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Superexchange mechanisms in an ideal 3d' cubic system of the perovskite type
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In this article we extend the expression obtained by Kugel and Khomskii for cubic perovskites, where the
transition metal ion has a 3d" electronic configuration with threefold (3dt,,) orbital degeneracy. We derive an
effective spin-orbital Hamiltonian by taking into account both the role of the oxygen on the bond between the
transition metal ions and the role of the 3de, levels in superexchange processes, while no simplifications are done
concerning the electron-electron interactions. A simple mean-field treatment yields a competition between an
antiferromagnetic (AFM) and a ferromagnetic phase. The stability of these phases is driven by several parameters
including the following: the ratio t,/t, = |(pdw)/(pdo)| between m-type and o-type electron hoppings, the
charge transfer gap Acr, the exchange (Hund’s) coupling, the crystal field A, between the 1, and e, 3d orbitals,
and the “pseudo” crystal field gap A% between the oxygen 2p orbitals. The addition of the spin-orbit coupling
is shown to be able to lead to a sensible reduction of the ordered magnetic moment in the AFM phase as well as

the appearance of a weak ferromagnetic moment.
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I. INTRODUCTION

As is well known, the magnetic interaction in magnetic
insulators with partially filled d shells is due to superexchange
processes occurring between two metallic magnetic ions (M)
via an intermediate ligand [generally the oxygen (O)]. For
orbitally nondegenerate systems the magnitude and the sign
of this interaction depend on the geometry of the metal-
oxygen-metal (M-O-M) bond and can generally be predicted
using the so-called Goodenough-Kanamori-Anderson rules.
According to these rules, the leading isotropic superexchange
for a M-O-M bond of 180° is strongly antiferromagnetic
(AFM) while it is ferromagnetic (FM) and much weaker in
a 90° M-O-M bond. For orbitally degenerate systems the
situation is much more complex: first because both spin and
orbital degrees of freedom are involved, secondly because the
number of electrons (or holes) occupying the relevant orbitals
plays an important role, and thirdly because the presence of
(Jahn-Teller) distortions can utterly change the physics. In
particular, the perovskite-type oxide family RM O3 where R
denotes a trivalent rare-earth ion (R = La,Y,...) and M =
Ti,V,... allows the study of the rich magnetic and electronic
properties caused by this interplay of parameters. Such systems
are generally described by Kugel and Khomskii (KK)-type
Hamiltonians.2™ In these theoretical models, the M-O-M bond
is replaced by an effective M-M bond and distortions are often
neglected. This generally leads to a satisfactory description of
the experimental results, except for the apparently most simple
3d' systems RTiO3 (R = La,Y).*%8 In these Mott-Hubbard
insulators, each Ti3% ion is located at the center of an
oxygen octahedron.” As is well known, such a surrounding
lifts partially the 3d orbital degeneracy into #), symmetry
(of lower energy) for (dyy,d,;,d,;) orbitals, and e, symmetry
(of upper energy) for dy2_,» and d,» orbitals. In this case, a
KK-type Hamiltonian essentially predicts a FM ground state,
observed in YTiO3 but not in LaTi Oz which is a G-type
antiferromagnet.*'? Still there is no commonly accepted view
on the origin of superexchange peculiarities in these systems
and two different theories have been proposed to explain these
observations: The first one emphasizes the relative weakness
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of the Yahn-Teller coupling in LaTi O3 (as compared to the
much more distorted compound Y 7T'i O3); for such a system
for which the degeneracy of f,, orbital state is present, it
is necessary to take into account the dynamic effects in
which the orbitals may form a coherent orbital-liquid state
stabilized by quantum effects.*®7-!1=13 In this frame, several
experimental results can be successfully explained and, in
particular, the spin reduction®”!? observed in LaTiOj3. On
the contrary, the second approach emphasizes the existence of
lattice distortions even in LaTi O3, removing the ,, orbital
degeneracy and stabilizing the orbital structure. In such a
case the phase stability criteria can change leading to the
isotropic superexchange sign shift when one moves through the
rare-earth series from Y7i O3 (FM) to LaTi O3 (AFM). This
question is widely discussed in the literature.>'%!423 There-
fore it is especially clear from the papers by Khaliullin ez al.,
Mochizuki and Imada, Schmitz et al., and Solovyev (which
deal with different methods of orbital state and superexchange
interactions calculations) that in various approaches one can
find mechanisms of stabilization ferromagnetism in Y 7i O3
and antiferromagnetism in LaT'iO3. Nevertheless, all these
works are assuming that the M-O-M bond can be replaced
by an effective M-M bond. In the present work we propose
to improve the KK model by considering in more detail the
role of the oxygen in superexchange processes and to know
whether one can obtain more easily the AFM state in the cubic
symmetric case (still without distortions). Here we show that
this is indeed possible.

Starting from a microscopic Hamiltonian describing hop-
ping processes between titaniums and oxygens and assuming
cubic symmetry, we propose here to consider the importance
of the combined presence of the oxygen and of the e, levels
in superexchange processes and their possible consequences
on the magnetic properties of 3d! compounds. Indeed as
shown in Fig. 1(a), if we consider a bond i — j in the z
direction two kinds of electron hoppings can happen: a o -type
electron hopping between oxygen orbital 2p, and titanium
orbital d,2, and a m-type electron hopping between oxygen
orbitals (2p,,2p,) and titanium orbitals (d,;,dy;). As shown
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FIG. 1. (a) o-type hoppings between oxygen orbital 2p, and
titanium orbital d> (left-hand side) and m-type hoppings between
oxygen orbitals [2p,(2p,)] and titanium orbitals [d,,(d,.)] (right-
hand side). (b) Effective spin-spin interaction between site i and
site j assuming o-type hoppings only between the oxygen and the
titaniums. Due to Hund’s rule, the resulting effective interaction is
AFM.

in Fig. 1(b), if we neglect w-type electron hoppings and keep
only o-type electron hoppings [(pdw) = 0 and (pdo) # 0 in
terms of the Slater and Koster parameters],”* only the 2p,
electrons can delocalize: In the first step [denoted by (1) in
Fig. 1(b)] one of the 2 p, electrons is virtually transferred onto
the titanium d,> (e,) orbital on site i. Due to Hund’s rule,
the initial 7,, electron and the transferred one have the same
spin orientation. The same phenomenon occurs in step (2): The
remaining 2 p, electron of opposite spin is virtually transferred
onto titanium site j. Due to Hund’s rule, the resulting spin-spin
interaction between the 1,, electrons occupying site i and j is
AFM. In steps (3) and (4), the virtually transferred electrons
return to the oxygen. Due to the particular crystallography
of these materials [see Fig. 2(a)], no frustration will appear
leading to a G-type antiferromagnet.

On the other hand, if we consider only m-type electron
hoppings [(pdr) # 0and (pdo) = 0] we will generally finish
with a FM interaction,>* as illustrated in Fig. 3. In Fig. 3(a),
a 2p, (or 2p,) electron of spin o is virtually transferred to
site 7, preferentially on one of the unoccupied orbitals due to
Coulombic repulsion. In step (2) the oxygen hole is filled by
the electron coming from site j with the same spin o. These two
steps are therefore equivalent to an effective electron hopping
between the titaniums, as usually used in KK-type models,
in contrast with the o-type hopping presented above. Due to
Hund’s rule, the resulting spin-spin interaction between site i
and j is FM. For similar reasons, the case with two holes on
the oxygen shown in Fig. 3(b) will also lead preferentially to
an FM interaction.

A competition will therefore occur between these two pic-
tures. The following parameters are then of crucial importance:

La
X,y

@= Oxygen e = Titanium

FIG. 2. (a) Crystal structure in the (a,b) plane. (b) Oxygen local
environment and suggestive orbital couplings between the (2p.,2p,)
oxygen orbitals and the La ions in LaTi Os.
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FIG. 3. m-type hoppings between oxygen orbitals and titanium
orbitals favoring an effective ferromagnetic coupling. While the
scenario represented in (a) can be mapped onto an effective M-M
transfer, the second one [represented in (b)] with two holes on the
oxygen intermediate state cannot be.

(i) the ratio t,/t, = |(pdm)/(pdo)|; as we have seen, the
smaller it is, the larger the antiferromagnetic interaction will
be. In fact, it is clear that this quantity is small, as o-type
hoppings between the ions are creating the chemical bond
responsible for the stability of the crystal. The 2p, electrons
of Fig. 1 are then “naturally” delocalized on the neighbor-
ing titaniums. (ii) The charge transfer energy Acr(n,U) =
€4 — €, + U — 5(V — 2K) involving the energy gap €; — €,
between the 3d 1, and the 2p,, orbitals, the Coulombic energy
U (V) on the titanium (oxygen), and Hund’s coupling K on
the oxygen. This quantity corresponds to the cost in energy to
transfer one electron from a fully occupied oxygen to the Ti3Jr
ion. As the order of magnitude of the o -type hopping process
is (—t,) x (t,/Act)? (see Fig. 1 and below) while the order of
magnitude of the main competing 7 -type process [represented
in Fig. 3(a)] corresponding to the usual description of RTi O3
in terms of effective transfer integrals between the titaniums
is —tesz/ U, with teg = tﬁ /Act, small €; — ¢, values and
large V — 2K and U values (when U < ¢; — ¢,) are thus
expected to favor the AFM process. (iii) Hund’s coupling
(K) on the titanium (oxygen), -type process being of order
I and o-type process of order I2. (iv) The value of the gap
between the 15, and e, levels. In real perovskite systems, the
measured value is around Ay ~ 1.7 — 2.8 eV>'9% which
is not favorable to o-type hopping processes. However, it is
well known in inorganic chemistry that this gap is the sum
of the crystal field gap Ao and the ligand field gap Arp
(Aga = Ao + Arp). Generally Ay is expected to be very small
Ap~0—0.5 eV and is often neglected in computational
treatments and in band structure calculations,?® while A
comes from electron hoppings between the titanium and the
other ions (mainly the first neighbor oxygens). Therefore, in
perturbative expansion in the hopping term (as we propose
to perform) only Ao has to be considered. (v) The gap

2 =€, —¢€, between the oxygen orbital 2p, and the
degenerate oxygen orbitals 2p, and 2 p,, [Fig. 2(b)]. As already
discussed for the titanium, this gap is the result of the crystal
field and of the ligand field and only the first one (which
is small) should have to be considered (A%’ ~ 0.21 eV as
reported in?’ for Sr7i 03). But another problem emerges for
the oxygen as its surrounding is also composed of R3* ions.
Therefore, in a microscopic Hamiltonian describing hoppings
between titaniums and oxygens only, the oxygen orbitals
must be considered as already coupled with the R3* ions
and still not with the Ti3* ions, this last hybridization being
precisely described by the microscopic Hamiltonian. As shown
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in Fig. 2(b), this leads to an important contribution of the ligand
field energy for orbitals 2p, and 2p, (2p, and 2p, electrons
being “naturally” delocalized on the R3* ions, therefore
creating the chemical ¢ bonds with the R3* ions), orbital
2p. remaining (quasi) unchanged. The resulting gap A%;" that
we have to consider in the microscopic Hamiltonian is then
much more important than the gap from crystal field alone, and
is also very different from the one obtained in band structure
calculations (containing all the hybridizations). The ionization
of 2p, electrons is then much easier than the ionization of
those occupying 2p, and 2p, orbitals, thus favoring o-type
electron hoppings. From the last three points, a more precise
estimate for the o- and m-type main competing processes
is obtained using AgT) = ActQ@pe, U — T+ Ag — A%Y) and
A(gT) = Act(2p.,U — I), respectively.

The inclusion of such a o-type process leads then to an
AFM process, and one can note that this process is also
expected to occur in 3d> and 3d® compounds (in which
the electrons are only in the 1, states). As the usual KK
Hamiltonian already predicts AFM in these two cases (in
agreement with the experiments) and essentially FM in 3d'
compounds, the inclusion of such a o-type electron hopping
has really a decisive incidence only in this last case. In this
frame, the difference between LaTi Oz and Y Ti O3 could be
a good demonstration of the existence and of the important
role played by this AFM process, in competition with the FM
m-type electron one.

Following all the preceding remarks, our microscopic
Hamiltonian H will be represented by the sum of two terms: a
main Hamiltonian H describing free electrons and Coulombic
interactions, and a perturbative one )V describing hopping
processes between oxygens and titaniums; H = Ho + V
with

1
HO = Z ead,'-;gdiaa + E Z Uaﬁyédi;gdi-gg'diya/ iso

ico i,a,B,y,8,0,0'
1
+ Z GnP;rnquna + 5
gno

<D

q,ninansng,o,0’

+ o+
Viinansn, Panio Pgnyo' Panso’ Panao > (L1)

V= Z (t;);n ,-g(,qur + t;;xp;rngdia(r) . (12)
iganoc

Here, d:w ( p;rm,) creates an electron on titanium (oxygen)
site i (q), 3d orbital « (2p orbital n), spin o, energy €, (€,);
t;y 1s the hopping matrix element between titanium i orbital
a, and oxygen g orbital n while Uyg,s and V, ,,s,s, are the
Coulombic terms on titanium and oxygen ions. The axis for
the 3d orbitals referring to the oxygen octahedra, €,, will
be €, = ¢y for @ € 1, and €, = €y + A¢ for o € ¢,. In the
particular case of a cubic symmetry, the transfer integral 77"

will be given by
tlg;n = 8rmu (tﬁj(sa,xz + 80(,)71) + t,'(;(ga,zz)v (13)
which precisely define ¢, = |tl?f]| and t, = |ti"q|. In (L1.3), the
axes are referring to Fig. 1 while n, corresponds to oxygen
orbital 2 p, for titanium orbital « = d,, 2p, for o = d,,, and
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2p. for o = d2. For the Coulombic terms, Uyg, s is expressed
in terms of the Racah parameters A,B,C* while V, ,,n.n,
reads

annzn_«,m == (1 _8n|n2) {8n|n45nzn3 V/+8n1ﬂj, 8}12}14 K }+8n|nzn3n4 Vv
1.4)

with V/ =V — 2K. For the numerical values we will take
€g—€, =591 eV?® 1, =24 eV U=35¢eV, B=0.1
eV!92 (e, A=19 eV, I =0.7 eV) reported for RTiO;
systems and typical values for the following parameters:
Ag~05¢eV, A% ~1eV,V~176eV,K ~06eV [V —
2K >~ 0.56 eV being obtained by taking Acr(2p,, U’ — I) ~
4.5 eV3! with U’ = U — 2I] and A ~ 0.02 eV.*2 In terms of
the Racah parameters we will have U = A+ 4B+ 3C,I =
3B + C which means A = 1.9 eV, B = 0.1 eV when taking
C ~ 4B

This article will be organized as follows: In part II we
will derive the effective spin-orbital Hamiltonian in a very
general way. In particular we will see how the spin part
(isotropic spin-spin interaction) of the Hamiltonian can always
be computed independently of the orbital part even for systems
with more than one electron occupying the 3d orbitals. Part IIT
presents the mean-field phase diagram obtained using this
model, predicting G-AFM, C-AFM, and FM phases. The
emergence and the stability of the AFM phases is discussed.
In particular, we show that they are favored by small values of
tz/ty,Ag and high values of A%, A, B,and V — 2K . Finally,
the addition of the spin-orbit coupling is presented in part
IV and is shown to allow a sensible reduction of the magnetic
moment and to lead to the appearance of a weak ferromagnetic
moment as observed in LaTi Os.

II. DERIVATION OF THE EFFECTIVE HAMILTONIAN

In this part, we will derive an effective spin-orbital
Hamiltonian for the #,, orbitals, involving the e, levels during
hopping processes. Due to the presence of the oxygen between
each pair of titanium ions, an expansion up to order four in V
is necessary to obtain a spin-orbital Hamiltonian. P denoting
the projector on the states with one electron per each titanium
site and fully occupied oxygen 2p orbitals, and P, denoting
the projector on the degenerate ground state (of energy Ep)
of the unperturbed Hamiltonian H, with one electron per
each titanium site occupying a f,, orbital, the spin-orbital
Hamiltonian 4 is given by

7:(4 = 7:‘(4,1 + 7:[4,2, (IL.1)

with
-Q -Q -Q

Hay =P,V % %
M= e o By Ho — Eg . Ho — E,

VP, (12)
0

. 1 -9 -9
Fan=—=S PV VPV
2 8 ; { “"Hy—EgHo— Ex

x( —Q +3 —<

Ho — Ex Ho — Ep

In these expressions, Q@ =1—P and Q/(Ho— Ey) =
O*(1/Hy — Ep)*Q while Py, is the projector on a given H,

) VP, + h.c.} . (IL3)
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eigenstate v of energy Ej; with one electron on each titanium
site occupying either a #,, orbital or an e, one. From the
previous expressions, 74 will clearly lead to a spin-orbital
Hamiltonian while 74, will only generate orbital terms. The
knowledge of the two-electron H, eigenstates is necessary
to compute the effective Hamiltonian. As these two electron
eigenstates can be characterized by a total spin S (S =0 or
S = 1), they will be expressed using the two-particle operators:

00 (S = 1) = (1= bu) {00,012, (1.20)

1
—(1 = 8,50 (1,0 } 1.4
+ 5 D@l (1,0) (IL4)

- Saot o
Lol (0,0)

V2

+ 8100, 0,00

@ o m 1 1
Pige, (S =0) = (1 = 650,) {
(IL5)

where o and oy denote the two occupied 3d orbitals while

oo (1,20) = dif dif, . (IL6)
- 1
(ﬂ;a;](l,()) = (1 - ‘Sam)ﬁ(d;ad;]a. + di-"o_mldi-;]a)’
I1.7)
(0) — (1 _ + g+ _ gt gt
(piam(o’o) - (1 8001)2%(]+5au1)(diomdimm diam dia]tr)’
(IL8)

Denoting by |vac) the vacuum state, the use of cpi(Z;l(S =1)
and (pfgil(S =0) will allow one to express the effective
Hamiltonian as a product of an orbital and a spin part. We
indeed have diaso; diaso, Oy, (SIVAC) = T3 o o oo X Tosasn(S)
with sziz;lala =(1- 8016!1)(8(13&50!50!1 - 8013011801501)’ Tai:?ala =
2(1_5ua')/2(8a3a8a5m + 8a3a18a5a)’ T0'50'30'|0'(S = 1) = 80’0’]0305 +
(1/2)(1 - 5001)(603050501 + 803018050)a and Ta5a3ala(S =0) =
(1/2)(1 = 866,)(803000656; — 830,050 )- The two-particle oper-
ator dyf,dit, = (1 = 8 Mloe, (S = 1) + ¢fay (S = 0)} +
S, 901‘(;;] (S = 0) appearing in the perturbation procedure when
computing the effective Hamiltonian (II.1) can then be ex-
panded according to the H eigenstates. We will conveniently
write it under the form,

+ g+ _ 2+ A
diomdialal - Z [di(aa)(ozlal)] (SA)’ (Hg)
A
where [diz(za)(alal)]A(S 1) regroups all contributions character-
ized by the same energy 2¢; + A of total spin S4:
A
Holdiryanon] " (Sn)lvac)
A
= (2¢p + A)[diz(:t_a)(a]a])] (Sa)|vac). (I1.10)

Here again it is possible to write djgs0,diaso; [cil.z(:;g)(alm)]A
(S4)|vac) = TA (S4) X Tsi6:6,6(Sa) decoupling the or-

o503

bital part with the spin part.
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The spin operator S; on site /, and the orbital operators d;; dig
for 3d orbitals « and 8 on site i being defined in the usual
way by the expressions (% +0 - Sioor = Za d;gm/d,-w and
d;gdm =), d;;gdmg, we then have dl.;o, e = d,.;dm(% +
o - Si)so’- Denoting by q the vector between titanium site
i and oxygen site ¢ lying between sites i and j, and
defining the energy gap Ay, = €9 — €, — 5(V — 2K), the
effective transfer integral from site j, orbital o, to site i,
orbital oy (¢9°)4 = 32, t1 15" /(A + Adn,)s Sy = 260 —
(1 = 8,,n,)(€n, + €4,) as well as coefficients:

ABC — 1 + 1
nansnang Adnl + A Adnz + B
1
X
4 (84n, + A+ B—C)

1
X +
<Adng + A

[T e (S) = D Tt S(52%) (15,

30y

,  (IL.11
Adru + B> ( )

(I1.12)

A nios _ o n
[Zz]asnsnla(SA) = Z Td[:asotla(SA)lq; 3tl‘lll E (IL.13)

a3y
the expression for the effective Hamiltonian Heg(i — j; q) for
a pair i — j of titanium ions in the q direction is given by
the contribution of three terms corresponding, respectively, to
process (a), (b), and an orbital-only term:

Hee(i — j3q) = Hegli — jiq) + Holi — j3q)

+Hao(i — j3q), (IL.14)
with
a ;: . [7;?]35&2&’01(5’4) + [7}%]320‘5““/(514)
eff(l -/ q) - Z A
asaro’aA
x H(SA)(SisSj)d;);Sd}:(zdja/dia’ (II.15)
. . A
Hé)ff(l - =- Z ‘Eﬁgglznl [7;2]0!5"3’110! (S4)
a;niABC
21B
X [,T] ]a(,mnzut’ (SB)T"S”MZIH(SC)
XH(SA,SB,SC)(SLSj)di‘t;sdmd;:%dja/, (I1.16)

Faoli = ji) =Y sS0sSp) [T2]L,, . (Sa)
a;n;AB

x [T22 (k)

aghanaa’

1
' (A + Ad}’l])(B + Adnz)

1 1
X + dr d[ad+ dja’-
A+ Dgu | B+ Agy,) s ie

(I1.17)

In these expressions, A,B,C (S4,Sp,Sc) are representing
the Coulombic energies (the total spin) of the two electrons or
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TABLE L. H®4)(S;,S;) for the different S, situations.

Sy=1 Sp=

HEV(SSS)) 1+Si-S;

two holes intermediate states on site i,j,q, respectively,
5(Sa =1)=3/2,5(84 =0) = —1/2,T,, .., isacoefficient
(similiar to T, . .(Ss) for the titanium) describing
a two-hole oxygen intermediate state while HV(S;,S;) =
206/0'10'20'30'5 80’01 80203 T0503010(SA)(%+0- : Si)aas (%4‘0' : Sj)a’az
and H(SA'SB'SC)(SL S_]) = 4200’01025355T0503010(SA)T0604020’(SB)

Tg403,,2,,,(SC)(% +o- Si)ws(% + 0 - Sj)s0, are presented in
Tables I and II, respectively.

III. MEAN-FIELD PHASE DIAGRAM

Using the previous expressions, we will now apply the
effective Hamiltonian to obtain the mean-field phase diagram.
In this aim, let us call (a,b,c,e;,e;) the d,;,d ,dyy,d\2_y2 ,d2
titanium 3d orbitals and (py,, ps,,Ps.) the 2py,2p.,2p;) 2p
oxygen orbitals when the vector q between titanium site i
and oxygen site g between i and j (as drawn in Fig. 1)
is in the q = z = ¢ direction. For a titanium-titanium bond
i — j in the q = z direction, o-type hoppings are occurring
between orbitals 2p, and d2. In the q=x and q=Yy
directions, o-type hoppings will happen between (2p, and
dy2) and (2p, and d,2), respectively, favoring each time an
AFM state but with a different orbital ordering. A further
treatment is thus necessary to determine the crystal spin
and orbital ground state for the whole crystal. This problem
being extremely difficult to solve, we have used a variational
(mean-field) treatment using classical S = 1/2 spins and two
sublattices A and B to describe the orbital state, wave functions
on site i € A/B being a linear combination of the three
I, orbitals with coefficients [4/p,ma/,n4/8: @i = (lAal-+ +
mab +nsc)|vac) and ¢; = (Iga; +mpb] +npc))|vac)
with 13 +m?% + n% =12 + m% + n% = 1. Due to this orbital
description, the phase diagram cannot be obtained by just
considering the resulting exchange coupling of a single
titanium-titanium bond. By optimizing the solutions with
respect to these coefficients,*3° one can then deduce the phase
diagram. The wave function describing the ground state is
thus assumed to decouple the spin and orbital degrees of
freedom: ¢ = Porvital X Pspin. This assumption is very bad in
one-dimensional systems®’ but can turn to be acceptable in
three dimensions to provide (at least) a qualitative picture of
the phase diagram. And even if an exact result shows that
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there is no long-range spin ordering in the KK Hamiltonian,®

this result is only valid in the original KK model, the
addition of perturbations like Hund’s rule coupling allowing
long-range ordering.*” In this frame, the (classical) spin state
@spin = (01,02,...,0%,...) (Where op = £1/2 is the classical
spin on site k) is characterized by a wave vector Kein = 0
for the FM state and K, = (0,0,7),(,7,0),7 = (7r,7,7)
for the A-AFM, C-AFM, and G-AFM states. Therefore <
Si - Sj >= *£1/4 according to the case. The orbital state ¢or, =
]_[(Site b i is also characterized by a wave vector Ky, = 0 for
the ferro-orbital (FO) state and ko, = (0,0,7),(r,7,0),7 =
(mr,m,m) for the antiferro-orbital A-AFO, C-AFO, and G-
AFO states with two sublattices A and B. In each case,
the computed energy E[Kom.,Kspinl(la,m4,14,lp,mp,np) =<
o|(1/2) Zijq Here(i — j,q)l¢ > must be optimized as re-
spect to parameters [4,ma,na,lg,mp,ng. Due to the great
number of parameters, the optimization is rather difficult.
Two cases are generally exactly solvable: the case (Korp, =
0; Kgpin = Oorm) and the case (Korp, = 7; Kepin = Oorm). In
this last case (lower in energy), the optimization leads to
the relation Iolp = mamp = nanp = 0 [for instance, (I, =
1,mya =0,ny =0,lg =0,mp = cosO,ng = sinb) fulfill this
condition]. A numerical study shows that the G-AFO states
are the lowest in energy except in the case of high degeneracy
occurring when the Racah parameter B tends to zero. The
distinction between G-AFM, C-AFM, A-AFM, and FM states
being also difficult to achieve, we have tested a subset of
possible states and drawn the phase diagram considering a G-
AFO ground state with the conditions (I, = 1,m4 =0,n4 =
0,lp =0,mp = 1,ng = 0) for the G-AFM, C-AFM, and FM
states, and (I = 1,m4 =0,ny =0, =0,mp =0,ng =1)
for the A-AFM state, these conditions (or equivalent one)
giving apparently the lowest possible energy in each case.
Under such a condition, the phase diagram is presented in
Fig. 4 as a function of some of the parameters appearing in the
problem. The G/C-AFM magnetic states are favored by small
values of #; /1, Ag and high values of A%”, A,Band V — 2K.
Using the expected value ¢, /1, ~ 0.5, the RTi O3 model sits
in the FM phase, close to the line separating ferromagnets from
antiferromagnets.

IV. SPIN-ORBIT COUPLING

If we now introduce the spin-orbit coupling, the Hamil-
tonian becomes: Hegr(i — j,q,A) = Her(Q — j,q) + Al - Si +
I; - Sj) where I; = P, LiP,,, is the projection on the 5 sub-
space of the full orbital momentum L; of the 3d electron site i.
The ground state resulting from the numerical diagonalization
of He(i — j,q,1) for a one-bond i-j system contains both a
ferromagnetic and an antiferromagnetic wave function whose

TABLE II. Summation results over spin indices for process (b) according to the different S4,Sg,Sc situations [here, (1) = —1 and
€(0) = 1].
(1,1,0) (1,0,0)
(1,0,1) (0,1,0)
(S4,58,5¢) (L,1,1) (0,1,1) (0,0,1) 0,0,0)
H80)(S;,8)) 6+3+Si-S; €(Sc)2+ 5 —Si-S) —e(S)G +Si- Sy 1SS
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(2) T RIiO3 ©  Trmios ~ GAFO
tr/ts mode b/l % FIG. 4. (a) Mean-field phase diagram in the
0.4 0.4 gﬁgﬁ (A, /1) plane. (b) Mean-field phase diagram
// in the (Azx*Y,t, /t,) plane. (c) Mean-field phase
0.3 0.3+ G-AFO diagram in the (A,t,/1t,) plane (here, A =U —
G-AFO G-AFM 1.6 eV).
021 G-AFM ; 02+ ; ,
} } y | oxy—i } } !
0.0 1.0 Ag(eV) 2.0 0.0 105" 50 1419 24 5y 34

amplitudes are ¢, /¢, dependent. Therefore, let us consider the
most simple solution of this kind for the whole crystal (with
only one parameter) by defining

forsitei € A: 9 = Aol + A2f], (IV.1)

forsite j € B : ¢; = Vﬁ’ Iv.2)

with «, 8,y belonging to the t,, manifold a,b,c. Then, the
two-particle state ¥;v; = Ajo;hy/| + Aaf| ;| mixes an FM
state together with a (G-)AFM one. In order for A; and A,
to be nonzero simultaneously, the spin orbit coupling must
lower the energy of the system. If we consider the case
a=>band B =c, as (I - Sj)y, = Re(iATA,) we can choose
Vi = Au(tn /1)y + i Byt [ 15)c]|, With A; (tx /15), Bu(t /1)
positive real numbers obeying A% (t;/t,) + B3 (tx/t,) = 1. In
such a case, (I - Si)y, = —Ayx(tz/15)B)(tz /1;) is negative,
(Si - Sihyry, = (Bitx/15) — A1z /12))/4 While Ay (1 /1) is
obtained by minimizing the energy of the system. The energy
per site is plotted on Fig. 5 before and after the transition
G-AFM/FM for different A values, A, (¢;/t,) corresponding
to the value minimizing the energy of the system and lying
in the range [0,1]. When A =0, ¢; = az gives the lowest
energy (G-AFO state) with A, (#;/t,) = 1 when 1, /t, is in
the G-AFM part of the phase diagram and with A, (¢, /t,) =0
when t,/t, is in the FM part of the phase diagram, as
expected. When A # 0, A,(t;/t,) is now lying in the range
10,1[. In Fig. 6 we have plotted (S; - S;j)y,y;, and {; - S}y,
as a function of ¢, /t, at A = 0 and A = 20 meV; thanks to
the spin-orbit coupling, (S; - Sj)y,y, passes continuously from
—1/4 to +1/4. Consequently, if the system lies in the G-AFM

(b)
E(eV) (t/t)=0.4
L 3=0

-2.964-

0.6324

E(g

2968

2972
0.636

29764

0.640
29804 7

FIG. 5. A dependence of parameter A, (t,/t,) corresponding to
the minimum of the energy per site. (a) Before the critical value;
(b) after the critical value.

part of the diagram close to the line separating G-AFM to FM,
its magnetic parameter value will be extremely reduced and
it will also present a weak ferromagnetic moment. But when
the system is in the FM part not too close to the transition,
the value of the magnetic parameter will be closed to the one
obtained without the spin-orbit coupling.

V. SUMMARY

In this article, we have derived an effective spin-orbital
Hamiltonian for 3d' electronic systems with #,, orbital
degeneracy. This derivation was done up to order four in
the hopping term, without any approximations concerning
the Coulombic interactions. From this study, we see that
the participation of the oxygen and of the e, levels gives
rise to the o-type electron hopping which cannot be mapped
onto an effective M-M bond and favors the emergence of
an AFM ground state (of G or C type as predicted by the
classical treatment) in competition with an FM one. This
therefore greatly improves the preceding KK Hamiltonian
essentially predicting ferromagnetism in the ideal cubic case.*
The stability of these phases is driven by several parameters
and we have obtained that small values for ¢, /#,,Aq,€q — €,
and large values for A%’ A,B, and V — 2K are favoring the
AFM phases. Using the expected value ¢, /£, ~ 0.5,'° we have
placed our RTi O3 model (assuming an ideal cubic system) on
the phase diagrams which sits in the FM phase, close to the line
separating ferromagnets from antiferromagnets. In any case, it
is clear from this study that o -type electron hoppings cannot be
neglected when studying 3d” (n = 1,2,3) RM O3 systems: for
3d? and 34 systems like LaCr O3, LaV O3, and YV O3 which
are either G-AFM or C-AFM, the omission of this process only
leads to a bad quantitative description, but it turns out to be

00, )
02s04 (@) gaooooooo.
0.125
<S|'s'>\..
0.000 4
ouzs - —2=20 meV 03]
' - «-- =0
0.4
<0.250 - . . . . . ,
030 035 040 045 050 00 01 02 03 04 05
t/t

tit,

T

i

FIG. 6. (a) (Si - Sj)y,y, for A =0 and A = 20 meV. (b) {l; - Si),
for A = 20 meV as a function of #, /¢,
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worse for 3d' compounds as the possibility to obtain AFM
is greatly reduced. In this last case, due to the great number
of parameters involved in our model, it is plausible to expect
that a more precise description of the parameters describing
LaTiO;3 (assuming this system has very small distortions)
also improved by a description in terms of the orbital-liquid
state; on the other hand the presence of a pronounced
Gd FeO;3-type lattice distortion (characterized by the Ti-O-Ti

angle 0) in Y T'i O3 lowering the amplitude of the o-type AFM

d22p. . S
process (%, qzz P = —1,cos6) will be effective in distinguishing

LaTiO; from YTiOs3, shifting the former into being AFM.
In such a case, the spin-orbit coupling which has been shown
to allow a continuous transition of (S; - S;)y,y, from —1/4 to
+1/4 as a function of #,/t, would help to explain the small

PHYSICAL REVIEW B 84, 014415 (2011)

value of the ordered parameter reported for LaTi Oz as well as
its weak ferromagnetic moment. Another improvement of the
model would be to introduce the delocalization of the one- and
two-electron hole intermediate states, as hole delocalizations
are always stabilizing the system. A description of the oxygen
orbitals similar to the one done in the case of a Zhang-Rice
singlet*’ could thus be done both for the singlet and for the
triplet intermediate hopping states.
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