. (9)

V2ma

Here r = L,R, ¢, = F1, and k, is the Fermi wave vector
for r-moving particles (see below). ¢(x) is the bosonic
field related to the density fluctuations in the system as
0;9(x) = —m[pr(x) + pr(x)]. Here, 6(x) is its conjugate
field, satisfying [¢(x),0,/0(x")] = imd(x — x"). We have left
out the Klein operators in the fermionic creation operators,
since they cancel in the subsequent perturbation theory.
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Using the aforementioned operations we can transform the
Hamiltonian H into the quadratic action

/) N 1 R
Solg) = 5— dzr[u[am(r)]z—;[atas(r)]z] (10)

Here and in the following we use the notation 7 = (x,#)” . For
the free action u = Ja/h and K = 1, these parameters will
change due to the presence of the Hz and H, terms.

The effect of the inclusion of the magnetic-field term Hp
is twofold: In the absence of any backscattering and umklapp
scattering the field will introduce different densities of left-
and right-moving excitations in the spin chain. The effect of
this is to change the Fermi wave vectors in Eq. (9) for the
respective particles to kg = w/(2a) + uﬁhg,ug(Bo — AB) and
kp =m/Qa)+ %gu g Bo. This does not affect the bosonized
form of H,, but will have an effect on the bosonized form
of H. Furthermore, the spatial dependence of the magnetic
field makes that the spin chain is now described by S[¢] =
Sol®] + Szl¢], where

iz - -
Splol = —gTB / d*r¢(F)a. B(P). an
We use the specific form of the magnetic field

3. B(F) = ABS(x — L/2), (12)

which corresponds to the magnetic field described in Sec. 1I.

In the next step we derive the bosonic representation of the
H, term.*** In the continuum limit the z component of the
spin operator is given by the normal ordered expression

SUx) = 1 YR@OVRE) + YL ()PL(x)
+ YR YL + YL YR : 13)

The interaction term H, contains terms that transfer approx-
imately 0,2kr or 4kr momentum. Around half filling and
for a constant exchange anisotropy, e.g., the case in Eq. (2),
conservation of momentum requires that the only terms that
can survive are the ones that transfer approximately O or
4kr momentum, the 2kp terms are suppressed by rapidly
oscillating exp(£2ikpx) terms. The terms that transfer small
momentum give rise to terms proportional to [3,¢(7)]?, and
hence change the parameters u, K in Eq. (10). It is not possible
to determine the exact values from the linearized theory, they
can, however, be determined from the Bethe-ansatz solution.3°
Important here is that for A < 1 we have K 2 1/2. The 4kr
term (umklapp scattering term) becomes

_aJ
T (2ra)?

Suslg] [ draccostaod ~ apx1. s
where p = uﬁh gip(By — AB/2). We have neglected a constant
term o pa inside the cosine.

If a spatially varying anisotropy is present, as in Eq. (3),
the 2kp-backscattering terms do not necessarily vanish in
regions where A(x) varies on a scale of order a. The
bosonization of the 2kr terms then requires some care. If
we naively use the continuum form of Eq. (8), this term
contains infinities after the bosonization. Therefore it has to
be normal ordered,?? which we can do using Wick’s theorem

—

and the contraction ¥, (x)y i/(x +a)=—r

e~irkra

Smai (Sr,r/ . Since
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the S7S7, | term contains four-fermion operators the normal

ordering will yield not only additional constants, but also two
fermion operators, as can, for instance, be seen from the typical

term ¥k (x)¥r(X)¥ k(x + @)L (x 4 a), which becomes
LY ROOYREY R + @)L (x +a) : +
: WL(x)IﬁL(x +a): YrO)Y 2()6 +a). (15)

The latter term is equal to — e;:;; : w; ()Y (x + a) :. There

are four such terms; together they give the backscattering term
2aJ
— d*r(=1)"“A
e / (=1 A(x)
x {sin[2¢(F) — 2px] + sin[2¢(F) — 2p(x + a)]}.
(16)

Spslo] =

The completely normal-ordered term becomes
_ 8aJ 2 1\x/a = 12
- G [ vt awiased)
x {sin[2¢(F) — 2px] + sin[2¢(F¥) — 2p(x + a)]}.
a7

Sesn[@]

The latter can be seen by expanding the normal ordered term
around x and invoking the Pauli exclusion principle. From
simple dimension counting it is clear that the dimension of
this operator is 2 + K. Hence it is always irrelevant, and we
will neglect it in the following. The total action describing the
spin chain is then given by

S[¢] = Sole] + Spl@] + Susle] + Ses[o]. (18)

Now we can distinguish between the two scenarios in
Egs. (2) and (3). For the constant anisotropy in Eq. (2) the
Ses[¢] and Sgsn[¢] terms vanish because they are proportional
to the rapidly oscillating (—1)*/¢. Hence only the bulk umklapp
scattering term, given by

Al
2ma)?

remains. Here A = aJA. The spin chain in Eq. (2) is thus
described by the action Sy[¢] + Sgus[@] + Spld]. As we will
discuss in the next section, the bulk umklapp scattering term
renormalizes as 2 — 4K, hence it is irrelevant for K > 1/2
(A < 1) and relevant for K < 1/2 (A > 1). If this term is
relevant, as it is for the parameters in Eq. (2), it opens a gap
in the excitation spectrum of the spin chain, which, as we will
show in Sec. VI, can be used to achieve the rectification effect
in a similar way as for the ferromagnetic system in Sec. III. To
wit, if we tune By such that it lies just below the upper edge of
the gap, for AB > 0 there can be no spin transport, since there
are no states available for transport in the chain, whereas for
AB < 0 the states above the edge of the gap are accessible,
and transport is made possible.

Next we discuss the case with spatially varying exchange
anisotropy, Eq. (3). We start out by noting that, since the bulk
umklapp scattering term is irrelevant for this scenario, the spin
chain is not in a gapped state in equilibrium. The effect of the
applied magnetic field is then to move the spin chain away from
half filling. As we will show later, in the current scenario this
doping is required in order to achieve a nonzero rectification

Ssus[®] = /dxdtCOS[4¢(7)—4px], 19)
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current. In the case of Eq. (3) the backscattering term vanishes
everywhere, except in the region where A(x) itself varies on
a short length scale. For the specific form of the anisotropy of
Eq. (3), the action resulting from the site impurity is

Susio] = — 22 [ ara sin[20(e0.0) — 2 a
Bs[m——(h)zf x{sm[mxo,)— p<x0—5>]

+ sin [2¢(x0,t) —2p (xo + %)iH, (20)

where, here and elsewhere, 9, f(xo,t) should be read as
0y f(x,1)|x=x,- Adding to this term the local umklapp scattering
term caused by the site impurity, the total action coming from
this impurity becomes

1 1
Silo] = — / a’t{ Z[xg cos4¢p(xg,t) + )\‘; sin 4¢(x0,t)]

+ o [2§ cos 2¢(xo.t) + A3 sin 2¢(x,1)]
+ a[A§0,p(xo,1) cos 2¢(xo,1)

+ 250, (x0.1) sin 2¢(x0,t)]}, @1

which contains terms caused by umklapp scattering (pro-
portional to A;’b), terms that may be called offset-induced
backscattering terms (proportional to Ag’b), and terms that
describe combined forward- and backscattering (proportional
to )\Z‘b). In the expression for the action Si[¢] we have
defined o = pa = %g,uB(Bo — AB/2) = K (8LsBo=AB/2)y

ho.

Here we have identified the UV cutoff of the theory w, with
u/a. Furthermore, the prefactors are given by

A9 =2A[cosdp(xg — a/2) + cosdp(xo + a/2)],

A5 = 2A[sin4p(xo — a/2) + sindp(xg + a/2)],
A = AM=1Y""[cos 2p(xg — a/2) + cos 2p(xo + a/2)],
AS = AM=1)"[sin 2p(x — a/2) + sin 2p(xo + a/2)].

Where A = aJ A'. Furthermore, 15 = —24". In this scenario
the spin chain is thus described by So[¢] + Ssusl¢] + Sil¢] +
Sglol.

Finally we return to the description of the spin reservoirs.
As we show in detail in Appendix A, we can describe the
low-energy excitations of the reservoirs by the quadratic
Luttinger liquid action, Eq. (10). The effective Luttinger liquid
parameters u,, K, of the three-dimensional reservoirs can be
determined by mapping its dynamic susceptibility onto that of
a Luttinger liquid, using the nonlinear ¢ model, resulting in

u, =~3Ja/h, K, =m1/@dV3). (23)
This means that we can describe the reservoirs by letting u —
u(x) and K — K(x) in Eq. (10), where

u,K for xe(—L/2,L/2),

w.K, for x¢(—L/2.0/2). &Y

ulx),K(x) = {

V. RENORMALIZATION-GROUP TREATMENT

We start the analysis of the antiferrromagnetic spin chain
by studying the scaling behavior of the spin chain, allowing
us to determine which perturbations will be most relevant in
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the low-energy sector. We perform the renormalization-group
(RG) calculation in momentum space,’! assuming there is a
hard natural momentum cutoff A in the system. In the RG
procedure the cutoff A(l) = Age™ is decreased from A(/) to
A(l 4+ dl). For the RG procedure we consider the partition
function written in terms of the action in imaginary time. As is
customary we split the field ¢(7) contained in this action up in
a fast and a slow part, ¢(¥) = ¢~ (¥) + ¢=(¥), where the fast
part contains Fourier components with momentum between
A(l + dl) and A(l), and the slow part contains the components
with momentum less than A(I 4 dI). The RG procedure then
consists of integrating out the fast modes, and subsequently
restoring the original cutoff in the action, in order to find
an effective low-energy action with the same couplings, but
different coupling constants. This allows us to find the relevant
(increasing in magnitude under a decrease of the cutoff)
and irrelevant (decreasing in magnitude under a decrease
of the cutoff) couplings. For completeness, we mention the
renormalization equations for the constant anisotropy A (see
Ref. 31),

dK 8% 1
dl —  QahRuz©
du  8MK? 1
- = —_Cua
dl  Qn)*n’u
dp (25)
E =P,
dhi
=L = (2 —4K)A.
T ( A

We have omitted several terms Aa, which are a number of order
1. The different constants are given by [here 7 = A(x,ut)’ is
dimensionless]

1 .
Cx == / d°F cos[4px]F* Jo(Fe *K 11D,

’ 26
1 (20
Cu=—3 / d*F(x* — u*T?) cos[4px]Jo(Fe KA.

Here Jy(7) is the zeroth-order Bessel function and Fi(7) =
fol dq%. Both integrals converge and are of order 1.
From the last RG equation it follows that for K < 1/2,
which as we have seen before corresponds to A > 1, the
perturbation caused by the bulk umklapp scattering grows
under renormalization. This corresponds to the opening of
a gap in the excitation spectrum of the spin chain. The
magnitude M of this gap has been calculated analytically using
Bethe-ansatz methods,?” and is given by

J v

M g sinh v i 1

- cosh[(2n + D)72/2v] @7

=—00

where v = acoshA. For A 2 1 this gap is exponentially small,
M = 4z J exp[—n?/Q2[2(A — 1)]'/?)], and for A — oo it
becomes M ~ J[A — 2].

If we now assume to be in the regime where K > 1/2 and
add the site impurity described by Si[¢], we get the following
additional equations:

/b
dry

= (1= 4K — TP C — Ty,
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/b
dis

== - K" =13 Cy = AYC £ ALY C, (28)

drs’
di

where we

have defined the second-order terms
a/b a~alb
Do = ASAm

+ )»Z)LZ,/“ and A,“n//’ = (A" sindpxo +
AZ/ “ cos4pxg)r;. Here n = £ 1. The different constants used
here are given by

1 _Ji(®) —2KF\(T
C, = d 1(1)’
' 23w / t T ¢

=1 -Kkn"-18c, - Ac.,

K — 7 =\ —3KF()
« = o /dTJO(T)e 1o,
8Ko? 2= 7 r= 2K Fi(F)
5 = T /d FJo(P)e n, (29)
K 2 17 = 3K Fi(F)
C. = —— | drcos[4(p/N)x]Jo(F)e """,
27 2hu
K? % .
C, = / R sin[4(p) M) Jo(F)e KFID),
om2hu F

Again, all integrals converge and are of order 1. From the form
of the equations it follows that we can ignore contributions that
are of second order in the couplings, and we see that the most
relevant couplings are the A%” and A4 terms, which to first
order scale as 1 — K. For K € (1/2,1), the regime in which
we operate in the case of Eq. (3), these terms thus grow in
magnitude under a decrease of the cutoff. Because of the extra
0x®(xo,t) proportionality in the kﬁ‘b terms, one would expect
the effect of these terms on the spin current to be smaller than
that of the A% terms. However, since the A% terms have an
additional o in front of them, in the regime By ~ A B/2 these
are suppressed, so that they could become comparable to the
Aj’b terms. Therefore we will consider the effect of both types
of coupling when calculating the spin current for the system
with anisotropy in the exchange interaction as in Eq. (3) in
Sec. VIL

VI. ENHANCED ANISOTROPY

As we have shown in Sec. V, the enhanced exchange
anisotropy of Eq. (2) gives rise to a bulk umklapp scattering
term in the action of the spin chain, and the chain is described
by the sine-Gordon model.?! This model has been well studied,
and is known to give rise to two possible phases depending
on the value of the chemical potential gugB: For values of
the chemical potential lower than the gap M the system is a
Mott insulator; when the chemical potential is increased to
values above this gap, the system undergoes a commensurate-
incommensurate (C-IC) transition and becomes conducting.

To simplify the sine-Gordon model we replace ¢y () =
2¢(7) and, in order to keep the commutation relation between
the two fields unchanged, 6),(¥) = 6(¥)/2. The umklapp
scattering term then reduces to a backscattering term (a
two-particle operator), and the effective Luttinger parameter
becomes 4K. The fermionic form of the resulting new
action is known as the massive Thirring model. At the
Luther-Emery point, K = 1/4 (Ref. 38), the new fermions
whose action is given by the massive Thirring model are
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noninteracting, and we can diagonalize the quadratic part
of the action by a Bogoliubov transformation, which gives
rise to two separate bands of fermionic excitations with
dispersion ex(k) = £+/(uk)?> + M?. If K # 1/4 there are
residual four-fermion interactions present. However, it can
be shown?® that, independent of the initial interactions, near
the C-IC transition the strength of these interactions vanishes
faster than the density of the fermions, so that the interactions
become negligible. The new free fermions are not the original
fermions; instead they correspond to solitonic excitations of
the original action. These solitons have fractional magnetic
moment —gup/2. We finally can relinearize the excitation
spectrum around the point M to arrive at a new Luttinger liquid
in terms of the fields @y, (F), 047 (F) with parameter Ky, = 4K.

To calculate the dc spin current through the system we use®
that in linear-response theory the dc spin current is given by
I; = GAB, where the conductance G is given by

(gm) . ,
7_[21;1 (})IE)I})[(,()G(M}(X,X ,wn)liw,l—>w+ie]a (30)

=—i

and Ggy(x,x',w,) is the time-ordered Green’s function in
imaginary time,

B
G¢¢(x,x/,a),,) = / drelwnt<TI¢(xvr)¢(-x/9O)>So' (3])
0

Here w, is the Matsubara frequency. At zero temperature,
and assuming infinitesimal dissipation in the reservoirs, the
o — 0 limit of this Green’s function can be determined for
the inhomogeneous system including the two reservoirs,*’ and
is given by % . The effect of the entire mapping of the original
sine-Gordon model onto the new free Luttinger liquid can be
captured here by replacing gup — gupg/2and K, — 4K,, so
that the conductance in the conducting phase is G = K, W.
Following Ref. 41 we conclude that excitations that are injected
at energies above the Mott gap are transported through the
chain, giving rise to the aforementioned conductance, whereas
excitations injected at chemical potential lower than the gap
are fully reflected. Assuming that gug By ~ M, this gives rise
to the spin current

(gnp)*

I;(AB) = K, AB®(—AB), (32)
where ®(—A B) is the unit step function. Since spin transport
is absent for AB > 0, we have I,(AB) = I;(AB)/2. In these
calculations we assumed that the length of the spin chain L —
00, so that we can neglect tunneling of solitons, and we have
assumed zero temperature. Finite size and temperatures are
known to give corrections to the conductance.*>*3

VII. SUPPRESSED ANISOTROPY

To determine the rectification current resulting from the
exchange anisotropy as given in Eq. (3) we need to calculate
the spin current in the system given the action S[¢] = So[¢] +
Sil¢] + Spl¢]. For simplicity we assume here that the impurity
is located at xg = 0. We ignore the bulk umklapp scattering
term, since we have shown in Sec. V that the contribution
of this term is irrelevant for the parameters used here. From
the RG analysis it also followed that the most important
terms are the offset-induced backscattering terms and that in
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regions where By ~ AB/2 the effect of the terms describing
combined forward- and backscattering and the offset-induced
backscattering terms can become comparable, due to the extra
o in front of the latter terms. Therefore we need to calculate the
spin current due to both types of contribution. We will show
that the rectification effect appears in the contributions to the
spin current that are second order in the coupling constants.
We calculate the spin current using the Keldysh technique.**
We assume that at t = —oo the system is described by the
action So[¢] + Sp[¢], and that the perturbation St[¢] is turned
on adiabatically. From conservation of spin it follows that
the expression for the spin current in the Luttinger liquid is
given by I,(r) = —£££5,4(r). The spin current can then be
calculated as®
1= =225 LS s = g“3i8t<52“(’")]>. 33)
b4 b4

2 & 5J()

Here (¢p*(F))s is the average of the field ¢(7) over the
Keldysh contour with respect to the action S[¢], where
the £+ denotes that the field is located on the positive,
respectively negative, branch of the contour. The right-
hand side contains the functional derivative of the par-
tition function of the system with respect to the gen-
erating functional J(7), which is given in Eq. (B2).
The details of the calculation are given in Appendix B;
here we summarize the results. We find that there are two
fundamentally different contributions to the spin current,

I;(AB) = Io(AB) + Igs(AB). (34)

Here, Io(AB) is the spin current through the systems in the
absence of S;[¢], given by the well-known expression

(gmp)?

Io(AB) = K, AB, (35)

and Igs(AB) describes (negative) contributions to the spin
current due to Si[¢], which we will derive next.

The contribution to the spin current resulting from
a oi—% cos[2¢(0,¢)] term (which describes offset-induced
backscattering) is given by

gMBG2()\g R)2 1
By(AB) = ——————— K, Ao(AB), (36)
T ag
where
K4K 242K —2|yrl
Ao(AB) = ————— - —AYRI, 37
o(AB) F(1+2K)VR|VR| e 37

Here we introduce the dimensionless parameters A3 p =
A3/(ho) and yg = K, gupAB/(fiw.). As before, w. denotes
the UV cutoff of our theory, given by w, = u/a. In Sec. V
it was determined that the backscattering term scales as
1 — K under renormalization. To improve our result we should
therefore not use the bare coupling A5, but instead the
renormalized coupling. Since we assumed an infinitely long
chain, and consider zero temperature, the renormalization-
group procedure is stopped on the energy scale determined
by the magnetic field, gy AB. We can account for this by
replacing Ay, — |%|’”KA‘3"R. At this point we have
determined the spin current resulting from the backscattering
term. By repeating the previous calculation with both the AS-
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and the Ag-proportional terms included it is easily seen that
the (A4)*-proportional contribution to the spin current is also
given by Eq. (36), with (1 z)* replaced by (A3 ;)*. The two
cross terms proportional to A5 k'g do not contribute to the spin
current, since they cancel each other.

The calculation of the contribution to the spin current due
to a term %8X¢(O,t) cos 2¢(0,t) that describes combined
forward- and backscattering proceeds along the same lines;
we refer again to Appendix B for the details. The resulting
contribution to the spin current is given by

gis(X )’ 1

L1(AB) = 7 —K,A(AB), (38)
T d
where
K 2K —2lyzl
A|(AB) = ———— —oYRl, 39
1(AB) F(2+2K)VR|J/R| e (39)

Again, according to the RG analysis, we have to replace the
bare coupling with its renormalized value, in this case, Aﬁf R

AB |- . :
| SLESZ |~ 1K) ¢ Like with the backscattering terms, we can
- :

easily determine the effect of the A4 and A% terms combined.
The spin current proportional to ()»Z)2 is given by Eq. (38) with
(A4, R)2 replaced by ()»{4” R )2, and the two cross terms cancel each
other.

Finally, we need to consider the cross terms between the A3
and A4 terms, such as, for instance, A4 AZ. Using the results from
Appendix C it is easily seen that these always vanish, since
they are all proportional to (7,.9,¢"(0,1)e*” [‘7’”(0’”"“/(0”/)1) =
0. The total backscattered current is then given by

up K,
Ips(AB) = S22 20 (52,
JT a

s

A3 erAo(AB) + 15 ¢ A1(AB)},
(40)

where At = [(A7) + (A%)*1'/2.

Equation (40) is the main result of this section. From the
explicit form of Ag(AB) and A;(AB) [see Egs. (37) and (39)]
itis clear that the impurity flows to strong coupling for low A B,
as was expected from the RG analysis. We note that, since both
Ao(AB) and A|(AB) are odd in A B, one could naively think
that the impurity does not contribute to the rectification current,
which requires the spin current to have a component that is
even in A B. However, from the explicit form of the A, ¢ [see
Eq. (22) for the bare couplings] it follows that these couplings
also contain parts that are proportional to A B. Furthermore,
the part of the spin current that is proportional to Ag(AB) is
proportional to o2, which also contains a A B. Physically, these
terms are caused by the fact that an incoming excitation sees a
slightly different impurity depending on the energy with which
it comes in. The spin current Eq. (40) therefore has components
even in A B, which contribute to the rectification current. We
are now also in a position to explain why it is needed to move
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FIG. 4. (Color online) Normalized rectification current I./|l|
(main figure) and backscattering current /s /|ly| (inset) as a function
of the applied magnetic-field difference A B for different values of the
exchange interaction J. Parameters are K = 0.63, By = 750 mT, and
A’ = 0.5. The black dots in the main figure denote the values A B* for
which max[|Igs(AB*)|,|Igs(—AB*)|] = |I)(AB*)|. As explained in
the text, our perturbative results are not valid for |AB| < |AB*|.

the system away from half filling in order to obtain a nonzero
rectification current. If we set By = 0 in Eq. (22), it turns out
that the X, .¢’s and o contain only terms that are even in A B,
so that the spin current is odd in A B. In contrast, when By # 0,
we create terms in the A; .¢’s and o that are odd in A B, thereby
causing a nonzero rectification current.

VIII. ESTIMATE OF RECTIFICATION CURRENTS

In this section we will give numerical estimates of the
rectification current for realistic experimental parameters.
Experimental results*® show that the exchange coupling in
certain spin chains can be on the order of J &~ 10 K. The effect
of a different exchange interaction is illustrated in Fig. 4. In the
analysis of these results one must keep in mind that, since our
perturbative calculation of Igs(A B) diverges for AB — 0, it
breaks down for field differences | AB| < |AB*|, where AB*
is the field such that max[/gs(A B*), Igs(—AB*)] = Io(AB*).
Instead of showing the apparent divergent behavior, the
backscattering current must go to zero for AB < AB*. With
this in mind, Fig. 4 shows that a smaller exchange interaction
J gives rise to a larger rectification current at equal AB. The
maximum value of I,(AB) will also be reached at a higher
value of AB. In order to get the largest possible rectification
current it is thus required to use a material with an exchange
interaction as small as possible, with the constriction that it
must be large enough to yield its maximum at reasonable
values of AB.

In Fig. 5 we show the dependence of the backscattering
and rectification current on the Luttinger liquid parameter
K. The behavior for smaller K is similar to the behavior
shown for smaller J: The maximum rectification current
is increased, but occurs at a higher value of AB. Indeed,
we know that both I;(AB) and I,(AB) obey a power-law
dependence of A B with negative exponent. Since the modulus
of this exponent decreases for increasing K, the behavior is as
expected.
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FIG. 5. (Color online) Igs/|ly| as a function of the applied
magnetic-field difference A B for different values of K. Parameters
are By = 750 mT, J = 100 K, and A’ = 0.5. See the caption of Fig. 4
for the explanation of the black dots.

Figure 6 shows the dependence of the backscattering current
on the applied magnetic field By. A larger amount of doping
clearly corresponds to larger possible rectification current,
again at the price of a higher required magnetic field A B. This
can be understood by realizing that B, determines to a large
extent how much of the impurity the incoming excitations see
at low energies AB < By, as follows from the o dependence
in the A‘;*b terms in the action Eq. (20).

In Ref. 8 it has been shown that N parallel uncoupled AF
spin chains connected between two three-dimensional AF spin
reservoirs, each one carrying a spin current /(A B), give rise
to an electric field

By =Nt Is(AB)
27 r?

(0, cos2¢,— sin 2¢). “41)

Here the spin chains are assumed to extend in the x direction,
and z is the quantization axis as before. Also, r = /y% + 72,
sing = y/r, and cos¢ = z/r. We can use this electric field
to measure the rectification current I,(AB). To illustrate the
method we assume K = 0.6, By = 750 mT, and N = 10
We apply the time-dependent field AB(#) = AB cos(wt) to
the left reservoir. From Eq. (40) it follows that, if we trust our

"
[1o|

0.2}

—— By=035T
By =0.70T

AB (mT)

FIG. 6. (Color online) Igs/|ly| as a function of the applied
magnetic-field difference A B for different values of Bj. Parameters
are K =0.63, J =100 K, and A" = 0.5. See the caption of Fig. 4
for the explanation of the black dots.
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perturbative calculation of Igs up to the value A B* ~ —43 mT,
where |IH(AB*)| =~ |Igs(AB*)|, the difference in magnitude
between |Is(AB*)| and |Is(—A B*)| is on the order of 10% of
the unperturbed current | Io(A B*)|. From Eq. (41), and assum-
ing 7 = 1077, it then follows that the difference in voltage drop
between two points (0,7,0) and (0,0,r) is Vg = 10~"3V, which
is within experimental reach. Here we note that as long as the
driving frequency w < J /h, our calculation of the spin current
in the dc limit remains valid. Another constraint is given by
the spin-relaxation time 7y, which is typically on the order of
10~7 5.4’ This allows us to use frequencies in the MHz-GHz
range.

Another possibility to observe the rectification effect is by
spin accumulation. By applying again an ac driving field to
the left reservoir it is possible to measure an accumulation of
spin in the right reservoir, since transport is asymmetric with
respect to the sign of A B. We consider again 10* parallel spin
chains with K = 0.6, consider By = 750 mT, and an amplitude
AB =43 mT for the driving field. For AB(¢) < O the spin
current is always zero. For AB(t) > 0 there is a nonzero
spin current. Assuming that the spin current is 10% of the
unperturbed spin current [the value at AB(¢) = A B] over the
entire range (0, A B), the rate of spin accumulation is about
10~ JT~'s~! ~ 10'2 magnons per second. We also note that,
contrary to the electric case, where charge repulsion prevents a
large charge accumulation, there is no strong mechanism that
prevents spin accumulation in this scenario.

IX. CONCLUSIONS

In this work we have proposed various realizations of the
rectification effect in spin chains, consisting of either ferro-
magnetically or antiferromagnetically coupled spins, adiabati-
cally connected to two spin reservoirs. For both ferromagnetic
and antiferromagnetic spin chains we find that the two crucial
ingredients to achieve a nonzero rectification current are an
anisotropy in the exchange interaction in combination with
an offset magnetic field, both in the z direction. An enhanced
anisotropy creates a gap in the excitation spectrum of the spin
chain. Using the magnetic field to tune the chemical potential
of the excitations to just below the lower edge of the gap then
allows us to achieve a large rectification current for realistic
values of the applied magnetic field. For antiferromagnetic
coupling and suppressed exchange interaction in the z direction
we find that a uniform anisotropy is not sufficient to achieve a
sizable rectification effect; instead we use a spatially varying
anisotropy, which we attain in the form of a site impurity.
Away from half filling this impurity flows to strong coupling
under renormalization, which allows us to achieve a sizable
rectification effect for realistic values of the applied magnetic
field. We have also proposed several ways to observe this
rectification effect.
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APPENDIX A: DETERMINING LUTTINGER LIQUID
PARAMETERS FROM THE NONLINEAR ¢ MODEL

In this section we calculate the magnetic susceptibility of a
three-dimensional antiferromagnet, denoted by Xft? (¢)- In the
continuum limit, the magnetic susceptibility is defined as

2
1P@) = (%) 3 [dtsermsmson. @
where s = (t,7)], g = (wn,%)T, andg - § = w,T — k-7
We start from the isotropic Heisenberg model in three
dimensions, described by Eq. (1) with A;; =1 and B; = 0.
We introduce the unit vector field 1} = S;/S. This vector can
be written as a staggered Néel vector part 7; plus a fluctuating
part I;, both of which are slowly varying on the scale a,

T (—1)iﬁiM+aZ ~ (=1)7i; + al;.

In the continuum limit it can be shown®® that the imaginary
time action describing this system can be approximated as
S[n,1] = Soli,I] + S;[n,[], where

3
Solii,[] = % f d*s [%(arﬁf + Zc(a,ﬁ)ﬂ , (A3)

i=1

(A2)

- > | b
S[n,l] = tha/d4s [+i (nxon)|. (Ad)
48a%a
Here, @ = J/(8ah), ¢ = «/§Ja/h, and y = 44/3a2. From a
substitution of Eq. (A2) in Eq. (Al) it is clear that we can
write

xD(q) = (g“ 3) ; f d*se 3 (Tl ()p(0))s,  (AS)

where the Green’s function is calculated with respect to the
action S[#, l] The Green’s function is determined from the par-
tition function Z = fDnDlS(n — Dexp(=h~'S[n, l]) We
can perform the functional integration over [ in Eq. (AS5) to
arrive at

21
Xap (@) = <gyﬁ> FE[V&M —/d“se*’“
X (X 3:1)e(s)(1 X 3r7l)5(0))50], (A6)

where we replaced  — ct. Here, the average is with respect
to So[7,/]. Assuming the magnetization is ordered along the
z axis, we write n = (o,07,I1)T. The o;’s describe thermal
fluctuations perpendicular to the direction of order,*’ and IT =
A1 — 2. Also, & = (01,02)". For low temperatures, we can
then rewrite the action of Eq. (A3) as

3
- h - -
Solo] = —gfd4so : [33+ » a;}a
i=1

From this and Eq. (A6) it then follows that the magnetic
susceptibility in the gapless direction is given by

(A7)

_Gup)lc  §

ho oy o+ ()

(A8)
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To compare this relation to the magnetic susceptibility in one
dimension, we use x '°(g) = a®x3"(g). Since we know?! that
in the Luttinger liquid model

w, _ (gupyuk 3
Xzz (@)= 7 T (ug)?+ wﬁ ’ (A9)
we have
—V3Ja/h, K, =71/@4/3) (A10)

as effective Luttinger liquid parameters of the three-
dimensional reservoirs.

APPENDIX B: CALCULATION OF THE SPIN CURRENT
IN THE KELDYSH FORMALISM

In this appendix we will show how to calculate the spin
current /;(AB) in a system described by the action S[¢] =
Sol#] + Si[¢] + Sp[¢]. According to Eq. (33), the spin current

is given by
_ 8K, _ 8HBI 8Z[J ()]
Io=— 2Z<¢"< Pls === at< 576 ) (B1)

n==+

We start by deriving the contribution to the current due to a

o % cos 2¢(0,¢) term. In this case the partition function can be
written in vectorized form as

ZIJ(F)] = / D(/?exp[— % f dPrd*'[¢(F) - Go(F, F)p(F)

—2i8(F ~ F)P(F) - Qf(F’)]}

a

X exp[ioz)\;/ dthCOS[Zdﬂ(OJ)]],

n==+
(B2)
where we have defined
- (¢F(F)
() = ( ¢_(;)>,
- gﬂB a B(}")
J(F) =2 :
“ ( J()2 ) -

L (1 -1

e-50 )
L (GETEF) GEGEF)
Golr.r) = (G*(?,?’) Gy~ (F.F)

Here Gg’" (#,7") is the contour-ordered Green’s function

Gy FF) = (10" )" (7 ))s,- (B4)
We will also need the retarded, advanced, and Keldysh Green’s
functions G(I; 14/ K(? ,#"), which are related to the contour-
ordered Green’s functions in the usual way. Performing the
linear transformation ¢'(F) = ¢(7) — i i d¥'Go(F 70T T (7'
shows that the partition function can be factorized into two
parts, the first one containing the quadratic part of the action,
the second containing the backscattering term. The spin current
is therefore made up of two contributions. The first, Iy, comes
from the quadratic action, and describes the spin current in
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the absence of any backscattering. The second, I3,, originates
from the backscattering term. Using the explicit form for the
magnetic field Eq. (12) it turns out that the expression for the
unperturbed spin current is given by

2 00
Iy = i 848 ABB,/ dt'GRF —L/2.1)).  (BS)

2h 00
Since this is exactly the expression for the spin current in the

. . . . 2
linear-response regime,® which yields Iy = K,%AB, we
can infer that

kK, t

/ dt'iGEF, —L/2,t) = (B6)

oo
To calculate the contribution from the backscattering term we
perform the functional derivative of the partition function with
respect to J (7). The resulting expression is

2 2¢ 00 .
Iy, = &;3&/ dr'iGR(F#;0.1)

73 o

x (sin[2¢'T(0,¢) — 2y1'])s, B7)

where y = K, %. Expanding this term in 1§ gives

2 o2(29)* o0
Iy = i 28 05) / d'iGR (70,1 )d1”

52 o
x ) nsin[2¢"(0.1) = 2y1']
n==+

x cos[2¢"(0,¢") — 2yt ])s, -

Since contour ordering reduces to time ordering for two fields
on the same branch of the Keldysh contour, and because the
system in equilibrium is time-reversal invariant, the term with
the fields at times " and ¢ on the same branch averages to zero.
Switching the variable of integration to T = ¢’ — ¢” and using
Eq. (B6) itis seen that the contribution from the backscattering
term is given by

2 A4 2
MLK,.AO(AB).

B8
vt o (B8)

L, =
Here a; = a/u can be interpreted as the cutoff in the time
domain. As before, we identify the cutoff in time with the cutoff
in frequency: a; = a);l, so that we can write the expression
for the backscattering current in terms of the dimensionless
parameters )\g"R =A/(hw.), vr = K,gupAB/(hw.), and
T = t/a. Here
o0

AO(AB)=% / d7 sin[2ygtle 2070067005 (B9)

—0Q

The contour-ordered correlation function can be determined
from the inhomogeneous Luttinger liquid model*® and the
fluctuation-dissipation theorem, and can be written in terms
of T as

(T.[¢7(0,7) — ¢~ (0,0)]*)s, = KIn[—iT + 1]. (B10)

With this expression we can rewrite Eq. (B9) as a function of

yg and K only,
K
Ao(AB) = _ﬂ ~242K ,—2lyx|
'l +2K)

YrlVRI (B11)
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Next we discuss the contribution of the ’%4 0,®(0,1) cos 2¢(0,1)
term from Eq. (21). We again perform the linear transformation
¢(¥) — ¢'(¥), which yields

2 bXA [e's) .

Ly = Ma,/ dr'iGR(F;0.1")
m-h oo

X (809" (0,1") sin[2¢"7(0,1") — 2y1'])s. (B12)
There is also an additional term in the expression for the
spin current introduced by the linear transformation, which

is proportional to 9, [ d tG&(0,t;7"). Equation (B6), however,
shows that this term is zero. We can expand Eq. (B12) in A,

2
2 pXd aZ e
L = i 281809 @ / dr'iGR(F;0,0)dt”

572 o
X Z n(ax/¢/+(0,t') Sin[2¢/+(0,l‘/) - 2yt']
n==+

X 3y @"(0,1") cos[2¢(0,1") — 2yt"])s,. (B13)

We now use the results from Appendix C to evaluate the

correlation function,
2 (1+it)\?
3,9, (T (0,1)p~ (0,1 =—|——). (Bl4
(T4 0.0¢~(0.1))s, (uax)2<1+f2) (B14)
We also use that 3, (T.¢™(0,1)¢~(0,1'))s, = 0, so that the spin
current is given by

2
A4 1
s = £2050) L 4 ),
T a,

(B15)
where the dependence on the parameters of the spin chain
and the applied magnetic field difference is contained in the
function A(AB),

2 [
AI(AB)ZI-(’“;)/ d7e-2TI6 0.0 -9 00P)5,

o0

x (0:¢'(0,7)0:¢'(0,0))5, sin[2yx 7], (B16)

where we again used terms containing correlators with both
fields on the same branch of the contour vanish. Straightfor-
ward manipulations show that A;(AB) is given by

K

[ —2lyrl
'2+2K)

A((AB) = vrlvr|*Xe (B17)

APPENDIX C: CORRELATORS

In this appendix we show how to calculate a correlation
function of the form

(T.T1; 0, p(x; 1)’ 20 ArPCriDy o (C1)

First of all, we can pull the derivatives outside of the expecta-
tion value, so we can calculate (TCI'I,-qb(x,-,t,-)ei XA ”’))so
instead and take the derivatives afterward. For a lighter notation
we prove the required results in discrete space, making the
connection ¢; = ¢(7;). We use the main result of Gaussian
integration,>

/dg,e—(l/Z)q?T-G&ﬁT-a? o el G (C2)
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Given the partition function
Z = / de1/PPG, (©3)

we can then calculate, for instance, (¢;¢;) 5, by letting sz.n in | =0
work on both sides of Eq. (C2). To calculate the required
correlator, Eq. (C1), we replace j — j + b in Eq. (C2), where
b consists of the components b; = >, A;3;;. By letting 9, |5_,

work on both sides of this equation we arrive at

(pue® ) = Gybye /2P G, (C4)
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Here we sum over double indices. We also used the fact that
G~ 'is a symmetric matrix, e.g., G,,} = G,,}, which is true
since it contains contour ordered correlation functions. By

letting 97 . |7_, work on Eq. (C2) we get
(@nbne”?) = [Gros + Gl iG] 17670 (C5)

Both equations above are valid when ) ;Aj =0, otherwise
the correlators vanish.
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