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A lattice density functional theory (LDFT) of the single-impurity Anderson model is presented. In this approach
the basic variable is the single-particle density matrix y;; with respect to the lattice sites and the fundamental
unknown functional is the Coulomb interaction energy W[y ]. Using general symmetry properties, a two-level
ansatz for W[y ] in spin-restricted systems is proposed which involves explicitly only the impurity orbital and a
single symmetry-adapted conduction-band state. A simple analytical functional dependence of W[y] is derived
on the basis of exact results of this two-level problem. The resulting approximation is shown to be exact in two
important opposite limits: a totally degenerate conduction band and a conduction band with widely separated
discrete levels. Applications to finite rings having N < 100 atoms yield very accurate results for ground-state
properties such as the kinetic, interaction, and total energy, as well as the occupation and magnetic moment of
the local impurity orbital. This holds for all considered interaction strengths, from weak to strong correlations, as
well as in the Kondo and intermediate valence regimes. One concludes that the present two-level approximation
provides an appropriate framework for investigating subtle electron-correlation effects of the Anderson model

within LDFT.
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I. INTRODUCTION

Density functional theory (DFT) is presently the most
efficient method of determining the electronic properties
of matter from first principles.' In this theory, originally
formulated by Hohenberg and Kohn, the electron density o(r)
replaces the wave function as the basic unknown of the many-
body problem.? Practical calculations are usually based on the
Kohn-Sham scheme which reduces the interacting many-body
problem to a set of self-consistent single-particle equations.’
In principle, this transformation is exact, thus allowing one
to take into account all electronic correlations. However, the
universal interaction-energy functional W[p(7)] is unknown
and the results of applications consequently depend on
the available approximations. Most commonly, the local
density approximation (LDA),? the spin-polarized local spin-
density approximation (LSDA),* and the generalized gradient
approximation (GGA)® are used. The former were originally
derived from exact solutions for the homogeneous electron gas,
whereas the latter incorporates effects of inhomogeneous elec-
tron densities. Although successful in countless applications,
these approximations are not suitable for explaining the effects
of strong electronic correlations as found, for example, in
heavy fermion materials, high-temperature superconductors,
or Mott insulators.%’

The large majority of theoretical approaches to investigate
strongly correlated systems start from tight-binding model
Hamiltonians on discrete lattices, e.g., the Hubbard and the
Anderson model,®° and incorporate the localized character of
electronic states by means of a strong local Coulomb repulsion.
In past years significant progress has been achieved in the
development of the density functional theory of many-body
models, basically concerning the Hubbard and Anderson
models in different dimensions.'%'® Lattice density functional
theory (LDFT) has been developed in order to address
the challenges of the physics of these models and to gain
insight into the exchange and correlation energy functional for
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realistic strongly correlated systems. Thus, the possibility of
studying many-body lattice Hamiltonians in the framework of
density functional theory has been opened. In this approach the
single-particle density matrix y;;, with respect to the lattice
sites ij and the spin o replaces the wave function as the
basic variable of the many-body problem. As in any density
functional approach it is essential, for the practicability of any
study of physical properties, to derive accurate approximations
to the kinetic energy and interaction-energy functionals 7'[y]
and W[y]. The approximate functionals derived for the
Hubbard model have been shown to give an accurate qualitative
and quantitative description of the most important ground-state
properties, including in particular the ground-state kinetic
and correlation energies, charge-excitation gaps, dimerization
energies, and charge susceptibilities.'* The good agreement
with available analytical and numerical results (Bethe ansatz,
exact diagonalization, density-matrix renormalization group,
and Monte Carlo methods) has demonstrated that LDFT
is an efficient tool for determining electronic properties of
many-body lattice models.

The purpose of this work is to develop the LDFT of
the single-impurity Anderson model whose properties can-
not be understood in terms of mean-field approximations
and therefore require a rigorous description of charge and
spin fluctuations.!” Consequently, electron correlations are
expected to play a central role in the derivation of accurate
approximations to W[y]. Hennig and Carlsson proposed
an energy functional for the Anderson model based on an
implicit inequality for the interaction energy.'> This led
to the so-called second-moment approximation which can
be shown to be exact in the case of a two-level system.
Using this implicit approximation to the correlation energy
for small clusters, Hennig and Carlsson obtained accurate
results for the energy, one-electron properties, and charge
and spin fluctuations of Anderson impurities. In our work an
alternative approach is proposed which allows us to derive an
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explicit analytical form for the interaction-energy functional
Wy]. This approximation takes advantage of the invariance
of W[y] with respect to unitary transformations within the
conduction-band states and also recovers the exact functional
dependence in some important limits.

The remainder of the paper is organized as follows. In Sec. I
the basic framework of the density functional theory of the
single-impurity Anderson model is presented. This is followed
by the derivation and discussion of some general properties of
the fundamental interaction-energy functional W[y ] (Sec. III).
Based on these properties and on the exact solution of the
two-level Anderson problem, we introduce in Sec. IV an
explicit approximation to W[y], which can be applied to
arbitrary lattices and band fillings. Here, we show that the
approximation is exact both in the limit of a totally degenerate
conduction band and in the limit of widely separated discrete
conduction-band levels. In Sec. V one- and two-dimensional
systems are considered as application of the method. Results
are given for several properties of finite Anderson rings and
periodic square clusters such as the ground-state energy, the
kinetic and Coulomb contributions, the impurity valence,
and local moments. The full range of model parameters
is explored from weak to strong correlations, integer to
intermediate valence, narrow to wide conduction band, and
even as a function of ring length. The results are systematically
compared with exact Lanczos diagonalizations,'® whenever
available, in order to assess the accuracy of our two-level
approximation and reveal its possible limitations. Finally,
Sec. VI summarizes the main conclusions and points out some
relevant future extensions.

II. DENSITY-FUNCTIONAL THEORY OF THE
SINGLE-IMPURITY ANDERSON MODEL

The essential low-energy physics of magnetic impurities in
normal metals is expected to be described by the Anderson
model,” which can be written as

I:I = ﬁcond + ﬁimp + W (1)
The first term
Aeona = Y _ ekl ks ©)
ko

represents the single-particle electronic structure of the rele-
vant valence electrons in the host metal. As usual, éla (Cko)
denotes the creation (annihilation) operator for an electron with
spino =1 or | in the conduction-band state with energy ex.
Notice that Eq. (2) can be written as

Aeona = Y &)1 + Y _ 117,056 3)
io

ijo

in terms of the atomic s orbitals &fa at site i, the corresponding
s level &, and the nearest-neighbor (NN) hopping integral #;;
(typically #;; = —t < O for all NN ij). The second term in
Eq. (1) describes the single-particle contributions involving
the magnetic impurity orbital and is given by

Aup =Y eriigo+ Y Vig@lofo + o). @
o ko
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where fj creates an electron with spin o in the localized f
orbital having an energy & (i po = fj f»). The hybridization
energy Vi scales linearly with the local hybridization param-
eter Vs between the s and the f orbitals at the impurity atom.
Finally, the third term

W = Uiy, ®)

takes into account the dominant Coulomb interaction between
two electrons occupying the localized f orbital. The model
reflects the interplay between reducing ground-state average of
W by developing a correlated state that minimizes the double
occupations (7 r47 r| ) on the f orbital, and favoring electronic
hoppings between the f orbital and the conduction-band states.
The latter are triggered by the hybridizations Vi in Eq. (4)
and are generally accompanied by an increase of (i s47if).

In the Anderson model the single-particle band structure
ek (or equivalently, the s orbital energies & and interatomic
hoppings t;;), &7, and Vi define the system under study
and thus play the role of the external potential vey(¥) in
conventional DFT. These parameters enter in the expression
for the ground-state energy in a bilinear form together with the
single-particle density matrix elements Yiws, Yo, and yYsso.
Therefore, the basic variable of LDFT is the full single-particle
density matrix y.

A formal way of extending DFT to lattice models is to
demonstrate the Hohenberg-Kohn (HK) theorem for a general
many-body Hamiltonian of the form

A
=T+W=> tepelylpo+ » Ve 58l Chorlsorlyo,
afo aBys

’

(6)

where ¢! creates an electron with spin o at the lattice site o.
The theorem states that for nondegenerate ground states |\¥)
the mapping between |W) and the ground-state density matrix
Voo = (\D|élgéﬂa|‘~ll) is injective and therefore invertible.
The proof is given by contradiction following essentially the
same reasoning as Hohenberg and Kohn in the continuum.
Let 745 and t(;ﬂ be two different hopping matrices such that

the corresponding Hamiltonians H = > wpo tapCloCpe + W
and A' = > wpo laplloCpo + W yield the same ground-state
density matrix y but two different ground states |¥) and
W) (i.e., differing by more than a phase factor). Using
that H|W) = Eo|W¥) and H'|W') = E)|¥'), and applying the
variational principle to H with |¥’) as ansatz wave function,
one obtains

Eo < (W'H|V) = (V|H'\V) +(V'|H - H'|V)
=Ej+ ) (tap—10p) > Vopa- (D)
7} o

Notice that the strict inequality is a consequence of the
assumed nondegeneracy of the ground state. Interchanging
primed and unprimed quantities one obtains

Ef < Eo+ ) (tig = tap) Y Yapo- ®)

aff o
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Finally, the addition of the inequalities (7) and (8) yields
the contradiction Ey + E, < Eo + E;, which completes the
proof.

As a consequence of the invertibility of the mapping
between the ground state |W) and the ground-state density
matrix y, we canregard |¥V) = |W[y]) as a functional of y, and
therefore all ground-state expectation values of any observable
are also functionals of y. From the previous demonstration it
is clear that both the diagonal and the nondiagonal elements
of y need to be taken into account, since the nondiagonal
density-matrix elements y,g, play a crucial role in deriving
the contradiction. In this context it is important to mention
that the mapping between the hopping matrix 7,4 and |¥)
is not injective. In fact one can find hopping matrices 7,
and t{;ﬁ yielding the same ground-state |¥), even though the

operator AT = Zaﬁa(taﬂ
is an eigenfunction of the single-particle operator AT, since
AT|W) = (H — H')|¥) = (Ey — E})|W). This implies that
if the matrices 7,4 and 1., yield the same ground state, they
differ only by a single- partlcle observable which is conserved
in the ground state, e.g., N or S.. For example, adding a
magnetic field B to the Hamiltonian in the z direction does
not change the ground state |W) for finite-size systems and
sufficiently small magnitude B but results in AT o< S. % 0.

Following the constrained-search formulation of Levy and
Lieb, the ground-state energy E,s and the corresponding
density matrix y*° are determined by minimizing the energy
functional

aﬂ)cwcﬁa # 0. In this case |¥)

Elyl=Tlyl+ Wly] 9)

with respect to all pure-state N representable density matrices
y.!? T[y] stands for the single-particle energy functional,
which is equal to the average of Heona + ﬁimp for the given
y, and W[y] is the interaction-energy functional, which
represents the lowest possible average of W among all
states yielding the given y (see below). In other words,
the variational principle for the ground-state density matrix
reads Eg = E[y®] < E[y] for all y that derive from a
physical N-particle state |W), i.e., for all y that are given
BY Mo = (W1ek, o W), Yo = (WIEl, fo W), and ypz5 =
(W|fIf,|W) for some |W). Although an explicit charac-
terization of pure-state N representable density matrices is
not known at present, a simple criterion for ensemble N
representability is available.! By definition, a single-particle
density matrix y is said to be ensemble N representable if a set
of pure states |¥,,) and weights w,, > 0 exists (}_,, w,, = 1)
such that

Vopo = 9 Wi (Win|E o Cpo | W), (10)

m

where o and B refer to f or k states and 6}0 stands for

fj . The states |¥,) form a mixed state characterized by
the N-particle density matrix [ = Do Wi W) (W, | with
Voo = Tr{f‘élg Cpo ). Clearly, the pure states |W,,) satisfy the
condition N, = Tr{I"N'}, where N denotes the particle number
operator. However, they do not have necessarily the same
definite number of particles N,, as in the case of a grand
canonical ensemble, for example. One can show that y is
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ensemble N representable if and only if all eigenvalues 7, of
y satisfy!-2°

0<me <1 and Y mo =N (1D
ko

The corresponding single-particle eigenstates ufa are called
the natural orbitals and n;, are the corresponding occupation
numbers. Notice that in the framework of the Kohn-Sham
scheme of DFT in the continuum the occupation numbers
Nke are usually taken to be integers because of the assumed
noninteracting v-representability of the ground-state density
o(r), i.e., the existence of a noninteracting ground state with
the same p(#)."3 In contrast, LDFT is based on the complete
density matrix y including the off-diagonal elements and
yielding the exact correlated kinetic energy. The 1, thus refer
to the occupation numbers of the natural orbitals in truly corre-
lated states. Except in trivial cases (e.g., U = 0) the electronic
correlations preclude one from finding a noninteracting ground
state with the ground-state density matrix y. This necessarily
implies fractional occupation numbers 7;,.'>'*

In order to profit from the simple representation (11), we
extend the domain of definition in the energy functional (9) to
ensemble N representable density matrices y by following the
work of Valone.?! The first term in Eq. (9), the single-particle
energy functional (sometimes denoted as the kinetic-energy
functional), is explicitly given by

T[V] = Tr{f(I:Icond + ﬁimp)}
= Z&‘kak +eryer+ Z Ver(r +vx) . (12)
k k

where Yos = Vapt + Vapy and yapo = Tr{{'¢l ¢p,). It is a
central feature of LDFT that the kinetic energy 7T is given
exactly. The second term in Eq. (9), the interaction-energy
functional, is given by the constrained search
Wly] = min Tr{{"W)
'y

= min U Wy (V71 4t ry W, 13
fun Z A ppit gy [Win). 13)

Here the minimization runs over all mixed states that satisfy
the condition (10) for all «, B, and o. Consequently, W[y ] rep-
resents the minimum of the interaction energy (i.e., minimum
number of double occupations on the f orbital for U > 0) that
is compatible with a given density matrix y, i.e., with a given
charge distribution and degree of electron delocalization. W
depends linearly on the interaction parameter U very much as
the interaction- energy functiona] in Hohenberg-Kohn theory
depends linearly on e2.! Notice that W[y] is independent of
the system under study, i.e., independent of the parameters ¢,
er,and Vi . In this sense, W constitutes a universal functional
of y. However, W[y ] depends on the kind of the many-particle
interactions (in the present case local), on the number of
particles N, = Tr{y} corresponding to the given y, and on
the structure of the many-body Hilbert space as defined by N,
and the number of atoms N,,.

Valone demonstrated that the extension to ensemble N
representable density matrices y does not change the physics
of the obtained results.”! Indeed, assuming that the ground
state is nondegenerate and using both the variational principle
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and the convexity of the ground-state energy Eg(N.) as a
function of N, [i.e., 0Eg/0N, (N, + 1) > 0Eg/dN, (N,)]
two main properties can be shown.?? First, the minimization
of E[y] with respect to ensemble N representable y yields
a pure-state N representable y, namely the density matrix
y& corresponding to the ground state. And second, for
any ground-state representable y the minimization on the
right-hand side of Eq. (13) is equivalent to a minimization
within the subset of pure states (i.e., w,, = &, for some m).
Let us recall that y is said to be ground-state representable
or v representable if it can be derived from the ground
state of the Hamiltonian (1) for some set of parameters g,
er, Vkr, and U. These density matrices are the physically
relevant ones. Consequently, Eq. (13) is a proper extension
of the interaction-energy functional W[y] to ensemble N
representable y. Although the explicit form of the exact
interaction-energy functional W[y ] is unknown, it is possible
to determine some important properties by studying relevant
limits, symmetries, and invariances.

III. PROPERTIES OF THE INTERACTION-ENERGY
FUNCTIONAL

In the following we discuss some exact properties of the
interaction-energy functional of the Anderson model, which
are important for the derivation of accurate approximations.

(1) Uncorrelated limit. The ensemble N representability
of y imposes constraints on the degree of charge fluctuations
Vi fo between the f orbital and the conduction-band states. Let
us recall that both y and 1 — y are positive definite matrices,
since the eigenvalues 1, of the single-particle density matrix
satisfy O < ng, < 1. This implies that for any given occupation
of the f and Kk orbitals y s, and yq , the off-diagonal element
Ykfo is bounded by*

|ka(7| < A YffoVkka (14)

and

Wirol < V(=)0 = Viko)- s)

In the uncorrelated limit (U = 0) the occupations 1, (of
natural orbitals) are O or 1. Therefore, in the special case of an
uncorrelated two-level system the ground-state density matrix
yl?fg coincides with these general bounds:

|)/O | _ vV ngf(r yl?ka if yl?ka + y?f(f < 1’
K \/(1 - V}Jfa)(l - yl?ka) if Yo + V})fa > L.
(16)

In the following we denote by y° the ground-state density
matrix of an arbitrary system having U = 0. In the absence
of degeneracies at the Fermi energy of the single-particle
spectrum, the uncorrelated y° is realized by a single Slater
determinant. The corresponding interaction energy

Wiyl — Wurly®1 = Uyipvy, (17)

for y — y° is given by the Hartree-Fock theory. From the
point of view of LDFT the uncorrelated density matrix y°
yields both a maximum of the double occupations (7 s47i )
and the lowest single-particle energy 7.
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The equilibrium condition for the functional derivative of
E[y] with respect to yi o yields Vi + W /8y s = O for all
ground-state density matrices y#*. This holds in particular for
the ground-state density matrix y° of any system with van-
ishing Coulomb repulsion U. Since a noninteracting system is
equivalent to a system with fixed Coulomb repulsion U and
[Vks| = oo, we conclude §W /Syi o — o0 for y — yO. A
similar argument shows that §W /8y srs — 00 for y — yo.
This implies that an arbitrary small value of U # 0 results in
a nonvanishing change in y# with respect to y°, as expected
from perturbation theory.

(2) Strongly correlated limit. This case corresponds to the
minimum of (7 s47i ) for the given charge distribution yike
and yr,. Consequently, one has 4

Wiyl = Wooly™] = Umax {0,777 — 1} (18)

for ykre = ¥ir,» Where y7, derives from a strongly cor-
related N-particle state yielding the maximum degree of
charge fluctuations under the constraint of minimum (7 p47i 5 ).
Notice that %, depends on the values of yik, and yyso.
Moreover, |ylf}’g| < |yl?fg|, since decreasing (fig47ir)) can
only be achieved by decreasing the degree of charge fluc-
tuations. Consequently, ylfj?a corresponds to the ground state
of a system with Coulomb repulsion U — oo. In contrast to
the uncorrelated limit, determining ylf]?a is far from trivial.
Therefore, its value can be a source of inaccuracy in LDFT
calculations for very large U.

(3) Electron-hole symmetry. Since the annihilation of an
electron is equivalent to the creation of a hole, one can
introduce the electron-hole transformation fzja = ¢, and
his = éju. Thus, the single-particle density matrix transforms
according to y;j, = (V]8;; — fzjahmhll) =&ij — y}’ia, and the
interaction-energy functional satisfies

Wiyl =Wiy"1+U(1 —v})). (19)

Any sound approximation to W[y ] should fulfill this condition.

(4) Unitary transformations within the conduction band.
The interaction-energy functional W{[y] is invariant under
unitary transformations among the orbitals in the conduction
band. In order to show this explicitly consider a unitary matrix
Skr'o and let S’a be the associated unitary operator which acts
on each creation operator in the N-particle Hilbert space. S,
is defined by the transformation

élwa - Zskk’aélt'a for all k and f; — f; (20)
o

For any N-particle state |W) with density matrix yxe =
(‘Iﬂéfm Cko | W), the transformed single-particle density matrix
with respect to S, is given by

Paco = (W181 ek, G0 8 1%) =D S 1 Viakio Stk
k]kz
@

where Yo (Pkko) denotes the density matrix Yegs (Vugs)
restricted to the subspace which is spanned by the conduction-
band orbitals. In other words, S, represents a bijective mapping
from the state |W) with density matrix pxx, onto the state
S,|W) with the density matrix Jiw, given by Eq. (21).
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Since S, and 7t ;, commute, we have (W|817 1) S, |W) =
(WA ppsip, |W) for arbitrary |W). Consequently, W[y]=
W71,

In the following section we derive an approximation to the
interaction-energy functional W[y] by taking advantage of
these general properties.

IV. TWO-LEVEL APPROXIMATION

A. Motivation and background

The invariance of W[y] under unitary transformations
within the conduction band allows one to simplify the
interaction-energy functional, since it is always possible to
find a basis transformation S, such that the impurity orbital
experiences direct charge fluctuations to only one particular
conduction-band state @IH In analogy to Egs. (20) and
(1) we have Jiro = (V|81 foSol¥) = Y Siie Ve s
The unitary transformation we are looking for is given by
Skso = yka'/sta, where

Tsfo = | Y Wsol? (22)
k

represents the effective degree of fluctuations. Thus, the
transformed single-particle density matrix y takes the desired
form

* * * 0
o=l ..« % o0 | (23)
* * ?vstr sto
0 0 TS Viso
where
5 1
Vsso = 1_,2_ Z yljlfa Ykikyo Viofo (24’)
sfo kik;

and the star entries (*) denote elements that are in general
different from zero. In spite of the fact that an electron at
the localized impurity orbital fluctuates only to the particular
single-particle state 6&,, it is important to remark that there
are still fluctuations yi,, between this orbital and the rest of
the conduction band. In other words, ézg does not usually
correspond to a conduction-band eigenstate.

Motivated by the possibility to transform the density matrix
y into the form (23) and by the invariance of W under unitary
transformations within the conduction band, we propose to
approximate the interaction-energy functional W[y] by the
interaction energy of an effective two-level (2L) problem
having the density matrix

2L Jsz(r st(r
= * . 25
Yo (sta foo) *

For the purpose of deriving the functional dependence of W[y ]
we assume that the two-level block (25) can be decoupled from
the rest of the conduction band. The two-level approximation
(TLA) then reads

WZL[)/] — WZL[VZL], (26)
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where y2 is given by Eq. (25), and the matrix elements Ry
and y,, are given by (22) and (24). It should be however noted
that it is in general not possible to completely decouple the
density matrix into a two-level block consisting of the localized
impurity orbital fa’ and ¢},, and another block containing the
rest of the conduction-band states. Only in special cases, for
example, when the density matrix y is derived from N-particle
states with particular symmetries, can one show that such a
decoupling is rigorous. In the following sections we discuss
a number of applications showing that the simple two-level
ansatz is indeed a good approximation.

B. Exact limits of W2

Before the actual applications, it is useful to demonstrate
that the TLA is exact in some relevant limiting cases. First
of all, in the uncorrelated limit (U = 0) the functional E[y]
is exact, since the kinetic-energy functional 7'[y] is exact
and W[y] vanishes [see Eq. (12)]. Notice that this need not
imply that the functional dependence of W/U = (fis4fify) is
accurately given. Nevertheless, as we shall see in Sec. VA,
the number of f-level double occupations (A ;47| ) is very
well reproduced by the TLA. Besides the noninteracting
limit, the TLA is exact in the limit of a totally degenerate
conduction band and the limit of widely separated discrete
conduction-band levels. These facts underpin the assumption
that the particular single-particle orbital 6;6 can be decoupled
from the rest of the conduction band for the purpose of
computing the interaction-energy functional W[y].

(1) Vanishing conduction band width. This case corre-
sponds, without loss of generality, to ¢x = O for all k. In order
to demonstrate the exactness of the TLA we determine the
ground-state density matrix y*%. To this aim we apply a unitary
transformation S‘; within the conduction band so that IQIU =
Dk kaéle/ > w Vil [see (20)]. The Hamiltonian (1)
can then be written as

A=Y epipe+ [D IVigl*- Y (bl fo + fibso)
o k o
+ U pyfigy. (27

Therefore, the subspace spanned by fJ and ISEU is decoupled
from the rest of the conduction states. Since H describes an
effective two-level problem, the corresponding ground-state
density matrix y#* (after application of S(’,) takes the form

* 0 .- 0 0
0
=l . . o | e
0o - 0 yisa sta
0 -+ 0 TF, VYo

where the two-level block (25) is decoupled from the rest of
the conduction band.>> Consequently, the TLA is exact for a
totally degenerate conduction band. Although the conduction
band is large in simple and noble metals, one may argue that
the main electronic charge fluctuations between impurity and
conduction band occur in a relatively narrow energy range
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around the Fermi energy ¢ . Itis therefore reasonable to expect
that the TLA is a sound approach in realistic cases.

(2) Widely separated discrete conduction-band levels. This
limit corresponds to large hopping integrals ¢, for which the
dominant term in the Hamiltonian (1) is the single-particle
contribution of the conduction band ﬁcond. Since the remaining
terms ﬁlmp + W are small compared to Heoong, 1., Vil < 8,
lef —&’] < t,and U < t,itis reasonable to take into account
the operator I-me + W as a perturbation.?® Therefore, in zeroth
order the ground state is a single Slater determinant |W¥°)
with single-particle states filled up to the Fermi level ep.
In the case of degenerate ground states |\IJ?), one considers
>, ;W) which
minimizes the expectation value (ﬁimp + W). Let eLyco
denote the energy of the lowest unoccupied conduction-band
orbital (LUCO) in |W°). Taking into account the hybridization
energy Vir between the impurity orbital and the conduction
band, the contribution to the ground state of states |W') with
AiLuco|W’) = |¥') can be estimated in first-order perturbation
theory as

the normalized linear combination |W°) =

(/| Hip + W W0)

Er —ELUCO

W/ | Hipp | WO V,
_ (W' Himp | W) ~ | f|’ 29)
£f — ELUCO A

where A is the average single-particle energy difference
between adjacent conduction-band states. This corresponds
to a charge fluctuation from the f orbital to the LUCO. Notice
that the interaction-energy operator W does not change the
occupation of the conduction-band states and therefore does
not contribute to the first-order correction of the occupation
of the LUCO. Since A scales linearly with ¢ and | V| < 1,
one obtains (Aryco) = |Vys|>/A* — 0 fort — oo. A similar
argument yields yiko > |Vir|?/A* — 0 for t — oo for all
conduction-band states above the LUCO. Using the electron-
hole symmetry, one also obtains 1 — yks = |Vif|?/A% — 0
for t — oo for all doubly occupied conduction-band orbitals
below the Fermi level er. Consequently, in the limit of
widely separated discrete conduction-band levels, there is
only one relevant conduction-band state, namely the lowest
partially occupied orbital at . This orbital and the localized
impurity state fj define a two-level problem which dominates
the low-energy physics. Consequently, the TLA is perfectly
accurate.

Since the TLA is exact in the limits of very narrow and
very wide level separation at e, it is reasonable to expect that
it will provide accurate results in the intermediate region as
well. Moreover, the universality of W[y], i.e., the fact that
one single functional W[y] describes the interaction energy
for all lattice structures and single-particle parameters &, €,
and Vi, encourages the development of simple transparent
approximations in the same spirit as the local approximation
to DFT in the continuum. In the following we develop a
universally applicable approximation to W[y] on the basis
of the exact solution of the two-level problem.

C. Interaction-energy functional

The purpose of this section is to derive the analytical
expression for the interaction-energy functional W2L[y] in
a two-level system consisting of the localized impurity orbital
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f and one delocalized orbital s. In this reduced subspace the
Anderson model reads

- = Z[Sfﬁf” + VSf(ésTafa + f;ém)] + Uﬁfol‘N.

(30)

First of all we consider an integer number of electrons N, =
¥ss + ¥rr and in particular the nontrivial half-filled case N, =
2. For simplicity, the hybridization parameter V; is assumed to
be real and positive.”’ Consequently, the eigenstates of Eq. (30)
and the ground-state representable density matrices y are real
as well. Taking into account that the ground state of the many-
body Anderson model is a singlet,”® we focus on states which
satisfy y;j4 = v, for all sites ij. In this case the interaction-
energy functional is given by

Wy ver) = min U wy (Wl it [ W), (31)

-y m

singlet

where the minimization runs over all mixed singlet states that
yield the single-particle density matrix y. The normalized
singlet states |\Il ) can be written as a linear combination
of &l el Ivac), £ flIvac), and 1/v/2(ffel, — flel)lvac). A
straightforward, however somewhat lengthy, calculation given
in the Appendix yields

W2y prvsr)

Y yer|?/4 .
B ey el BLLC(RCe
=P = lysr?
Weo(Vsr) if |yl < vy-
(32)
Comparison with the constraint (16) gives yX(} =

VY2 — yrr) for the maximum degree of charge fluctu-
ations. The corresponding interaction energy WZL(yf-_f,)/;})

coincides with the Hartree-Fock energy Wyr = U y}f /4 [see
Eq. (32)]. In the strongly correlated limit we have

yoo = | V2= vip) iy sl gy
o 22—y =D i yp > 1,
and
it oy <1,
1% = 34
<) {U(fo o it yy=t Y

which coincides with Eq. (18). A derivation of Egs. (33) and
(34) is given in the Appendix.

Figure 1 shows W2L, given by Eq. (32), as a function
of y,s for different f-level occupations ys;. One can easily
recognize some of the general properties mentioned in Sec. I11.
In the uncorrelated limit the maximum degree of charge
fluctuations |y,r| = y;} entails the maximum (747 ,) and
the interaction energy is given by Wyp = U y_%f /4. Moreover,
the functional derivative s W' /§ vss has the correct divergency
for |ysr|l — ys(}. As |ysr| decreases, it is possible to find
states with reduced double occupations (7 s4+7i ;) and thus
W2t decreases. The strongly correlated limit is characterized
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FIG. 1. (Color online) Two-level singlet interaction-energy
functional W% of the half-filled Anderson model as a function of
the off-diagonal density matrix element y,,. Results are given for
(@) ygr = 0.75, (b) ypr = 1.0, and (¢) yyr = 1.25. 7 refers to the
limit of strong correlations and yx(} to the uncorrelated limit. Notice
that W is also defined for y,; < 0 and that it depends only on |ys|.

by the minimal (iy47is)) and by |y | = ys‘}o. Concerning
intermediate values let us recall that the single-particle energy
T =¢&yysr + Vis(ysy + vyrs) increases monotonously from
the uncorrelated to the strongly correlated limit (7" < 0).
Therefore, for any finite Coulomb repulsion U, the ground-
state density matrix y®* results from a competition between
lowering T by increasing |y,r| and lowering the Coulomb
energy by decreasing |y;s|. Consequently, only the density
matrices y satisfying y ¥ < |yyr| < J/s(_]f can be derived from
the ground states of the Anderson Hamiltonian (30) for some
parameters €7, Vir, and U. These y are therefore ground-
state representable (pure-state v representable). In contrast,
density matrices satisfying |y;s| <y are not pure-state v
representable, although they can be derived from a pure state.
Fig. 2 illustrates the domains of ground-state, pure-state, and
ensemble representability of y for the half-filled two-level
system.

So far, we have considered only an integer particle number
N, = Yy + ysr = 2. This is valid because [N, H?"] = 0,
where N2 =" (fif, + ¢l é.,) measures the number of
electrons in the localized impurity orbital and in the particular
conduction-band orbital. However, in systems with more than
one delocalized orbital, N2" is no longer conserved. Physically,
this means that charge fluctuations between conduction-
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FIG. 2. (Color online) Domain of representability of the single-
particle density matrix y for the half-filled two-level problem (singlet
subspace) in terms of the occupation of the localized impurity
orbital y;; and the degree of charge fluctuations y,s. Only the
density matrices y satisfying y;7 < |yys| < y;}» are ground-state
representable (pure-state v representable). The domains of pure-state
and ensemble N representability coincide and are simply given by
Vsrl < v

band orbitals couple the impurity level with the rest of the
conduction band. We must therefore extend the two-level
interaction-energy functional to fractional particle numbers
N, € [0,4].

Given a density matrix y with 0 < N, =y + y5 < 21in
the two-level subspace, we consider mixed states [" of the form

P =" W W) (W (35)
having ), , w,s = 1 and satisfying the constraint
Vap = Tr{f‘ > el ep0 } (36)
o

In the singlet subspace, the [" that minimizes the interaction
energy under the constraint (36) reads

Ne 20 N,
TF + 1—7 |vac) (vac]|, 37)

where ['@ = D om W |\Il,512)) (\Il,(nz)| is the superposition of two-
particle singlet states |¥(?) and |vac) stands for the empty two-
level state. Using this ansatz and the electron-hole symmetry
(19) one obtains the explicit two-level interaction-energy
functional, as described in the Appendix. The final result reads

WZL(]/ff»Vssayxf)/ U

=Y
2

lysr /4

min {22 — %} = Jly3 P~ s P

(38)

for |yl > vF and W2M(yss,ves,Vsr) = Woo(Vyr,Vss) for
lysrl < y;}o. According to the constraint (16), the maximum
degree of charge fluctuations is given by

N VssVEf if Ne < 2:

STy if Nes2, O

y:} = ZJ/S(}U = {
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while in the strongly correlated limit we have

2y (% = 7ir) if No <2, ypr < %,
oo — 2y (vrr — 5¢) if N, <2,y > 5,
sf = .
\/2 @ =ver) (ver = %) 3 Ne> 2.y > 5,
V2@ v (% —ypy) B Ne> 2y <
(40)
and
Woo(yffJ/ss)
: Ne
0 if N, <2,yp <5,
_ Uy = Ne2) i Ne< 250 >
Uy — 1) if N> 2,y > 2,
. N,
UNJ2—1) if N, > 2,y <.
41

It is important to remark that the functional defined in
Egs. (38)—(41) is exact only for N, = 2. For particle numbers
N, < 2(N, > 2),the present approximation WZL(]/ff,]/SS,}/Sf)
is derived from states which can be written as a linear com-
bination of pure singlet states with definite particle numbers
N, =2and N, = 0 (N, = 4). Therefore W?" is not applicable
to spin-polarized systems with odd particle numbers (N, = 1
or 3). Concerning singlet states one expects N2t ~ 2, even
in realistic systems with an arbitrary number of levels, since
having one electron per orbital (N2 = 2) optimizes the degree
of charge fluctuations yy s. Therefore, the approximation w2k
should remain accurate in widespread applications.

Finally, for the applications we take advantage of the
invariance of W under unitary transformations within the
conduction band and approximate the interaction-energy func-
tional W[y] for arbitrary systems by the two-level functional
W2 (y s, 755, sr), where the matrix elements 'y and 7, are
given by (22) and (24).

V. APPLICATIONS TO FINITE RINGS

Given an explicit approximation W2%(y) to the interaction-
energy functional [Egs. (38)—(41)] and using the exact expres-
sion for the single-particle energy functional T[y] [Eq. (12)],
we minimize the total-energy functional

Elyl=Tlyl+ W™[y] 42)

with respect to y in order to obtain the ground-state density
matrix & and the electronic ground-state properties that
are functionals of y, e.g., the kinetic, interaction, and total
energy, as well as the average occupation y s of the impurity
orbital. The numerical minimization procedure is based on
the representation of yeps = ) ufm Nko (u’/‘j{7 )* in terms of the
natural orbitals u¥_ (eigenvectors of y) and their occupation
numbers 1, (eigenvalues of y). Starting from a physically
motivated guess for y (typically the known U = 0 solution),
we follow the negative gradient of E[y] with respect to ufm
and 7, until the minimum in the total energy is reached.
For this purpose we have used a simple steepest descent
procedure, but of course more sophisticated minimization
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algorithms are also applicable. The gradients dE /du’_ and
0E /0n, are computed straightforwardly from the explicit
dependence of E[y] on y, and the dependence of y on
u’gm and n;,. It is important to note that at each step, the
occupation numbers 17, are normalized in order that they
satisfy the ensemble N representability condition [Eq. (11)].
Moreover, the natural orbitals uk ~ are orthonormalized so
that 3_, (uX )*uX = 8 holds. This ensures that during the
entire minimization procedure the eigenvalues 1, and the
corresponding eigenvectors u’;{, always yield an ensemble N
representable density matrix y.>

In the following we consider finite rings with N, = 11
atoms having one conduction-band orbital per atom with
energy &/ =0 and a localized orbital at the impurity site
with energy ¢ s (N, = N, + 1 orbitals). The hopping integrals
within the conduction states are given by #;; = —t < 0 for NN
ij and t;; = O otherwise. Diagonalization of the Hamiltonian

1l
of the conduction states yields the conduction-band spectrum

shown in the inset of Fig. 3(b). The corresponding Fermi
energy at half-band filling (N, = N,) is er = 0.28¢. Notice
that the impurity level couples with all conduction-band
Bloch states (Vs = Vir/+/N, for all k). Since the ground
state is a singlet, we focus on states having y;js = vij,.
Whenever possible the accuracy of LDFT with the two-level
approximation (TLA) W2 is quantified by comparison with
exact diagonalizations of the Anderson Hamiltonian (1) using
the Lanczos method. '®

A sat A At A o
Heond = Y, €18, 010 + Zija 1;j4;,04 s within the subspace

A. From weak to strong correlations

In order to investigate all the interaction regimes from weak
to strong correlations, we determine the ground-state density
matrix for fixed t > 0, N, =11, N, = N, =12, ey =0, and
Vir/t = 0.4 by varying the Coulomb repulsion parameter U /¢.
In Fig. 3 results are given for the kinetic, interaction, and total
energy, as well as for local properties such as the occupation
vsr the degree of charge fluctuations 'y = (3, |ykf|2)1/2,
and the local moment

e . 3
pr=/{Sr-Sp)= 3<5§'z>=%_ ((App —fip)?)  (43)

at the impurity orbital.

Let us first consider the impurity occupation y s [Fig. 3(d)].
In the uncorrelated limit (U = 0) the impurity orbital is
occupied with more than one electron since £y < gr. How-
ever, notice that y;r < 2 due to the hybridization Vi, with
unoccupied states. As the Coulomb repulsion U increases,
a charge transfer from the impurity site to the conduction
band occurs for U ~ er — &y = 0.28¢, which corresponds
to the energy needed to promote an electron from the
f orbital to the lowest unoccupied conduction-band state.
Further increase of U yields, as expected, a monotonous
decrease of the impurity occupation y; due to the tendency
to minimize (7 47 | ) in strongly correlated states. However,
the dependence of ysr on U/t is weak since the double
occupations are very efficiently suppressed by correlations
when e + U > ¢p. In the present case, where the impurity
energy level lies within the conduction band and below &p,
the f orbital experiences significant charge fluctuations with
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FIG. 3. (Color online) Ground-state properties of a N, = 12
orbital Anderson ring as a function of the Coulomb repulsion
U: (a) kinetic energy Ty, (b) interaction energy Wi, (c) ground-
state energy E,, (d) occupation of the impurity orbital yss, (e)
degree of charge fluctuations Ty = (3, [%4/1*)"/?, and (f) impurity
magnetic moment p,. Lattice density functional theory (LDFT)
results obtained within the two-level approximation (full curves)
are compared with exact Lanczos diagonalizations (crosses) and
unrestricted Hartree-Fock calculations (dashed curves). The inset in
(b) illustrates the corresponding single-particle spectrum, where the
twofold degeneracy of most conduction-band orbitals is indicated
by double lines. The inset of (d) shows (7 s4+7is,) for small U and
different Vi, while the inset of (f) shows the broken-symmetry
spin-polarization yssy — Y, of the f orbital in the unrestricted
Hartree-Fock approximation.

the conduction-band states [see Fig. 3(e)]. For not too small
U/t this corresponds to an f! < fO intermediate valence
state between the singly occupied and empty impurity orbital.
Therefore, we have ys; < 1 in the strongly correlated limit
where double occupations vanish (U — +o00). Comparison
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with the exact diagonalizations shows a very good accuracy
of LDFT in all interaction regimes. For example, the TLA
yields a relative error in y; of approximately 0.1% in weakly
correlated ground states (U/t = 0.5) and of 3.7% in the case
of strong electronic correlations (U/t = 8).

In Fig. 3(e) results are given for the nondiagonal ele-
ments of the density matrix, as measured by the degree of
total charge fluctuations between the impurity orbital and
the conduction-band states I'ys = (3", Iy |?)"/*. For small
Coulomb repulsion U/t, where ysr > 1, the main impurity
charge fluctuations correspond to an f2 < f! intermediate
valence state between the singly occupied and doubly occupied
impurity orbital. In this range the effective f-level energy
gy + U comes closer to e as U increases. This favors charge
fluctuations and therefore Iy increases with U. The behavior
changes, however, as soon as yrr < 1,1.e.,forep +U > ep.
In this case increasing U tends to suppress double occupations
with the corresponding decrease of I'y. As already mentioned,
in the limit of large U the impurity is in an f! < f°
intermediate valence state (s < 1). LDFT reproduces these
trends quite satisfactorily. Similar to the diagonal matrix
element y, the nondiagonal elements I'y; are well described
by the TLA: The relative error in I'yr is 5% for U/t = 0.5
and 3.4% for U/t = 8. Comparison with Hartree-Fock results
reveals the importance of correlation effects.

The ground-state kinetic energy T per electronis displayed
in Fig. 3(a). The increase of Ty with increasing U reflects
the above-mentioned charge transfer from the impurity to
the conduction band for U %~ er —¢ey. The approximate
interaction-energy functional W2 yields very small relative
errors in Tg: 0.01% for U/t = 0.5 and 0.1% for U/t = 8.
Since the kinetic-energy functional is taken into account
exactly by Eq. (12), the high accuracy of Ty also implies
that the TLA gives an overall correct ground-state density
matrix y# as a result of the minimization of the total-energy
functional (9).

The local impurity moment p = %5,/ ((pp —iip))?) =
“/75, /vr — 2{Ai ;47 r)) shown in Fig. 3(f) can be regarded as a

measure for the correlation of electrons with opposite spins at
the impurity. For a noninteracting system (U = 0) u is finite,
since there is a finite probability for the f level to be singly
occupied. As U increases, the double occupations (7 47 s )
become less favorable and 1 ; increases due to the increasing

correlation (puy — ‘?m for U — 400, since (ispfiyp))
vanishes). As in previous cases the accuracy of the TLA is
quite satisfactory. The relative error in s is about 1.3% for
weak correlations (U/¢ = 0.5) and 2% for strongly correlated
ground states (U/t = 8).

In Fig. 3(b) results are given for the ground-state interaction
energy Wy For small U W, increases with U, since
uncorrelated ground states have a maximal average number
of double occupations (7 s4+7i 5| )ur = y]%f /4. In the opposite
limit (U — +00) W, tends to zero, which reflects the rapid
decrease of (fif4iip)). In the crossover region, where the
charge transfer from the impurity orbital to the conduction
band takes place, one observes a maximum in W, that is well
described by the TLA. For instance, the relative error in Wg
is 4.4% for U/t = 0.5. However, the relative error in Wy is
rather important for large U /¢, namely, about 50% for U/t =
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8. Nevertheless, the absolute error in Wy, remains rather
small: (WgTSLA — W)/t ~0.007 for U/t = 8. Therefore, the
qualitative behavior of Wy, is correctly reproduced forall U /¢,
even in the strongly correlated limit.

The noninteracting limit is investigated in more detail in
the inset of Fig. 3(d), which shows the average number of
double occupations (7i 471 ¢, ) at the impurity as a function of
U/t for different values of V. First of all, the TLA yields
very accurate values of (7 s47i ) for U = 0, where the exact
ground state is a single Slater determinant and (A ;47 f)) =
VirYir, = y‘?f/4. The actual relative error in (Ais47ipy) is
less than 0.001% for U = 0. Moreover, the results of the TLA
are also very accurate for finite U/t (and all considered Vyy /).
This demonstrates that in the noninteracting limit not only the
interaction energy W = U{fiy47ir,), but also the number of
f-level double occupations W/U = (fis47if,), is precisely
recovered by the TLA.

Fig. 3(c) shows the ground-state energy Egs = Wys + Ty
per electron as a function of U /t. Since the TLA reproduces the
kinetic energy T, with high accuracy, and since Ty, dominates
over Wy, in the limit of strong Coulomb repulsion (Wg, —
0 for U — 400), minor inaccuracies in Wy turn out to be
irrelevant for the ground-state energy. In fact the accuracy
obtained for E,q is similar to that of the kinetic energy: The
relative error in Eg is 0.02% for U/t = 0.5, and 0.2% for
U/t = 8. One concludes that the two-level functional is a
good approximation to the interaction energy which provides
an accurate description of a variety of ground-state properties
in all interaction regimes over the entire range of correlations
from weak to strong. Comparison with unrestricted Hartree-
Fock results demonstrates the importance of correlation effects
and the remarkable improvements achieved by LDFT. It is
well known that the limitations of the Hartree-Fock interaction
energy Wur = Uyys1ysry render the description of strong
correlations impossible. This results in an artificial symmetry
breaking with a finite spin polarization m'" = ysry — ysry #
0 already for U/t > 0.8 [see the inset of Fig. 3(f)].° This
contrasts with the exact ground state and with the results of
LDFT, which correspond to a singlet having m ; = 0 for all
U /t.*® In opposition to Hartree Fock theory, the TLA does not
break the spin symmetry and is thus able to take into account
spin and charge fluctuations between the impurity orbital and
the conduction-band states for all U/t, even in the strongly
correlated limit.

B. Dependence on the impurity valence state

In the previous section the impurity energy £ has been
kept constant near the Fermi level, which corresponds to an
intermediate valence regime. In the following we vary &y
systematically so as to investigate the ability of LDFT to
describe valence changes. The ground-state interaction energy
Wi, the total energy E,, the occupation of the impurity orbital
vss. the degree of charge fluctuations I'yy = (3, |ykf|2)1/2,
and the local impurity moment s of an N, = 12 orbital ring
with N, = 12 electrons are shown inFig. 4forr > 0, U/t = 8,
and Vyy/t = 0.4.

As long as the single-particle energy &+ U is much
smaller than the Fermi level e = 0.28¢, the impurity orbital is
nearly double occupied (y¢y ~ 2) since the f-level energy ¢ ¢
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FIG. 4. (Color online) Ground-state properties of a N, = 12
orbital Anderson ring as a function of the impurity energy &,: (a)
interaction energy W,,, (b) ground-state energy E,, (c) occupation
of the impurity orbital yys, (d) degree of charge fluctuations I'y; =
Ok vk M2, and (e) local impurity moment w,. LDFT (full
curves) and exact Lanczos diagonalizations (crosses) are compared
for Vis/t =04 and U/t = 8.

largely overcomes the repulsion energy U due to the double
occupation of the impurity orbital. Consequently, the local
impurity moment ju; = ¥3((Asy —fis)?)"/? vanishes and
Wes A~ U in this limit. Increasing ¢ ¢, so that the single-particle
energy £, + U lies above the conduction-band Fermi energy
er, entails a charge transfer from the impurity orbital to the
conduction band. For ¢ + U =~ ¢ the impurity occupation
fluctuates in an intermediate valence state between f> and
f! which is reflected by the occupation vrr ~ 1.5 and by
a peak in the degree of charge fluctuations I'yr. Taking into
account the relatively large value of the Coulomb repulsion
U/t = 8, the double occupations (71 747 ¢ ) and the interaction
energy Wy tend rapidly to zero if e + U > &p. This implies

that pp >~ ? /777~ The impurity orbital is almost exclusively
singly occupied as long as &, is located well below the
Fermi level (¢; < &) and above er — U. In this situation,
known as the Kondo regime, only virtual charge fluctuations
between the impurity and the conduction band are possible.
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When the impurity level ¢ is located near the Fermi level
(e7 7~ 0), the fluctuations of the occupation of the impurity
orbital become again favorable. This results in a second peak
in the degree of charge fluctuations, which corresponds to
the intermediate valence regime where ysr ~ 0.5. Finally,
increasing &, beyond &r results in a charge transfer toward
the conduction band and thus ysr — 0.

In order to analyze the spin fluctuations at the localized f
orbital, which play a central role in the Kondo regime, it is
interesting to consider the standard deviation

o = (S5 — (S)?) (44)

of the local spin operator S r. In the case of singlet states we
have (Sy) = 0 and

o =/ (S;-Sp) = uy, (45)

which coincides with the local moment wu, [see Eq. (43)].
Consequently, panel (e) of Fig. 4 shows that spin fluctuations
dominate especially in the Kondo regime (¢; < &r and
er+U > er) where the f orbital is almost exclusively
singly occupied. One concludes that the TLA describes very
accurately the degree of spin fluctuations at the impurity.
Comparison with the exact results shows that the TLA
describes the Kondo regime, the intermediate valence regime,
as well as the crossover region with high accuracy (see
Fig. 4). Even in the intermediate valence regime, where the
site occupancy yyy, the degree of charge fluctuations I'yr, and
the local moment p are very sensitive to variations in the
impurity level €7, the absolute errors remain below 0.04 in
vrr> 0.06 in I'yr, and 0.03 in u ;. Moreover, the relative error
in the total ground-state energy Eg is less than 0.1% and the
absolute error in the Coulomb energy W,/ U less than 0.03.

C. Dependence on the conduction-band width

In Sec. IV A, the TLA has been motivated by showing that
this approximation is exact in the limit of a totally degenerate
conduction band as well as in the limit of widely separated
discrete conduction-band levels. The former corresponds
to a vanishing conduction-band width, whereas the latter
corresponds to a very large conduction-band hopping integral.
It is therefore very interesting to investigate the crossover
between the above-mentioned limits by varying the hopping
integral ¢. In Fig. 5, several ground-state properties of an
N, = 12 orbital Anderson ring with N, = 12 electrons are
given as a function of ¢ for the impurity level £ ;/ V;r = —1.0
(Vs > 0) and two different values of the Coulomb repulsion
U/Vss =20and U/ Vs = 5. The calculations with the larger
Coulomb repulsion are representative of the most critical
intermediate-valence strongly correlated regime, whereas the
lower Coulomb repulsion corresponds to a moderately corre-
lated regime.

In the limit of a vanishing hopping integral ¢ the conduction-
band states are totally degenerate and &7 — ex = €5 = — V¢
for all k. Since both Coulomb repulsion parameters U = 5V,
and U =20V,; are much larger than the energy needed
to promote an electron from the f orbital to the Fermi
level (e — &5 = Vjy), the average number of f-level double
occupations (fig47i ) ) is quite small for t = 0, namely 0.05
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FIG. 5. (Color online) Ground-state properties of a N, = 12
orbital Anderson ring as a function of the conduction-band hopping
integral 7: (a) interaction energy Wy, (b) degree of charge fluctua-
tions I'y; = (3, 1¥/1?)"?, (¢) impurity-orbital occupation s, and
(d) local impurity moment p ;. LDFT (full curves) and exact Lanczos
diagonalizations (crosses) are compared for e/ Vs = —1.0 (Vy >
0) and two different Coulomb repulsion parameters, U/ V,; = 20 and
U/Vsy =5.

for U =5Vy; and 0.003 for U = 20V,,. The small value
of (fipqfiy,) together with the charge fluctuations between
the impurity orbital and the conduction-band states result
in y¢r < 1, which corresponds to an f! < f* intermediate
valence state. With increasing ¢ the Fermi level increases as
er = 0.28¢. Therefore, the degree of charge fluctuations I'sf
decreases, while the average number of double occupations
remains (7 r4fiy)) ~ 0. Consequently, y,, tends to 1. As we
further increase ¢, the number of double occupations (7 s47i 7 )
becomes nonnegligible provided that U is not too large (see the
curve for U/ Vr = 5 in Fig. 5). This results in an increase of
the ground-state interaction energy Wy, the f-level occupation
vrf, and the degree of charge fluctuations I'yr, as well as in
a reduction of the local magnetic moment  ; at the impurity
site.

Comparison between LDFT and exact results shows a
very good agreement. Besides reproducing the r =0 and
t — oo limits the TLA remains accurate for all finite values
of the conduction-band width (see Fig. 5). The absolute
errors introduced by the TLA are less than 0.056V;, for
the interaction energy Wy, 0.078 for the degree of charge
fluctuations Iy, 0.046 for the site occupancy yr, and 0.025
for the local moment w r. Appreciable discrepancies are only
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FIG. 6. (Color online) Ground-state properties of Anderson
rings as a function of the number of sites N, (even N, =
N, + 1 orbitals). The model parameters are t > 0, ¢,/t = —0.4,
Vig/t =04,U/t =2,and N, = N, = N, + 1. Results are given for
(a) the interaction energy Wy, (b) the degree of charge fluctuations
Ty = Q) Iy 1*)%, and (c) the occupation of the impurity orbital
v¢s. The inset in (a) shows the ground-state energy E,,, while the
inset in (b) shows the size dependence of the conduction-band Fermi
level er. For N, < 13 the LDFT results (dots) are compared with
exact Lanczos diagonalizations (crosses). The lines between the dots
are a guide to the eye. The dashed vertical lines highlight the results
for N,=3and N, = 11.

found for ¢ >~ Vi and in the case of 'y for moderate values
of the Coulomb repulsion (see Fig. 5).

D. Dependence on system size

Since the TLA is based on the exact solution of a two-level
problem, it is important to investigate its behavior as a
function of system size. To this aim we consider rings having
N, — 1 simple metal atoms and one impurity atom (N, =
N, + 1 orbitals). In Fig. 6 results are given for N, < 100
and N, = N, = N, 4+ 1 electrons taking the energy of all
atomic s levels &/ =0, NN hopping integral t;; = —t <0,
impurity level &;/t = —0.4, sf hybridization V,/t = 0.4,
and Coulomb repulsion U/t = 2. This corresponds to an
intermediate correlated regime. Notice that only odd values
for N, are considered, since for an even number of atoms
N, the Hamiltonian (1) becomes reducible. In this case some
conduction-band orbitals are decoupled from the impurity
orbital. Moreover, the number of electrons N, in the irreducible
block that couples with the impurity orbital depends on U/t,
Vsr/t and e /t. In particular, N, can be odd, which is beyond
the domain of application of the present functional derived for
singlet states with an even number of electrons.

The results for the ground-state properties (Fig. 6) show an
interesting dependence on the chain length N, or the number
of orbitals N, = N, + 1. In the case of Eg/N, and W
the convergence to the infinite-length limit is reached rather
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rapidly for N, >~ 20. In contrast, finite-size effects appear to
be stronger in the case of y;r and I'yy, which converge only
for N, >~ 80-100. On top of this overall length dependence,
one observes important super-even oscillations: We, I'sr, and
vy oscillate as a function of the even number of orbitals N, or
electrons N, depending on whether N, = N, is 4m or 4m + 2
with m integer. The average f-level occupation and Coulomb
repulsion are systematically larger (smaller) for N,/2 even
(odd), while the degree of sf charge fluctuations follow the
opposite trend (see Fig. 6). These oscillations can be correlated
to the oscillations of the Fermi energy of the conduction band
e as a function of N, [see the inset of Fig. 6(b)]. Indeed, the
larger the energy difference e — ey > 0 is, the lower is the
energy 2¢; + U of two electrons occupying the localized f
level. Therefore, a maximum in & corresponds to maxima in
both s and Wy (e.g., N, = 11 indicated by a vertical dashed
line). On the other hand, small values of ¢r — &y enhance
the charge fluctuations between the impurity orbital and the
conduction band. Thus, minima in &7 imply maxima in I'y¢
corresponding to an f! < f° intermediate valence state. The
triangle (N, = 3, vertical dashed line) appears an exception
which can be understood by noticing that in this case the
energy difference e — ¢ is comparable with the Coulomb
repulsion U, which implies significant double occupation of
the impurity level. This opens the possibility of additional
f? < f! charge fluctuations and thus explains the relatively
large I'y; despite the fact that ¢z shows a local maximum.

In the limit of a large number of atoms N, the difference
er — &y tends to the constant 0.4¢; i.e., the impurity orbital
is located well below the Fermi level. Since the Coulomb
repulsion is much larger (U/t = 2), the number of double
occupations (7 s471 | ) and thus the interaction energy W, be-
come negligible. Moreover, the f-level occupation converges
toavalue yyr < 1, whichreflects a significant degree of charge
fluctuations I';y ~ 0.5. Consequently, this limit corresponds
to an f! < f¥ intermediate valence state between the singly
occupied and empty impurity orbital.

Comparison with the exact results for N, < 13 shows that
the TLA gives the correct trends as a function of N, for
all considered ground-state properties. The absolute error in
the ground-state density-matrix elements is found to be less
than 0.025 for y;; and less than 0.02 for I';;. Moreover,
the interaction energy Wy, is reproduced with an accuracy
of 0.012¢ or better. Consequently, the relative error in the
ground-state energy Eg is always less than 0.3% [see the
inset of Fig. 6(a)]. This suggests that the minimization of
the total-energy functional E using the TLA yields a good
approximation to the ground-state density matrix and the
properties derived from it for systems with an arbitrary number
of atoms.

So far only one-dimensional systems in a ring geometry
have been studied. Nevertheless, the present TLA is directly
applicable to higher dimensions, since no 1D specific as-
sumption has been made throughout its derivation. In order
to demonstrate it, we consider in Fig. 7 the two-dimensional
square lattice. LDFT results for the ground-state interaction
energy Wy and the local impurity moment 1 s are compared
with Lanczos exact diagonalizations in the case of an N, =
3 x 3 periodic cluster with the impurity at the center. To
this aim representative model parameters ¢ > 0,7/t = —0.4,
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FIG. 7. (Color online) (a) Ground-state interaction energy Wi,
and (b) local moment p, of the N, =3 x 3 atoms Anderson
square lattice as a function of the Coulomb repulsion U. In the
lattice the additional impurity orbital is located at the center while
the system parameters are t > 0, e;/t = —0.4, V,;/t = 0.4, and
N, = N, + 1 = 10. The LDFT results (dots) are compared with exact
Lanczos diagonalizations (crosses). In the insets the corresponding
electronic properties for the N, =7 x 7 atom lattice having an
additional impurity orbital at the center and N, = 50 electrons are
presented.

Vir/t =0.4,and N, = N, = N, + 1 = 12 are considered and
the Coulomb repulsion U/t is varied. The results show that
the TLA reproduces with a high accuracy the ground-state
properties of the Anderson model also in 2D, over the entire
range from weak to strong correlations. For a weak Coulomb
repulsion U/t = 0.5 the absolute error in W, is less than
0.0005¢, while the relative error in the local moment 5 is
less than 0.2%. In the case of strong correlations (U/t = 8)
the TLA yields an absolute error of 0.003¢ for Wy and a
relative error of 0.4% for  r. This demonstrates that the TLA
constitutes a powerful tool for higher dimensional versions of
the Anderson single-impurity model as well. In the insets of
Fig. 7 the LDFT results for the N, = 7 x 7 atom lattice are
presented, in order to illustrate the applicability of the TLA
for larger two-dimensional systems.

VI. SUMMARY AND OUTLOOK

A lattice density functional theory (LDFT) of the single-
impurity Anderson model has been developed. To this aim
a simple explicit approximation to the central interaction-
energy functional W[y ] has been proposed, which is based
on exact two-level results and general symmetry properties.
The invariance of the functional W[y] under unitary trans-
formations among the conduction states has been exploited
to identify the single symmetry-adapted conduction state with
which the localized impurity orbital experiences direct charge
fluctuations. This transformation is central to our ansatz, since
only two single-particle states, namely, the above-mentioned
symmetry-adapted conduction-band state and the impurity
orbital, are taken explicitly into account in the derivation of
the functional dependence of W[y]. A simple spin-restricted
analytical approximation to W[y ] for singlet systems has been
derived on the basis of the solution of the two-level Anderson
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model. This so-called two-level approximation (TLA) has been
shown to be exact in two opposite limits: a totally degenerate
conduction band and a conduction band with widely separated
discrete levels. Applications to finite rings having N, < 100
sites have demonstrated that the TLA gives accurate results for
the electronic ground-state properties of the Anderson model
(kinetic, interaction, and total energy, degree of charge fluctu-
ations, impurity-level occupancy, and local impurity magnetic
moment) in all parameter ranges. The regimes of strong and
weak correlations, as well as the Kondo and the intermediate
valence regimes, have been successfully described. In addition,
applications to two-dimensional periodic clusters have shown
that the TLA is also accurate for higher dimensional systems.
One concludes that LDFT with the TLA not only provides an
alternative perspective to the subtle problem of strong electron
correlations and a remarkable qualitative improvement over
mean-field approximations, but also that it should open the
way to novel applications and extensions.*

The functional dependence of W[y ] on the density-matrix
elements provides new insights into the form of the interaction-
energy functional for more realistic lattice models. At first
sight, it might be quite astonishing that a simple approximation
derived from a two-level system is capable of describing the
interaction energy in large systems with complex conduction-
band electronic structure. This is probably a consequence
of the form of the two-particle interactions in the Anderson
Hamiltonian, where, as in the Hubbard model, only the local
interaction of two electrons at the impurity orbital is taken
into account. In fact, neglecting the two-particle interactions
between electrons in different orbitals has been proven to be a
most successful approach in order to focus on the physics of the
magnetic degree of freedom of the impurity and its coupling to
the relevant conduction states close to the Fermi energy. From
this perspective it is physically reasonable to expect that the
functional dependence of the interaction energy W[y ] can be
grasped in terms of the density-matrix elements that describe
the local geometry of the impurity and its coupling to the
metallic environment. The TLA constitutes a first encouraging
ansatz for choosing the appropriate conduction-band states
which are coupled to the impurity. An interesting route
for future improvements would be to develop a systematic
method of extending the set of relevant conduction-band states
involved in the derivation of W[y ]. In this way more realistic
multiband impurity models could be addressed.

In this work, the derivation of the TLA has been restricted to
spin-unpolarized systems with N,y = N, . Consequently, the
ground-state density matrix has been obtained by minimizing
the total-energy functional E[y] with respect to density
matrices satisfying y;;4 = y;;, for all sites ij. This is justified
by the fact that the ground state is known to be a singlet.?®
However, it is also true that the spin restriction precludes
the present approximation from being applied to systems
with spin-dependent charge distributions. An extension to
spin-polarized density matrices is most desirable, since it
would allow us to investigate systems with an odd number
of electrons, to quantify the effect of an external magnetic
field, and to determine the electronic properties in excited
states with § > 1. Research in this direction is currently in
progress.
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APPENDIX: INTERACTION-ENERGY FUNCTIONAL
OF THE TWO-LEVEL PROBLEM

This Appendix is devoted to the derivation of the
interaction-energy functional W2[y] of a two-level system
(singlet state). The derivation involves three main steps. First,
we consider pure-state N representable density matrices y with
the most important particle number N, = 2 (half-band filling).
Second, we extend the functional to ensemble N representable
y . Finally, the more general case of fractional particle numbers
is considered.

A. Pure-state N representable y with particle number N, = 2

For pure-state N representable density matrices y the
minimization involved in the definition of W2“[y] yields
w,, = 1 for one m and w,, = 0 for m" # m (pure state) [see
Eq. (31)]. Consequently, for any given density matrix elements
Yrf> Vss» and ygp with y¢r + 5, = 2, the minimum number
of f-level double occupations (7 s47is,) can be obtained by
minimizing the functional

A[[W)] = (Wl pyiig W) — & (W]W) — 1)
+hss <<\If| > Fiflw) - fo)
+ hgs <<w| > el folw) - ysf)

+ A% ((‘lfl D fleslw) - st) (AD)

with respect to states |W) in the N, = 2 singlet subspace.
The Lagrange multiplier ¢, A s € R, and A,y € C in Eq. (A1)
assure that W) is normalized and yields the given y. Without
loss of generality one may assume y,r € R. Should the
nondiagonal element y;; be complex, then the phase of the
delocalized orbital 610 can be changed to render y,, real
without changing the number of f-level double occupations.
Consequently, A;s € R and the variational equation for a
stationary |W) that minimizes A[|W)] reads

(Affz ﬁf‘7+ )‘sz[é‘]v\o fd"’ f;ésa] + ﬁfTﬁfi_ ‘9) |W) =0.

(A2)

In other words, the particular state |W) having the mini-
mum double occupations for a fixed density matrix y (i.e.,
W2yl = (Wl s4ipy|¥)) is an eigenstate of a two-level
Anderson model (A2) with real parameters A ;r and A,,. This
implies that the most general singlet

W) = alézTé;Uvac) + azﬁff|vac)

& PN PN A3
+ 2(f¢cs¢ ficsT)|VaC) (A3)

/2

has real expansion coefficients «;. The constraints y,s =
(WY, ¢l éps W) in terms of o; read

20!%+C¥§=)/ff7 2Olf+01§=)/m=2—)/ff, (A4)
V20 + a)as = Vsf-
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From Eq. (A3) it follows that o = (A ;471 7, ). Solving the set
of Egs. (A4) for oc% and minimizing it one obtains

min (W|A 4 7, W) = DP(y s, v50)

vy
singlet
2
- |=/4
Z%f_ vsrI”/ (A5
1= I 2 = lyss?
where we have used that
Yar = Vit + Vepy = V¥rr@ = ver) (A6)

[see Eq. (16)]. This completes the derivation of the interaction-
energy functional W2 for pure singlet states having N, = 2.
Notice that the domain of definition of D® in Eq. (A5)
coincides with the domain of definition of the more general
ensemble N representable y [see Egs. (14)—(16)]. In other
words the domains of definition of pure and ensemble N
representable y are identical in the two-level subspace.

B. Ensemble N representable y with N, = y + ysr =2

While D@ (yys,ysr) in Eq. (AS) yields the minimum of
(fipsfiyy) for pure states it need not yield the minimum
Coulomb interaction in the larger domain of ensemble N
representable y. This problem is solved in the following. First
of all, one observes that the minima of Eq. (A5) as a function
of ;s for fixed yyy are located at

N N s g,
% V2@ = vy =D if yp > 1
and are given by
0 ity <,
D@ (ysp) = D (v vS) = {yff —1if oy > 1
(A8)

For |yss| 2 y;7 the minimization of double occupations
(Aipriipy) =, Wn (Wl priip |W,,)  over the  states
W) and weights W, satisfying Vo =
S W (Wl Y, & s |W,) yields a pure state (i.e.,
w,y = 1 for m’ equal to some m and 0 otherwise). Therefore,
DP(y s, y5r) is given by Eq. (A5) for v > |y = ;7. For
lvs¢l < v5f we consider the mixed state

[ = 1|0 ) (W] + (1 — )W) (W (A9)

with ¢ € [0,1]. The two states |W;) and |W;) satisfy
(Wil Y, S 710 = ypr and (WY, el folW) = £y,
where the + (—) sign corresponds to i = 1 (i = 2). It is easy
to see that for r = %(1 + vsr/vyy) the mixed state I' satisfies
both conditions '

Tr {f“ijﬁ, =ty + 0 =0y =vy  (A10)

and

(Al1)

" :fZéIafa =1~ 0v =
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The average f-level double occupation then reads

(fipyiy) = 1D (yrr,yF) + (1 =0DDPypr, — )
= DP(ys1.757) = DR rsp)- (A12)

Since this value of Déi)(yff) coincides with the absolute
minimum of (Ais47if) for a fixed impurity occupation yy¢
[see Eq. (18)], one concludes that

DP(ysr.yvs) = DRysp) for vyl <yF. (A3
By extending the domain of definition to ensemble N
representable y, the minimum number of f-level double
occupations D®(ys,ysr) has been reduced with respect to
the result for pure states given by Eq. (AS5). Putting Egs. (AS)
for |y,r| = )/5? and (A13) together yields the Eq. (32) for wak
given in the main text (Sec. IV C).

C. Fractional particle numbers N, = y,, + yyf

For most systems the two-level block is not isolated and
therefore the number of electrons N, = y,; + yrr need not be
an integer. We consider explicitly the case 0 < i + vyr < 2.
The expressions for 2 < N, < 4 can be obtained by exploiting
the electron-hole symmetry (19). In the case of singlet states
we consider

. Ne
r@ 4 (1 — 7) [vac) (vac, (A14)

where '@ =Y w,,|W@) (U] is the superposition of two-
particle singlet states |¥?), and |vac) is the empty two-level

state. The coefficients N./2 and 1 — N, /2 ensure the correct
|

Yir
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particle number Tr{["N,} = N,. It is important to recall that
the constraint

Tr {f“ Z @jmaﬁa} = Vup (A15)
on I implies the corresponding constraint
iy =Tr{l®> ¢l ¢
Ne of ~ aoCBo
(A16)

= Z wm<\ll'(nz)| Z éjm’éﬁa |\Ij;(112))
m o

on I'®. The average of f-level double occupations depends
only on I'®;ie.,

(iprigy) =Tr(Capip ) = 7Tr{r@)nﬂnfl}. (A17)

Consequently, minimizing (A s4+7 ¢ ;) over all mixed states f‘
satisfying (A15) is equivalent to minimizing (7 r47 s ) over all
mixed states of the form I'® = Y w,,|¥P) (2| satisfying
(A16). Since the singlet states |W?) have definite particle
number N, = 2, one obtains that the minimum number of f-
level double occupations D(yss,Vss, Ysr) for a particle number
0 < N, < 2is given by

N, 2vrr 2¥s
Dss Vss Vay) = — D@ (i —f> (A18)

2 N. ’ N,
where D® denotes the minimum f-level double occupations
for N, = 2 (see previous subsection). Using Egs. (A6), (A7),
(A8), and (A13) and the electron-hole symmetry (19) for the
case 2 < N, < 4, one obtains that the two-level interaction-
energy functional W' for fractional particle numbers reads

U
W2y s, Yes Vsr) = ( 2
Woo(yffa Vss)

According to the constraint (16), the maximum degree of
sf charge fluctuations y;} is given by Eq. (39) in the main
text. One also finds that the degree of charge fluctuations
y;}" in the strongly correlated limit is given by Eq. (40) and

lyer /4
min{ 52— 5 )= /Iy =l 2

|y5f| > ysc}o’
it vyl < ¥

(A19)

the corresponding interaction energy W, by Eq. (41). This
completes the derivation for the singlet two-level interaction-
energy functional W2y ] used throughout this work as given
by Eq. (38).
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