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Determining topological order from a local ground-state correlation function
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Topological insulators are physically distinguishable from normal insulators only near edges and defects,
while in the bulk there is no clear signature to their topological order. In this work we show that the Z2 index
of topological insulators and the Z index of the integer quantum Hall effect manifest themselves locally. We
do so by providing an algorithm for determining these indices from a local equal time ground-state correlation
function at any convenient boundary conditions. Our procedure is unaffected by the presence of disorder and can
be naturally generalized to include weak interactions. The locality of these topological indices implies bulk-edge
correspondence theorem.
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I. INTRODUCTION

The theoretical proposal and experimental discovery of
topological band insulators1 (TI) has been raising increasing
interest in the condensed matter physics community. These
materials form a novel topological state of matter, which does
not fall into the standard classification of broken symmetries.
Instead, what distinguishes this phase from a trivial band
insulator (BI) is the existence of a nontrivial Z2 topological
index associated with the full band structure. This distinction
is somewhat analogous to the integer quantum Hall effect
(IQHE), whose distinguished states can be attributed to a
Z topological index associated with full Landau levels of
noninteracting electrons.

Broken symmetry phases are characterized by local order
parameters, in what is known as the Landau paradigm.2 It is
commonly accepted that this paradigm does not apply to the
above topological phases. Instead, such phases are described
by the more elusive quantity, known as a topological order.3

In IQHE the quantized Hall conductance is a direct
manifestation of the topological order, and for the case of
free electrons, this response function is a local bulk quantity.4

As far as we know, for TI the implication of the topological
order is only through edge effects (see, for example, Refs. 5–7)
or defect-related effects.8 There is no local response function
that is known to characterizes this Z2 phase, let alone an order
parameter.

In this work we show that both the Z2 index of the TI and
the Z index of the IQHE, as well as any gapped insulator
with nonzero Chern number ν, can be extracted from a local
equal time ground-state correlation function. This implies that
in these systems the topological order is in fact a local ground
state property. It also proves a bulk-edge correspondence
theorem for such local topological orders.

When interactions are taken into account, the Z index
remains well defined,9 while it is yet unclear whether the
Z2 index does.10,11 Our formulation, however, remains well
defined at least for weak interactions and thus suggests an
extension to the definition of the TI to weakly interacting
systems. Beyond weak interactions, we show that either the
energy gap or some “occupation gap” must be closed during
the transition from a TI to a BI.

The theoretical procedure that we provide can be straight-
forwardly adapted to form an algorithm for numerically

determining the Z2 and Z indices. This algorithm is rather
efficient, since one only needs to diagonalize several matrices
with dimensions of the order of the correlation length squared
(2D) or cubed (3D). Such an algorithm may help in numerically
testing a predicted topological order.

II. FINDING LOCALLY THE TOPOLOGICAL ORDER

Our procedure of extracting the topological index deals
with noninteracting lattice-based band insulators. The required
input is the equal time ground-state two-point correlation
function

Pij = 〈gs|ψ†
i ψj |gs〉, (1)

where |gs〉 is the many body ground state, and ψ
†
i (ψi) is

the creation (annihilation) operator of an electron in site i

(for brevity we let i encompass also the orbital and spin
degrees of freedom). For noninteracting electrons the two-
point correlation function coincides with the single-particle
spectral projector

Pij =
∑
En<μ

〈i|n〉〈n|j 〉, (2)

where |i〉 is the single-particle wave function associated with
ψ

†
i , |n〉 is an eigenstate of the single-particle Hamiltonian with

an energy En, and μ is the chemical potential. Since we are
interested in local bulk properties, we assume that the sites i

and j reside within the bulk.
In the following (see Property I below) we show that Pij is

exponentially local, namely it decays exponentially with the
distance between i and j within some correlation length lp
and has only an exponentially small dependence on details
of the Hamiltonian outside a local region around i and j .
This locality allows us to discuss Pij within some given A,
without concerning ourselves with details of the edges of
the region, boundary conditions, or the Hamiltonian outside
A. In particular, for any geometry of A, we can always
consider a subregion with a geometry of a Corbino disk, or
a thick torus (Corbino donut) in 3D, which we assume to have
circumferences larger than lp.
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Given P on such a region, we multiply Pij by a geometric
phase factor, in a way that we call “artificial flux insertion”

Pij (φ) = Pij e
iθij φ, (3)

where φ ∈ R and θij ∈ (−π,π ] is the azimuthal angle from site
i to site j . In the proceeding we assume for convenience that in
2D A is of the topologically equivalent cylindrical geometry.

A key analytical result in this work (Property II) is that
Eq. (3) captures the effect of real magnetic flux insertion, up
to O(e−L/lp ) corrections, where L is the inner circumference
of the Corbino disk (or donut). Hence the inclusion of flux
is merely a transformation of P , which yields no extra
information in addition to the information already contained
in P .12

The next step is to construct 1D Wannier functions out of P .
Let X be the position operator along the open coordinate x̂. We
define the 1D Wannier functions |wn(φ)〉 to be the eigenstates
of the projected position operator in a given flux13

PXP |φ |wn(φ)〉 = xn(φ)|wn(φ)〉. (4)

This definition of the Wannier functions has several advan-
tages. First, it relies on P rather than the Bloch wave functions,
hence the eigenvalues xn are unaffected by the phase freedom
in Fourier space, on the one hand, and it remains defined in the
presence of disorder, on the other hand. Second, since P (φ)
is a continuous function of φ, the xn’s are also continuous
in φ. Third, in time-reversal-preserving systems PXP |φ
is a time-reversal-invariant operator for φ = 0,π , and thus
Kramers’ theorem assures that the Wannier functions come in
time-reversal pairs with doubly degenerate eigenvalues at these
points. Last, we prove below (Property III) that within the bulk
each Wannier function is exponentially localized around its
eigenvalue along x̂, even for cases of nontrivial Chern number.
This implies that the xn’s of the Wannier functions that reside
within the middle of the region A are unaffected by details of
the system out of A or by the edges of A.

So far we have shown that given P (φ = 0) in a local region
A, one has sufficient data to extract xn(φ). In order to extract
the Z2 index out of the xn(φ)’s, we follow Ref. 14 and consider
the pairs of eigenvalues at φ = 0 and φ = π . As mentioned
before, at these fluxes the xn’s come in degenerate pairs. The
difference between a BI and a TI is whether the pairs at φ = 0
are the same as those at φ = π (BI) or not (TI), as depicted in
Fig. 1.

The Z index is even simpler to extract, since there is no
degeneracy in the xn’s, and all the 1D Wannier functions move
in the same direction.15 According to gauge invariance, the
eigenvalues at φ = 0 are the same as those at φ = 2π , but
each xn may be carried with the flux to xm. If the labeling of
the eigenvalues is such that xn+1 > xn, then the Z index equals
to m − n, as depicted in Fig. 2.

The four Z2 indices of the 3D TI (ν0; νx,νy,νz) can
be extracted by generalizing the pair-switching criterion.16

Given a sample with periodic boundary conditions in ŷ and
ẑ, the Wannier centers are carried with two independent
fluxes xn(φy,φz), where φy (φz) corresponds to the phase
twist in ŷ (ẑ). Now νy = 1 if the pairs switch partners
between (φy,φz) = (π,0) and (π,π ) and, accordingly, νz = 1
for switching between (0,π ) and (π,π ). If the pair switching in
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FIG. 1. (Color online) The centers of the 1D Wannier functions
xn as a function of the artificial flux φ of the 2D Kane and Mele
model, as extracted from the local two-point correlation function at
φ = 0, of both a topological (left) and a trivial (right) insulators. (a)
In the TI the centers switch pairs between φ = 0 and φ = π . (b) In
the BI the centers are essentially fixed. (c) Zooming in shows that
they actually move but without switching pairs.

the course (0,0) → (0,π ) differs from that in (π,0) → (π,π ),
then ν0 = 1. In order to extract νx we must have P also in a
geometry that is periodic in x̂ and ŷ.

We can see that in 3D TI the geometry on which P is
given plays an important role. The 3D generalization of the
2D cylinder is periodic boundary conditions in two directions,
while the 3D generalization of the Corbino disk is the Corbino
donut. The Corbino donut can be isolated from any given
sample by discarding sites from the projector, and therefore
properties inferred from these geometries must be local and
isotropic. On the contrary, the 3D cylinder cannot be isolated
form larger samples, and therefore properties inferred from this
geometry need not be local nor isotropic. In the Corbino donut
we consider only the flux that resides inside the donut, and X

denotes the open radial coordinate. For ν0 = 1 we expect pair
switching, since gapless states will appear at the surface.16 On
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FIG. 2. (Color online) The centers xn versus the artificial flux
φ of a single spin copy of the quantum spin Hall effect model, as
extracted from P at zero flux. Each center replaces its proceeding
center while carried with the flux, xn(2π ) = xn+1(0), in all scales, as
expected from ν = 1.
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the other hand, since a Corbino donut can be isolated from
a larger sample in any orientation, it is impossible to extract
from it the orientation-dependent weak indices.

In the presence of interactions, the ground-state two-
point correlation function remains well defined. However,
it no longer corresponds to a projection matrix, which is
the requested input to the process. Prior to the addition of
interactions all the eigenvalues of the correlation function were
either 0 or 1, corresponding to occupied and unoccupied states.
One can think of this as an occupation gap of exactly 1. As
interactions are gradually increased, and as long as there is
no phase transition, the correlation function is expected to
change continuously, and the occupation gap to remain finite.
Provided that, it is possible to extract a truncated projector out
of the correlation function in a way which is independent of
the truncation process, as will be proven below.

In general, locality of topological order implies a bulk-edge
correspondence theorem, provided that the topological order
is well defined for insulating phases. Assume that two samples
which belong to two different classes are attached. If the entire
system remains gapped, it belongs to a single topological
class. However, according to the locality of the order, the
system seems to belong to two classes simultaneously. This
contradiction implies a closure of the gap, which can only take
place at the interface. In the other way, if the gap can remain
open between the two attached samples, the classifying order
must be nonlocal. For example, weak topological insulators
may have a gapped surface (in a stacking direction),16 which
means that the weak order is nonlocal, in agreement to what
has been stated above.

III. NUMERICAL IMPLEMENTATIONS

The above approach can be easily adapted to a computer
algorithm. For a given two-point correlation function P , one
can diagonalize the matrix PXP |φ for various fluxes and
examine the resulting eigenvalue spectrum. However, due to
finite size effect, some of the eigenstates of PXP would be
localized near the edges of the region A. These eigenstates
are edge dependent and, therefore, do not reflect the physical
behavior of the bulk. Fortunately, due to the exponential
localization of the eigenstates, one can easily distinguish these
state from the bulk eigenstates and discard them, as proven in
the Appendix.

We have carried out this process on the 2D Kane and Mele
model of the TI17 in the presence of disorder. The Hamiltonian
of this model is parameterized by nearest-neighbor hopping
t , staggered on-site potential λv , Sz conserving spin-orbit
interaction λSO, and Rashba spin-orbit interaction λR . We
took a cylindrical 18 × 42 lattice, with t = 1,λSO = 0.1,λR =
0.05, for the BI λv = 0.9, while for the TI λv = 0.1. Both
Hamiltonians were subject to a uniformly distributed random
potential of magnitude 0.1. The spectral flows xn(φ) at the
middle of the cylinder of both the trivial and topological phases
are depicted in Fig. 1. The difference in the pair-switching
behavior is clearly visible.

Similarly, we performed the procedure on a single spin copy
of the quantum spin Hall effect model,18 which is equivalent to
IQHE. The parameters of this models are the hopping element
of the two bands B − D and B + D, the interband hopping A,

and the energy gap M . Figure 2 depicts the movement of the
1D Wannier functions at the middle of a cylindrical 30 × 40
lattice, with B = 1, D = 0.2, A = 0.4, and M = 0.1, which
yield ν = 1. A uniform disorder of magnitude 0.3M is also
present. It is evident that xn(2π ) = xn+1(0), which means that
this insulator belongs to class 1 of the Z index, as expected.

A comment is in order that different xn(φ)’s may appear
to cross at accidental values between φ = 0 and φ = π ; for
example, see Fig. 1(c). In such cases one should relate the
upper state before the crossing to the upper state after the
crossing and the same for the lower. This process is equivalent
to opening a gap at the crossing point by some small local
perturbation. Moreover, due to Winger noncrossing theorem,19

this gap is probably there, only it is not visible within the
numerical accuracy.

IV. PROOFS OF ANALYTICAL PROPERTIES

Now we turn to prove the three properties that have been
stated above. The band insulator lattice Hamiltonian H is
characterized by a spectrum with a finite gap � around some
value μ and a maximal energy in absolute value D above μ. We
also assume that H does not couple two sites which are more
than lh sites apart. Since we are interested in bulk properties,
we assume that the periodic dimensions of the lattice are of
finite size L, while the open coordinate is infinite (finite size
systems are discussed in the Appendix).

The starting point of the proofs is to develop a represen-
tation of the projector P as a finite polynomial in H . The
projector P can also be expressed as

P = lim
ε→0+

1

2

[
1 − erf

(
H − μ

ε�

)]
, (5)

where erf(x) denotes the Taylor series of the error function.
The equivalence of this expression to the definition can be
easily verified in the eigenbasis of H . Accordingly, we define
the approximate projector Pε to be the same as P but with
finite ε � 1. If the error of the approximation is measured
by the Euclidean norm, we can bound it by ‖P − Pε‖ = (1 −
erf(ε−1))/2 < e−1/ε2

.
Since the erf(x) is an entire function, Pε can be approxi-

mated by taking only the N first terms of the series

PN,ε = 1

2

[
1 − 2√

π

N∑
n=0

(−1)n

n!(2n + 1)

(
H − μ

ε�

)2n+1
]

. (6)

According to Taylor’s theorem there exists x0 ∈ (0,(D/�)ε−1)
such that ‖Pε − PN,ε‖ = x 2N+3

0 /[
√

π (N + 1)!(2N + 3)].
By using Stirling’s approximation, and choosing Nε =
e2(D/�)2ε−2 	 ε−2, we can bound

‖Pε − PN,ε‖ < D√
N�ε

(
eD2

N�2ε2

)N+1

= e−Nε . (7)

Consequently, we can conclude that PNε,ε is an excellent
approximation of P , with an error of ‖P − PNε,ε‖ < e−1/ε2 ≡
e−Q, with Q as the measure of the accuracy. Therefore, in
order to approximate P with accuracy Q, it is sufficient to
take NQ = e2(D/�)2Q terms.

Property I. Pij decays exponentially with the distance
between i and j within some correlation length lp, and has
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only an exponentially small dependence on the Hamiltonian
outside a local region around i and j .

Proof. According to the assumptions, [H 2N+1]ij vanishes
for two sites i,j which are separated a distance rij > (2N +
1)lh ≈ 2Nlh. Accordingly, [PN,ε]ij also vanishes, while Pij

may be of order e−Q(N). Therefore, for a given rij > 2lh,
we choose N = [rij /2lh], which keeps [PN,ε]ij as zero, while
giving a maximal Q(N ). Following this choice one finds that

|Pij | < e−rij / lp , (8)

lp = 2e2(D/�)2lh. (9)

Moreover, Pij for two sites within a ceratin region A does
not depend on the matrix elements Hkl of two sites within
region B as long as the distance between A and B is much
larger than lp. This can be shown by choosing N = rAB/2lh,
where rAB is the minimal distance between A and B. Now
[PN,ε]ij does not depend on Hkl , and Pij may depend on it on
the order of e−rAB/lp .20

This way of creating an exponentially local projector from
the Hamiltonian can be performed on any gapped matrix with
a finite band width. In particular, the two-point correlation
function of a weakly interacting system can be deformed into
a projector, as required for the index determining procedure,
as long as the occupation gap remains finite.

Property II.Magnetic flux which threads a cylinder or a
torus affects Pij by a simple geometric phase factor.

Proof. Insertion of the magnetic flux 
 affects H in the
uniform gauge by

Hkl(
) = Hkle
i2πykl
/L
0 , (10)

where ykl ∈ (−L/2,L/2] is the azimuthal distance from site
k to site and l and 
0 is the flux quanta. Consider Hkl within
a region C that cover less than a half of the circumference of
the cylinder or the torus. One can adopt a convention for the
coordinate y ∈ (0,L) that avoids the branch cut inside C and
write ykl = yk − yl . Within C Eq. (10) can now be written as
a unitary transformation

H (
)|C = U (
)HU †(
)|C, (11)

Ukl(
) = δkle
i2πyk
/L
0 , k,l ∈ C. (12)

Given Pij , we can approximate it by N = L/4lh terms.
Since [PN,ε]ij does not vanish only for rij ∼ lp � L, it
depends on Hjk only for j,k within a region of size L/2,
which covers not more than a half of the circumference. Hence
we may substitute Eq. (11) in Eq. (6) and obtain Eq. (3) by
identifying φ = 
/
0 and θij = 2πyij /L.

Property III. The 1D Wannier functions, defined as eigen-
states of the operator PXP , are exponentially localized in the
x̂ direction around the corresponding eigenvalues.

Proof. Consider the action of the projector P on some
normalized state |a〉 which is localized around xa within a
width la . Since Pij is local with width lp, P |a〉 is still localized
at the vicinity of xa , but it might be as wide as la + lp. Note that
P |a〉 is not necessarily normalized to 1 but may have a smaller
norm. Since the position operator X is diagonal in the position
basis, (X − xa)|a〉 is localized almost in the same manner as
|a〉, but its norm may increases up to 2la .

Following this, if we begin with a particle at site i, and
apply P (X − xi)P on it, then ‖P (X − xi)P |i〉‖ < 2lp. Ap-
plying it M times yields ‖(P (X − xi)P )M |i〉‖ < (2lp)MM! ≈√

2πM
(
2lpM/e

)M
.

Now let |wn〉 be an eigenstate of PXP with eigenvalue
xn 
= 0, and consider |i〉 with |xn − xi | > 2lp. It can be shown
that P |wn〉 = |wn〉, yielding 〈i|wn〉 = (xn − xi)−M〈i|(P (X −
xi)P )M |wn〉. Following the inequality |〈a|b〉| � ‖|a〉‖ · ‖|b〉‖,
we have |〈i|wn〉| <

√
2πM

[
2lpM/(e(xn − xi))

]M
. For given

xn and xi we choose M = [|xi − xn|/2lp], and get the
exponential localization of the 1D Wannier function21

|〈i|wn〉| <
√

π |xi − xn|/lp e−|xi−xn|/2lp . (13)

V. CONCLUSION

To conclude, in this work we proved that the Z and Z2

topological indices can be extracted from the ground-state
equal-time two-point correlation function at zero flux, given on
any section larger than some correlation length. This implies
that the order in such topological phases can be thought of
as a local ground-state property. In the case of 3D TI it was
suggested that the strong index is indeed local in the above
sense, while the weak indices carries some global information.

Heuristically, one can reach a similar conclusion using
entanglement spectrum.22 Indeed, Pij on a finite region is
related to the reduced density matrix. A gapless spectrum
of Pij is therefore an indication of nontrivial topology.23,24

Nevertheless, given a finite region one cannot differentiate a
gapped spectrum from a gapless one without inserting fluxes.

It will be interesting to establish this approach in interacting
systems and to apply it on fractional quantum Hall states.
Preliminary numerical results indicate that the electron two-
point correlation function of the ground state at filling factor
1/3 is proportional to the one of filling factor 1. Hence, it may
be possible to extract the topological order of fractional states
in a similar way.

We hope that our viewpoint will encourage the efforts for
finding manifestations of the Z2 index through local bulk
properties.
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APPENDIX A: EDGE EFFECTS

In the main text we avoided edge effects by considering
geometries with periodic dimensions and an infinite open
coordinate. In practice, a finite open coordinate must be used,
causing numerical artifacts that should be filtered out in order
to reveal the bulk behavior. This can be done in a controlled
manner provided that the 1D Wannier functions of the bulk and
the edge are distinguishable. The first part of this Appendix
establishes this distinction, and the second part presents the
actual numerical procedure.
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The starting point of the proofs in Sec. IV was expanding the
spectral projector P as a series in powers of the Hamiltonian
H , with the spectral gap � as a control parameter. An edge
may give rise to gapless edge states and so our first task is to
establish the expansion in the presence of such states.

We assume that H is characterized as before, only now the
spectrum of H includes both bulk states with energy greater
than the gap, and edge states with subgap energy, which are
exponentially localized along the edge. The projector P can
than be divided into bulk and edge parts

P = P bulk + P edge (A1)

=
∑

En<μ−�

|n〉〈n| +
∑

μ−�<En<μ

|n〉〈n|,

where |n〉 denotes an eigenstate with eigenvalue En and μ

is the chemical potential, as before. Since P edge is composed
only of the edge states, it decays exponentially into the bulk.
Therefore [P edge]ij is exponentially small, if either i or j (or
both) reside within the bulk.

In a similar manner to what we have done above, we
introduce an error function approximation to the projector

Pε = P bulk
ε + P edge

ε (A2)

=
∑

En<μ−�

1

2

[
1 − erf

(
En − μ

ε�

)]
|n〉〈n|

+
∑

μ−�<En<μ

1

2

[
1 − erf

(
En − μ

ε�

)]
|n〉〈n|. (A3)

We can see that ‖P bulk − P bulk
ε ‖ < e−1/ε2

as before, while
P

edge
ε is a poor approximation to P edge, since the summation

coefficients spread form 0 to 1. Indeed P
edge
ε is a poor

approximation of P edge at the edge. However, within the
bulk both [P edge

ε ]ij and [P edge]ij are exponentially small, and
therefore also the error |[P edge

ε − P edge]ij |.
This implies that for bulk-bulk or bulk-edge correlation,

P may still be approximated by Pε within an exponential
accuracy. Pε can be Taylor expanded up to some finite order
N , and by choosing optimal values for ε and N we can bound
the error. Since this part of the proof is unaffected by the
edges, we refer the reader back to Sec. IV. We turn to discuss
the effect of edges on properties I–III.

Property I (the exponential locality of P ) relies on the
serial expansion and therefore is valid only within the bulk.
Nevertheless, since the edge states decay into the bulk, P

decays exponentially also at the vicinity of the edge but only
perpendicularly to the edge.

Property II (the artificial flux insertion) is valid as long
as P decays along the periodic coordinates, which does not
necessarily happen in the presence of edge states. Thus the
artificial flux insertion approximation is valid only far from
the edge.

Property III states that the 1D Wannier functions are
exponentially localized around their eigenvalues along the
open coordinate X. As long as the 1D Wannier functions are
produced by diagonalizing PXP , and P is a true projection
operator over the entire physical system, the proof remains
unchanged in the presence of edges. Nevertheless, we do not

wish to limit ourselves to cases in which the entire P matrix
is known, since this is not a local quantity. Our algorithm uses
P which is given on some local area with a geometry of a
cylinder or a Corbino disk. But P which is truncated to some
local region is generally not a projection matrix.

The projection property P 2 = P was used in the original
proof only once, when it was stated that it can be shown
that P |wn〉 = |wn〉, where |wn〉 is an eigenfunction of PXP

with eigenvalue xn 
= 0. This property was required in order
to establish the equality

〈i|wn〉 = (xn − xi)
−M〈i|(P (X − xi)P )M |wn〉, (A4)

where |i〉 is a state localized at site i. If the truncated P is no
longer a projector, then [PXP,P ] 
= 0, and |wn〉 may not be an
eigenstate of P . But since we are interested in bulk properties,
it suffices to prove that Eq. (A4) is valid far from the edges
of P (which may differ from the physical edges due to the
truncation).

It is useful to divide the the system into three groups: S
will denote the entire system, A ⊂ S the truncation area, and
B ⊂ A the inner region of A, which will be defined by the set
of all sites which are far form the edges of A, on the scale of
the the correlation length lp. Recall that P is a piece of the
true projector of the entire system, which we denote by P̃ .
Following the locality of P , we find that for i or j in B

[P 2]ij =
∑
k∈A

PikPkj =
∑
k∈A

P̃ikP̃kj

≈
∑
k∈S

P̃ikP̃kj = P̃ij = Pij , (A5)

up to corrections that are exponentially small in the distance
between the site in B and the edge of A, divided by lp. We can
see that P is still a projector up to boundary effects.

Since P is approximately a projector within B,

〈i|P |wn〉 = (1/xn)〈i|PPXP |wn〉 (A6)

≈ (1/xn)〈i|PXP |wn〉 = 〈i|wn〉 ∀i ∈ B,

for xn 
= 0. This means that as far as region B is considered,
|wn〉 is indeed an eigenstate of P . Seemingly we recovered Eq.
(A4) for any site i within B. However, [P (X − xi)P ]M |i〉 may
be as wide as M · 2lp, which restricts the validity of Eq. (A4)
to M < d(i,B)/2lp, where d(i,B) is the distance between site
i and the edge of B.

The exponential localization of |wn〉 around xn was
achieved by choosing M = [|xi − xn|/2lp]. The restriction
on M is then translated to a restriction on the exponential
localization to be valid only for |xi − xn| < d(i,B), although
xi and xn are both in B.

So far we have shown that for xn in B, its eigenfunction
|wn〉 decays exponentially with the distance. Note that this
does not exclude the possibilities that |wn〉 resides at the edge
of A or both at the edge and around xn. The last scenario is,
however, highly nongeneric. Assume that some |wn〉 is indeed
doubly localized in that fashion. Up to exponential accuracy
we may split it into sum of two functions |wn〉 = |wn,B〉 +
|wn,A〉, where |wn,B〉 is localized around xn and |wn,A〉 is
localized around the edge. Since PXP is local, it does not
couple these two functions, and |w̃n〉 = |wn,B〉 − |wn,A〉 is
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FIG. 3. (Color online) Demonstration of bulk-edge separation in
the single spin copy of the quantum spin Hall effect. The projector
P was created by truncating a 30 × 34 cylinder, denoted by A, from
the 30 × 40 torus. The full spectrum of PXP |φ (top, black) is trivial
both in the bulk and at the edge. Omitting states that are localized at
the edges gives a pure bulk spectrum at region B (bottom, red), which
is indeed nontrivial.

also an eigenfunction, with an eigenvalue that is exponentially
close to xn. Such an almost degeneracy is of course nongeneric.

To conclude, we have seen that edges do not affect the
bulk properties of P . Moreover, the 1D Wannier function
with eigenvalue in the bulk are localized either around their
eigenvalue or at the edge. Therefore, given the correlation
function P on an arbitrary geometry, one can isolate/truncate
a cylinder or a Corbino disk from it and distinguish the
1D Wannier functions that reside within the bulk. Due to
their localization properties, the 1D Wannier functions are
unaffected by the edges or the truncation process, and the
motion of their eigenvalues as a function of the flux is therefore
purely a bulk property.

We now demonstrate how these analytical statements are
exploited in the computer algorithm. For that purpose we fully
diagonalized the Hamiltonian of the single spin copy of the
quantum spin Hall effect, for a periodic 30 × 40 lattice, with
the parameters that are given in Sec. III. The projector P

was than produced by summing all projectors on the states
with negative energy and was characterized by a correlation
length of approximately 2. Region A was chosen be a 30 × 34
cylinder out of the full torus, and all the elements Pij with i

and j out of A were omitted.
The next step was to construct the spectrum {xn(φ)} by

diagonalizing PXP |φ , where X in region A ranged from
4 to 37. The full spectrum is trivial, as depicted at the top
of Fig. 3. At the edges of A edge states hybridize with the
outmost bulk states, and gaps are opened. At the center of
A most eigenvalues belong to bulk states, while the branch of
eigenvalues that crosses the spectrum from side to side belongs
to an edge state.

In order to remain with bulk effects only, we used the
localization property of the 1D Wannier functions, which
guarantees that the bulk wave function are localized within
the middle of region A, denoted above by B. We chose B
to be the central cylinder of 20 sites, and discarded all the 1D
Wannier functions that more than 5% of their weight is outside
B. In this way we assured that all the states in B are purely
bulk states, and the nontrivial nature of the spectrum became
apparent, as seen in the bottom of Fig. 3.
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