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Due to strong geometric frustration and quantum fluctuation, the § = 1/2 quantum Heisenberg antiferromagnet
on the kagome lattice has long been considered as an ideal platform to realize a spin liquid (SL), a phase
exhibiting fractionalized excitations without any symmetry breaking. A recent numerical study (Yan et al.,
e-print arXiv:1011.6114) of the Heisenberg S = 1/2, kagome lattice model (HKLM) shows, in contrast to earlier
results, that the ground state is a singlet-gapped SL with signatures of Z, topological order. Motivated by
this numerical discovery, we use the projective symmetry group to classify all 20 possible Schwinger fermion
mean-field states of Z, SLs on the kagome lattice. Among them we found only one gapped Z, SL (which we call
the Z,[0,7]p state) in the neighborhood of the U(1) Dirac SL state. Since its parent state, i.e., the U(1) Dirac SL,
was found [Ran et al., Phys. Rev. Lett. 98, 117205 (2007)] to be the lowest among many other candidate U(1)
SLs, including the uniform resonating-valence-bond states, we propose this Z,[0,7]8 state to be the numerically

discovered SL ground state of the HKLM.
DOI: 10.1103/PhysRevB.83.224413

I. INTRODUCTION

At zero temperature, all degrees of freedom tend to freeze,
and usually a variety of different orders, such as supercon-
ductivity and magnetism, will develop in different materials.
However, in a quantum system with a large zero-point energy,
one may expect a liquidlike ground state to exist even at
T = 0. In a system consisting of localized quantum magnets,
we call such a quantum-fluctuation-driven disordered ground
state a quantum spin liquid (SL).! It is an exotic phase with
“fractionalized” excitations carrying only a fraction of the
electron quantum number, e.g., spinons, which carry spin but
no charge. The internal structures of these SLs are so rich
that they are beyond the description of Landau’s symmetry-
breaking theory?> of conventional ordered phases. Instead
they are characterized by long-range quantum entanglement*
encoded in the ground state, which is called “topological
order”>% in contrast to the conventional symmetry-breaking
order.

Geometric frustration in a system of quantum magnets
would lead to a huge degeneracy of classical ground-state
configurations. The quantum tunneling among these classical
ground states provides a mechanism to realize quantum SLs.
The quest for quantum SLs in frustrated magnets (for a
recent review, see Ref. 7) has been pursued for decades.
Among them the Heisenberg S = 1/2 kagome lattice model
(HKLM)

Hyxim = J S-S (1
)

(i,j

has long been thought a promising candidate. Here (i,j)
denotes i,j being a nearest-neighbor pair. Experimental
evidence®!! of SLs has been observed in ZnCuz(OH)sCl,
(called herbertsmithite), a spin-1/2 antiferromagnet on the
kagome lattice. Theoretically, lacking an exact solution of
the two-dimensional (2D) quantum Hamiltonian (1) in the

1098-0121/2011/83(22)/224413(11)

224413-1

PACS number(s): 71.27.4a, 75.10.Kt

thermodynamic limit, in previous studies either a honeycomb
valence-bond crystal'>"'® (HVBC) with an enlarged (6 x 6)-
site unit cell, or a gapless SL (Ref. 17) were proposed as
the ground state of the HKLM. However, recently an exten-
sive density-matrix-renormalization-group (DMRG) study'®
on the HKLM revealed the ground state of the HKLM
as a gapped SL, which substantially lowers the energy
compared to the HVBC. In addition, the authors also observed
numerical signatures of Z, topological order in the SL
state.

Motivated by this important numerical discovery, we try
to discover the nature of this gapped Z, SL. Different Z,
SLs on the kagome lattice have been previously studied using
the Schwinger boson representation.'®?° Here we propose
candidate states for symmetric Z, SLs on the kagome lattice by
the Schwinger fermion mean-field approach.>'~>’ Following
is the summary of our results. First we use the projective
symmetry group® (PSG) to classify all 20 possible Schwinger
fermion mean-field Ansdtze of Z, SLs which preserve all the
symmetry of the HKLLM, as shown in Table I. We analyze these
20 states and rule out some obviously unfavorable ones: e.g.,
gapless states, and those states whose first-nearest-neighbor
(NN) mean-field amplitudes must vanish due to symmetry.
Then we focus on those Z, SLs in the neighborhood of the
U(1) Dirac SL.?® In Ref. 28 it is shown that the U(1) Dirac SL
has a significantly lower energy compared with other candidate
U(1) SL states, such as the uniform resonating-valence-bond
(RVB) state (or the U(1) SL-[0,0] state in the notation of
Ref. 28). We find that there is only one gapped Z, SL,
which we label as Z,[0,7]8, in the neighborhood of (or
continuously connected to) the U(1) Dirac SL. Therefore
we propose this Z,[0,7]8 state as a promising candidate
for the ground state of the HKLM. The mean-field ansatz
of Z,[0,7]8 state is shown in Fig. 1(b). Our work also
provides guidelines for choosing variational states in future
numeric studies of the SL ground state on the kagome
lattice.
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TABLEI. Mean-field Ansctze of 20 possible Z, SLs on akagome
lattice. In our notation of mean-field amplitudes (x,y,s|0,0,u) =
[x,y,s], this table summarizes all symmetry-allowed mean-field
bonds up to third nearest neighbor, i.e., first-nearest-neighbor
bond u, = [0,0,v], second-nearest-neighbor bond ug = [0,1,w],
and third-nearest-neighbor bonds u,, = [1,0,u]and ii,, = [1, — 1,u]
as shown in Fig. 1(a). A denote the on-site chemical potential terms
which enforce the constraint (11). t° is a 2 x 2 identity matrix
while 7123 are three Pauli matrices. t%3 denote hopping while 7 '!-2
denote pairing terms. 0 means that the corresponding mean-field
amplitudes must vanish due to symmetry. The shortest mean-field
bonds necessary to realize a Z, SL are shown in italic type. In
other words, the mean-field amplitudes in italics break the U(1)
gauge redundancy down to Z, through the Higgs mechanism. So
in states nos. 3, 19, and 7-12 a Z, SL cannot be realized with up
to thrid-NN mean-field amplitudes. Note that state no. 15 needs
only a third-nearest-neighbor bond u,, to realize a Z, SL (i, is not
necessary), while state no. 20 needs only i, to realize a Z, SL
(u,, is not necessary). Notice that when n;, = —1 the mean-field
Ansatz (instead of the SL itself) will break translational symmetry
and double the unit cell. There are six Z, SLs, i.e., nos. 7—12 that
do not allow any first-NN mean-field bonds. Among the other 14 Z,
SLs with nonvanishing first-NN mean-field bonds, only five Z, SL
states, i.e., nos. 1, 2, 5, 13, and 15, have gapped spinon spectra. No.
2 (in bold type) or the Z,[0,7]8 state in the neighborhood of the
U(1) Dirac SL is the most promising candidate of the Z, SLs for the
HKLM ground state.

No. ni2  Ag Uy ug u, it Label Gapped?
1 41 22,73 2,03 203 2,73 273 Z,[0,0]A Yes
2 -1 27 2 2 At 0 Z,[0,m]B Yes
3 41 0 5 0 0 0 Zrn,7]A No
4 -1 0 37 0 0 %73 Z,[n,0]A No
5 41 ¥ ¢t P 3 3 Z,[0,01B Yes
6 -1 < ¢ 7 3 2 Z,[0,7]a No
7 +1 0 0 2,73 0 0 - -
8 -1 0 0 573 0 0 - -
9 +1 0 0 0 273 0 - -
10 -1 0 0 0 2,73 0 - -
11 +1 0 0 7?2 7?2 0 - -
12 -1 0 0 72 72 0 - -
13 +1 [ SO S 3 Z,[0,0]D Yes
4 -1 73 3 23 3 0 Z0,m]ly No
15 +1 7° 73 3 2 Z,00,0]1C Yes
6 -1 3 2 20 Z,[0,718 No
17 41 0 72 3 0 0 Z[n,7]B No
18 -1 0 72 73 0 3 Z,[n,01B No
19 +1 O 72 0 72 0 Zm,x]C No
20 -1 0 72 0 72 3 Z,[n,0]C No

II. SCHWINGER FERMION CONSTRUCTION OF SPIN
LIQUIDS AND PROJECTIVE SYMMETRY GROUP

A. Schwinger fermion construction of symmetric spin liquids

In the Schwinger fermion construction,?'>% we represent

a spin-1/2 operator at site i by fermionic spinons { fiy,0 =

UR2E

S = L1l Gup fip- @)
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FIG. 1. (Color online) (a) Kagome lattice and the elements of
its symmetry group. d , are the translation unit vectors, Cy denotes
/3 rotation around the honeycomb center, and ¢ represents mirror
reflection along the dashed blue line. Here u,, and ug denote first- and
second-nearest-neighbor (NN) mean-field bonds while u, and
ii, represent two kinds of independent third-NN mean-field
bonds. (b) Mean-field ansatz of the Z,[0,7]8 state up to sec-
ond nearest neighbor. Colors in general denote the sign struc-
ture of the mean-field bonds. Dashed lines denote first-NN real
hopping terms x; Z(i,j)a(vijfilfja + H.c.): red ones have v; =
1 and bold black ones have v;; = —1. Solid lines stand for
second-NN hopping x> Z“m)a v,-j(f,-'fx fja + H.c.) and singlet pairing
Z((:‘j))uﬂ ea/gvij(Azfilfjﬂ + H.c.): again red ones have v;; =1 and
bold blue ones have v;; = —1. Here x; > and A, are real parameters
after choice of a proper gauge.

The Heisenberg Hamiltonian H = ) iy Jii §,~ .S ; 1s repre-
sented as H = 3 =5t fa 15 fip + 3 Fio i f g fip)-
This construction enlarges the Hilbert space of the original
spin system. To obtain the physical spin state from a mean-
field state of f spinons, we need to enforce the following
one- f-spinon-per-site constraint:

fiufia =1, fiafigeap =0. 3
The mean-field parameters of symmetric SLs are A;je,p =
—2(fia fig)s Xijbap = Z(ﬁlfj,g), where €, is the completely
antisymmetric tensor. Both terms are invariant under global

SU(2) spin rotations. After a Hubbard-Stratonovich transfor-
mation, the Lagrangian of the spin system can be written as

: 3 1 ,
L= "yloyi+) §JiJ|:§Tr(UiTjUij)

(ij)

- (wlTU,.jl/fj + H.c.)i| + Zaé(i)lﬁffl%, “4)

where the two-component fermion notation ¥; = (fiy, f;&) is
introduced for reasons that will be explained shortly. We use
7% to denote the 2 x 2 identity matrix and t!-23 are the three
Pauli matrices. U;; is a matrix of mean-field amplitudes:

i
Xii Ajj
Uy=("" . 5)
A —Xij

aé(i) are the local Lagrangian multipliers that enforce the
constraints Eq. (3).

In terms of ¥, the Schwinger fermion representation has
an explicit SU(2) gauge redundancy: a transformation ¥, —
Wi, Ujj — W;Ujj WjT W, € SU(2) leaves the action in-
variant. This redundancy originates from the representation
Eq. (2): this local SU(2) transformation leaves the spin
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operators invariant and does not change the physical Hilbert
space. One can try to solve Eq. (4) by a mean-field (or
saddle-point) approximation. At mean-field level, U;; and aé
are treated as complex numbers, and aé must be chosen such
tha; the constraints (3) are satisfied at the mean-field level:
(Wr’ Y¥;) = 0. The mean-field Ansatz can be written as

Hyr ==Y vl + ) vlapt'yi, ©6)
(ij) i

where we defined (i|j) = g.ll-j Uij. Under alocal SU(2) gauge
transformation (i|j) — W;(i|j )W},but the physical spin state
described by the mean-field Ansafz {(i|j)} remains the same.
By construction the mean-field Ansatz does not break spin
rotation symmetry, and the mean-field solutions describe
SL states if lattice symmetry is preserved. Different {(i|j)}
Ansdtze may be in different SL phases. The mathematical
language to classify different SL phases is the projective
symmetry group (PSG).®

B. Projective symmetry group classification of topological
orders in spin liquids

The PSG characterizes the topological order in Schwinger
fermion representation: SLs described by different PSGs are
different phases. It is defined as the collection of all combina-
tions of symmetry group and SU(2) gauge transformations
that leave mean-field Ansdrze {(i|j)} invariant (as aé are
determined self-consistently by {(i|j)}, these transformations
also leave a(l) invariant). The invariance of a mean-field Ansatz

{(i]j)} under an element of PSG Gy U can be written as

GuU{(i1j))) = (4ilj)},
Ui = (ilj) = 0= ool (7
Gu({(ilj)) = ilj) = Guil ) Gu()H',
Gy(i) € SUR).

Here U € SG is an element of the symmetry group (SG) of the
corresponding SL. In our case of symmetric SLs on the kagome
lattice, we use (x,y,s) to label a site with sublattice index
s = u,v,w and x,y € Z. The Bravais unit vectors are chosen
as a; = a% and a, = §(% + V/39) as shown in Fig. 1(a). The
symmetry group is generated by the time-reversal operation
T, lattice translations 7;, along the a;, directions, a 7/3
rotation Cg around the honeycomb plaquette center, and
the mirror reflection o (for details, see Appendix A). For
example, if U = T; is the translation along the @, direction
in Fig. 1(a), T1({x,y,s}) = {x + 1,y,s}. Gy is the gauge
transformation associated with U such that G U leaves {({i|j)}
invariant. Notice that this condition (7) allows us to generate all
symmetry-related mean-field bonds from one by the following
relation:

(i1j) = Gu) U™ OV GNGH)- ®)

There is an important subgroup of the PSG, the invariant
gauge group (IGG), which is composed of all the pure gauge
transformations in the PSG: IGG = {{Wi}|W,-(i|j)W;-[ =
(i1j), W; € SU(2)}. In other words, W; = G,(i) is the pure
gauge transformation associated with the identity element
e € SG of the symmetry group. One can always choose a
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gauge in which the elements in IGG are site independent.
In this gauge, the IGG can be the global Z, transforma-
tions: {G,.(i) = G, = £1°}, the global U(1) transformations:
{Ge(i) = €7’ 6 € [0,27]}, or the global SU(2) transforma-
tions: {G,(i) = ¢'%"7, 6 € (0,27], A € §2}, and we term them
the Z,, U(1), and SU(2) states, respectively.

The importance of the IGG is that it controls the low-energy
gauge fluctuations of the corresponding SL states. Beyond
the mean-field level, fluctuations of (i|j) and a(l) need to be
considered and the mean-field state may or may not be stable.
The low-energy effective theory is described by a fermionic
spinon band structure coupled with a dynamical gauge field
of the IGG. For example, a Z, state with gapped spinon
dispersion can be a stable phase because the low-energy Z,
dynamical gauge field can be in the deconfined phase.?*°
Notice that the condition {G,(i) = G, = £1°} for a Z, SL
leads to a series of consistent conditions for the gauge
transformations {Gy(i)|U € SG}, as shown in Appendix A.
Gauge-inequivalent solutions of these conditions (A4)—(A11)
lead to different Z, SLs. Soon we will show that there are
20 Z, SLs on the kagome lattice that can be realized by a
Schwinger-fermion mean-field Ansatz {{i|j)}.

III. Z, SPIN LIQUIDS ON THE KAGOME LATTICE
AND Z,[0,7]8 STATE

Following previous discussions, we use the PSG to classify
all possible 20 Z, SL states on the kagome lattice in this
section. As will be shown later, among them there is one
gapped Z, SL labeled the Z,[0,7]8 state in the neighborhood
of the U(1) Dirac SL. This Z,[0,7]8 SL state is the most
promising candidate for the SL ground state of HKLM.

A. PSG classification of Z, spin liquids on a kagome lattice

Applying the condition G,(i) = G, = £1° to the kagome
lattice with the symmetry group described in Appendix A,
we obtain a series of consistent conditions for the gauge
transformation G (i), i.e., the conditions (A4)—(A11). Solving
these conditions, we classify all the 20 different Schwinger
fermion mean-field states of Z, SLs on the kagome lattice, as
summarized in Table I. These 20 mean-field states correspond
to different Z, SL phases, which cannot be continuously tuned
into each other without a phase transition.

As discussed in Appendix B 2, from PSG elements G (i)
one can obtain all other symmetry-related mean-field bonds
from one using the symmetry condition (8). Therefore we
use uy, = (0,0,v|0,0,u) to represent first-nearest-neighbor
mean-field bonds. ug = (0,1,w|0,0,u) is the representative
of second-NN mean-field bonds. There are two kinds of
symmetry-unrelated third-NN mean-field bonds, represented
by u,, = (1,0,u|0,0,u) and &, = (1, — 1,u|0,0,u). The sym-
metry conditions for these mean-field bonds are summarized
in (B13)-(B16). In addition, the on-site chemical potential
terms A (i) [which guarantee the physical constraint (3) on the
mean-field level] also satisfy symmetry conditions (B12). We
can show that A(x,y,s) = Ay for these 20 Z, SL states. The
symmetry-allowed mean-field amplitudes and bonds are also
summarized in Table I.

224413-3



YUAN-MING LU, YING RAN, AND PATRICK A. LEE

TABLE II. A summary of all 20 gauge-inequivalent PSGs with
Gr(x,y,s) = it' on the kagome lattice. Notice that there is a free Z,
integer 1, = %1 in other PSG elements (B1), (B5), and (B7). They
correspond to 20 different Z, spin liquids on the kagome lattice.

No. 72 gs(u) 8s(v) gs(w) gco(u) 8c,(v) gc(w)  Label
1 +1 7° 70 70 70 70 % Z,[0,0]A
2 -1 1° 70 70 70 70 70 Z,[0,718
3 41 < 70 70 70 -7 it Z[m,m]A
4 -1 70 70 70 —7 it' Z,[m,0]A
5 +1 7° 70 70 i3 i3 it Z,[0,0]1B
6 -1 <° 70 70 i’ it? i Z0,7]a
7 41 it! LA 70 it! 70 -

8§ -1 ir! 0 70 70 it! 70 -

9 41 it! 0 70 0 —itt 7! -

10 —1 it! LA 0 —itt it -

11 +1 7! 0 -0 P -t i -

12 —1 it! 0 =% P -t i’ -

13 +1 it® it i i3 ir3 it®  Z,[0,01D
14 -1 i i3 i3 i3 i3 i3 Z,[0,7]y
15 +1 i® i o’ 70 70 2 Z,]0,0]C
16 —1 it® it® it 70 70 70 Z,[0,718
17 +1 it® i3 it 70 70 it'  Z,(m,m]B
18 —1 i® it® it 70 70 ittt Z,[m,0]B
19 +1 it® i3 itd it —it®  it?  Zy[n,w]C
20 —1 73 i3 i3 i3 —ir3 it? Z,[m,0]1C

From Table I we can see there are six states, i.e., nos. 7—12,
that do not allow nonzero first-NN mean-field amplitudes due
to symmetry. Moreover, they cannot realize Z, SLs with up to
third-NN mean-field amplitudes. Therefore they are unlikely
to be the HKLM ground state. Ruling out these six Z, SLs,
we can see that the other 14 Z, SL states fall into four classes.
To be specific, they are continuously connected to different
parent U(1) gapless SL states on the kagome lattice. These
parent U(1) SL states in general have the following mean-field
Ansatz:

HyaysL = xi Z Vij(fizfja + H.c.), 9)
(ij)
where v;; = %1 characterizes the sign structure of hopping
terms with x; € R. Different parent U(1) SL states feature the
flux of f spinon hopping phases around the basic plaquette:
honeycombs and triangles on the kagome lattice.

The simplest example is the so-called uniform RVB
state with v;; = +1 for all first-NN mean-field bonds. The
hopping phase around any plaquette is 1 = exp[i0], and the
corresponding flux is [0,0] for [triangle, honeycomb] motifs.
The four possible Z, spin liquids in the neighborhood®' of
uniform RVB states [i.e., the U(1) SL [0,0] state in Ref. 28)
are classified in Appendix D. They are nos. 1, 5, 15, and 13
in Tables I and II. We label them as Z,[0,0]A, Z,[0,0]B,
Z,[0,0]C, and Z,[0,0]D states. They all have gapped spectra
of spinons.

The Ansdtze of two other parent U(1) SLs are shown in
Fig. 2. They both have 7 flux piercing through a triangle basic
plaquette. Following the above notations of the hopping phase
in [triangle,honeycomb] motifs, with either 7 or O flux through
the honeycomb plaquette, they are called the U(1) SL [r,7]
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FIG. 2. (Color online) Mean-field Ansdtze of (a) U(1) SL [r,7]
state and (b) U(1) SL [x,0] state, with first-NN real hopping terms
Hyr = xi Z(im(v,-j fl.ij‘, + H.c.). Colors again denote the sign
structure of mean-field bonds: red dashed lines have v;; = 41 and
black dashed lines have v;; = —1.

state and the U(1) SL [7,0] state. There are three Z, SLs in
the neighborhood of both U(1) SL states, i.e., nos. 3, 17, and
19 around the U(1) SL [m,7] state and nos. 4, 18, and 20
around the U(1) SL [m,0] state. All these six Z, SLs have
gapless spinon spectra, inherited from the two parent gapless
U(1) SLs. To be precise, the spinon band structures of these
six Z, SL states feature a doubly degenerate flatband and a
Dirac cone at the Brillouin-zone center. This is in contrast to
the numerically observed gap in the two-spinon spectrum;'®
thus we can also rule out these six Z, SLs for the HKLM
ground state.

Another U(1) SL state is the so-called U(1) Dirac SL or
U(1) SL [0,r] state. Its mean-field Ansatz is shown by the
first-NN bonds in Fig. 1(b). Clearly = flux pierces through
certain triangle plaquettes with no flux through the honeycomb
plaquette. According to variational Monte Carlo studies,?®3?
this U(1) Dirac SLs have substantially lower energy compared
to many other competing phases, including the uniform RVB
state. Therefore we shall focus on those Z, SLs in the
neighborhood of the U(1) Dirac SL in our search for the HKLM
ground state. We need to mention that, although it is unlikely,
the four Z; SLs in the neighborhood of the uniform RVB state
or the U(1) SL [0,0] state might potentially be the HKLM
ground state.

In a previous study using the PSG in Schwinger boson
representation,”” it was shown that there are eight different
Schwinger boson mean-field Ansdtze of Z, SLs on the kagome
lattice which preserve all lattice symmetry. However, these
eight Z, SLs may or may not preserve time-reversal symmetry.
One can show that requiring all lattice symmetry and time-
reversal symmetry, there are 16 different Schwinger-boson
Z, SLs on the kagome lattice. The relation between the
20 Z, SLs in Schwinger fermion representation (see Table I)
and the 16 Z, SLs in Schwinger boson representation is not
clear. To clarify the relation between SL states in these two
different representations, one can compare the neighboring
(ordered) phases of the SLs, e.g., by computing the vison
quantum numbers®* of SL states.

B. Z,[0,7]p state as a promising candidate for the HKLM
ground state

How can we find those Z, SLs in the neighborhood of
(or continuously connected to) the U(1) Dirac SL? Naively,
we expect that the mean-field Ansdtze of these Z, SLs can
be obtained from that of the U(l) Dirac SL by adding
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an infinitesimal perturbation. To be specific, we require an
infinitesimal spinon pairing term on top of the U(1) Dirac SL
mean-field Ansatz (9) or (C1) to break the IGG from U(1) to
Z, through the Higgs mechanism. Mathematically, we need to
find those Z, SL states whose PSG is a subgroup of the U(1)
Dirac SL’s PSG.?! Such Z, SL states are defined to be in the
neighborhood of the U(1) Dirac SL. A similar criterion applies
to the neighboring Z, SL states of any parent U(1) or SU(2)
SL state.

We find all four Z, SLs in the neighborhood of U(1)
Dirac SLs in Appendix C. They are states nos. 6, 2, 14, and
16 in Table I, labeled the Z,[0,7 ], Z,[0,718, Z,[0,7]y,
and Z,[0,7]§ states, respectively. Since the effective theory
of a U(1) Dirac SL is an eight-component Dirac fermion
coupled with a dynamical U(1) gauge field,?®*} we can find all
symmetry-allowed mass terms that can open up a gap in the
Dirac-like spinon spectrum. Following detailed calculations in
Appendix C, we can see that among the four Z, SLs around
the U(1) Dirac SL, only one state, i.e., Z»[0,7]8 (state 2 in
Tables I and II), can generate a mass gap in the spinon spec-
trum. In the other three states the Dirac cone in the spinon spec-
trum is protected by symmetry. The mean-field Ansatz of the
Z,[0,m]B SL state up to the second NN is shown in Fig. 1(b):

Hyr = Z <)‘3 Z filfia + )Llf,TTflTl + H.C.)

L

+x1 Z Vij(f,»ija +H.c)+ Z Vi (Xz Z filfjot

(ij) ({ij))

FA Y €Al + h.c.), (10)
af

where € is the completely antisymmetric tensor. We only list
up to second-NN mean-field amplitudes because, as shown in
Table I (see also Appendix C), this Z,[0,7]8 state needs only
second-NN pairing terms to realize a Z, SL. We can always
choose a proper gauge so that the mean-field parameters y; »
and A, are all real. The sign structure of v;; = £1 is shown
in Fig. 1(b), with red denoting v;; = +1 and other colors with
bold lines representing v;; = —1. As discussed in Appendix C,
the second-NN singlet-pairing term A, # 0 not only breaks
the U(1) gauge symmetry down to Z,, but also opens up a mass
gap in the spinon spectrum. The on-site chemical potentials
A3 are self-consistently determined by the following

constraint:
S A =Y A fio =0,

1 L

Yo X fhfa—1] =0

i a=1.{

an

For further NN mean-field ansatz see discussions in
Appendix C.

IV. CONCLUSION

To summarize, motivated by the strong evidence of a Z,
SL as the HKLM ground state in a recent DMRG study,'® we
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classify all possible Z, SL states in the Schwinger fermion
mean-field approach using the PSG. We found 20 different
Schwinger fermion mean-field states of Z, SLs on the kagome
lattice, among which six states are unlikely due to vanishing
first-NN mean-field amplitude. Among the other 14 Z, SLs
only five possess a gapped spinon spectrum, which is observed
in the DMRG result.'® These five symmetric Z, SL states
are all in the neighborhood of certain parent U(1) gapless
SLs. To be precise, four are in the neighborhood of gapless
uniform RVB [or U(1) SL [0,0]] state, while the other one,
i.e., Z»[0,7]B, is in the neighborhood of a gapless U(1)
Dirac SL Jor U(1) SL [0,7]] state. A previous variational
Monte Carlo study?® showed that the gapless U(1) Dirac
SL has a substantially lower energy in comparison to the
uniform RVB state. This suggests that the Z, SLs in the
neighborhood of U(1) Dirac SLs should have lower energy
compared to those in the neighborhood of uniform RVB
states. Therefore we propose this Z,[0,7]8 state with the
mean-field Ansatz (10) shown in Fig. 1(b) as the HKLM
ground state numerically detected in Ref. 18. Our work
provides important insight for future numeric study, e.g.,
variational Monte Carlo studies of Gutzwiller-projected wave
functions.
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APPENDIX A: SYMMETRY GROUP OF THE KAGOME
LATTICE AND ALGEBRAIC CONDITIONS
FOR Z, SPIN LIQUIDS

As shown in Fig. 1(a), we label the three lattice sites in
each unit cell with sublattice indices {s = u,v,w}. Choosing
the Bravais unit vector as d; = aX and a, = (& + V/39), the
positions of the three atoms in a unit cell labeled by indices
i =(x,y,s)are

Fox,yu) = (x + 3)a + (v + 3)da.
Fx,y.v) = (x + 3)d; + yas, (A1)
Fx,y,w) =xdy + (y + 3)aa.
The symmetry group of such a two-dimensional kagome lattice
is generated by the following operations:

Ti:(x,y,s) > (x + 1,y,s),

D (x,y,s) > (x,y + 1,5),
o:(x,y,u) = (y,x,u),
(x,y,0) > (y,x,w),

(x,y,w) = (y,x,v);

Co: (x,y,u) > (=y — LLx + y + Lv),
(x,y,v) > (=y,x + y,w),
(x,y,w) > (=y — Lx + y,u),

(A2)

together with time reversal T'.
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The symmetry group of a kagome lattice is defined by the
following algebraic relations between its generators:

T’ =06’ =(Co)’ =e,
g 'T 'gT =e, Vg=T,0,Cs,
T,'T7 ' =,
a’lTl_laTz =e,
R (A3)
o T, 6T =e,
Co™'T,'CsTy =,
Co 'T, ' TiCTh = e,
0_1C60C6 =e,
where e stands for the identity element in the symmetry group.

Therefore the consistent conditions for a generic Z, PSG on a
kagome lattice are written as

[Gr()P = 077", (A4)
Go(0(i))Go(i) = 0o 7’ (AS)
GL(OGr )G ()G (T (D) = nrrt®  (A6)
GlL()Gr()Gr,()Gr (7'0)) = nrrt®s (A7)
GL ()G ()G ()Gr(0 ™ (1) = nert’s (A8)
GL ()G (DG, ()G (Co™' () = nert®,  (A9)

G (171 (1)) Gy, (DG r,()Gr, (Ty (1) = niat®, (A10)

Gy (Co () Gy (Co (1)) G (C2(1)) Gy (Co2(0))

x G, (C6™ (1)) G (Co(i)Gey(i) = ne, 7, (Al

G (Ty (D)) Gl ()G ()G, (0 () = ner T (A12)
GH(T7 (D)) Gl ()G ()G (@) = ner, 0 (A13)
G (Co(i)G e, (Co())Go ()G (0 (i) = o, (Ald)

GL (T (1)) GL. ()G e, ()G, (Co ™' (1)) = ne,n, 70 (A15)
GL, (T ' i) G (T ()G, (T1 (1)
xGc, ()G, (Co™ ' (1)) = neer, °,

for any lattice site i = (x,y,s). Here all n’s are Z, integers
characterizing different SLs: different (gauge-inequivalent)
choices of these Z, integers (different Z, PSGs) correspond
to different Z, SLs. Notice that under a local guage trans-
formation W (i) € SU(2) the PSG element Gy (i) transforms
as

(A16)

Gyli) = WHGy(HWHU()). (A17)

APPENDIX B: CLASSIFICATION OF ALL Z, SPIN
LIQUIDS ON THE KAGOME LATTICE

1. Classification of Z, algebraic PSGs on the kagome lattice

In this section we classify all possible Z, spin liquids on
a kagome lattice. Mathematically we need to find all gauge-
inequivalent solutions of the algebraic conditions (A4)—(A15)
for Z, PSGs.

PHYSICAL REVIEW B 83, 224413 (2011)

First, from condition (A10) we can always choose a proper
gauge so that

Gr,(x,y,8) = n,7°%  Grp(x,y,s) = 1" (B1)

From (A12) and (A13) we can see that G,(x,y,s) =
Nor, Nat, M3 &0 (). Condition (A5) further determines 7,7, =
net, and therefore we have

Go(x.y.8) = 0,1 M3 86 (),
where the SU(2) matrices g4 (s) satisfy

2o (W)go (V) = [ge(W]* = ny1°. (B2)

Notice that we can always choose a proper global
Z, gauge on Gr(x,y,s) (which does not change
the mean-field Ansatz) so that ncr, =1 in (Al6).
From (A15) and (A16) it is straightforward to show

that  Ge,(x,yu/v) = negnp " ge /vy and
gc,(w). It is condition

’ c(x+1)/2
Ge,(w.vam) = g™
(Al14) that determines 7¢,7, = 7o, M2, and finally we have

x4y Xy+.r(x2+l)

G (x,y,u/v) = n,7 0y 8c,(u/v),

x4y Xy+x(x2+1)

Ge,(x,y.w) = (m2ner)” s
where the SU(2) matrices gc,(s) satisfy

gce(w),

[gc,(W)ge,ge, ] = mane, 7, (B3)

[80()8c,)]” = g0 (w)ge, ()80 W)gc, (1) = Mg Mo, T°
(B4)

according to (A11) and (A14).
Now through a gauge transformation W(x,y,s) = n, 7, We
can fix 757, = 1 and the PSG elements become

Go(x,y,8) = 1580 (5), (B5)

x(e+1)
2

xy+
Gexyu/vy=m; * ge,u/v),
Yy KD
Gexywy=m; 7 g (w).

According to (A4), (A6), and (A7) we can see that
Gr(x,y,s) = nJ}ITn%TgT (s). (A9) and (A8) further determine
nr,r = n,r = 1 and by choosing a proper gauge we have

(B6)

ey 2 T =1
Grix,ys)=gr)=q1,1 ' (B7)

which satisfy

8o ()gr(U) = Nor8r(U)8s (1),
8o (V)81 (W) = Ner81 (V)86 (V), (B8)
8o (w)gr(v) = Nor 81 (W)80s (W),
8c,()gr(w) = ncergrW)ge,(u),
8¢, (V&) = ncr8r(v)8c, (v), (B9)
8cs(w)gr(v) = neyr8r(W)gc,(w),
according to (A9) and (AS).
In the following we find all the gauge-inequivalent solutions

of SU(2) matrices gr ¢.c,(s) satisfying the above conditions.
They are summarized in Table II.

224413-6



Z, SPIN LIQUIDS IN THE § = % e

(D) gr(s) = t° and therefore ny = ner = ncer = 1. Con-
ditions (B8) and (B9) are automatically satisfied.

(i) ns = 1. Notice that under a global gauge transforma-
tion W(x,y,s) = W, € SU(2) the PSG elements transform
as

8o () = Wago Wy,

8o(v) = Wyoge (W],

go(w) = Wy gs(w)W],
gc, ) = W,gc, )W),
8c,(v) = Wugc, (VWi
gcs(w) = Wuge,(w)W.

Thus from (B2) and (B4) we can always have g,(s) = 70
and gc,(u) = 1° gc,(v) = noc,° by choosing a proper
gauge.

(A) nec, = ma2nc, = 1. From (B3) we have g¢,(w) = 79,

B) nsc, = ni2nc, = —1.From (B3) we have g¢,(w) = it
by gauge fixing.

(ii) ny = —1. From (B2) we have g,(v) = —g,(w) = 7°
and gy(u) =it by gauge fixing. Also from (B4) we can
choose a gauge so that g¢, (1) = 7% and 8c,(v) = —in0C6t3.

(A) ngc, = —1. In this case (B4) requires g¢,(w) = 7% and
thus n12n¢, = —1 according to (B3).

(B) nec, = 1.

(@) ni2nc, = —1. Now from (B4) and (B3) we have
gc,(w) = it! by gauge fixing.

3(b) ni2nc, = 1. By (B4) and (B3) we must have g¢,(w) =
it.

To summarize, there are 2 x (2 + 3) = 10 different alge-
braic PSGs with nr = 1 and g7(s) = °.

() gr(s) =it! and ny = —1

(i) ne = 1. According to (B2) and (B8), by choosing a
proper gauge we can have gq(s) = t°and ny7 = 1. From (B3)
and (B4) we also have [gc,(w)]* = gc,(v)gc, (1) = Nec,t° =
7712770670-

(A) maney = Nec, = 1. From (BY), (B3), and (B4), by
choosing the gauge we have g¢,(s) = t° and ne,r = 1.

(B) manc, = nec, = —1.

(a) ncyr = 1. In this case we have g¢, (1) = —g¢,(v) = 70
and gc,(w) = it! by choosing a proper gauge.

(b) n¢,r = —1. In this case we can have g¢(s) = it3 by
choosing a proper gauge.

(i) ne = —1.

(A) 77 = 1. From (B8) and (B2) we have g,(u) =it!
and g, (v) = —g,(w) = t° by proper gauge fixing. Also from
(B4) we know that [ge,(w)]> = —74¢,7° and gc, (u)gc,(v) =
—iﬂacﬁfl.

(a) ngc, = —1. From (B9), (B4), and (B3) it is clear that
ner = 1, ge,(w) = gc,(w) = t°, and g¢,(v) = it! through
gauge fixing. Also we have n2n¢, = —1.

®) Mo, = 1.

(bl) ne,r = 1. In this case ni2ne, =1, and we can
always choose a proper gauge so that gc, (1) = 7°, gc,(w) =

—gc,(v) =it

(b2) neyr = —1. In this case ni2n¢, = —1, and we can
always choose a proper gauge so that g¢, (v) = —it?, gc,(u) =
gc,(w) =it

PHYSICAL REVIEW B 83, 224413 (2011)

(B) ner = —1. Conditions (B8) and (B2) assert that
84(s) = it by proper choice of gauge.

(@) ngc, = —1. In this case from (B4) we know that
gc,(w) = i73; hence nc,r = —1. Then we can always choose
a gauge so that g¢,(u) = gc,(v) = it3 and so Ni2nc, = —1
from (B3).

®) Mo, = 1.

(b1) ne,r = 1. In this case from (BS),(B4) we have
gc,(u) = gc,(v) = t° by a proper gauge choice. Meanwhile,
conditions (B3) and (B4) become [gcﬁ(w)]2 = rmncﬁro and
liv3gc,(w)? = 7.

(b.1.1) nianc, = 1. Here we have g¢, (w) = 7°.

(b.1.2) n1anc, = —1. Here we have gc,(w) = itl.

(b2) ne,r = —1. In this case from (B8) and (B4) we can
always choose a proper gauge so that g¢, (u) = —gc,(v) = it°.
We also have g¢,(w) = it? and n1an¢, = —1 from (B3).

To summarize there are 2 x (3 + 7) = 20 different alge-
braic PSGs with nr = —1 and g7 (s) = it'.

So in summary we have 10 4 20 = 30 different Z, alge-
braic PSGs satisfying conditions (A4)—(A16). Among them
there are at most 20 solutions that can be realized by a
mean-field Ansatz, since those PSGs with gr(s) = 7° would
require all mean-field bonds to vanish due to (B11). As aresult
there are 20 different Z, spin liquids on a kagome lattice.

A. Symmetry conditions on the mean-field Ansatz

Let us denote the mean-field bonds connecting sites
(0,0,u) and (x,y,s) as [x,y,s] = (x,y,5|0,0,u). Using (8) we
can generate any other mean-field bonds through symmetry
operations (such as translations Gr,, T} > and mirror reflection
G40) from [x,y,s]. However, these mean-field bonds cannot
be chosen arbitrarily since they possess symmetry relation (8):

(1) = GuU " OIU G GEHG).

where U is any element in the symmetry group. Notice that
for time reversal T we have

Gr(i)il))Gr(j) = —(il))-
We summarize these symmetry conditions on the mean-field

bonds here:
(i) For s = u,

(B10)

(B11)

Tigr[x,y,u]g; = —[x,y,u],
Tle;X(T: [x, —x,u]l — [x, — x,u]T,

TIHITZHICS: [x,y,u] = [x,yul’,
o:[x,x,u]l = [x,x,ul.
(ii) For s = v,
T:gT[x,y,v]g; = [x,y,v],
T2y+10C62: [0,y,v] — [0,y,v],
72T e Coti[1 = 2y,y,v] — [1 —2y,y,0].
(iii) For s = w,
T:grlx,y,wlgp = [x,y.wl,
T ' T} >0 Ce [x,1 — 2x,w] — [x,1 —2x,w],

T o Cy % [x,0,w] — [x,0,w]f.
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Now let us consider several very simple examples. First,
the on-site chemical potential terms A(x,y,s) = A, satisfy
the following consistent conditions:

ATl = — A,
8o ()AL (u) = Ay,
8o (WALgl () = A,,
8o (W)Augh(w) = Ay,
e WA gl (1) = Ay,
g (AugL (v) = Ay,

gy WIA gL (W) = Ay,

(B12)

In fact in all 20 Z, spins on a kagome lattice we have A, =
Ay, = Ay = A, with a proper gauge choice.

All the first-NN mean-field bonds can be generated from
uy, = [0,0,v]. For a generic Z, spin liquid with PSG elements
Gr(x,y,s) =it! and (B1), (BS), and (B7), the bond u, =
[0,0,v] satisfies the following consistent conditions:

T'uarl = —Ugy,
8o ()gc,(Wgc,Wagl, (gl (w)gh () = u. (B13)

It follows immediately that for six Z, spin liquids, i.e.,
nos. 7-12 in Table II, all NN mean-field bonds must vanish
since u, = 0 as required by (B13). Therefore it is unlikely
that the Z, spin liquid realized in the kagome Hubbard model
will be one of these six states. In the following we study the
remaining 14 Z, spin liquids on the kagome lattice.

All second-NN mean-field bonds can be generated
from ug = [0,1,w], which satisfies the following symmetry
conditions:

tlugt! = —u
e _ (B14)
8o ()gc,Wupgt, (v)gh(w) = uls.

There are two kinds of third-NN mean-field bond. The first

kind can all be generated by u, = [1,0,u], which satisfies

1, 1
TU,T = —uy,,
! ! . (BIY)
8c, ()gc, (v)ge, (Wi [ge, (w)ge, (W)ge,(w)]' = ul.
The second kind can all be generated by i, = [1, — 1,u],
which satisfies

1~ 1 _ =
T, T = —ily,

(B16)

g ()gc,(W)ge, )ity [ge,Wge,w)ge, )] = nuaitl.

8o (Wil gl (u) = i},

APPENDIX C: Z, SPIN LIQUIDS IN THE NEIGHBORHOOD
OF THE U(1) SL [0,7] STATE
1. Mean-field Ansatz of U(1) SL [0, ] state

Following the SU(2) Schwinger fermion formulation with
v = (fir, fin)T, we focus on those Z, spin liquids (SLs) in
the neighborhood of the U(1) SL [0, ] state with the following
mean-field Ansditze:

(x,y,ulx,y,v) = —(x,y,ulx,y,w) = (=) x°,

PHYSICAL REVIEW B 83, 224413 (2011)

(x + Lywlx,y,u) = (x,y + 1,vlx,y,u) (C1)
= —(x,y,v|x,y,w)
= (x+ 1,y — Lw|x,y,v) = x7°,

where y is a real hopping parameter. We define mean-field
bonds (x,y,s|x’,y’,s’) in the following way:

Hur = ¥(ilj)¥; +He. (€2)
iJ

For convenience of later calculation we implement the follow-
ing gauge transformation:

Veyu = iTV yu (C3)

and the original mean-field Ansatz (C1) transforms to

(e, y.ulx,y,v) = —(x,yulx,y.w) = i(—D*xt°,
(x + Ly,wlx,y,u) = (x,y + Lv|x,y,u) = —ixto, (C4)
—(x,y,v|x,y,w) = (x + 1,y — Lwlx,y,v) = Xt3.

The projected symmetry group corresponding to the above
mean-field Ansatz (C4) is

Gr(x,y,v) = Gr(x,y,w) = —Gr(x,y,u) = gr,
grdgy = —7°,
GTz(xvyvs)Znga gT2T3gTT2 =13,
Gr,(x,y,v) =Gr,(x,y,w) = =Gr,(x,y,u)
=(-D"gr, gntlgy =1,
Go(x,y,0) = Go(x,y,w) = (=1 TGy (x,y,u) (C5)
= (_1)(X+y)(x+.v+l)/2gm gthgl — .ES,

x(x+D+y(y—=1
Ge,(x,y,u)=(=1)"" 7 g¢,,
x(x=D+y(y—=1D

Ge(x,y,v) =—(=1)" 7 gg,
. rax=D+y(y—1)
Ge(x,y,w)=i(=1)" 2
’;

37 3
8CT 8, =T

3
8CsT

so that the mean-field Ansdtze satisfy (8).

2. Classification of Z, spin liquids around
the U(1) SL [0, ] state

Plugging (C5) into the algebraic consistency conditions
(A4)—(A15), we obtain four algebraic solutions of Z, PSGs
around the U(1) SL [0,] state. With choice of a proper gauge
they all satisfy

gr=itn, gn =g =71
nr = N2 = nNcer, = —1, (C6)
NT.T = NoTy, = Ncen, = 1.

The four Z, PSGs near the U(1) SL [0,7r] state have the
following features:

(No. 6) Zo[0,7la:  go = gc, = 7°,
770 = }’IO.T = 1, (C7)

NeCs = NCeT = —MNc, = —1;
(No. 2) Z,[0,7]18: g¢ = TO, 8c, = i‘L’3,
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Ne = Nt = 1, (C8)
Nocs = NceT = —Ncy = 15
(No. 14) Z,[0,7]y: go =it’, gc, = 1°,
Noe = NoT = -1, (€9
NeCy = NCeT = —Ncg = —1;
(No. 16) Z,[0,718: g, = gc, = iT°
Ne = Ner = —1, (C10)

NeCs = NceT = —Nc, = 1.

Of course they belong to the 20 Z, spin liquids summarized
in Table II.

3. Four possible Z, spin liquids around the U(1) SL [0, ] state:
Mean-field Ansdtze

a. Consistent conditions on mean-field bonds

Implementing the generic conditions mentioned earlier on

several near-neighbor mean-field bonds with PSG (C6)—(C10),
we obtain the following consistent conditions:
_ (0) For on-site chemical potential terms A;(x,y,s) =
A(x,y,s) - T, the translation operations Gr,,T > in the PSG
guarantee that A;(x,y,s) = A,(0,0,s) = Ay,s = u,v,w. They
satisfy

gTAsg;‘ = _A51
gaAvgJ; = Ay, gaAwgJ; = Ay;
ng,Aung6 = Ay, (gC6773)A1u(ng,TS)]L = Ay,

8o Augl, = A

gaAugi = Ay,

(D For the first-neighbor mean-field bond u, = [0,0,v]"
(there is only one independent mean-field bond, meaning
all other first-neighbor bonds can be generated from [0,0,v]
through symmetry operations),

grulgy = ul,

; (C12)
(gagalj)uz (gagéélj) = —Uq.
(IT) For the second-neighbor mean-field bond u, = [0,1,w]
we have
gTubgTT = Up,
(C13)

(gagc(,)ub(gagcﬁ)T = —u,i.

(II) For third-neighbor mean-field bonds u.; = [1,0,u] and

ues = [1, —1,u] we have
gTuCIgTT = —Ucl,
o (C14)
(82,7 )uer(82,7%)" = uyy
and
gTMcngT = —Uc,
ga”cZgJ; = '/‘12, (C15)

(ggcyTB)u"z (ggsTS)T = _ui2'
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b. Mean-field Ansdtze of the four Z, spin liquids near
the U(1) SL [0, 7] state

For the Z,[0,7 Jo state with g, = g¢, = 70 the mean-field
Ansditze are (up to third-neighbor mean-field bonds)

ug, = iapt’ + a1, up = ibgt®,
Ul = 3T, Up = T, (C16)
A, = A3r3, S =u,v,w.

Since we are considering a phase perturbed from the U(1)
SL [0,7r] state, we shall always assume ag 7 O (first-neighbor
hopping terms) in the following discussion. A Z,[0,7 ] spin
liquid can be realized by first-neighbor mean-field singlet
pairing terms with a; # 0.

For the Z,[0,7]8 state with g, = 1:0,gc6 = i7? the mean-
field Ansdtze are (up to third-neighbor mean-field bonds)

u, = iaot’ + a1, wup = ibyt® + by t!,

U = 2t + 3, un =0, (C17)

A, = )\,21’2 + )\31’3, Ay = —)»21'2 + )»37,'3.

A Z,[0,7]8 spin liquid can be realized by second-neighbor
pairing terms with apb; — a1by # 0.

For the Z,[0,7]y state with g, = ir3,gc6 = 70 the mean-
field Ansdtze are (up to third-neighbor mean-field bonds)

Uy = iaoro, up = iboro + b7,
3
Uy =377, uep =0, (C18)
Ay = A3r3, S =u,v,w.

A Z,[0,7]y spin liquid can be realized by second-neighbor
pairing terms with b; # 0.

For the Z,[0,7]6 state with g, = g¢, = i73, the mean-field
Ansditze are (up to third-neighbor mean-field bonds)

U, = iaQTO, u, = ibQTO,
2 3
Uel = CT" + 0377, Uenp =0, (C19)
A = A313, S =u,v,w.

A Z,[0,7]8 spin liquid can be realized by third-neighbor
pairing terms with ¢, # 0.

4. Low-energy effective theory

The reciprocal unit vectors (correspondmg to unit vectors
di) on a kagome lattice are b1 L (x — y) and bz
5% 9, satisfying & - b; = 8; ;. In the mean- ﬁeld Ansatz (C4)
of U(1) SL [0,7] the unit cell is doubled; the translation unit
vectors are A| = 2a; and A, = a,. Accordingly, the first BZ
for such a mean-field Ansatz is only half of the original ﬁrst BZ
Wlth the new reciprocal unit vectors being 31 = b1 / 2 and 32
bz Denoting the momentum as k = (k,,k,)/a = k; B1 + ko Bz
with |k; 2| < w, we have ’

ky =2k, ky = (ky +V/3k,)/2. (C20)

The two Dirac cones in the spectra of the U(1) SL [0,7] state
(C4) are located at =Q with

(C21)
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with the proper chemical potential A(i) = (i|i) = x (V3 —
1)7? added to the mean-field Ansarz (C4).

For convenience we choose the following basis for the
Dirac-like Hamiltonian obtained from expansion around £Q:

Gy 1.4 = %ei;“n
x (€7'27,0,e'B7,0,0,0,e 7 27,0,¢'57,0,4/2,0) ",
1 —ida
b+1.8= %6 &

x (1,0,e*i§”,0,«/§e*i%”,0, -
T
¢_ 1+ =Ry, <k1 =0,k = —E>¢+,T,b’

O+ b = Rrds 4 p,

1,0,e757,0,0,0)",

(C22)

where £ are the valley indices for two Dirac cones at +Q
with Pauli matrices g and b = A,B are band indices with
Pauli matrices v. The spin indices ¥ = 1, are as usual,
with Pauli matrices o. The corresponding creation operators
for these modes are \IJJr iy = Wi ¢+ v in the order of
(OOu)(OOv)(OOw)(lOu)(l0v)(10w) for the six
sites per doubled new unit cell.

Here
-1 0 O
Rr=hbx®|0 1 0®gr,
0 0 1
Rr,(K) = ¢ ™ lsx6 ® g1,
and

0 —eiki 1 0 O
Ry (k) = |:1 0 ] ®(0 -1 0 |®gn
0 0 -1

are transformation matrices on 12-component eigenvectors for
time reversal T and translation 7, operations. By definition
of the PSG the eigenvectors ¢ with momentum k = k; El +
k2B, = (k1,k2) and energy E have the following symmetric
properties:

T: i, 1) (E) = Ry, k) (—E),
T1: Pty ko (E) = Rr, (k1,k2) Bty ky+)(E)s
T3 Pty iy (E) = Rr, (k1,k2) Pk, 1) (E).

@ and ¢ are the bases after and before the symmetry operations.

In such a set of bases the Dirac Hamiltonian obtained by
expanding the U(1) SL [0,7] mean-field Ansatz (C4) around
the two cones at £Q is

Hpirae = ) %\Iﬁiu‘)o%—kxvl + ko)W, (C23)
=~ V2

k should be understood as small momenta measured from
+Q. Possible mass terms are u* 2351210 and 012359313,
However, not all of them are allowed by symmetry. Here we
enumerate all symmetry operations and associated operator
transformations:

spin rotation along the Z axis by angle 6:

i T il
W, — Ye'z;
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spin rotation along the ¥ axis by m:

\I/li — ‘-Ilzkp,zazuz;

time reversal T':

\Ill — \Illi(—ioz);
translation 77:

W — Wl (—p);
translation 7»:

W= wi—ipd).

Considering the above conditions, the only symmetry-allowed
mass terms are Zk \Iflml,zlllk with m; = pu%¢"° and m, =
ol

The transformation rules for mirror reflection o and 7 /3
rotation C¢ depend on the choice of g4,g¢, in the PSG. In

general we have

o: \Illi — lIJL‘KM,,(gt,),
Co: W) — Wi\ Mc(gc,)-

Using the basis (C22) the 8 x 8 matrices My ¢, can be
expressed in terms of Pauli matrices 4 ® o ® v. For the four
Z, spin liquids we have

0

Ms(gs = TO) = M3 ®c’® <€_l
0 Eil%ﬂ

Mo (gs =it’) = ®a®(,lﬂ )

1 0 i 173

MCs(gCts:to): (0 i>®00®elz’ﬂ 5

. 0 it
MCG(gCG = l'L'3) = (6 _1> ®UO e érrv3.

It turns out that in the Z,[0,7]8 state, only the first mass
term my = uoalvo is invariant under ¢ and Cg operations.
In the other three states neither of the mass terms mj, is
symmetry allowed. As a result we only have one gapped Z,
spin liquid, i.e., the Z,[0,7]8 state in the neighborhood of the
U(1) Dirac SL [0,7] state.

Let us consider mean-field bonds up to second neighbor for
the Ansatz 7, [0,7]f. Perturbations to the two Dirac cones
of U(1) SL [0,7] with A3 = («/§ — Day in general have the
following form:

§Hy = [As — (v/3 = Dag — (V3 + Dbolulo??

FI(V3+ Dby — 2 — (V3 = Day o0, (C24)
This means that we need either a first- neighbor (a;) or a
second-neighbor (b;) pairing term to open up a gap in the
spectrum. Meanwhile these pairing terms break the original
U(1) symmetry down to Z, symmetry.

224413-10
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APPENDIX D: Z, SPIN LIQUIDS IN THE NEIGHBORHOOD
OF THE UNIFORM RVB STATE

The mean-field Ansatz of the uniform RVB state is simple:

Hyr=x Y flyfio. (D1)
(ij).o
where x is a real parameter and (ij) represents sites i, j that
are nearest neighbors of each other. It is straightforward to
show that the PSG elements of such a mean-field Ansatz are

Gy(x,y,s)=gu, U=TT,0,Cs (D2)
and the SU(2) matrices gy satisfy
3 1 3
8rt 8y = —T,
3,7 3 ' (D3)
gutigy =1, U=T5,0,Cs.

It turns out that there are only four gauge-inequivalent Z,
PSGs as solutions to (A4)—(A16) with the form (D2). In other
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words, there are only four different Z, in the neighborhood
of a uniform RVB state. With choice of a proper gauge they
all satisfy gr =it!, 81, = 79, and NTLT = N2 = NCeT1r =
Net, = 1,nr = —1. These four states are characterized
by

(No. 1)  Z,[0,0]A: g, = gc, = 7°,
NeT = NceT = Ne = Ny = NoCs = 1. (D4
(No.5) Z[0,01B: g, =1°, gc, =it’,
Ner =MNo =1, Ncer = Nce = Noce = —1. (DS)
(No. 15)  Z,[0,0]C: gs = iT>, gc, = 1°,
NeT = Ne = —1, Nc,r =Ncy = Nocs = 1. (D6)
(No. 13)  Z,[0,0]1D: g, = gc, = iT°,
NeT = NceT = Ne = Ncy = Nocs = — 1. (D7)

It turns out that these four Z, SLs around the uniform RVB
state are all gapped as shown in Table II.
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